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The effect of electron-phonon coupling on the current noise in a molecular junction is investigated within a
simple model. The model comprises a one-level bridge representing a molecular level that connects between
two free electron reservoirs and is coupled to a vibrational degree of freedom representing a molecular
vibrational mode. The latter in turn is coupled to a phonon bath that represents the thermal environment. We
focus on the zero frequency noise spectrum and study the changes in its behavior under weak and strong
electron-phonon interactions. In the weak coupling regime we find that the noise amplitude can increase or
decrease as a result of opening of an inelastic channel, depending on distance from resonance and on junction
asymmetry. In particular the relative Fano factor decreases with increasing off resonance distance and junction
asymmetry. For resonant inelastic tunneling with strong electron-phonon coupling the differential noise spec-
trum can show phonon sidebands in addition to a central feature. Such sidebands can be observed when
displaying the noise against the source-drain voltage, but not in noise vs gate voltage plots obtained at low
source-drain bias. A striking crossover of the central feature from double to single peak is found for increasing
asymmetry in the molecule-leads coupling or increasing electron-phonon interaction. These variations provide
a potential diagnostic tool. A possible use of noise data from scanning tunneling microscopy experiments for

estimating the magnitude of the electron-phonon interaction on the bridge is proposed.
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I. INTRODUCTION

Development of molecular electronics as a complement to
traditional semiconductor-based electronics provides chal-
lenges both experimentally and theoretically.' Early studies
of molecular junctions were restricted to measurement of
current-voltage (or conductance-voltage) characteristics of
such junctions and their dependence on junction parameters
such as wire length, molecular structure, molecule-lead cou-
pling, and temperature.®"!" More recently, charging (Cou-
lomb blockade) and inelastic and mechanical effects appear
at the forefront of research.!>!7 In particular, inelastic elec-
tron tunneling spectroscopy (IETS) has become an important
diagnostic and characterization tool, indicating the presence
and structure of a molecule in the junction'®!” and providing
information on the junction structure.'®

In addition to the I/V behavior, noise characteristics can
provide information about molecular junctions.'” Noise mea-
surements in mesoscopic tunnel junctions have been under
study for a long time, e.g., in semiconductor double barrier
resonant tunneling structures (DBRTS),?>?3 quantum point
contacts (QPC),>*?” Coulomb blockaded Josephson
junctions,?®?° and advances in understanding their diagnostic
capabilities are being made (see, e.g., Ref. 30). Results of
measurements in molecular tunnel junctions are expected to
appear in the near future, though these measurements are
difficult due to the background 1/f noise caused by charge
fluctuations in the environment. Many theoretical studies of
noise in nanojunction transport are available in the literature
(see Ref. 19 and references therein). In particular noise in
DBRTS was studied within the nonequilibrium Green func-
tion (NEGF) formalism in the ballistic"3? and the Coulomb
blockade®*3* regimes. Noise in QPC was studied within
NEGF® and kinetic equation approaches,® while noise in
Coulomb blockaded Josephson junctions was investigated
within a phase correlation theory approach.?” NEGF was also
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applied to study shot noise in chain models*®* and disor-
dered junctions.*’ Shot noise for coherent electron transport
in molecular devices was investigated within a scattering
theory approach in a number of works.*!~* Inelastic effects
in the noise spectrum were studied recently, first in connec-
tion with nanoelectromechanical systems (NEMS)*-4° and
ac-driven junctions.’®! Substantial work on this issue has
been done within a scattering theory approach.’>~> Finally
predictions on phonon assisted resonant shot noise spectra of
molecular junctions were obtained in Ref. 56 within NEGF.

In this work we investigate inelastic tunneling and its in-
fluence on the zero frequency noise in a simple one-level
molecular junction model. The one-level junction model fo-
cuses on the one molecular orbital (say the lowest unoccu-
pied molecular orbital, LUMO) that supports resonance
transmission beyond a certain voltage bias threshold. The
molecular orbital is coupled to a local oscillator representing
the molecular nuclear subsystem. The oscillator in turn is
coupled to a thermal harmonic bath. We have recently used
this model within the NEGF methodology to study inelastic
effects on electronic transport in molecular junctions in the
weak®’ and in the intermediate to strong® electron phonon
coupling regimes. Here we utilize the same approaches to
investigate inelastic effects in the noise spectrum. The phys-
ics of the problem is determined by the relative magnitudes
of the relevant energy parameters: AE is the spacing between
the leads” Fermi energies and the energy of the molecular
orbital, I" is the broadening of the molecular level due to
electron transfer interaction with the leads, M is the electron-
phonon coupling, and w is the phonon frequency. We con-
sider both resonant and far off-resonant inelastic tunneling
cases. In the off-resonant limit, AE>T it is usually the case
that also AE>M and the process can be described in the
weak electron-phonon coupling limit. For resonance trans-
mission, AE<T’, the electron-phonon interaction may still be
weak, M < I These weak coupling situations can be
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treated within standard diagrammatic perturbation theory on
the Keldysh contour, see, e.g., Ref. 57. More interesting
physics is observed in the case of strong electron-phonon
interaction, M >1", which we treat within the self-consistent
NEGF scheme introduced in Ref. 58. In both limits we apply
the corresponding approach to study effects of electron-
phonon coupling on the zero-frequency noise and the Fano
factor.

Our results are discussed in comparison with recent work
on the effect of electron-phonon coupling on the noise prop-
erties of molecular junctions. In the weak coupling limit our
result agrees qualitatively with the scattering theory based
treatment of Chen and Di Ventra® in the case of near reso-
nance transmission in symmetric junctions. However, in con-
trast to Ref. 55 that finds that the leading contribution to this
effect is of order M* we find that this effect is of order M?.
Also, different qualitative behavior is found in off-resonance
situations and for resonance transmission through asymmet-
ric junctions.

In the strong electron-phonon coupling limit we compare
our result to that of Zhu and Balatsky>® who treat this prob-
lem using the (essentially scattering theory) procedure of
Lundin and McKenzie.®® Again we find some new qualitative
effects that cannot be obtained from the simpler approach.

Our analysis suggests the usefulness of the “noise spec-
troscopy,” either in a source-drain response or in a gate volt-
age response, to measure the values of the electron-vibration
coupling on the bridging molecule and to characterize the
asymmetry in the coupling between the molecule and the
source and drain electrodes.

Section II describes formal derivation of the expression
for the noise through a molecular junction. In Sec. III we
introduce the model. Section IV briefly reviews the noise
properties of the elastic current. Section V sketches a proce-
dure and presents numerical results for the case of weak
electron-phonon coupling and Sec. VI does the same for the
strong coupling case. Section VII concludes.

II. GENERAL NOISE EXPRESSION

A general expression for the frequency dependent noise in
a 2-terminal junction can be obtained by applying the
method of Meir and Wingreen. In its most general formula-
tion this method assumes a single electron exchange between
bridge and leads and invokes the noncrossing approximation
(NCA) (Ref. 61) for the bridge-leads coupling. The system is
described by the Hamiltonian

H=Hy+H, +Hg+ > > (Vi iié,+H.c.), (1)
ke{lL,R} meM

where ﬁM, I:IL, and H r denote the Hamiltonian of the inde-
pendent molecule and the left and right leads, respectively,
and where ¢, (é;) and ¢, (CA}:) denote single electron annihi-
lation (creation) operators in molecule and leads. The current
operators for the molecule and each lead are defined by
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and the average steady state current for a given potential bias
is obtained in the form%263

=l = J ;’—fTiK(EL (3)

W)= 2 TIEEG™(E) - 3060, @)

where 3~ are lesser/greater projections of the self-energy
due to coupling to the (metallic) contact K (K=L,R) and
G =~ are lesser/greater Green functions, all these are defined
in a molecular subspace of the problem. Obviously I; =—I in
steady state.

The noise spectrum is defined as the Fourier transform of
the current-current correlation function. The relevant current
fluctuations must be considered carefully because by their
nature such fluctuations correspond to transient deviations
from steady states. We follow the analysis of Ref. 64 that
leads to the following expression for the operator that corre-
sponds to the current in the outer circuit:

1t = 9l (6) + gl (2), (5)
where
C C
ﬂL:FR> WR:—FL, C=Cp+ Cp. (6)

C; and Cj, are junction capacitance parameters that take into
account the charge accumulation at the corresponding
bridge-lead interface. Note that at steady state I=I;=—I.
The different signs assigned to 7; and 7 stem from the fact
that the current is considered positive on either side when
carriers enter the system (molecule).

In terms of 1, Eq. (5), the noise spectrum is defined by

S(w)=2 f dtS(r)e', (7)

—0

S(1) = 3({AI(1); AL(0)}), (8)

where Al=1-1 and where the averaging is done as usual [and
as in Eq. (3)] on the noninteracting state of the system at the
infinite past. The same approach®% that leads to Eq. (3)
now leads to the following general expression for the noise:

26% ** dE
S(w) = y > 7K, 77K2f Py
K,K,={L,R} o 27T

Tr{6k, k,[G™(E - 0)2g (E) + 3k (E)G™(E - w)]

+ G (E - w)[3 GZg, ] (E)

+G7(E - w)[2 GZk,]7(E)

~[34,GI7(E - 0)[34,GT (E)

~[GE I (E- 0[GEg ] (B) + (0= - @)}, (9a)

where
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[AB]"=(E)=A""(E)B“(E) + A"(E)B™"~(E) ~ (9b)

[ABC]”"<(E)=A""<(E)B*(E)CY(E) + A"(E)B~"<(E)C*“(E)
+A"(E)B"(E)C”"<(E)

A similar approach was used by Bo and Galperin® to obtain
an expression analogous to (9) for a single level bridge
model.% In this paper we restrict our consideration to the
case of zero frequency noise which is the relevant observable
when the measurement time is long relative to the electron
transfer time, a common situation in usual experimental
setup. Then the expression simplifies to

2 [+
S(w=0)=4if d—E[ >

(mx, Mg, X
f)_, 2m K ,Ky={L,R} b

Tr{ 0, x,[G~(E)2g (E) + 2§ (E)G™(E)]

- 235 (B3, (B|GT B - ﬂE)} .0

where i(E)=Zk_y gy 1kig(E) with ig(E) given by Eq. (4).

II1. THE SINGLE LEVEL BRIDGE/FREE ELECTRON
LEADS MODEL

Equation (10) can be applied, under the approximations
specified to very general bridge and leads models. Further
progress can be made by specifying to simpler models. As
usual we assume that the contacts are treated as reservoirs of
free electrons, each in its own equilibrium. The molecule is
described by the simplest coupled electron-phonon system as
follows. Assuming that the energy gap between the orbitals
relevant for a molecular junction (in particular the HOMO-
LUMO gap) is much greater than level broadening due to
coupling to the contacts, we consider the electron current
through each orbital separately. Thus the molecular junction
is represented by a single level (molecular orbital) coupled to
two contacts (L and R). The electrons on the bridge are
coupled to a local normal mode (henceforth referred to as
primary phonon) represented by a harmonic oscillator. This
is coupled to a thermal bath described by a set of indepen-
dent harmonic oscillators (“secondary phonons”). The
Hamiltonian is thus given by

H=giélé+ X, gélé+ > (Vidié+H.c.)
ke{L,R} ke{L,R}

+ hwpdld+ 2 hwghlbs+ M08+ 2 Ug0,0p,
B B

(11)

where ¢7 (¢) are creation (destruction) operators of electrons
on the level, CAZ (¢,) are the corresponding operators for elec-
tronic states in the contacts, d' (4) are creation (destruction)
operators for the primary phonon, and bAI;, (l;ﬁ) are corre-
sponding operators for phonon states in thermal (phonon)

bath. Qa and Q p are shift operators
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Qa:d+dT, QB:EB‘FE}; (12)

Detailed discussion of the model and our self-consistent cal-
culation procedures are presented in Refs. 57 and 58 for
weak and strong electron-phonon couplings, respectively.
Sections V and VI below provide brief outlines of these pro-
cedures.

In both weak and strong coupling cases the calculation is
aimed to obtain the electron Green function (or rather its
Langreth projections®’ on the real time axis). Those Green
functions are used for the calculation of the steady-state cur-
rent across the junction (3) and the noise spectrum (10). The
general current and noise expression remain as before, Egs.
(3), (9), and (10) (excluding the trace operations). The lesser
and greater self-energies associated with the bridge-contact
coupling are now given by

SZ(E) = if(E)TK(E), (13)

Se(E)=—i[1 - fE)IT(E), (14)

with fx(E) the Fermi distribution in the contact K=L,R and

T(E) =272, |Vi[P8(E - &). (15)
keK

In the calculation described below we adopt the wide band
approximation in which I'y is assumed constant. In this ap-
proximation 3 =[3%]"=—iTx/2.

The observed conduction and noise properties of our sys-
tem depend on parameters that cannot be accounted for by
the present single-electron level of treatment. The capaci-
tances C; and Cp that define the parameters #; and 7, that
enter the noise calculation belong to this group. We also use
below the voltage division parameter J that determines the
voltage induced shifts in the leads’ electrochemical potentials
M and wp relative to g, according to

,LLLZEF+ 5@VEEF+€VL,
/.LR=EF—(1—5)€VEEF+EVR. (16)

This parameter affects the way by which the externally im-
posed bias translates into the relative positioning of elec-
tronic energies.

In addition, consider the ratio

=L 1-a=-2% 17
@=T @=T7 (17)

that represents the asymmetry in molecule-lead couplings
(wide band limit is assumed here and below). This is an
experimentally controlled parameter that can be changed,
e.g., with tip-molecule distance in an STM configuration or
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by using thin insulating layers to separate molecule from
leads.%8-%

The connection (if any) between the parameters «, & and
n= . (yg=7,—1) is obviously of great interest. An equiva-
lent circuit model for a molecular (or nanodot)
junction®7%7! ysually describes the junction as serially con-
nected RC circuits. Assuming that at steady state charges ¢,
and g accumulate on the corresponding capacitors the
steady state relationships V;=q;/C;=IR;=1";q;R; imply
that I', =(R,;C,)™". These relations imply in turn that

a 1-061-79

18
-« 1) 7 (18)

This leaves two important parameters in the model. These
however can, at least in principle be determined experimen-
tally: The rates I" can be determined by optical experiments’?
and the potential distribution on a conducting junction can be
probed as demonstrated in Ref. 73. In the present paper we
use a=I";/T" to characterize the junction asymmetry and sev-
eral arbitrary values of »= 7, =C,/C chosen to represent dif-
ferent possible manifestations of noise behavior.

In addition, in this paper we discuss two experimental
manifestations of nanojunction transport. In the first, the
source-drain voltage V=(u;—ug)/e is kept small and fixed,
kgT~eV T, and the gate voltage is varied in order to move
the molecular orbital energy in and out of resonance. In the
second, the gate voltage V, is fixed, e.g., Vg=0, and V varies
so that resonance conditions are usually achieved for
kT < I'< eV. In the latter case we restrict our consideration
to the case where the onset of resonance transmission is
caused by w; crossing the LUMO for a positively biased
junction, and disregard other possible scenarios such as the
g crossing the HOMO.”* In both cases taking kzT<T" pro-
vides better resolution of resonance features. Also, in the
resonant tunneling situation it is convenient to consider the
first derivatives of the current and noise with respect to volt-
age, dI/dV and dS(w=0)/dV, respectively, rather than I and
S(w=0) themselves.

IV. NOISE IN ELASTIC TRANSPORT

Before discussing inelastic effects we briefly review the
issue of noise in the elastic tunneling situation. In this case
current, Eq. (3), reduces to the well-known Landauer expres-
sion

e (7 dE

= %f 2 Lo(B)fL(E) = fr(E)] (19)
e 2T

while the zero frequency noise expression (10) reduces to a

sum of thermal contribution, S,=S,(w=0), due to thermal

excitations in the contacts and shot noise term, S,=S (w

=0), due to the discrete nature of the electron transport19

S=S(w=0)=5(w=0)+S,(w=0), (20)
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2 [+
e %T()(E)UL(E)[l—fL(E)]

S, = n
+fRE)1 - fr(E)]}, 21

4¢* ("7 dE

Sy = r Z_TO(E){l - Ty EMfLE) - fr(E)]* (22)
. 2T

with

I Tx
(E-g0)*+(I'12)*

Using Eq. (16) this leads to (with 8~'=k,T)

Ty(E) = (23)

3S, 4e’B J“ dE ( _sinh[ B(E — u;)/2]
ho ).

av - 2 0B “cosh’ [ B(E - u))/2]

-(1-9)

sinh[ B(E — ug)/2] ) 24

cosh’[ B(E — ug)/2]

75, _4e

3 [+
%, Tﬁ f %ro(g>[1 — Ty B LE) - f(E)]

5 1-6
% ( 2 cosh*(B(E — u;)/2) "2 cosh?(B(E — ug)/2) )
(25)

Interestingly, these results do not depend on the capacitance
ratios 7. These expressions can be further simplified in two
cases: (a) When the source-drain voltage V is varied we con-
sider, as indicated above, the situation where the signal is
dominated by the resonance associated with the crossing be-
tween g, and u;. In this case the terms involving uy in Egs.
(24) and (25) are disregarded. (b) When the gate voltage V,
is varied at small V the two terms on the right-hand side (rhs)
of Egs. (24) and (25) are essentially the same and can be
combined together.

In these elastic transmission cases both experimental pro-
cedures discussed above give essentially the same informa-
tion. Recall that conductance dI/dV is a Lorentzian function
of V that peaks at the position of the resonance level, with a
width [full width at half-maximum (FWHM)] related to the
total escape rate I'. In contrast, the differential noise graph (
dS/dV vs V) depends on the asymmetry of the molecule
coupling in the junction «. S; itself is a Lorentzian function
of V, so dS,/dV vs V has the form of a Lorentzian derivative
that vanishes at the level position and peaks at 5+ I'/2 with
peak/dip heights ~ rlﬁ—I;Rklti—T, respectively.”” The contribution
from the zero temperature shot noise, dS,/dV vs V, depends
on the coupling asymmetry a. A double peak structure ap-
pears when T, (E)[1-Ty(E)] has three extrema as a function
of E. The condition for this to occur is

@ —a+t<0 (26)
so that for %<a<¥ it yields a two peak structure
with peaks at E=g(+[['/2]\8a(l-a)—1 and peak heights

of 1/4 (in units of 4e3/#). This behavior of S,(V) is associ-
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FIG. 1. (Color online) Conductance and differential noise vs
applied source-drain voltage. (a) dS(w=0)/dV (solid and dashed
lines) and dI/dV (dotted and dashed-dotted lines) for «=0.5 and
a=0.1, respectively. (b) Contour plot of dS(w=0)/dV. See text for
units.

ated with the transition from double-barrier resonance struc-
ture at moderate asymmetry to a single tunneling barrier for
the strongly asymmetric case. S, vanishes when 7,=0 or
To=1 and maximizes when 7()=1/2. This leads to a two peak
structure in symmetric and nearly symmetric double barrier
resonance supporting tunnel junctions (DBRTS). When the
asymmetry is stronger the noise profile has a single peak
form with peak position at &,. dS,/dV|, in both cases is
given by 16a(l1-a)[1/4-a(l-a)] (in units of 4e’/h),
which is 0 for symmetric coupling case (a=1/2).

The sum S,+S, determines the observed signal. Figure 1
illustrates the above discussion using the parameters
g9p=2 eV, '=0.04 eV, and T=10 K. Here and below we use
a.u. (atomic units) for current, noise and differential noise,
elty, e?/ 1o, and e, respectively, with e the electron charge,
to the atomic unit of time, and A=h/2 the Planck constant.
Figure 1(a) shows plots of the conductance and the differen-
tial noise for symmetric (@=0.5) and strongly asymmetric
(a=0.1) coupling. In both cases dI/dV is a Lorentzian (dot-
ted and dash-dotted lines, respectively), while the form of
dS/dV changes from a two-peak structure with complete
noise suppression at u; =g, for the symmetric case to a one-
peak structure in the asymmetric situation. Note that in the
two-peak case the peak heights are different due to the ther-
mal noise contribution. In principle both the peaks positions
in the two-peak structure and the differential noise at
M =€y may be used as sources of information on the asym-
metry (expressed by the parameter @) in the molecule-leads
couplings. A single peak dS/dV shape indicates highly asym-
metric coupling. Consequently, in STM experiments the
shape of the differential noise vs applied voltage plot will
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FIG. 2. (Color online) Conductance (a) and differential noise (b)
vs applied source-drain voltage. Shown are results for 7=10 K
(solid line) and T=100 K (dashed line).

change when bringing the tip closer to the sample, decreas-
ing the I'; /T'r asymmetry.

The effect of temperature is demonstrated in Fig. 2 where
results for two temperatures, 7=10 K and 7=100 K, respec-
tively, are presented for the symmetric coupling case,
a=0.5. The differential conductance peak, as is expected,
becomes wider and lower with increasing T [Fig. 2(a)]. At
the same time the two-peak structure of the differential noise
plot becomes broader, and the difference in the peak heights
of the two-peak structure in the differential noise plot be-
comes more pronounced [Fig. 2(b)].

V. WEAK ELECTRON-PHONON COUPLING

We now turn to the model, Eq. (11), that includes the
effect of electron-phonon interactions on the bridge. In this
section we consider weak electron-phonon coupling which
can be treated with the standard diagrammatic theory on the
Keldysh contour. The lowest nonzero diagrams lead to the
Born approximation (BA), while dressing of these diagrams
yields its self-consistent version (SCBA). Detailed descrip-
tion of this approach and the derivation of the self-energies
expressions can be found in our previous presentation.’’
Within the Born approximation the lesser and greater
electron self-energies due to coupling to the local phonon
can be expressed for the model at hand in terms of the
(molecule projected) electron and phonon densities of states,
pe(E)==Im[G"(E)]/m and p,;,(w)=-sgn(w)Im[D"(w)]/,
respectively, and of the electron and phonon energy-resolved
occupations, n(E) and N(w), respectively,’® as follows (for
details see Ref. 57):
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E;h(E) =- 27TiM§f dwp,,(w)
0
XA{[1 + N(@)]po(E - 0)[1 = n(E - w)]
+N(w)py(E+ o)[1 -n(E+ )]}, (27)

:h(E) = ZWiMif dwpp,()
0

X{N(w)p (E - w)n(E - )
+[1+ N(w)]p(E + o)n(E + w)}. (28)

Note that in the one-level bridge model employed here all
the Green functions and self-energies are scalars defined in
the bridge subspace. In the absence of electron-phonon cou-
pling the densities of states are

I'2a

(E—g0)*+('12)*° (29)

pel(E) =

yph/27r
(w - w())z + (7p11/2)2 '

where I'=I"; +I'g, see Eq. (15), is resonant level escape rate
due to coupling to the leads and 7,, is the local phonon
decay rate due to coupling to the thermal bath. The phonon
occupation N(w) in this limit is given by the Bose-Einstein
distribution, N(w)=(ef**—1)!, while the electron occupa-
tion in the junction is

ppn(®) = (30)

T T
n(E) = FLfL(E) + FRfR(EL (31)

where fx(E) is Fermi-Dirac distribution of the contact K. The
electron relaxation rate due to coupling to the primary pho-
non is given by

L ou(E) = i{3,(E) = 35,(E)]. (32)

The retarded electron self-energy due to this coupling is
taken in what follows to be purely imaginary (tacitly assum-
ing that its real part—level shift—has been incorporated into
), given by

SOWE) =~ iE’mz(—E). (33)

Keeping terms up to the second order in the electron-phonon
coupling we get for the electron Green functions

6(B)=Gy(B) - Gy Gy, ()

G=7(E) = |GyE)H{[1 - 7T 4(E) pel(E)]
X[EL7(E) + 35 (E)]+ 2,7 (B)},  (35)
where
Gy(E)=(E-gy+il'/2)7! (36)

and where the lesser and greater electron self-energies due to
coupling to contacts, ¢~ (E), K=L,R are given by Egs.
(13) and (14).
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Using (13), (14), and (35) in (3) the average steady-state
current through the junction is obtained in the form

=22 Erww e, o)
a

—00
where

(E - 9)* = (I/2)* T, (E)
(E—gp)*+ (/2> T

with Ty (E) given in (23). The first term in parentheses in (38)
yields the usual Landauer expression, while the second gives
the second order (in M,) correction associated with the
electron-phonon coupling. As discussed in Ref. 57, this cor-
rection results from both the renormalization of the elastic
transmission channel and the opening of the inelastic chan-
nel.

Using (13), (14), (34), (35) in (10) we get for the zero
frequency noise

4¢* (Y7 dE

S(w=0)=7 ;T

T(E) = T(,(E)(l + ) (38)

[To(E)Bl(E)(fL(E)[l = fLE) ]+ fRE)T - fR(E)])

+ To(E)B\(E)[1 = To(E)B(E)ILfL(E) - fr(E)]’

2
B ) e BE)
L' R
1) oo TE)
- T B | (39)
where
B(E)=[1 ~ 7T (E)puE)], (40)

By(E) = i2 (E) 9, T Lf1(E) + 7l rfr(E)]

+ iz;h(E){nLrL[l —fL(E)]+ mglg[1 = fr(E)]},
(41)

By(E) = i3 (E) L Lf1L(E) + L pfr(E)]

= S (BN T 1 = f(E)] + mrDp[1 = fR(E)]}.
(42)

One sees that in the presence of electron-phonon interaction
the noise expression cannot be separated into thermal and
shot noise parts as is given by (20)—(22).

Equations (37) and (39) are used in the calculations pre-
sented below. We will consider two limits of the electron
tunneling process: (1) resonant, I'>|E—gy|, and (2) off-
resonant (superexchange), I' <|E—g|, where E is the energy
of the tunneling electron. The first situation was considered
in Ref. 55. The second is a common situation in molecular
junctions where the HOMO-LUMO gap is larger than both
the orbital broadening and applied voltage. It was pointed

out by the authors of this paper and others that since
(E-g0)*=(I/2)?

e Pay 18 megative (positive) in the resonant (nonreso-
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FIG. 3. (Color online) Zero frequency noise with (solid line) and
without (dashed line) electron-phonon interaction for (a) symmetric,
a=0.5, and (b) asymmetric, a=0.01 molecule-leads coupling in the
resonant tunneling regime. Also shown is approximate result (dot-
ted line) where noise is calculated as a sum of thermal and shot
noise, Egs. (20)—(22), with renormalized transmission coefficient T,
Eq. (38), replacing the elastic tunneling transmission 7, Eq. (23).
See text for parameters.

nant) situations the current change upon the onset of inelastic
tunneling, dl, is negative in the resonant case and positive in
the off-resonance limit.

Figure 3 presents the zero frequency noise S(w=0), dis-
played against the applied voltage for the resonant tunneling
case in (a) symmetric coupling, @=0.5, and (b) strongly
asymmetric coupling, a=0.01, situations. Parameters of the
calculation are T=10 K, g,=0.05eV, I'=0.5eV, 7=0.5,
Er=0¢eV, wy=0.1eV, 7,,;,:0.01 eV, and M,=0.1 eV. The
full and dashed lines in Fig. 3 correspond to the calculated
noise in the presence and absence of electron-phonon inter-
action, respectively. The dotted line results from an at-
tempted approximation in which the noise was computed
from Egs. (20)—(22) except that Ty(E) was replaced by T(E),
Eq. (38). Two points are noteworthy here. First, opening of
the inelastic channel, at V/wy=1, may lead both to increase
[symmetric coupling, Fig. 3(a)] and decrease [asymmetric
coupling, Fig. 3(b)] of the noise signal. Second, modifying
Egs. (20)—(22) by replacing the bare transmission T((E) by
the phonon-renormalized transmission T(E) shows a similar
qualitative dependence of the noise on the electron-phonon
interaction as our more rigorous results, but fails quantita-
tively [compare full and dotted lines in Fig. 3(a)].

While the calculations presented below are made with no
additional assumptions, a valuable insight can be gained by
considering the low temperature limit, 7—0, assuming
wy<<AE and/or wy<<I", and taking the voltage large enough
so that the inelastic channel is open, wu; —ug=|eV|> A w,. In

this case [f,(E) _.fR(E)]2 ~fL(E)[1-fRr(E)]= |fL(E) _fR(E)|
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and fr(E)[1-fx(E£wy)]=0. Under these additional as-
sumptions we obtain for the noise change upon the onset of
inelastic tunneling (up to Mﬁ) from (39) in the resonant tun-
neling situation

4e* (77 d r
sw=0="C | Ly e By, ) e
r.r
><<2{[TO(E) ~ 1]+ 7+ =2 ;2’*), (43)
AL, T
To(E) = 1f2 R, (44)

Using (44) in (43) one can show that for symmetric coupling,
a=I";/T'=0.5, 6S>0. This together with /<0 in the reso-
nant tunneling case leads to (predicted in Ref. 55) increase in
Fano factor, F'=S/1, upon opening of the inelastic channel.
The situation can be different however for asymmetric junc-
tions. Indeed, Eqgs. (43) and (44) imply that if the inequality

2 _ 2 2
az—a+—7]§ 77R>

0 (45)
is satisfied the change in the zero frequency shot noise is
negative, 65<<0. In this case the Fano factor can decrease
with the opening of inelastic channel.

Figures 4(a) and 4(b) (which were obtained, as already
noted, without invoking these simplifying assumptions) vali-
date these observations. Figure 4(a) shows, for a symmetric
junction a trend (smaller current, larger noise and conse-
quently larger Fano factor in the presence of electron-phonon
interaction) similar to that suggested by Chen and Di
Ventra® (see Fig. 2 there). However the trend shown in Fig.
4(b) for the asymmetric junction is opposite. It should also
be noticed that while the phonon induced change in the noise
was obtained in Ref. 55 to be of order ~M2, Eq. (43) shows
contributions of order ~M?> that dominate in the weak
electron-phonon coupling limit.

Figure 5(a) shows change in the noise properties with
changing asymmetry in coupling to the leads as expressed by
the parameter «. Note that the current and noise are slightly
asymmetric about the symmetric (@=0.5) point. This asym-
metry can be rationalized by noting that the difference
I') # 'y implies different tunneling distances between the
molecule and the left and right leads, resulting in different
tunneling probabilities towards these leads for an electron
that lost energy to molecular vibrations. Figure 5(b) gives a
broader view of this issue. It shows a two-dimensional plot
of the ratio of Fano factor with and without electron-phonon
coupling, F/F, as a function of two asymmetry parameters,
a and 7;. At and about the symmetric point a=0.5 this ratio
is greater than 1, but it becomes smaller (and can be smaller
than 1) in strongly asymmetric situations, as shown.

The qualitative observations of Ref. 55 are seen to hold
only for symmetric molecule-lead coupling but not for
highly asymmetric situations as encountered in STM con-
figurations.

Consider next the off-resonant limit, I'<|E—g|. In this
case Ol is positive. When also w,<|E—¢| and T— 0 we can
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FIG. 4. (Color online) Ratios of Fano factors (solid line), zero
frequency noises (dotted line), and currents (dashed line) with and
without electron-phonon coupling vs applied voltage in the resonant
tunneling regime. Shown are (a) symmetric «=0.5 and (b) asym-
metric @=0.01 coupling case. Parameters are the same as in Fig. 3.

0.7 0.9

FIG. 5. (Color online) (a) Ratios of Fano factors (F/F, solid
line), zero frequency noises (S/S,, dotted line), and currents (I/1,
dashed line) with and without electron-phonon coupling vs asym-
metry in coupling to the leads in the resonant tunneling regime.
7.=0.5 (b) F/F, a function of two asymmetry parameters, « and
7, in the resonant tunneling regime. Dotted line represents F/F|
=1 case. Parameters are the same as in Fig. 4 and the voltage bias
is V=0.15V (eV=1.5%w).
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FIG. 6. (Color online) Ratios of Fano factors (solid line), zero
frequency noises (dotted line), and currents (dashed line) with and
without electron-phonon coupling vs applied voltage in the off-
resonant tunneling regime. See text for parameters.

use the argument above Eq. (43) to show that 5S> 0. In the
absence of electron-phonon interaction Iy~ TyeV and
So~Ty(1-Ty)eV one gets Fy=Sy/lj~1-T,. When
this interaction is present [~Ty(1+I,,/T)eV  and
S~[To(1=To)+ Tl pu/ T (77 + 9z —2T() JeV, so that

F r
— -2 - g - <. 46
F T (L= 7= 7) (46)

Figure 6 (which again does not rely on the extreme limit
used to develop our intuition) illustrates this situation. Pa-
rameters of the calculation are those of Fig. 4(a) except that
go=>5 eV. With opening of the inelastic channel both current
and noise grow, while the Fano factor decreases. Contrary to
the situation of resonant tunneling, asymmetry in the cou-
pling to the leads does not provide qualitative difference in
this case.

Figure 7 shows the effect on the current and noise prop-
erties of transition from the resonant to the off-resonant tun-
neling regime as may be observed by applying a suitable
gate potential. Parameters of the calculation are those of Fig.
4(a) with position of the molecular orbital changing relative
to the Fermi energy. Shown are the ratios of the current
(dashed line), noise (dotted line) and Fano factor (solid line)
to their values in the absence of electron-phonon interaction.
As noticed above and as implied by Eq. (38) the current goes
through a minimum at resonance. In contrast the noise (and
consequently the Fano factor) maximize at that point. Note
that the results are obtained using ¢V=0.15 eV > f w,. For
eV<hw, phonon effects are negligible and the resulting
lines will approach unity.

VI. STRONG ELECTRON-PHONON COUPLING

In this section we sketch the procedure and present results
of our numerical calculations for the case of intermediate to
strong electron-phonon coupling. Details of the calculation
procedure can be found in Ref. 58 and here we mention only
several important points. A small polaron (canonical or
Lang-Firsov) transformation’’"? applied to Hamiltonian (11)
leads to
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FIG. 7. (Color online) Ratios of Fano factors (solid line), zero
frequency noises (dotted line), and currents (dashed line) with and
without electron-phonon coupling vs position of the molecular or-
bital relative to the Fermi energy. See text for parameters.

H=g,fe+ 2 Slhl+ > (chkCA)A(a+H.C.)

ke{L,R} ke{L,R}
+ woaATClA + E wﬁl;:(;l;ﬁ+ E U,BQQQ,B’ (47)
B B
where
M?
go=go—A, A=—% (48)
o

A is the electron level shift due to coupling to the primary
phonon and

N ~ M
X, =exp(i\,P,), N,=—" (49)
wo

is the primary phonon shift generator with P,=—i(d—a") be-
ing the primary phonon momentum. We are looking for the
single electron Green function, approximately given (on the
Keldysh contour) by

G(r,m) == (T2 (r))y

- TR ) (R
~ — TR)E AT R ()R
= G (1, T X (1)X (7). (50)
In Eq. (50) T, is the time ordering operator on the Keldysh
contour, Pil is the transformed Hamiltonian, Eq. (47), and

(---)g implies that the indicated time evolutions are to be
carried out with this Hamiltonian. Also

PHYSICAL REVIEW B 74, 075326 (2006)

(TX(T)X](7) = expNLi . Dp p (71.7) —(ED]}
(51)
is an approximate (second order cumulant expansion) ex-

pression for the shift generator correlation function in terms
of the primary phonon Green function

Dpp(rom) == HTER(). ()

The (approximate) electron Green function G is obtained
from a self-consistent solution of the approximate (second
order in the coupling to the contacts) equations for the pho-
non and electron Green functions

Dy p (1,7) =Dy (7,7)

+f dTlf deDfrEi3Pa(T, T])HP([P(Z(T],'Tz)DPapa(Tz, ),
(53)

G(7,7)= GE.O)(T, 7)

+ E dTlfdTZGS‘O)(T’TI)EC,K(TDTZ)G(‘(TZ’T,)'
K={L,R} ¢

(54)
These equations (for derivation see Ref. 58) are analogs of
the usual Dyson equation. The functions HP p, and Sk

which are analogs of usual phonon and electron  self-
energies, satisfy the equations

HP P, (1,7) = 2 |U,B| Dp 5P p (11,m) = l)\ E |V/<|2
ke{LR}

X[ (7, )Gy, U T X ()X L) + (71 = 1)1,
(55)

> Vil T X ()X (). (56)

keK

2c,K( T, T) =

Here K=L,R and g, is the free electron Green function for
state k in the contacts.

The Langreth projections®’ of Egs. (53)-(56) on the real
time axis are solved numerically by using grids in time and
energy spaces, repeatedly switching between these spaces as
described in Ref. 58. After convergence, the Green function
and self-energies needed in the noise expression (10) are
available as numerical functions of E.

In the presence of electron-phonon interactions the ex-
pression for the average steady state current can still be writ-
ten in a form similar to (19) (Ref. 62) with a renormalized
transmission coefficient T(E) replacing Ty(E). T(E) can be
written as T(E)=I",I'g2mp,(E)/T", where p,(E) is now the
interacting electronic density of states.’’ Again, the expres-
sion for the noise can no longer be cast in the simple additive
structure of Eq. (20).8!
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FIG. 8. (Color online) Conductance (a) and differential noise (b)
vs level position (gate voltage experiment). Shown are results of
self-consistent calculation (solid line) and the zero order approxi-
mation (dashed line). Results in the absence of electron-phonon
coupling (dotted line) are given for comparison.

In what follows we present and discuss some numerical
results based on this procedure. These results will serve to
illustrate the sensitivity of the current and noise calculations
to the level of approximation used, the manifestation of the
phonon sideband structure in the noise spectrum and the con-
ditions for observing a single or split central peak in the
noise spectrum in strong electron-phonon coupling situa-
tions. We focus on these issues while limiting the size of our
parameter space by taking symmetric junctions with I'; =T
(i.e., =0.5) and 7,=—7=0.5, gy=2 eV above the unbiased
Fermi energies, 7=10 K, wy=0.2 eV, M,=0.2 eV, and v,
=0.01 eV.

Figure 8 shows the differential conductance dI/dV and
noise spectrum dS/dV evaluated at V=0.01 V and plotted
against the resonance energy &, (that is in principle control-
lable by an imposed gate potential). The dotted lines in Fig.
8 represent the current and noise obtained in the purely elas-
tic case (no electron-phonon interaction). The solid lines are
results of the converged self-consistent procedure described
above while the dashed lines result from the lowest order
approximation to Eq. (50) in which the two factors (elec-
tronic and phononic) that enter the Green function G are
calculated in the absence of electron-phonon interaction.®?
Two important features should be noticed. First, because of
its split peak structure, the noise spectrum is far more sensi-
tive to the electron-phonon coupling than the conduction
plot. Second, for the small source-drain potential used here
no phonon sidebands appear. A similar observation was made
before for the conduction spectrum.’®3* This observation
stands in contrast to the results of Zhu and Balatsky,’® who
obtained phonon sideband structure in the noise spectrum
plotted against the gate potential. Indeed the procedure of
Ref. 56 would lead to sideband structure also in the dI/dV vs
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FIG. 9. (Color online) Conductance (a) and differential noise (b)
vs applied source-drain voltage for the case of relatively weak
electron-phonon coupling. The different lines represent results for
the full and zero order calculation and for the case with no electron-
phonon coupling (line notation as in Fig. 8).

gate potential spectrum and results from the semiclassical
approximation discussed above.?! It should be noted that this
approximation is valid only when Zwy<<kzT, whereupon the
sideband structure will be suppressed by thermal broadening
associated with the width of the Fermi function.

In contrast to gate-voltage plots made at small bias poten-
tials, the phonon sideband structure is observed when the
differential conductance is plotted against the source-drain
voltage V.3%3* A similar behavior is observed for the noise
spectrum. Figure 9 presents results of the corresponding cal-
culation for the case of relatively weak electron-phonon cou-
pling. Parameters of the calculation are the same as in Fig. 8
except I';=I"',=0.08 eV and M,=0.08 eV. In this weak cou-
pling case only one sideband appears, indicating a single
phonon creation by the tunneling electron. Also in this limit
the low order calculation appears to be sufficient—self-
consistent corrections are seen to be small.

A stronger coupling case is presented in Fig. 10, where
the parameters of calculation are the same as in Fig. 8. Sev-
eral phonon sidebands indicating phonon emission are ob-
served on the right of the central (elastic) peak. The satellite
feature that appears to the left of the central peak is obtained
only in the self-consistent calculation (solid line). As was
discussed in Ref. 58 this feature indicates phonon absorption
by the tunneling electron and results from heating of the
junction by electron flux. We see again that the shape of the
differential noise curve, Fig. 10(b), is more sensitive to in-
teraction renormalization (self-consistency of calculation)
than that of the conductance, Fig. 10(a), especially in its
central peak structure.

A significant difference between the split peak structure of
the elastic central peak in Figs. 9 and 10 (solid lines) and the
elastic result (Fig. 1 and dotted lines of Figs. 9 and 10) when
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FIG. 10. (Color online) Conductance (a) and differential noise
(b) vs applied source-drain voltage for the case of relatively strong
electron-phonon coupling. Line notation is as in Figs. 8 and 9.

considered in the symmetric molecule-leads coupling case,
a=0.5, is the fact that the differential noise spectrum van-
ishes between the two peaks in the absence of electron-
phonon coupling but remains finite when this coupling is
present. To examine the significance of this difference we
focus on the T=0 limit and the zero order approximation.
The lesser and greater Green functions are given by

« Up60(p, — E = nwy) + pbpg — E = nay)
(E—gy+nwy)*+ (I'/2)?

)

(57)
*® )\2n
G”(E) = ie ™My, ~&
n=0 n!
% LLO(E —nwy = py) + TRO(E — nwy — pug)
(E - 89— nawy)? + (I'/2)?
(58)

The retarded Green function can be estimated from the Leh-
mann representation’’

G'(E) = ifm dE" GI(ED - GUE)

59
E-E' +i6 (59)

e 2T

For the case of relatively weak coupling to the leads I' < w,
(which is the case where phonon sidebands may be ob-
served), the part of G” responsible for the central peak region
can be approximated by using in (59) only the n=0 terms of
(57) and (58). This leads to G'_(E)=e (E—g+il'/2)".
Using this expression for G” together with G= and G~ ap-
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proximated again by their n=0 terms in Eq. (10) leads to
dS,_o(w=0) 4é°

v 2mh

2 2 2
[8X To(up)e ™ a(m] + 1 — 2 mge™a = Ty )e™a)

2 2 2
+ (1 = 8) X To(ug)e (7] + m — 2m mpe ™ a = To(ug)e™a)]
(60)
where we have also used Egs. (13)-(15) and where Ty is
given by Eq. (23).

Equation (60) is the analog of Eq. (25) (the thermal noise
contribution vanishes in this 7=0 limit), and indeed leads to
(25) for \,=0. For finite electron-phonon coupling the result
is seen to depend on the capacitance ratios 7; and 7. The
requirement that To(E)[1-Ty(E)] has three extrema for a
double-peak structure to be seen in the dS/dV vs V plot can

2
now be applied for the function To(E)e ™ [7;+ 77

2 2
— 27, mre Na—T,y(E)e ). This leads to an analog of Eq. (26),

az—a+§<0, (61)

2 2
p=ea+ 2y mpleta—1) (62)

which reduces to (26) when \,— 0. The peak positions are
given by gy + (I'/2)8a(1—a)/p—1. One can show also that

ds 4¢3 2
—_— = L&—%ip_’ (63)
AV | pe 27 4
ds 4¢3 >
—| =—8Mal6a(l - /4 - a(l -—a)]. (64
av|, =2 e a(l-a)[p/4 - a(l1-a)]. (64)

In the absence of electron-phonon coupling p=1 and the ex-
pressions above take the forms shown in Sec. IV for the
elastic tunneling case, where for @=0.5 % 80=O. This van-
ishing does not occur even for @=0.5 if p # 1. Consequently,
the peak positions and noise values spectrum near and be-
tween the peaks contains information about the asymmetry
of the coupling to the leads, capacitance parameters and
strength of electron-phonon interaction.

For very strong electron-phonon interaction, A, — %, con-
dition (61) cannot be satisfied for any choice of the junction
parameters. In this case only one peak in dS/dV in the cen-
tral region will be observed. Figure 11 illustrates this effect.
The parameters used in calculation are the same as in Fig.
10. The calculation is done for symmetric coupling, a=0.5
and 7=0.5. This behavior is seen already in the zero order
approximation as is shown in Fig. 11(a). Figure 11(a) shows
evolution of the two-peak structure into the one central peak
with increase of electron-phonon coupling, calculated in this
level of approximation. Figure 11(b) shows result of self-
consistent calculation. A two peak structure is observed for
weak (M,=0.04 eV, solid line) and a single peak for strong
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(M,=0.3 eV, dashed line) electron-phonon coupling.

This spectral change from two to one peak structure with
increasing electron-phonon coupling results from transient
localization and increasing dephasing of the electron on the
bridge and can be used for estimating the junction param-
eters. For example, in an STM experiment, increasing tip-
substrate distance will lead (for not too strong electron-
phonon coupling) to a change of the differential noise and/or
voltage profile from a two-peak to a one-peak structure as
was seen in Fig. 1 (the general shape of Fig. 1 will persist
also for a nonzero M,). Equation (61) written as an equality
is a relationship between «, 7, wy, and M, at this transition
point. Information on w is easily obtained from the inelastic
tunneling structure of either the average current or the noise.
To get information on « one can use Egs. (3), (57), and (58)
to get for 7—0,

dv 2mh T

|
n=0 -

) 1-6
X { eV - nwo)(F—T+n(ML) + F—T-n(,uze)>
L R

o 1-6
+ 0(—eV - nwo)(—T_n(,uL) + _T+n(,LLR)> ] , (65)
Iy Iz
where
I lg
T,,(E) = — . 66
n(E) (E - gy F nwy)? + (I'/2)? (66)
It is easy to see from (65) and (66) that
a a
dv HR=g0 dav Hp=EqHIw _ |-« (67)
al —a @
av H1=20 av Hp=ggtn@g

In addition Eq. (18) provides a relationship between the pa-
rameters «, &, and 7. An independent determination of the
voltage division factor & will therefore determine also the
other parameters (within our simple junction model). We
note that information on the voltage distribution in a junction
can be obtained directly’® or indirectly from I/V plots at
positive and negative bias.

VII. CONCLUSION

We have studied inelastic effects on the conduction and
noise properties of molecular junctions within a simple
model that comprises a one-level bridge (arbitrarily chosen
above as the molecular LUMO) between two metal contacts.
The level is coupled to a vibrational degree of freedom that
represents a molecular vibration, which in turn is coupled to
a thermal phonon bath that represents the environment.

The case of weak electron-phonon coupling is investi-
gated using standard diagrammatic technique on the Keldysh
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FIG. 11. (Color online) Differential noise vs applied source-
drain voltage for @=0.5. (a) Surface plot of dS(w=0)/dV as func-
tion of source-drain voltage and electron-phonon coupling strength.
Zero-order result. (b) dS(w=0)/dV for weak (M=0.04 eV, solid
line) and strong (M=0.3 eV, dashed line) electron-phonon cou-
pling. Self-consistent calculation.

contour as described in Ref. 57. We find that the predictions
of Ref. 55, increase in zero frequency noise and Fano factor
with opening of the inelastic channel, hold only in a particu-
lar range of parameters—resonant tunneling with symmetric
coupling to the leads. Different modes of behavior are found
upon changes that can be affected by moving an STM tip or
changing the gate potential. The crossover point between the
different modes of behavior provides information on the
strength and asymmetry of the molecule-leads coupling and
the position of the molecular level relative to the Fermi en-
ergy.

For the moderate to strong electron-phonon coupling case
we have implemented a recently developed self-consistent
scheme on the Keldysh contour.’® We have studied the zero-
frequency differential noise spectrum for resonant inelastic
tunneling and have investigated the shape of this spectrum
and its dependence on the parameters of the junction (asym-
metry in coupling to the leads and electron-phonon interac-
tion strength). We find the following:

(i) As in the I/V spectrum, the differential noise spectrum
in resonance inelastic tunneling shows a typical structure
characterized by a central feature and phonon sidebands.

(ii) Contrary to Ref. 56 we find that displaying the differ-
ential noise dS(w=0)/dV against the gate potential does not
allow observation of phonon sidebands. Rather the sideband
structure can be observed in the usual source-drain measure-
ments.
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(iii) The central feature exhibits a crossover from double
to one central peak structure, both for increasing asymmetry
in molecule-lead coupling and for increasing vibronic cou-
pling strength. This change of spectral shape may be used to
gain information on the parameters that determine these
properties. In particular, asymmetry can be controlled by the
tip-molecule distance in STM experiments.

It should be emphasized that as in other studies of current
noise in nanojunctions we have focused on the electronic
current in static junction structures, here augmented by
electron-phonon interactions. Other sources of noise, e.g.,
structural fluctuations that affect tunneling matrix elements

PHYSICAL REVIEW B 74, 075326 (2006)

and molecule-lead coupling may exist, and future studies
should assess their potential contributions.
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