
Thermal effects on lattice strain in �-Fe under pressure

Xianwei Sha and R. E. Cohen
Carnegie Institution of Washington, 5251 Broad Branch Road, NW, Washington, D.C. 20015, USA
�Received 21 February 2006; revised manuscript received 11 April 2006; published 4 August 2006�

We compute the c /a lattice strain versus temperature for nonmagnetic hcp iron at high pressures using both
first-principles linear response quasiharmonic calculations based on the full potential linear-muffin-tin-orbital
�LMTO� method and the particle-in-cell �PIC� model for the vibrational partition function using a tight-binding
total-energy method. The tight-binding model shows excellent agreement with the all-electron LMTO method.
When the hcp structure is stable, the calculated geometric-mean frequency and the Helmholtz free energy of
�-Fe from PIC and the linear response lattice dynamics agree very well, as does the axial ratio as a function of
temperature and pressure. On-site anharmonicity proves to be small up to the melting temperature, and PIC
gives a good estimate of its sign and magnitude. At low pressures, �-Fe becomes dynamically unstable at large
c /a ratios, and the PIC model might fail where the structure approaches lattice instability. The PIC approxi-
mation describes well the vibrational behavior away from the instability, and thus is a reasonable approach to
compute high temperature properties of materials. Our results show significant differences from earlier PIC
studies, which gave much larger axial ratio increases with increasing temperature, or reported large differences
between PIC and lattice dynamics results.
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I. INTRODUCTION

Zero-temperature properties of materials can be obtained
in a straightforward way using first-principles electronic
structure methods, but thermal properties are much more dif-
ficult to obtain from first principles. Five approaches have
been used: application of the phenomenological Debye
model,1,2 quasiharmonic lattice dynamics,3–8 molecular dy-
namics,9,10 the particle-in-a-cell �PIC� method,11–16 and path
integral Monte Carlo �PIMC�.17,18 Each approach has its ad-
vantages and disadvantages: the Debye model is quick and
easy but very approximate, quasiharmonic lattice dynamics
is very computationally intensive and neglects anharmonicity
at a constant volume; molecular dynamics is even more com-
putationally intensive, usually requiring small system sizes
and neglecting quantum occupation of phonon states, PIC
requires supercells and neglects correlations between atomic
motions and as has been implemented is classical, and PIMC
with electrons can only be performed at very high tempera-
tures and for small systems, although there may be tractable
approaches that combine PIMC and density functional
theory, perhaps using first-principles fitted potentials.19 PIC
is probably the fastest of the more accurate approaches for
thermal properties, and seems particularly suited to proper-
ties at high �but not extreme� temperatures which occur in
the shock compression of metals. However, the accuracy of
the PIC method has been recently called into question.20

Here we test the accuracy by comparing with first-principles
quasiharmonic lattice dynamics while further investigating
the properties of iron at high pressures and high tempera-
tures.

Various thermodynamic and thermoelastic properties of
iron at high pressure and temperature conditions have drawn
significant experimental21–35 and theoretical11,13,36–43 atten-
tion. Iron is of great geophysical interest, because the Earth’s
core consists mainly of this element. Due to the extremely
high temperatures �4000–8000 K� and high pressures

�330–360 GPa� found in the Earth’s inner core, it is difficult
to probe these properties at such extreme conditions in an
accurate way. Various first-principles theoretical calculations
based on the density functional theory and density function
perturbation theory have been widely used to study material
properties at these extreme conditions.

Early theoretical calculations only gave material proper-
ties at zero temperature, without any thermal effects
included.36,41 One decade ago, Wassermann et al. first stud-
ied the thermal properties of iron at pressures up to 400 GPa
and temperatures to 6000 K, using a first-principles fitted
tight-binding total-energy model and the PIC approximation
for the vibrational partition function.11 As applied, the PIC
model is a classical mean field approximation to the vibra-
tional contributions to the free energy.44,45 The PIC model
should be applicable to temperatures above the Debye tem-
perature, but not too close to the melting temperature where
the collective motions and diffusion become important.
One crucial geophysical question is the origin of the elastic
anisotropy found in the Earth’s deep inner core, which might
be associated with the lattice strain �especially the c /a axial
ratio� of the �-Fe phase. Wasserman et al. predicted a very
rapid increase in the axial ratio with increasing
temperature.11 Stixrude et al. later applied the same method
to examine the temperature and composition at the Earth’s
inner-core conditions.46 Instead of using the tight-binding
model, Steinle-Neumann et al. applied the PIC model with a
plane wave mixed basis pseudopotential method to examine
the core’s thermoelasticity and related aggregate properties.13

All three PIC studies agreed in predicting a strong increase
in the axial ratio at high temperatures. Steinle-Neumann et
al. attributed the seismological observations of the inner-core
anisotropy to this increasing c /a axial ratio and the core’s
polycrystalline texture in which basal planes are partially
aligned with the rotation axis.13

Alfe and co-workers presented density functional theory
calculations to compute the free energies and other thermo-
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dynamic properties of �-iron related to the Earth’s solid inner
core, and reached different conclusions by predicting a small
increase in the c /a axial ratio with increasing
temperature.39,40,47 They predicted much smaller thermal ef-
fects on the lattice strain than the earlier PIC studies did.
They used a “frozen-phonon” small displacement method to
calculate the whole phonon spectrum in the harmonic ap-
proximation, and then added anharmonic corrections by ei-
ther thermodynamic integration39 or calculations of the ther-
mal average stress from the molecular dynamics
simulation.47 One advantage of these lattice dynamics calcu-
lations is that the results can be tested and validated by avail-
able experimental data on phonon dispersion and phonon
densities of states.30,32 They also performed their own PIC
calculations trying to test the quantitative accuracy of the
PIC approximation and to explain the big differences of the
thermal effects on the lattice strain.20 Their PIC results show
some differences from both the earlier PIC and their frozen-
phonon calculations. They suggested that although PIC can
be regarded as a way for calculating the geometric-mean
harmonic frequency � and free energies, there is a constant
factor difference between the � calculated from PIC and
their frozen-phonon lattice dynamics. Gannarelli et al. per-
formed first-principles molecular dynamics based on the den-
sity functional theory for hcp Fe at V=47 bohr3/atom,47 and
found a much smaller c /a axial ratio increase at high tem-
peratures than the earlier PIC predictions.

Due to the importance of the issue and the large existing
controversies, it is necessary to examine the thermal influ-
ences on the lattice strain using more accurate theoretical
methods. With the exception of the projector-augmented-
wave �PAW� method Gannarelli and co-workers used,20,47

most of the former calculations are based on pseudopotential,
embedded atom, or tight-binding total-energy models, where
the validation and reliability of the results at extreme condi-
tions may strongly depend on the development and versatil-
ity of the potentials or models. Here we examine the lattice
dynamics and thermodynamics of �-iron using the linear re-
sponse full potential linear-muffin-tin-orbital �LMTO�
method, where the results do not depend on the construction
of the potentials and could provide a benchmark to test the
accuracy of the PIC model and other theoretical results. We
also present our recent PIC calculations based on a tight-
binding total-energy method, using a different integration
method to make direct comparisons to the linear response
results.

In Sec. II we detail the theoretical techniques to obtain the
thermal properties, as well as our linear response LMTO,
PIC, and tight-binding total-energy methods. In Sec. III we
present the linear response and PIC results on the geometric-
mean vibrational frequencies, Helmholtz free energies, and
axial ratios of hcp Fe at high pressures and high tempera-
tures, and make detailed comparisons to earlier PIC and
other theoretical results. We conclude with a summary in
Sec. IV.

II. THEORETICAL METHODS

For many metals and alloys, the Helmholtz free energy F
has three major contributions48

F�V,T� = Estatic�V� + Fel�V,T� + Fph�V,T� , �1�

where V is the volume and T is the temperature. Estatic�V� is
the energy of a static lattice at zero temperature, Fel�V ,T� is
the thermal free energy arising from electronic excitations,
and Fph�V ,T� is the phonon contribution. Both Estatic�V� and
Fel�V ,T� can be obtained from first-principles calculations
directly. We perform full potential LMTO calculations to
evaluate Estatic�V� and Fel�V ,T� using multi-� basis sets.
Space is divided into the nonoverlapping muffin-tin �MT�
spheres surrounding each individual atom and the remaining
interstitial region. The induced charge densities, the screened
potentials, and the envelope functions are represented by
spherical harmonics within the MT spheres and by plane
waves in the interstitial region. The self-consistent calcula-
tions are performed using the 3�-spd-LMTO basis set with
one-center expansions performed inside the MT spheres.49

The k-space integration needed for constructing the induced
charge density is performed over a 12�12�12 grid. We use
the Perdew-Burke-Ernzerhof �PBE� generalized-gradient ap-
proximation for the exchange and correlation energy.50 When
calculating Fel�V ,T�, we assume temperature-independent ei-
genvalues for given lattice and nuclear positions, and only
the occupation numbers change with temperature through the
Fermi-Dirac distribution.11

We computed the phonons using the linear response
method based on density functional perturbation theory and
obtained the lattice vibrational contribution within the quasi-
harmonic approximation. We determined the dynamical ma-
trix as a function of wave vectors for a set of 28 irreducible
q points at the 6�6�6 reciprocal lattice grid. The pertur-
bative approach is employed for calculating the self-
consistent change in the potential.51,52 Careful tests have
been done against k and q point grids and many other pa-
rameters to make sure all the results are well converged. The
phonon free energy Fph is obtained from the calculated pho-
non dispersion or phonon density of states53

Fph�V,T� = kBT�
q,i

ln�2 sinh
��i�q,V,T�

2kBT
� . �2�

In the PIC model, the partition function Zcell is approxi-
mated by calculating the energy of having one atom �“wan-
derer”� move in the potential field of an otherwise ideal,
fixed lattice:44,45

Zcell = �−3N��
	

exp�−
U�r� − U0

kBT
�dr�N

, �3�

where �=h / �2
mkBT�1/2 is the de Broglie wavelength of the
atoms, kB is the Boltzmann constant, U0 and U�r� are the
potential energies for the ideal system and for the system
with the wanderer atom displaced by vector r from its equi-
librium position, and N is the total number of atoms in the
supercell. The integration is over the Wigner-Seitz cell 	,
centered on the equilibrium position of the wanderer atom.

As described above, the vibrations are treated classically
and PIC includes on-site anharmonicity. In order to compare
the PIC and lattice dynamics results, it is useful to separate
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the harmonic and anharmonic contributions. Gannarelli et al.
showed that this can be done by the series expansion of the
perturbation energy in powers of ionic displacement, where
the perturbation energy is the potential energy difference be-
tween the distorted and the ideal lattice 	U=U�r�−U0. For
the hcp symmetry, the perturbation energy can be expressed
as20

	U = 1
2! 	M�a

2�rx
2 + ry

2� + M�c
2rz

2
 + 1
3!K

�3��ry
3 − 3rx

2ry�

+ 1
4! 	Ka

�4��rx
2 + ry

2�2 + Kmix
�4� �rx

2 + ry
2�rz

2 + Kc
�4�rz

4
 . �4�

Here rx and ry are the Cartesian displacement components in
the basal plane, and rz is the displacement along the hexago-
nal axis. The geometric-mean frequency � can be obtained
from the harmonic vibrational frequencies in the basal plane
�a and along the hexagonal axis �c �Ref. 20�

3 ln � = 2 ln �a + ln �c. �5�

More theoretical details about the PIC model and its appli-
cation to hcp Fe can be found in earlier publications.11,13,20,46

III. RESULTS AND DISCUSSIONS

Ideally when comparing the accuracy between linear re-
sponse and PIC, the calculations should be based on the
same total-energy method. However, due to the large super-
cell size required in the PIC method, we use the tight-binding
total-energy model, where the parameters for iron are deter-
mined by fitting to more than 4000 weighted input data con-
sisting of the total energy and band structures of bcc, hcp,
and fcc iron over a large range of volumes, mainly from
first-principles full potential linear-augmented-plane-wave
�LAPW� calculations. The model has been widely used in
many applications, where its reliability has been well
testified.11,54–57 We further compared the calculated perturba-
tion energies of moving the wanderer atom in a small 8-atom
supercell, and the results for �-Fe at a volume of
60 bohr3/atom and the c /a ratio of 1.6 are shown in Fig. 1.
For all three different directions where the wanderer is dis-
placed, the results from the tight-binding and full potential
LMTO methods are almost identical. Similar excellent agree-
ments have been found for other volumes and axial ratios.
Given the excellent agreement, it does not seem worth the
much greater expense of performing self-consistent LMTO
calculations for the larger cells.

It is important to perform careful convergence tests of the
perturbation energy with respect to the supercell size and the
number of k points used in the Brillouin zone integrations. In
Fig. 2 we show the calculated 	U for the hcp iron at
60 bohr3/atom and a c /a ratio of 1.6, as the wanderer is
displaced towards its nearest neighbor in the basal plane, for
the 8-, 16-, 64-, and 128-atom supercells, respectively. The
results for 64- and 128-atom supercells are almost identical,
but in the 8- and 16-atom supercells, especially for the
8-atom cell, the results are clearly not converged. We ob-
tained similar results for displacements in other directions
and at other volumes and axial ratios. Thus we performed the
PIC calculations on 64-atom supercell with periodic bound-
ary conditions. We displaced the wanderer atom for several

different directions, and calculated the perturbation energies
at around ten different displacements along each direction.
We then fitted the calculated 30–40 perturbation energies
to Eq. �4�, and obtained the geometric-mean frequency
and other fitted parameters. We numerically integrated Eq.
�3� to get the vibrational free energy Fph. We obtained the
PIC results for �-Fe at five different volumes from
40 to 80 bohr3/atom, and varied the c /a axial ratio from 1.50
to 1.75 at each volume. The equilibrium axial ratio is deter-
mined by minimizing the Helmholtz free energies at a given
temperature and volume.

As discussed in Sec. I, several earlier PIC studies of
�-Fe gave quite different conclusions for the c /a axial ratio

FIG. 1. �Color online� The calculated perturbation energy 	U
for displacing the wanderer atom in a small 8-atom supercell of �
-Fe at 60 bohr3/atom and c /a ratio of 1.6. The results are shown for
the wanderer to move in the 	100
 direction in the basal plane �solid
line for tight binding and filled circles for LMTO�, 	010
 direction
in the basal plane �dashed line for tight binding and open triangles
for LMTO�, and 	001
 direction along the hexagonal axis �dotted
line for tight binding and open squares for LMTO�. The tight-
binding and LMTO results show excellent agreement for all the
directions.

FIG. 2. �Color online� Dependence of the perturbation energy
	U on the supercell size for hcp iron at 60 bohr3/atom and 1.6 c /a
ratio, where the wanderer atom is displaced towards its nearest
neighbor in the basal plane. The supercell contains 8 �solid line�, 16
�dashed line�, 64 �dotted line�, and 128 �dotted dash line� atoms,
respectively. The results for 64 and 128 atom supercells are almost
identical.
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changes at high temperatures. One major difference when
applying the PIC model in these studies is how to do the 3D
integration over the Wigner-Seitz cell in Eq. �3�. Wasserman
et al. used the special direction integration method by taking
advantage of the symmetry of the integrand. They expanded
the integrand in orthogonal lattice harmonics, and then con-
structed the quadrature formula for the solid angle integra-
tion in such a way that it exactly integrates as many lattice
harmonics as possible for the given number of
directions.11,13,46 Although they checked the convergence
with respect to the number of special directions for the equa-
tion of state, the reliability of the simplified special direction
integration method for strain energies is not very straightfor-
ward, especially considering that they only include three to
four different special directions in their calculations.
Gannarelli et al. simply fit their calculated first-principles
perturbation energies to Eq. �4�, and obtained the geometric-
mean frequencies and harmonic free energies from the fitted
parameters, which can be used to compare to the lattice dy-
namics data directly.20 In the current studies we employ simi-
lar numerical methods as Gannarelli et al. However, after
fitting Eq. �4�, we further calculated the PIC vibrational en-
ergy by integrating the Eq. �3� numerically.

The integrand in Eq. �3� decreases rapidly at large dis-
tances, as shown in Fig. 3, so the integration over the whole
Wigner-Seitz cell can be further simplified. Wasserman et al.
integrated over the inscribed sphere of the radius equal to
half of the nearest-neighbor separation,11 and Gannarelli et
al. chose the maximum displacements rmax in each direction
so that the Boltzmann factor exp	−	U�rmax� /kBT
�0.1 at

the maximum temperature of interest.20 If given 6000 K as
the maximum temperature, from Fig. 3 we can clearly see
that the criterion used by Wasserman et al. is well justified,
but the cutoff setup according to Gannarelli et al. is ques-
tionable. At both volumes of 70 and 50 bohr3/atom, setting
the cutoff at exp	−	U�rmax� /kBT
�0.1 is not sufficient to
get well-converged results at high temperatures. In our cal-
culations, we used cutoff values in the same way as Wasser-
man et al. did, which guarantees our numerical integration
over the whole Wigner-Seitz cell to be well converged.

The geometric-mean vibrational frequency � completely
describes the harmonic free energy, so it is important to see
how well the � calculated from the PIC model compares to
the lattice dynamics data. Gannarelli et al. suggested that the
PIC � differs from the � given by calculations of the full
phonon spectrum by an almost constant factor over a wide
range of volumes.20 In contrast, our calculated � for hcp Fe
at a given c /a ratio of 1.6 from PIC and linear response
LMTO shows excellent agreement, as shown in Fig. 4, where
we also include the computational data from Gannarelli et
al.20 Our computed frequencies from both PIC and linear
response LMTO agree well with their frozen-phonon lattice
dynamics data, but not their PIC data. We do not know the
exact reason, since too small cutoffs might change the anhar-
monic contributions significantly, but should have little influ-
ences on the harmonic properties. In Fig. 5 we compare the
vibrational free energies calculated from quasiharmonic lin-
ear response LMTO and PIC methods. Again, we see excel-
lent agreement between PIC and linear response lattice dy-
namics calculations. Since the PIC calculations include both
the harmonic and anharmonic contributions, anharmonic ef-
fects prove to be small. At all the temperatures studied, an-
harmonic parts contribute less than 1.5% to the total phonon
free energies.

In Figs. 4 and 5 it can be seen that there are some differ-
ences between PIC and linear response results for �-Fe at 70
and 80 bohr3/atom. At these large volumes, hcp is not the

FIG. 3. �Color online� Integrand in Eq. �3� along the nearest-
neighbor direction in the basal plane for hcp Fe at a c /a ratio of 1.6
and volumes of �a� 70 and �b� 50 bohr3/atom, and at temperatures
T=2000 K �dotted line�, 4000 K �dashed line�, and 6000 K �solid
line�. The integrand decays rapidly with increasing radius. Solid
vertical lines show the cutoff according to Wasserman et al. �Ref.
11�, and the dotted vertical line is the cutoff setting from Gannarelli
et al. �Ref. 20�.

FIG. 4. �Color online� The calculated geometric-mean vibra-
tional frequencies from PIC �open triangles� and linear response
�filled circles� agree well for hcp Fe under pressures, different from
earlier theoretical predictions �lattice dynamics and PIC results are
shown as solid and dotted lines, Refs. 40 and 20�. The differences
between PIC and linear response results increase as the structure
approaches lattice instability.
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equilibrium structure for Fe. When applying the PIC model,
the structure must be stable, otherwise both the special direc-
tion integration used by Wasserman et al.11,13 and the expan-
sion of the perturbation energy as in Eq. �4� will fail since
the undistorted structure will be a maximum or saddle point
in the energy, rather than a minimum. We show the phonon
frequencies at several selected q points calculated from our
linear response LMTO method in Fig. 6. At large c /a ratios,
several phonon branches show strong softening, which
makes the hcp structure dynamically unstable. At V
=60 bohr3/atom, hcp Fe becomes unstable before approach-
ing the c /a ratio of 1.8. The PIC model might show large
errors as the structure approaches lattice instability.

On-site anharmonicity is included in the PIC model, and
its free energy contributions can be expressed as20

fanharm
PIC = dT2 + O�T3� . �6�

Gannarelli et al. gave an expression for the anharmonic co-
efficient d which they claimed was exact.20 However, their

equation gives the wrong unit for d. We obtained d by first
calculating the anharmonic free energies through numerical
integration and then fitting the energies to Eq. �6�. For all the
different volumes and axial ratios, the anharmonic free ener-
gies can be well fitted as a parabola in temperature. We show
the calculated anharmonic coefficient at several different vol-
umes in Fig. 7, in comparison to a couple of earlier theoret-
ical predictions. Gannarelli et al. obtained positive anhar-
monic free energy through PIC,20 while their thermodynamic
integration calculations gave negative values.39 Gannarelli et
al. attributed the discrepancy to the PIC approximation, and
concluded that PIC gave a completely incorrect account of
anharmonicity. However, our current PIC anharmonic coef-
ficients show good agreement with the thermodynamic inte-
gration calculations, in both the sign and the values. The
small cutoff, instead of the PIC model itself, might account
for the different anharmonic behaviors observed in the early
PIC study. It should be noted that the anharmonic contribu-
tions are very small compared to the harmonic energies, and
the anharmonic effects on the thermal equation of state and
c /a strain are almost negligible for iron under the conditions
of interest here.

In Fig. 8 we show the calculated equilibrium axial ratio of
hcp Fe at room temperature as a function of pressure. Since
the temperature is low here, the thermal effects are small,
and the results from the PIC model and linear response lat-
tice dynamics are almost identical. Both calculations predict
a slight increase of the c /a ratio with increasing pressure,
and are in excellent agreement with earlier theoretical
predictions47 and diamond-anvil-cell experimental
data.34,58,59 The axial ratio calculated from both PIC and the
linear response at a volume of 50 bohr3/atom show a small
increase with increasing temperature, although PIC calcula-
tions tend to give a slightly larger c /a ratio increase, as
shown in Fig. 9. The calculated axial ratios at high tempera-
tures agree well with recent theoretical studies47 and in situ
synchrotron x-ray diffraction experiments.34 The present re-
sults are significantly different from some earlier PIC calcu-
lations, where the axial ratio was predicted to increase very

FIG. 5. �Color online� The calculated vibrational free energies
Fph as a function of temperature at volumes from 40 �top curve� to
80 �bottom curve� bohr3/atom with 10 bohr3/atom interval. The lin-
ear response �curves� and the PIC �symbols� results agree well for
hcp Fe under pressures. The differences increase when the structure
approaches instability.

FIG. 6. �Color online� The calculated phonon frequencies at
several selected q points, at a function of c /a ratio at volumes of �a�
50 and �b� 60 bohr3/atom from the linear response LMTO study.
The results show the lattice instability of �-Fe at large c /a ratios,
especially at low pressures.

FIG. 7. �Color online� Anharmonic coefficient d as a function of
atomic volume. The current PIC results are given by filled circles,
and the solid and dotted lines represent the results from the thermo-
dynamic integration �Ref. 39� and earlier PIC �Ref. 20� calculations.
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rapidly with temperature at similar volumes.13 Our current
study suggests that this is not due to the error in the PIC
model itself, which describes the classical vibrational behav-
ior accurately. The errors in the earlier PIC studies must
come from the application of the special directions method
for 3D integration, or the PIC errors due to the lattice insta-
bility at large c /a ratios. Since one earlier PIC study focus-
ing on the Earth’s core conditions gave a large axial ratio
increase,13 where �-Fe proves to be quite stable, the PIC
errors introduced by the lattice instability are not the major
reason.

IV. CONCLUSIONS

In summary, we have performed detailed first-principles
linear response lattice dynamic and particle-in-cell model
calculations to study the properties of �-Fe at high pressures
and high temperatures, and to test the accuracy of the PIC
model. The tight-binding model used in the PIC study are
fitted to the full potential LAPW data, and the calculated
perturbation energies to move the wanderer atom in the su-
percell show excellent agreements with the full potential
LMTO calculations. The PIC model gives good agreement

with linear response LMTO results for the stable hcp struc-
ture, since the calculated geometric-mean frequency, the
Helmholtz free energy, and the axial ratio as a function of
temperature and pressure all agree well. PIC calculations in-
clude on-site anharmonicity, which proves to be small for �
-Fe. Overall, the PIC model describes the classical vibra-
tional behavior of iron quite accurately, but it might fail
when the structure approaches lattice instability; �-Fe be-
comes dynamically unstable at a large c /a ratio at low pres-
sures. The large controversies about several earlier PIC stud-
ies are not introduced by the PIC method itself, but must
come from errors in its application.
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model �dot dot dashed line, V=50 bohr3/atom, Ref. 13�, as well as
in situ x-ray diffraction experimental data �squares with error bars,
V=52 bohr3/atom, Ref. 34�.
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