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Measurements of �110� planar channeling radiation have been performed at the radiation source ELBE at
electron energies of 14.6, 17, 30, and 34 MeV using diamond crystals of thickness 42.5, 102, 168, and
500 �m. The influence of different line-broadening mechanisms on the spectral shape of radiation from the
1–0 transition has been investigated. The analysis bases on fitting a convolution of the intrinsic Lorentz-like
line shape with a Gaussian-like multiple-scattering distribution to the measured spectra. The asymmetry pa-
rameter involved relates to the standard deviation of the effective multiple-scattering angle. Its dependence on
the crystal thickness was found to be weaker than for nonchanneled particles. The deduced coherence lengths
show no significant dependence on the electron energy.
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I. INTRODUCTION

Channeling radiation �CR� is a well known phenomenon
since the middle of the 1970s.1–4 It is emitted by relativistic
charged particles during their interaction with the averaged
periodic field generated by structures of high symmetry in
single crystals such as axes and planes. To date the main
characteristics of CR are adequately established. The physics
of CR has been incorporated into textbooks, fills mono-
graphs, or can be studied from review articles, which mostly
contain numerous references to the original works.5–10 The
interest in CR was gained especially during the 1990s be-
cause of its proclaimed possible application as a rather inten-
sive and easily tunable, quasimonochromatic source of
x-rays at electron beams of even moderate energy
�10–50 MeV�.11–13 Some modern precondition for subse-
quent systematic and application oriented studies of CR was
provided by the construction and availability of relatively
compact superconducting electron accelerators which are
able to deliver intense electron cw beams of low
emittance.14,15

For the purpose of this application, the optimization of the
yield and spectral linewidth of CR became an issue of inten-
sive investigations.16–26 Diamond crystals have been found
to be probably the most suitable ones for intense CR produc-
tion because of their outstanding parameters such as low
atomic number, perfect structure, high Debye temperature,
large thermal conductivity, etc.11,12 Unfortunately, most of
the experimental investigations, which have been performed
with diamond crystals up to now, were restricted either to
relatively high16–19 or low energy.11,21–24 Furthermore, they
typically concerned only relatively thin crystals. Some of the
deduced systematics, therefore, appears to be incompletely
verified on a quantitative scale.

The present work deals with the investigation of the in-
fluence of the thickness of the diamond crystal on the re-
sidual linewidth of CR and covers up to now inviolate but
application relevant energy region between 14 and 34 MeV.
Since in earlier works the 1–0 transition of �110� planar CR
from diamond crystal has been explored as that of maximum
yield,21–23 we just concentrated on this line only.

It must be pointed out that first attempts to investigate CR
linewidths for diamond crystals have been undertaken in
Refs. 17 and 18. Afterwards, measurements at electron ener-
gies of 5.2 and 9 MeV have been performed,21,23 but conclu-
sions could cover only crystal thicknesses up to 55 �m. In a
recent work,24 a 204 �m thick diamond crystal was used but
the linewidth has not been considered explicitly.

Rather comprehensive investigations with Si and Ge crys-
tals were reported in Refs. 19 and 25. Some conclusions
drawn in the above specified papers, however, differ from
those made in Ref. 26 where partly the same experimental
data are interpreted.

II. MEASUREMENTS

The measurements of27–29 CR used for the present analy-
sis have been carried out at the electron beam of the radiation
source ELBE15 at the Forschungszentrum Rossendorf. The
linear electron accelerator ELBE is a superconducting rf ma-
chine, which actually covers the energy range from
10 to 35 MeV at a maximum average beam current of about
1 mA. It consists of a thermionic dc electron gun, an injector
stage preaccelerating the electrons to 250 keV, two rf bunch-
ing sections forming micropulses of about 2 ps duration and
four superconducting cavities operating at a frequency of
1.3 GHz. The pulse repetition rate can be set to 13, 26, and
260 MHz.

For channeling experiments the maximum available elec-
tron current is restricted to 100 �A. For the reason of appro-
priate detector counting rates, the average beam current in
our measurements, however, amounted typically to several
nanoamperes only. Beam collimation within the injector
stage at low energy allows one to improve the emittance to
values less than 3 mm mrad �rms� resulting in a beam diver-
gence of nearly 0.1 mrad. The beam-energy spread amounts
to 1.3�10−3 while energy tuning was possible to an accu-
racy of about 0.2–0.3 MeV.

All the diamond crystals used in our measurements are of
type IIa and of �110� cut. The measured thicknesses amount
to �42.5±4.0� �m, �102.2±4.7� �m, �168.0±3.9� �m, and
�500±25� �m. A goniometer30 assures the alignment of the
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crystals to the channeling condition with an angular resolu-
tion of 0.5 mrad. After passing the crystal, the electron beam
is deflected by means of a dipole magnet into the beam
dump. The radiation has to penetrate a 127 �m thick Be-
window separating the ultrahigh vacuum of the beam line, an
auxiliary vacuum line evacuated to 1.5 mbar and 45 cm of
air. These materials limit the lower registration threshold to
about 5 keV.

A CdTe detector �AMPTEK� has been applied for spec-
trometry of CR. The detector position at zero degree with
respect to the beam axis and 3.3 m away from the crystal
target has been checked to an accuracy of 0.1 mm. A massive
Pb collimator with an aperture of only 1 mm shields the
detector from background radiation and defines the solid
angle of the measurement to 7.2�10−8 sr as well. Over the
energy range of 10–70 keV the registration efficiency of the
CdTe detector is nearly equal to one, and then it decreases
with increasing energy. 241Am, 55Fe, 133Ba, and 210Pb
sources have been applied for energy calibration. The
FWHM of the 13.93 keV line of 241Am amounted to
�470±2� eV. During the measurement time, the electron-
beam current has been recorded by means of a very thin
secondary emission monitor �SEM�31–33 positioned directly
behind the crystal to prevent counting losses due to electron
scattering in the target. The absolute current calibration of
the SEM was carried out against an especially constructed
Faraday cup moveable into and out of the electron beam.

III. THEORY

A. Preliminaries

When a relativistic charged particle passes through a
single crystal parallel to some axis or plane it emits CR. At
moderate energies ��100 MeV� the emission of electromag-
netic CR corresponds to a spontaneous transition of the chan-
neled particle between two transverse eigenstates in the con-
tinuum potential of that axis or plane. The calculation of the
eigenvalues and, consequently, of the CR transition energies,
represents a many-beam problem.34

In the case of planar electron channeling, the eigenstates
can be computed by solving the one-dimensional quasi-
Schrödinger equation

−
�2

2�me

d2��x�
dx2 + V�x���x� = E��x� , �1�

where me is the rest mass of the electron, x denotes the
transverse coordinate perpendicular to the plane and � means
the Lorentz factor.

Since the crystal potential is periodic, the solutions of Eq.
�1� are Bloch waves17,34

��x� = eikx�
n

cneingx �n = . . . ,− 1,0,1,2, . . . � �2�

where k is the electron wave vector and g� is the reciprocal
lattice vector of the plane considered. The continuum poten-
tial expanded into a Fourier series reads

V�x� = �
n

vneingx �n = . . . ,− 1,0,1,2, . . . � �3�

where vn denote the Fourier coefficients of the periodic po-
tential. Using the Doyle-Turner approach35 for the electron-
atom interaction they can be written as

vn = −
2�

Vc
a0

2�e2/a0��
j

e−Mj�g��e−ig� .rj
� �

i=1

4

aie
�−1/4�bi/4�2��ng�2�,

�4�

where Vc is the volume of unit cell, a0 is the Bohr radius, e

is the electron charge, rj
� represents the coordinates of the j

atoms in the unit cell, ai, bi are tabulated coefficients,35 and
Mj�g��= 1

2g2�uj
2� denotes the Debye-Waller factor, which de-

scribes the thermal vibration of the jth atom with mean
squared amplitude �uj

2�.
The crystal structure of the diamond may be represented

by an fcc lattice with a two-atom basis or, equivalently, by a
cubic lattice with an eight-atom basis. Substitution of the
expressions given above into Eq. �1� reduces the problem to
the calculation of the eigenvalues of a matrix A, which in the
planar case consists of the components

Anm = vn−m �n � m� ,

Ann =
�2

2m�
�k + ng�2 + v0. �5�

For illustration, the shape of the potential of the �110� plane
of diamond crystal is shown in Fig. 1, and the eigenvalues
and Bloch bands calculated for an electron energy of
17 MeV36 are indicated by horizontal lines and bars of dif-
ferent thickness, respectively. The probability densities of the
three bound states relating to their squared wave functions
are drawn in Fig. 2. Somewhat anticipating the consider-

FIG. 1. Potential of the �110� plane of diamond and eigenvalues
�bands� calculated for 17 MeV electron energy at a temperature of
300 K. Bound states are numbered upward by integers starting at
the ground state with n=0.
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ations in the next section, we want to note that the abscissae
of Figs. 1–3 are equally scaled to one interplanar distance.

The spontaneous transition of a channeled electron from a
higher to a lower transverse state leads to the emission of a
CR photon. Several mechanisms govern the formation of the
residual line shape of CR and its linewidth as being regis-
tered by means of some spectrometer. In the following, we
very briefly consider them in a somewhat phenomenological
manner �i� to recapitulate the basic physics context and �ii� to
relate them to the experimental conditions of CR production
and measurement.

B. Coherence length

The intrinsic line shape of CR is connected with the finite
lifetime of the channeling states. It is limited due to incoher-
ent scattering of the channeled electrons, for diamond crys-
tals mainly from phonons37 �thermal scattering� but also
from electrons of the crystal atoms.25,26,34,38,39 The resulting

CR line shape is a Lorentzian with a width given by

	coh =
2�2�c

l
. �6�

The total coherence length l is defined by

1

l
=

1

l1
+

1

l2
, �7�

where l1 and l2 are the coherence lengths of the initial and
final state of some transition considered. In the framework of
the theory of complex potential U�x�=V�x�+ iW�x�, the co-
herence length reads

lj = −
�
c

2�W� j
, �8�

where �W� j = �� j�W�� j� is the expectation value of the imagi-
nary part of the complex potential for the state j and 

=	�2−1/�. Such as the real part V�x� �cf. Eq. �3��, the
imaginary part W�x� can be expanded into a Fourier series

W�x� = �
n

vn
i eingx �n = . . . ,− 1,0,1,2, . . . � , �9�

where the Fourier coefficients read25,37

vg�
i =

�3
NV

2m0
2cVc


 fel��q� ��fel��q� − g� ��

��e−Mj�g�� − e−Mj�g��−Mj�q�−g���qdqd� , �10�

q� =k� −k�0 gives the change of the electron wave vector and
fel�q�� is the scattering amplitude.

Equation �10� can be reduced to25

vn
i = −

�3�Nv

2m0
2cVc

�
i

�
j

aiaj� e−Mj�g��−BiBjn
2g2/�Bi+Bj�

Bi + Bj

−
e−CiCjn

2g2/�Ci+Cj�

Ci + Cj
� �11�

with Bi=bi / �16�2� and Ci=Bi+0.5�ui
2� using the Gaussian

parametrization of the electron-scattering form factor,35

fel�s�, where s=ng /4�, NV is the atomic density, and Vc is
the volume of the unit cell. The expectation value, �W� j,
therefore, describes the decay of a particular eigenstate due
to incoherent scattering, where lj gives the characteristic
length for attenuation of the initial electron wave function.
The lifetime of that channeling state is then � j = lj /c.

Note that the approximation of the electron-scattering
form factor fel�s� using the parameters given by Doyle and
Turner35 is valid only for values of s�2 Å−1. When this is
acceptable for a calculation of the eigenvalues, it leads to
inaccurate coherence lengths, because incoherent scattering
is effective at short distances from the channeling plane. This
means that the Fourier components of W�x� have to be evalu-
ated at larger values of s. In our calculations of coherence
lengths we, therefore, used the approximation of Ref. 25,
which applies for s6 Å−1 and leads to an increase of the
calculated intrinsic linewidth by about �15–20� %. For illus-

FIG. 2. Probability density distributions for electrons of energy
17 MeV channeled in the �110� plane of diamond �full line—n=0,
dashed line—n=1, dotted line—n=2�.

FIG. 3. Imaginary part of the potential of the �110� plane of
diamond crystals for 17 MeV electron energy calculated at a tem-
perature of 300 K.
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tration, the imaginary part of the complex potential of the
�110� plane of the diamond is shown in Fig. 3 for an electron
energy of 17 MeV. It is weaker than the real continuum po-
tential and more strongly located at the channeling plane.

The coherence lengths relating to the 1-0 and 2-1 transi-
tions of �110� planar CR of the diamond have been calcu-
lated at four electron energies, Ee �Table I�.

C. Finite crystal thickness

Another line broadening mechanism is connected with the
finite thickness, z, of the crystal. This contribution relates to
the life time of the channeling states. It reads25,26

	L =
4��2�c

z
�12�

and can be neglected at larger z.

D. Bloch-wave broadening

It is inherent to the many-beam approach of channeling
that the eigenvalues depend upon the electron wave vector k
which can vary such as 0kg /2. This effect causes a
band structure of the channeling states. The variation of the
transverse energy with the electron wave vector is small for
tightly bound states. For the states near the top of the poten-
tial well and within the continuum, however, this effect be-
comes the main line broadening mechanism.

At small observation angle, Bloch-wave line broadening
is given by the sum of the band widths of the initial and the
final state25

	Bloch = 2�2���i
k=0 − �i

k=g/2� + �� f
k=0 − � f

k=g/2�� �13�

accurately speaking, by the band dispersions.
Apart from channeling inherent line broadening, the ex-

perimental conditions of CR production as well as measure-
ment involve further components affecting the observed CR
line shape.

E. Energy spread of the electron beam

The energy of a CR line, ECR, scales with the electron
energy such as

ECR � �a, �14�

where a is a constant ranging from 1.5 to 2 in dependence on
the transition considered.17 Therefore, the initial beam-

energy spread, �Ee, causes an energy spread of the observed
CR photons

�ECR = a
�Ee

Ee
. �15�

As at the ELBE beam, this contribution is usually negligible
but exact beam-energy tuning is important.

F. Detector resolution

The often Gaussian-like response of the detector applied
for CR spectrometry influences the observed CR line shape,
which now represents a convolution of a Lorentzian with a
Gaussian �Voigt profile�.

G. Doppler broadening

Since the channeled electron is relativistic, the Lorentz
transformation deepens the crystal potential by a factor �.
The dipole emission pattern of CR in the electron rest system
transforms into an extremely forward directed cone, and due
to the Doppler shift the CR energy observed at an angle �
with respect to the beam axis becomes

ECR 
2�2��

1 + �2�2 , �16�

where the radiation frequency, �, relates to the energy dif-
ference between the channeling states involved �cf., Fig. 1�.
Consequently, CR photons of maximum energy are emitted
into direction �=0, and ECR decreases with the observation
angle. Note that CR covers the energy region of x rays at the
beam energies considered in this work.

Concerning CR measurement, it directly follows from Eq.
�16� that accurate adjustment of the detector position is im-
portant. The finite solid angle of the detector principally also
influences the observed line shape but this effect is mostly
negligible at typical measurement conditions. Otherwise, a
large beam divergence can cause CR line broadening be-
cause the average observation angle becomes different from
zero. In accordance with Eq. �16�, line broadening is directed
towards smaller energy, and the CR line shape becomes
asymmetric.

H. Multiple scattering

Multiple small-angle scattering of the electrons in the
crystal effectively affects the beam divergence at a depth z
and, consequently, also excites line broadening and asymme-
try. This broadening mechanism becomes relevant if thicker
crystals are used.

Multiple scattering of electrons in amorphous materials
�or randomly oriented crystals� is well understood. Its effect
on the line shape of planar CR, i.e., when the channeled
electron moves parallel to a crystal plane, is less investi-
gated. The asymmetry of the line shape of planar CR of the
diamond at electron energies of 54.2 and 80 MeV was first
studied in Ref. 18, and CR spectra of Si could be interpreted
by introducing some mean multiple-scattering angle in Ref.

TABLE I. Coherence lengths ��m� calculated for the two lowest
transitions of �110� planar channeling radiation of diamond.

Ee �MeV� 1-0 2-1

14.6 1.11 3.21

17 1.06 2.91

30 0.90 1.99

34 0.87 1.86
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19. The asymptotic behavior of CR spectra at large crystal
thicknesses has been considered in Ref. 20.

The angular distribution of multiple scattering can be de-
scribed by a Gaussian

f��,z� =
1

	2��ms�z�
e−�2/2�2ms�z�. �17�

The root-mean-squared �rms� multiple-scattering angle of
electrons in amorphous media is given by40

�ms = �14 MeV

Ee
�	 z

L0
�1 + 0.038 ln� z

L0
�� , �18�

where L0 denotes the radiation length, and z is the thickness
of the layer. For a randomly oriented diamond crystal the
radiation length amounts to 12.23 cm.41,42 Note that L0
means the path length in matter after which the electron en-
ergy was diminished by a factor of 1 /e due to radiation
losses.

The Doppler broadening of planar CR due to multiple
scattering can be evaluated by25

	Dopp = �2�ms,ch
2 ECR. �19�

Here �ms,ch
2 is an effective mean squared multiple-scattering

angle relevant for the conditions of CR production and mea-
surement.

To clarify the matter of investigation, let us depict the
effect of multiple scattering classically. When scattering in
the crystal spreads the incoming �low emittance� beam over a
solid angle ��e�z ;� ,��, where � denotes the azimuth with
respect to the normal of the plane and � means the scattering
angle of the electron, planar channeling proceeds in the plane
�z ;�= �

2 ,��. Formally, there is no limit for � but the obser-
vation angle of CR, �, changes with �. In accordance with
Eq. �16�, this causes a CR energy spread of �−�2�2�. With
Eq. �18� one can find that �ms for thicker crystals becomes
even larger than 1/�. On the other hand, dechanneling is
connected with scattering components directed perpendicular
to the channeling plane. Such components lead to intraband
or interband scattering that governs the occupation dynamics
due to migration of the channeled electrons to other states.

Equilibrium occupation of bound states is assumed to be
reached after several micrometers of traveling through the
crystal independent on the initial population.

Avoiding any assumptions about the scattering angle, �,
we tried to investigate the effect of multiple scattering on the
line shape of planar CR relating to experimental data only. If
a CR line in a measured spectrum is sufficiently well sepa-
rated from lines resulting from other transitions, it is possible
to determine the effective �rms� multiple-scattering angle,
�ms,ch�z�, by fitting an appropriate asymmetric spectral dis-
tribution function to the observed line shape. The depen-
dence of the ratio �ms,ch /�ms on the crystal thickness will be
investigated in the following sections.

I. Intensity

The differential transition rate of spontaneous planar CR
per electron and per units of solid angle, photon energy and
crystal thickness reads19,23,34,39

d3NCR�i → f�
d�xdExdz

=
e2

�me
2c4

Ex

2�2�1 − 
� cos ��

��sin2 � + � cos � − 
�

1 − 
� cos �
�2

cos2 ��
��� f� d

dx
��i��2

��Ex −
�i − � f

1 − 
� cos �
�Pi�z� , �20�

where �� f� d
dx ��i

� is the transition matrix element, and Pi�z�
gives the occupation probability of the channeling state i as
function of initial population and crystal thickness.

Taking into account a nonzero intrinsic CR linewidth, the
� function in Eq. �20� has to be substituted by a Lorentzian.
Multiple scattering is involved by convolving the Lorentzian
with a Gaussian given by Eq. �17�. For CR registered within
a narrow aperture ����−1 at �=0 one can set ��, and
with the commonly used approximation

1

1 − 
� cos �


2�2

1 + �2�2 , �21�

one finally obtains

d2NCR�i → f�
d�xdEx

=
e2

�me
2c42�2��i − � f���� f� d

dx
��i��2


0

z

dzPi�z� � �−3/2

0

+� t−1/2	T�1 + 2�2t�e−t

�Ex�1 + 2�2t� − E0�2 + 0.25�1 + 2�2t�2	T
2 dt ,

�22�

where the asymmetry parameter �=��ms,ch accounts for the
energy shift as well as for the broadening of the CR line due
to multiple scattering, E0=2�2��i−� f� means the maximum
photon energy, and 	T is the Lorentzian linewidth. Note that
the first integral in Eq. �22� refers to the population of the
state i over a chosen crystal thickness z, and the second one

describes the shape of the registered CR line. With Eq. �17�
one implies �=��z�.

J. Linewidth

The calculation of the intensity of some CR line at given
crystal thickness by means of Eq. �22� supposes that E0, 	T,
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Pi�z�, and ��z� are known. Within the scope of this work, we
are interested in the evolution of the width of an observed
CR line with increasing crystal thickness. Therefore, we
want to omit any assumption about the occupation probabil-
ity, Pi�z�, and to prove ��z� by fitting a spectral distribution
of the form18,25

P�Ex�dEx = �−3/2dEx

�

0

+� t−1/2	T�1 + 2�2t�e−t

�Ex�1 + 2�2t� − E0�2 + 0.25�1 + 2�2t�2	T
2 dt �23�

to the measured CR lines. At fixed � and crystal thickness, z,
this procedure provides values for the parameters �, E0, and
	T, respectively. Note that the fit parameter, 	T, in Eq. �23�
incorporates small components of Bloch-wave broadening as
well as the detector resolution. Therefore, as already men-
tioned in Ref. 23, the residual width of an observed CR line,
	, cannot be simply determined neither by linear nor by
quadratic summation of the partial contributions. Indeed,
when the widths of two convolved Lorentzians add linearly,
those of two Gaussians add quadratic, and the width of a
Voigt profile has no adequate analytical expression and
can be given only approximately. The sometimes used
estimation21,25

	2 = 	coh
2 + 	L

2 + 	Bloch
2 + 	det

2 + 	beam
2 + 	Dopp

2 �24�

ignores these circumstances.

IV. SPECTRUM ANALYSIS

The procedure of data reduction includes the following
steps.28 First, the spectra of CR and bremsstrahlung �BS�,
measured at aligned and random orientation of the diamond
crystal, respectively, have to be normalized to the same num-
ber of incident electrons using the SEM monitor data. Sub-
sequently, the normalized spectra have to be corrected for
registration efficiency, self-absorption of radiation in the
crystal and attenuation in window materials on the path from
the target to the detector. Exemplarily, raw data spectra of
�110� planar CR and BS registered for a diamond crystal of

thickness 42.5 �m at an electron energy of 17 MeV are
shown in Fig. 4. The result of this correction procedure is
shown in Fig. 5.

After subtraction of the BS background, the CR spectrum
consists of CR peaks �arising in the example shown in Fig. 5
from the two possible transitions 1-0 and 2-1� and remaining
background components, e.g., from so-called free-to-bound
transitions.

A least-squares curve fit has now been performed apply-
ing the Levenberg-Marquardt method for minimization of
the �2 function. The CR peaks are approximated by a spec-
tral distribution defined by Eq. �23�, additional quasifree
peaks are modeled by Gaussians, and a low-order polyno-
mial accounts for the remaining background components.
The energies of the CR lines calculated by means of the
many-beam method were used as starting parameters for the
fitting procedure.36

The CR line shapes as obtained from the fitting procedure
are shown in Fig. 6 for three transitions of �110� planar CR
registered for a 168 �m thick diamond crystal at the electron
energy of 30 MeV.

In order to examine the influence of multiple scattering on
the line shapes, we also fitted Voigt profiles to our experi-
mental data. For illustration, the background corrected spec-

FIG. 4. �Color online� Spectra of �110� planar channeling radia-
tion �upper one� and bremsstrahlung �lower one� measured for a
42.5 �m thick diamond crystal at the electron energy of 17 MeV.

FIG. 5. �Color online� Spectra of �110� planar channeling radia-
tion �upper one� and bremsstrahlung �lower one� as shown in Fig. 4
but corrected for registration efficiency, self-absorption and
attenuation.

FIG. 6. �Color online� Line shapes of three transitions of �110�
planar channeling radiation registered for a 168 �m thick diamond
crystal at the electron energy of 30 MeV.
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trum of �110� planar CR registered for a 168 �m thick dia-
mond crystal at the electron energy of 17 MeV is shown in
Fig. 7 together with two approximated Voigt profiles, and in
Fig. 8 with two asymmetric profiles given by Eq. �23�.

To compare the quality of these two approximations of the
CR line shape, the weighted deviations between the mea-
sured and modeled spectral distributions �residuals� are

shown in the lower parts of Figs. 7 and 8 respectively. Sys-
tematic deviations of the residuals from zero observed in the
lower part of Fig. 7 near the position of the prominent peak
certify a remarkable asymmetry of this CR line. Although
this fact can inherently be seen in the measured spectrum
�because this example has been especially chosen to demon-
strate the procedure�, in such cases, when the asymmetry is
smaller, visual inspection can easily fail. Even formal proof-
ing of the value of �2 resulting from the fitting procedure can
lead to inadequate conclusions because the fit parameters in-
volved are correlating variables. The residuals shown in the
lower part of Fig. 8, however, are spread uniformly around
zero providing confidence in the resulting values of the fit
parameters.

V. RESULTS

The values for the asymmetry parameter obtained from
the analysis of our measurements are presented in Table II.

TABLE II. Asymmetry parameters and mean multiple-scattering
angles as obtained by fitting of asymmetric profiles given by Eq.
�23� to the line shapes measured for the 1-0 transition of �110�
planar channeling radiation of diamond. Column 4 lists the ratio to
the values calculated by Eq. �18�.

Ee �MeV� � �ms,ch �mrad� �ms,ch /�ms

42.5 �m

14.6 0.172 6.03 0.55

17 0.177 5.32 0.56

30 0.168 2.87 0.54

34 0.175 2.60 0.56

102 �m

17 0.211 6.33 0.41

30 0.216 3.69 0.42

168 �m

14.6 0.246 8.62 0.36

17 0.230 6.91 0.33

30 0.226 3.84 0.33

500 �m

14.6 0.278 9.73 0.22

17 0.281 8.46 0.22

30 0.311 5.31 0.24

FIG. 7. �Color online� Measured spectral distribution of �110�
planar channeling radiation for a 168 �m thick diamond crystal at
the electron energy of 17 MeV and two Voigt profiles fitted to the
CR lines. The lower part shows the residuals between the measured
and the approximated line shapes.

FIG. 8. �Color online� Measured spectral distribution of �110�
planar channeling radiation for a 168 �m thick diamond crystal at
the electron energy of 17 MeV and two asymmetric profiles given
by Eq. �23�. The lower part shows the residuals between the mea-
sured and the approximated line shapes.

FIG. 9. Squared asymmetry parameter as obtained for the elec-
tron energy of 17 MeV drawn versus the crystal thickness.
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The effective �rms� multiple-scattering angles for the 1-0
transition are listed in column 3 of Table II. The mean
multiple-scattering angles as calculated by means of Eq.
�18�, and the accordant ratios �ms,ch /�ms are given in col-
umn 4 of Table II.

From Table II one can conclude that the asymmetry pa-
rameter does not significantly change with the electron en-
ergy for each crystal thickness considered. The slightly
higher value at the crystal thickness of 500 �m at 30 MeV
can be understood because there one observes a small over-
lap of the CR peaks resulting from the transitions 1-0 and
2-1. Consequently, the dependence �ms,ch�1/Ee holds as
given in Eq. �18�.

For the illustration, Fig. 9 shows the values obtained for
the squared asymmetry parameter at the electron energy of
17 MeV drawn versus the crystal thickness. It is obvious that
the dependence on the crystal thickness is not linear as one
would expect from Eq. �18� but can be described by a func-
tion of the form �2=sLb where the coefficient s merges the
ordinate scale and the exponent b=0.37. This means that the
multiple-scattering angle effective for CR observation
increases more slowly with the crystal thickness than given
by Eq. �18�. The ratio �ms,ch /�ms is listed in column 3 of
Table II.

Note that �ms,ch is 1.5-4 times larger than the critical
angle43 for channeling along the �110� plane of the diamond
at all energies considered. As expected, line broadening and
energy shift is connected with in-plane scattering only. Fur-
thermore, the values found for �ms,ch are much less than 1/�.

The contributions to the residual linewidth, 	, as calcu-
lated in accordance with Sec. III are listed in Table III for the
crystal thickness of 42.5 �m. The partial widths due to Dop-
pler broadening are calculated by means of Eq. �19� with the
values for �ms,ch given in Table II. The linewidth evaluated
by means of Eq. �24�, 	calc, is given in column 6 of Table III.

Table IV lists the CR peak energies obtained from the
fitted profiles, Eexp, and the calculated transition energies,
Ecalc. Column 4 of Table IV clarifies that the peak-energy
shift caused by multiple scattering, �E, increases with the
crystal thickness at given electron energy, but it also in-
creases with the electron energy at given thickness. The latter
effect is connected with the dependence E0��2 while the
asymmetry parameter, � does not depend on � �cf., Table II�.
Then the relative energy shift, �E /E0, should not vary with
the electron energy25 �cf., column 5 of Table IV�. This means
that the peak-energy shift behaves such as �E��2.

The residual linewidths �FWHM� of the approximated
asymmetric profiles, 	exp, and the values found for 	T are

TABLE III. Partial widths contributing to the residual linewidth as evaluated by means of Eq. �24� for the
1-0 transition of �110� planar channeling radiation for a diamond crystal of thickness 42.5 �m.

Ee �MeV� 	coh �keV� 	Bloch �keV� 	Dopp �keV� 	det �keV� 	calc �keV�

14.6 0.29 0.26 0.50 0.47 0.87

17 0.41 0.17 0.69 0.49 0.95

30 1.51 0.02 1.61 0.60 2.29

34 2.01 0.01 2.15 0.63 3.01

TABLE IV. Measured and calculated energies for the 1-0 transition of �110� planar channeling radiation
of diamond. Since these values are congenerously afflicted with uncertainties and possible systematic devia-
tions, errors are not given.

L ��m� Eexp �keV� E0 �keV� �E �keV� �E /E0 Ecalc �keV�

14.6 MeV

42.5 16.58 16.76 0.18 0.011 17.06

168 16.99 17.21 0.22 0.013

500 16.47 16.75 0.28 0.017

17 MeV

42.5 21.72 21.96 0.24 0.011 22.23

102 21.42 21.70 0.28 0.012

168 22.37 22.65 0.28 0.012

500 21.38 21.68 0.30 0.014

30 MeV

42.5 56.19 56.87 0.68 0.012 59.49

102 56.72 57.71 0.99 0.017

168 56.22 57.00 0.78 0.014

500 55.06 56.61 1.55 0.027

34 MeV

42.5 70.02 70.96 0.94 0.013 73.78
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listed in Table V together with the widths estimated by
means of Eq. �24�, 	calc. As an effect of multiple scattering,
the linewidth considerably increases with the crystal thick-
ness at given electron energy, while 	T is found to be rather
constant. This behavior is expected, if the leading term of 	T
is that given by Eq. �6�. The increase of 	T with energy is for
given thickness more pronounced than that of 	Dopp. The
experimental linewidths are larger than the estimated ones
because Eq. �24� underestimates the width of the convolution
in Eq. �23�. Otherwise, 	exp is slightly smaller than the sum
	T+	Dopp.

After a small correction for Bloch-wave broadening and
detector resolution, the values obtained from the fitting pro-
cedure for 	T �Table V� allows some estimation of the co-
herence length by means of Eq. �6�. Table VI gives a com-
parison of calculated and experimentally found coherence
lengths, where we adjoined the data of Ref. 23 obtained at
electron energies of 5.2 and 9 MeV and those of Ref. 18
obtained at 53.2 and 80.3 MeV. From columns 3 and 4 of

Table VI one can conclude that the coherence length relating
to the 1-0 transition of �110� planar CR for diamond crystals
is nearly independent on the electron energy.18,23 In average
it amounts to �0.64±0.04� �m.

Following the arguments of Ref. 18 that thermal scatter-
ing is not localized, we find a mean value of
�1.28±0.02� �m for the coherence length of the two most
tightly bound channeling states in the �110� plane of the dia-
mond at room temperature.

Comparison of columns 2 and 4 of Table VI reveals that
the coherence lengths calculated by means of the optical po-
tential method are about 1.5 times larger than the observed
ones. Although in the diamond thermal scattering dominates,
incoherent scattering of channeled electrons occupying
tightly bound states on the electrons of the crystal atoms
should also contribute. According to Ref. 26, the relation
between these two scattering mechanisms is round about 4:1
at 54 MeV, and it should slightly decrease with decreasing
energy.

VI. CONCLUSIONS

Measurements of planar CR have been carried out at elec-
tron energies of 14.6, 17, 30, and 34 MeV using diamond
crystals of thickness between 42.5 and 500 �m.

The analysis of different line-broadening mechanisms
contributing to the residual width of the CR line registered
from the 1-0 transition of �110� planar channeling shows that
with increasing crystal thickness multiple scattering increas-
ingly affects the spectral line shape. For the first time, the
influence of in-plane multiple scattering on planar CR has
been investigated systematically at relatively large variation
of the crystal thickness and the electron energy as well.

The method of fitting a convolution of a Lorentzian-like
intrinsic line shape with a Gaussian-like distribution of the
multiple-scattering angle to the measured spectral lines of
CR provides a consistent picture about the additional line
broadening as well as the peak-energy shift due to multiple
scattering. It could be shown that the ratio of the mean
multiple-scattering angle effective for planar CR observation
in forward direction to that calculated for an amorphous tar-
get, �ms,ch /�ms, decreases with increasing crystal thickness
and does not depend on the electron energy. If �ms,ch de-

TABLE V. Measured and calculated linewidths for the 1-0 tran-
sition of �110� planar channeling radiation of the diamond.

L ��m� 	exp �keV� 	T �keV� 	Dopp �keV� 	calc �keV�

14.6 Mev

42.5 1.51 1.09 0.50 0.87

168 1.80 1.07 1.02 1.25

500 2.20 1.31 1.30 1.48

17 MeV

42.5 2.00 1.45 0.69 0.95

102 2.19 1.45 0.98 1.18

168 2.47 1.44 1.16 1.39

500 2.77 1.26 1.74 1.90

30 MeV

42.5 5.88 4.25 1.61 2.29

102 7.94 5.75 2.67 3.13

168 6.12 3.94 2.89 3.32

500 11.98 7.99 5.53 5.77

34 MeV

42.5 7.84 6.00 2.15 3.01

TABLE VI. Coherence lengths for the 1-0 transition of �110� planar channeling radiation of the diamond
as calculated by means of the optical potential method, lcalc, as given in Refs. 18 and 23, lref, and as found
from our measurements for crystals thicknesses of 42.5, 102, 168, and 500 �m.

E �MeV� lcalc ��m� lref ��m� l42.5 ��m� l102 ��m� l168 ��m� l500 ��m�

5.2 0.64

9.0 0.68

14.6 1.11 0.68 0.69 0.54

17 1.06 0.66 0.65 0.65 0.76

30 0.90 0.65 0.48 0.70 0.34

34 0.87 0.59

53.2 0.59

80.3 0.62
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pends in the same manner on the electron energy such as for
an amorphous target, the underlying scattering mechanism
seems to be the same in both cases. With increasing crystal
thickness it should, however, become less probable that scat-
tered electrons remain in channeling condition because of the
limited occupation length. Therefore, the mean multiple-
scattering angle which is effective for the observed line
shape of CR is smaller than that calculated by means of Eq.
�18�.

One should notice that the formal application of Eq. �18�
in Ref. 19 allowed a satisfactory interpretation of measured
spectra of planar CR for silicon, however, the crystal thick-
ness amounted to only 10–20 �m. The results of the present
work do not confirm those found earlier in Ref. 18 where �at
that time� a somewhat simplified method had to be applied
because the measured spectra were rather complex. The
statement �ms,ch=0.3��ms made in Ref. 25 should not have
general validity.

The asymptotic behavior of channeled electrons in thick
crystals has been investigated theoretically in Ref. 20. The
calculation of CR spectra, however, needed in several as-
sumptions where that of uniform line broadening makes the
principal difference to our approach. As has been shown in
our analysis, multiple scattering causes a remarkable line
broadening and a small peak-energy shift as well. This
means that the residual width of a planar CR line depends on
the multiple-scattering angle what is ignored in Eq. �5� of
Ref. 20. Since comparison of calculated spectra with mea-
sured ones has been made at the rather high electron energy

of 54 MeV, the intrinsic line width dominates and the effect
of multiple scattering becomes relatively smaller.

As expected, the residual linewidth of planar CR cannot
be explained neither by a linear26 nor by a quadratic21 addi-
tive of the partial contributions to line broadening because it
results from the convolution of different distribution func-
tions. This basic idea expressed in Ref. 18 and further devel-
oped in Refs. 19 and 25 has been consequentially applied for
data reduction in this work because the CR line shapes ob-
served in our measurements show a remarkable degree of
asymmetry. Note that Eq. �4.64� of Ref. 25 is adequate to Eq.
�23� except a misprint in the exponential function where the
variable −x must be changed to −x2.

Planar CR line broadening due to multiple scattering is of
the order of 1–2 keV even for a relatively large thickness of
the diamond crystal. Compared with broadening, the peak-
energy shift is much less. Concerning a possible application
of CR as a quasimonochromatic x-ray source, this fact turns
to be a precondition for the use of thicker crystals.24,28

Within the scope of this paper, we knowingly omit consider-
ations about the intensity of planar CR because this will be
the topic of a forthcoming work. Since our method automati-
cally provides realistic approximations for the intrinsic line-
width of CR, coherence lengths relating to the considered
CR transition have been deduced and were found to be in
good agreement with earlier results of Refs. 18 and 23. This
supports the conclusion that the coherence length of tightly
bound channeling states is insensitive to the electron energy.

*On leave from School of Sciences, Tarbiat Moallem University of
Sabzevar, Iran.
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