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We have developed a theory of polariton scattering in the inhomogeneously broadened intersubband transi-
tions in multiple quantum wells and showed that motional narrowing plays an important role in the emission
of intersubband polaritons. We then analyzed the results of experiments of intersubband Raman lasing in
quantum well structures and showed that the lasing process involves stimulated emission of a polariton
comprising a photon, an optical phonon, and an intersubband excitation. Our theory offers an explanation for
the abnormally high gain of the parametric process in comparison to optically pumped lasers.
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Since the invention of quantum cascade lasers1 there has
been a keen interest in exploration of various coherent and
nonlinear optical phenomena based on the intersubband tran-
sitions �ISTs� in quantum wells �QWs�. Among these pro-
cesses are optically pumped intersubband lasing,2,3 fre-
quency mixing, and more recently4–7 Raman processes. As
shown in detail in Ref. 4 there are both similarities and dif-
ferences between “real” and “virtual” intersubband pro-
cesses. In the real process—optically pumped lasing �Fig.
1�a��—an electron population is established in the excited
level 3 from which the lasing to the lower state 2 originates.
There is no coherence between the pump and laser
waves and the frequency of the lasing transition stays
constant, ��laser=E32 independent of the pump detuning
�31=E31− ��p. In the virtual Raman process the frequency
of the emitted Stokes wave follows the pump frequency,
��s= ��pump−E21 �although the phase of the Stokes wave
remains independent of the pump’s phase�. According to Ref.
4 the gain of the real process is typically stronger than the
Raman one, but the experimental results5,7 showed that the
frequency of the emitted radiation followed the frequency of
the pump with a constant offset—the Stokes shift—a clear
indication of a virtual process. That shift, however, was not
equal to E21 �even with the depolarization shift factored in�
indicating that more than a simple intersubband excitation
�ISX� was involved.

A more rigorous study6 has revealed that the Raman pro-
cess is strongly affected by the optical phonon resonance,
and, in fact, one can consider the lower state a coupled ISX-
phonon mode. But these results still did not explain why the
Raman process dominates the seemingly more probable real
intersubband lasing. Furthermore, the lasing threshold mea-
surements have shown a very strong dependence on the dif-
ference between the ISX energy and the Stokes shift �called
here the Raman detuning�, which has defied explanation. In
our opinion, earlier works have not considered important fea-
tures of optical processes in the three-level IST system. The
IST between the lower lasing and ground states is strongly
coupled to the optical field; thus in addition to the Raman
process there is a fully coherent parametric process in which
the pump photon splits into signal and idler photons with full
conservation of both energy and momentum as shown in Fig.

1�c�. Since the idler wave is strongly coupled to the ISX, one
can picture this process as a polariton Raman scattering,
which has been observed in Ref. 8, albeit for the case of
phonon polaritons in LiNbO3. A theoretical analysis in Ref. 9
predicted that the maximum gain of the parametric process
does not exceed the gain of the normal Raman process due to
reabsorption of the idler wave. But that analysis, performed
for the phonon polariton, did not account for inhomogeneous
broadening, which is very important in ISTs. The broadening
is caused by both nonuniformities in the plane of the QWs—
“interface islands”10—and by the thickness variations be-
tween different QWs.11

In this paper we show theoretically that when the inho-
mogeneous broadening is large, the coupling between the
ISX, phonons, and photons leads to an increase in the mag-
nitude of parametric gain and explicate this increase as a
motional narrowing effect.12–14 The developed theory ex-
plains the observed threshold dependence on the Raman de-
tuning and thus serves as experimental evidence that the mo-
tional narrowing, previously seen only in cavity exciton
polaritons at liquid He temperatures, has been observed in
the IST medium at elevated �liquid N2� temperature and
without a cavity.

First we set up coupled equations for all the interacting
excitations: three electromagnetic waves, pump Ep, signal or
Stokes Es, and idler Ei; M modes of polarization associated
with displacement in M different polar optical phonon
modes, Pph,m; and the nondiagonal density matrix element

FIG. 1. �Color online� Intersubband processes in a QW. �a� Las-
ing, �b� stimulated Raman scattering, and �c� parametric down-
conversion or stimulated polariton scattering.
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�21, the collective ISX.16,17 The ISTs are subject to both ho-
mogeneous broadening described by a Lorentzian shape of
linewidth �21 and inhomogeneous broadening described by

the deviation from the mean IST energy, �21=E21− Ē21, with
Gaussian distribution g��21�= �2��−1/2	−1exp�−�21

2 /2	2�.
One can introduce the mean one-photon and Raman detun-

ings as �31= Ē31− ��p and �21= Ē21− ��i, respectively. We
can also introduce the detuning between the idler wave and
different optical phonon modes, �LO�TO�,m=ELO�TO�,m− ��i.
We assume that the time changes are slow on the scale of the
detunings, �−1� /�t
	, �LO,j, �TO,j—thus the polarizations
of phonon modes and ISX’s follow the fields adiabatically:
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where the ISX has both linear �21
l and nonlinear �Raman� �21

R

components. Other parameters are ��, the background di-
electric permittivity, and dmn, the transition dipole matrix el-
ements. The pure phonon Raman contribution is neglected
since with both pump and Stokes wave polarized along the
�100� direction the bulk Raman tensor is equal to zero.18 This
assumption of mostly an electronic origin of the Raman pro-
cesses is substantiated also by the fact that no Raman lasing
has been observed at large detunings away from the IST
energy. The role of the phonons is, nevertheless, crucial to
the scattering process discussed here because, as clearly
shown below, no momentum conservation �phase matching�
can be achieved without phonons.

Next, we can express all the electromagnetic waves as
products of slowly varying amplitudes and normalized wave-
guide modes, Eq=Aq�z�fq�x ,y�exp�j�q�nqzc−1− t��, where nq

are the effective refractive indices of the qth mode. We now
include the linear part of the IST and phonon polarizations
into the expression for the effective refractive index of the
idler wave and obtain
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where the mode overlaps are qlm
=		fqf lfm�x ,y�Q�x ,y�dx dy, and Q�x ,y� is the function indi-
cating the transverse distribution of the QW’s. The first term
in Eq. �2� is a two-photon �Raman� driver, the second one is
the loss due to reabsorption by the IST, and the third term is
the loss due to scattering and diffraction, expressed here in
units of susceptibility. The idler frequency is determined
from phase matching �ini=�pnp−�sns to be discussed later.
Here we assumed, for simplicity, �31��31. Our full numeri-
cal results show that keeping the �31 term does not alter the
main conclusions of our work and only amounts to a de-
crease of nonlinearity due to pump absorption. Solving Eq.
�2� for the steady-state value of the idler, substituting it into
Eq. �1�, and performing integration over the transverse mode
distribution, we obtain
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where ���21�= �Nd21
2 /�0�	�g��21� �d�21� / ��21+�21� − j�21�� is

the IST susceptibility and �r��21� and �i��21� are its real and
imaginary parts, and the relative strength of the IST-photon
coupling F��21�=�i��21� / ��i��21�+��� varies from 1 in the
absence of additional loss to 0. One can see that the main
impact of the IST coupling to the photon and back is the � /2
phase shift; hence, unlike the pure Raman gain, the paramet-
ric gain does not exhibit sharp resonances associated with the
absorptive part of the susceptibility. This leads to important
consequences as we obtain the expression for the total gain at
the signal frequency as a sum of parametric and Raman gains
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The shapes are plotted in Fig. 2 for the case of linewidth
ratio 	 /�21=4. The pure Raman gain is a Voigt shape with
maximum at �21=0 that is equal to CR�0��� /2�21/	,
which is easy to interpret—only a small resonant fraction of
ISTs participate in the Raman process. The parametric shape,
on the other hand, shows the opposite trend, increasing from
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zero at �21=0 to nearly unity at large detunings, where re-
duction
in strength of the photon-IST coupling is more than
balanced by the decrease of reabsorption by the IST. Thus
maximum parametric gain is achieved away from the reso-
nance with the central IST frequency as is expected for the
polariton effect. However, at large detunings the presence
of other loss mechanisms �F��21��1� reduces actual
parametric gain—this is also shown in Fig. 2 where
we have plotted the complete gain shape Cfull��21�
=F��21CP��21�+ �1−F��21�CR��21� assuming the nonreso-
nant loss to be 10% of the peak IST absorption ���=0.1�I�.

The semiclassical analysis performed here shows that for
the inhomogeneous transitions the strength of stimulated
scattering is increased by about 	 /�21. This conclusion is
quite different from the prior work of Henry and Garrett9

who dealt with phonon-polaritons and did not consider the
inhomogeneous broadening. Our results can be most clearly
interpreted as the effect of motional narrowing occurring
when the particle moving rapidly in the nonuniform environ-
ment tends to average the potential fluctuations occurring
on a relatively small spatial scale. Motional narrowing
plays the most prominent role in the NMR,19 but more re-
cently had been discovered for the case of cavity
exciton-polaritons.12–15 For the case of ISTs one can under-
stand motional narrowing as follows: in the absence of cou-
pling to the electromagnetic waves the single-particle ISXs
are localized on the nonuniformities of the QW’s.10,11 When
the ISX and the nearly zero-effective-mass photon are
coupled into a polariton, as shown in Fig. 3�a�, the polariton
gets delocalized �as is evidenced by the nonzero group ve-
locity� and does not see the small-scale potential fluctuations.
Thus all the ISTs get involved in the polariton-related scat-
tering, rather than only a small fraction �21/	 accessible via
the pure Raman process. It is also clear that the further away
the polariton gets from the IST resonance, the larger is its
group velocity and thus the more prominent becomes the
effect of motional narrowing—in perfect agreement with Fig.
2 based on the semiclassical derivation.

We now return to the important role played by phonons.
In order to obtain the actual polariton frequency �i one needs
to find the intersection of the polariton dispersion curve
�i��� shown in Fig. 3�a� with the phase-matching curve
�=c−1��p�np−ns�+�ins�. In the absence of phonons the dis-
persion is normal, npns�ni, and the phase-matching con-
dition can only be satisfied for the lower polariton branch. In
the experiment,5,6 however, the lasing has always taken place
at negative values of �21, i.e., involving the upper polariton
branch. This can be explained by the fact that in the vicinity
of resonance with optical phonons the dispersion is anoma-
lous and more than one polariton branch can be phase
matched to the ISX wave. Thus the polariton produced by
resonant scattering contains in addition to ISX and photon
components contributions from one or more phonon
branches. In the literature, collective ISX is often referred to
as an intersubband plasmon—thus the quasiparticle consid-
ered here can be called an intersubband plasmon-phonon-
polariton, or IP3.

In Figs. 3�b�–3�d� we show the dispersion curves of IP3 in
the vicinity of resonance with the confined optical phonons
of GaAs and AlAs as well as with one interface mode for
three different values of IST energies. These curves are ob-
tained by solving a set of coupled equations similar to �1�.
Since three phonon branches are involved in the IP3, the
curve has five branches, four of which at some point intersect
with the two-photon excitation dispersion line. However, ac-
cording to Fig. 2 only for the branches that are reasonably
close to IST is the gain sufficiently strong to initiate the
stimulated scattering process observed in experiments. The
interplay between gain and loss determines which mode will
oscillate. When two IP3 modes have stimulated scattering
gains that are close to each other, a small change in the IST
energy can cause the parametric process to switch between
two modes, as can be seen by comparing Figs. 3�c� and 3�d�.
Although the higher-energy polariton associated with the in-
terface mode in Fig. 3�d� is further from the IST resonance
than the GaAs polariton, the overall scattering gain in it is
larger as in Fig. 2 so it is the higher-energy polariton that
oscillates. Indeed such sharp changes in the Stokes shift were
observed in experiments. Using the IP3 theory derived here
one can obtain very good agreement between the Stokes shift
and IST energy; however, such agreement in itself is not a
definite proof of the polariton character of the scattering—
similar agreement has been obtained by considering only two
coupled entities, the intersubband plasmon and the LO pho-
non. This is of course no wonder since the coupled-mode
theory is nothing but the unretarded approximation of IP3

theory; thus when it comes to the eigenenergies the results
are quite similar. In the unretarded approximation the field
does not propagate and thus ISX–LO-phonon coupling takes
place on the local scale and the energy spectrum of the com-
bined quasiparticles still has the original IST broadening 	
with no motional narrowing effect on gain. If anything, one
would expect the gain to decrease with increase in �21. To
check the assumption of whether the lasing is based on Ra-
man scattering of the combined ISX–LO-phonon particle or
the process is an IP3 �parametric� scattering, one must inves-
tigate the gain, or the laser threshold, as a function of Raman
detuning.

FIG. 2. Gain shape factors for ideal Raman �CR� process, ideal
Polariton scattering �CP� and complete gain in the presence of non-
resonant loss �Cfull�.
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In Fig. 4 we have plotted lasing thresholds of different
samples versus Raman detuning. The samples are the same
as in Ref. 6, where experimental details are given. We stress
that the measurement error in the determination of the
threshold is small �within ±5%�. The main error relates to the
quality difference among different wafers. We are, however,
confident that the sample difference is quite small as evi-
denced by the very similar IST linewidths directly observed
in transmission and absorption measurements. We then plot-
ted the function �Cfull��21��−1 using the experimentally mea-
sured value of inhomogeneous broadening 	3.5 meV �full
width at half maximum 9 meV�. As far as �21 is con-
cerned, its value is difficult to ascertain but it can be safely
assumed to be low. The strongest interaction capable of scat-
tering the collective ISX, that with the LO phonon, is already
factored into the coupling Hamiltonian—thus the only re-
maining causes for coupled ISX scattering are the interac-
tions with single-particle intersubband excitations and the
anharmonic decay of the phonon.20,21 In our calculation we
assume �211 meV. As one can see, a reasonable fit to ex-
perimental data is obtained. Since to the best of our knowl-

FIG. 3. �Color online� �a� Dispersion curve of intersubband polariton and phase-matching �PM� curve in the absence of phonons. �b�–�d�
Dispersion curves for the intersubband plasmon-phonon-polariton �IP3� for different values of the IST energy E21. Solid circles indicate the
energy and momentum of the emitted IP3 determined by phase matching, and triangles indicate measured Stokes shift. Dashed lines are the
energies of longitudinal optical �LO�, transverse optical �TO�, and interface �IF� phonons.

FIG. 4. Lasing threshold of the intersubband emitter of Fig. 1 vs
Raman detuning. Points, experimental data; solid line, theoretical
curve.
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edge such a strong and counterintuitive dependence of lasing
threshold on detuning cannot be explained in the framework
of either optically pumped or conventional Raman lasing,
this fit in our opinion serves as unambiguous proof of the
polariton character of the observed Raman lasing and mo-
tional narrowing associated with it.

In conclusion we have developed a theory of polariton
scattering in the inhomogeneously broadened IST in the vi-
cinity of phonon resonance and have shown that motional

narrowing plays an important role in the emission of inter-
subband polaritons. Our theory offers an explanation for the
abnormally high gain of the parametric process in compari-
son to optically pumped lasers.
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