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For macroscopic problems where the London penetration depth is negligibly small �ideal Meissner state�, the
image method is developed for a magnetic monopole in the presence of a superconducting sphere �the image
is not a single monopole�. Then the field for any magnetic source can be obtained by superposition. A magnetic
point dipole with arbitrary direction is studied in detail. We also develop the image method for a steady electric
current in the presence of the superconducting sphere. Similar problems for a long superconducting cylinder
are solved by the same method but the results are rather different. The case of an arbitrary steady electric
current in the presence of an infinite superconducting plane is also solved by the image method. In this method
the calculation of levitation forces is convenient and the physical picture is simple. The method is also
extended to more complicated geometries involving both spherical �or cylindrical� and planar superconducting
boundaries.
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I. INTRODUCTION

For macroscopic electromagnetic problems of supercon-
ductors, the London penetration depth is negligibly small and
the superconductors behave as perfect diamagnets �ideal
Meissner state�. In this limit magnetostatic boundary value
problems involving superconductors can be solved by the
image method when the boundaries have simple geometric
configurations.

The image method is well-known in classical
electrodynamics1 and it has a very long history.2 This method
is well-studied in electrostatics for both conductors and
dielectrics.1 For magnetostatics involving superconductors,
however, it is developed only for some special cases. The
case of a monopole or a point dipole in the presence of an
infinite superconducting plane appears to be well-known.2

Another case is a magnetic point dipole with radial direction
in the presence of a superconducting sphere. The result for
the latter case was mentioned in Ref. 2, and a detailed dis-
cussion can be found in Ref. 3. The other cases, for example,
a magnetic point dipole with transverse direction in the pres-
ence of a superconducting sphere, are not well-developed to
our knowledge. Some author supposed that the image
method is not available for superconductor-magnet systems
with curved boundaries, because the boundary condition is of
the second type, while for electrostatics it is of the first type.4

However, in view of the above example of a dipole with
radial direction, this is obviously not true.

The purpose of this paper is to develop the image method
for rather general magnetic sources in the presence of a su-
perconducting sphere or a long superconducting cylinder,
and then extend the method to more complicated geometries
involving both spherical �or cylindrical� and planar super-
conducting boundaries. The contents are arranged as follows.

In Sec. II we first solve the field equation of magnetostat-
ics for a magnetic monopole in the presence of a supercon-
ducting sphere. From the result of this simple case, the image
method is developed �the image is not a single monopole�.

Then we can obtain the magnetic scalar potential for a mag-
netic point dipole with arbitrary direction without solving the
field equation. In principle the result for an arbitrary mag-
netic source can be obtained by superposition. The change of
a uniform magnetic field by a superconducting sphere is also
solved by the image method. Then we turn to develop the
image method for a circular current loop, and extend it to a
more general distribution of steady electric current. The levi-
tation force between the superconducting sphere and the
magnetic source is calculated in most cases. The physical
picture is clear in this method since the force on the source is
due to the image. In Sec. III similar problems for a long
superconducting cylinder are solved by the same procedure
but the results are rather different. Though the image method
for an infinite superconducting plane is well-studied, it is
mainly developed for sources like a magnetic monopole or
dipoles. For an arbitrary steady electric current, the problem
seems to be unsolved. This is considered in Sec. IV and the
vector potential is obtained again by the image method. In
Sec. V we extend the image method to more complicated
geometries involving both spherical and planar supercon-
ducting boundaries. Similar problems to those considered in
Sec. II are solved. In Sec. VI we consider geometries involv-
ing both cylindrical and planar superconducting boundaries
and give the results for problems similar to those of Sec. III.
In Sec. VII we briefly discuss the problem of hollows in
superconductors. Section VIII is devoted to a brief summary.

The subject studied here may have interest in several as-
pects. First, it may have some applications in magnetic force
microscopy5–7 and may be useful to the study of magnetic
levitation.8–16 Indeed, for macroscopic physical problems
that can be described by the Maxwell-London equation
�which is difficult to solve in many cases�, one can treat the
superconductor as a perfect diamagnet to give the lowest-
order approximation. Second, the image method is one of the
fundamental methods in classical electrodynamics, but the
development of this method in the presence of superconduct-
ors is far from complete, thus it might be of interest to fill the
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gap. Third, some of the problems studied here are inconve-
nient when solved by the ordinary method of separation of
variables, but in the image method they are rather simple.
For example, those with complicated geometries, or even the
simple cases of an electric current in the presence of a su-
perconducting sphere or plane. Fourth, some of the results
may be of interest in other areas of physics, for example,
stationary temperature distribution in heat conduction prob-
lems, or fluid mechanics. Throughout this paper we use MKS
units.

II. IMAGE METHOD FOR A SUPERCONDUCTING
SPHERE

A. Magnetic monopole

First we consider a magnetic monopole in the presence of
a superconducting sphere. Though a magnetic monopole has
not been observed in experiment and thus is artificial, the
result is important for the subsequent problems.

We choose the coordinate system such that the origin co-
incides with the center of the sphere, and the monopole is
located on the positive z axis. In this and some subsequent
sections we will use both the rectangular coordinates �x ,y ,z�
and the spherical ones �r ,� ,��. The unit vectors of these
coordinate systems are denoted by �ex ,ey ,ez� and �er ,e� ,e��,
respectively. When the coordinates of a source or image po-
sition is given they are always rectangular ones unless oth-
erwise specified. The radius of the sphere is a. The monopole
is located at the position with coordinates �0,0 ,d� where d
�a, and its magnetic charge is Q.

Because the superconducting sphere is treated as a perfect
diamagnet, the magnetic induction inside the sphere is zero.
Thus only the magnetic induction outside the sphere needs to
be found. Since there is no free electric current outside the
sphere, we can introduce the magnetic scalar potential �
such that the magnetic induction B=−�0��. Because of the
rotational symmetry of the system, �=��r ,�� is independent
of �. It contains two parts:

��r,�� = �Q�r,�� + ���r,�� , �1�

where

�Q�r,�� =
Q

4��r2 + d2 − 2rd cos �
�2�

is the scalar potential of the monopole, and ���r ,�� is the
one generated by the induced current on the spherical sur-
face. The latter satisfies the Laplace equation and has the
form

���r,�� = �
n=0

�
cn

rn+1 Pn�cos �� , �3�

up to a constant which does not contribute to the magnetic
induction. Expanding �Q�r ,�� in terms of the Legendre poly-
nomials, we have

��r,�� = �
n=0

� � Q

4�

rn

dn+1 +
cn

rn+1�Pn�cos �� �4�

near the spherical surface. Since the radial component of the
magnetic induction Br should be continuous at the spherical
surface, we have

� ��

�r
�

r=a
= 0. �5�

This determines the coefficients cn in Eq. �3�. The result is

cn =
Q

4�

na2n+1

�n + 1�dn+1 , n = 0,1,2, . . . . �6�

It is straightforward to verify that Eq. �3� with the coeffi-
cients given in Eq. �6� can be recast in the form

���r,�� =
Qa/d

4��r2 + �a2/d�2 − 2r�a2/d�cos �

− �
0

a2/d �Q/a�du

4��r2 + u2 − 2ru cos �
. �7�

This means that for a source monopole which is located at
the position �0,0 ,d� and has charge Q, the image is a point
monopole with charge Qa /d located at the ordinary image
point �0,0 ,a2 /d� plus a continuous distribution of magnetic
charges on the straight line from the origin to the image point
with uniform linear density −Q /a. �For convenience the con-
tinuous part will be called a line charge occasionally.� Note
that the monopole at the image position has the same sign as
the source one, and the total magnetic charge inside the
sphere vanishes as is expected on the basis of the boundary
condition �5�. With this result we can deal with more com-
plicated magnetic sources without solving the field equation.
Of special interest is a magnetic dipole since this can be
realized in practice by a uniformly magnetized sphere. In
passing we record the levitation force acted on the monopole

F =
�0Q2a3

4�d�d2 − a2�2ez. �8�

This can be obtained by F=QB��d� where B��r� is the mag-
netic induction of the image charges and d=dez, or by cal-
culating the force �like the Coulomb one� between the source
and the image charges. We also remark that the integral in
Eq. �7� can be worked out and the result can be expressed in
terms of elementary functions:

���r,�� =
Qa

4�d�r2 + �a2/d�2 − 2r�a2/d�cos �
−

Q

4�a
ln

r�1 + cos ��
�r cos � − a2/d� + �r2 + �a2/d�2 − 2r�a2/d�cos �

. �7��

QIONG-GUI LIN PHYSICAL REVIEW B 74, 024510 �2006�

024510-2



Though this result is not instructive, it is useful in some
practical calculations, for example, in numerical calculations
of the magnetic induction lines, where the form of Eq. �7� is
difficult to handle. The magnetic induction lines are illus-
trated in Fig. 1, where the source and images are also dis-
played.

B. Magnetic dipole with radial direction

Now we consider a magnetic point dipole with radial di-
rection, which is located at the position �0,0 ,d� and has the
dipole moment m=mez. This has been studied by solving the
field equation,4 or by the image method3 where the result is
obtained by a guess. �These authors also studied the case
when the London penetration depth is finite.� Actually the
result of the image method has been mentioned in an appen-
dix of an earlier paper,2 also without reasoning. Here we will
derive the result on the basis of the preceding one.

The above dipole can be theoretically realized by two
monopoles, one with charge Q located at �0,0 ,d�, and the
other with charge −Q located at �0,0 ,d− l� where Q→� and
l→0 but Ql=m is fixed. The image of the charge Q is a point
monopole with charge Qa /d located at �0,0 ,a2 /d� plus a
uniform line charge with linear density −Q /a distributed on
the z axis from the origin to �0,0 ,a2 /d�; the image of the
charge −Q is a point monopole with charge −Qa / �d− l� lo-
cated at (0,0 ,a2 / �d− l�) plus a uniform line charge with lin-
ear density Q /a distributed on the z axis from the origin to

(0,0 ,a2 / �d− l�). The effect of the two point images is a point
dipole with dipole moment m�=−�a /d�3m plus a monopole
with charge −ma /d2, both located at �0,0 ,a2 /d�. The effect
of the two line charges is also a monopole located at
�0,0 ,a2 /d� but with charge ma /d2, which cancels the one
just mentioned. Therefore the image is a magnetic point di-
pole with dipole moment m�=−�a /d�3m located at the image
point �0,0 ,a2 /d�. Then the scalar potential outside the
sphere is ��r ,��=�m�r ,��+���r ,��, where �m�r ,��=m · �r
−d� /4�	r−d	3 is the potential of the source dipole, and
���r ,�� is the one of the image which has a similar form.
This is the result previously obtained. It is easy to write
down the magnetic induction B� of the image. Fixing the
position of the image and placing the source dipole at an
arbitrary position r, we have

m · B��r� =
�0m2

4�
�a

d
�3 x2 + y2 − 2�z − a2/d�2


x2 + y2 + �z − a2/d�2�5/2 . �9�

The levitation force on the source dipole is

F = 	 � �m · B��	r=d =
3�0m2

2�

a3d

�d2 − a2�4ez � F�d�ez.

�10�

The potential energy of the dipole at d is �the reference point
is set at infinity�

U�d� = �
d

�

F�u�du =
�0m2

4�

a3

�d2 − a2�3 = −
1

2
m · B��d� .

�11�

The last equality can be easily verified. Some authors calcu-
late U�d�=− 1

2m ·B��d� first and then obtain the force by
F�d�=−�U�d� /�d. The result is of course the same, but the
other components of the force cannot be obtained in this way
�though they are zero�.

The magnetic induction lines are illustrated in Fig. 2,
where the source and image are also displayed. Though the
problem has been studied before,3,4 the figure was not given.

It should be pointed out that the field obtained above is
only approximately valid if the source dipole is realized by a
uniformly magnetized sphere, since its magnetization may be
changed by the interaction with the superconducting sphere.
Moreover, the levitation force holds approximately only
when the radius of the magnetized sphere is small. These
remarks also apply to the similar situations in the following.

C. Magnetic dipole with transverse direction

Next we consider a magnetic point dipole with transverse
direction, which is located at the position �0,0 ,d� and has
the dipole moment m=m�cos �0 , sin �0 ,0�. This has been
studied by solving the field equation in both cases when the
London penetration depth is finite and negligibly small.17

The result for the latter case was also published in a separate
paper.18 Unfortunately the result for this case is incorrect
because an incorrect boundary condition 	B	r=a=0 instead of

FIG. 1. �Color online� The magnetic induction lines for a mag-
netic monopole in the presence of a superconducting sphere. The
source monopole and the images are also shown, where −Q /a is the
linear density of the magnetic line charge.
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Eq. �5� is used. �The induced field as constructed in these
papers does not satisfy the field equation. It is impossible for
a solution of the field equation to satisfy their boundary con-
dition.� Here the result is obtained by the image method.

The above dipole can be theoretically realized by two
monopoles, one with charge Q located at
� 1

2 l cos �0 , 1
2 l sin �0 ,d�, and the other with charge −Q located

at �− 1
2 l cos �0 ,− 1

2 l sin �0 ,d� where Q→� and l→0 but Ql
=m is fixed. By similar analysis to that in the last section, it
turns out that the image is a magnetic point dipole with di-
pole moment m�= �a /d�3m located at the image point
�0,0 ,a2 /d� plus a continuous distribution of point dipoles on
the straight line from the origin to the image point, the dipole
moment from �0,0 ,u� to �0,0 ,u+du� being −�m /ad�udu.
This result is illustrated in Fig. 3 �it is somewhat difficult to
draw the magnetic induction lines in this case because the
rotational symmetry is absent�. It is easy to write down the
scalar potential �m for the source dipole and �� for the im-
ages:

�m�r,�,�� =
mr sin � cos�� − �0�

4��r2 + d2 − 2rd cos ��3/2 , �12a�

and

���r,�,�� =
ma3r sin � cos�� − �0�

4�d3
r2 + �a2/d�2 − 2r�a2/d�cos ��3/2

−
mr sin � cos�� − �0�

4�ad

��
0

a2/d udu

�r2 + u2 − 2ru cos ��3/2 . �12b�

Then the magnetic induction B� of the images can be de-
rived, and the levitation force on the source dipole can be
found to be

F = 	 � �m · B��	r=d =
3�0m2

4�

 a3d

�d2 − a2�4 −
a3�3d2 − a2�
6d3�d2 − a2�3�ez.

�13�

By solving the field equation the same result can be obtained.
The conclusion of Refs. 17 and 18 that the levitation force in
this case is half that for a radial dipole is thus incorrect. It
holds approximately only when d−a	a so that the sphere
can be approximately regarded as an infinite plane for which
the conclusion holds exactly. The potential energy of the di-
pole at d can be found to be

U�d� =
�0m2

16�

a3�d2 + a2�
d2�d2 − a2�3 = −

1

2
m · B��d� , �14�

where the first equality is obtained by an integral similar to
that in Eq. �11� �the calculation is somewhat tedious� and the
last one can be verified straightforwardly. In passing we
record a simpler form for Eq. �12b�:

FIG. 2. �Color online� The magnetic induction lines for a radial
magnetic dipole in the presence of a superconducting sphere. The
source and image dipoles are also shown.

FIG. 3. �Color online� Image method for a transverse magnetic
dipole in the presence of a superconducting sphere, where the con-
tinuous distribution of point dipoles on the straight line has linear
moment density −�m /ad�u at �0,0 ,u� and u� �0,a2 /d�.
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���r,�,�� =
ma3r sin � cos�� − �0�

4�d3
r2 + �a2/d�2 − 2r�a2/d�cos ��3/2

−
m cos�� − �0�

4�ad sin �

�
1 −
r − �a2/d�cos �

�r2 + �a2/d�2 − 2r�a2/d�cos �
� .

�12b��

The situation is similar to that for Eq. �7�, and similar re-
marks also apply here.

With the results of this and the last section, one can deal
with a magnetic dipole with arbitrary direction by superpo-
sition.

D. Uniform magnetic field

As another example of the image method we consider the
influence of the superconducting sphere on a uniform mag-
netic field H0=H0ez where H0 is a constant.

The uniform magnetic field can be realized by two large
monopoles at infinity. We put one monopole with charge −Q
at �0,0 ,L� and the other with charge Q at �0,0 ,−L�. The
magnetic scalar potential is

�0�r,�� = −
Q

4��r2 + L2 − 2rL cos �

+
Q

4��r2 + L2 + 2rL cos �

= −
Q

2�L2�
k=0

�
r2k+1

L2k P2k+1�cos �� , �15�

where the last expression holds for r
L. Let Q ,L→� but
Q /2�L2=H0 fixed, then only the term with k=0 contributes
and we have for any finite r

�0�r,�� = − H0r cos � = − H0z, H0 = H0ez, �16�

that is, a uniform magnetic field.

Now introduce the superconducting sphere, then the field
is changed by the induced current on the spherical surface.
The image of the charge −Q is a point monopole with charge
−Qa /L located at �0,0 ,a2 /L� plus a uniform line charge with
linear density Q /a distributed on the z axis from the origin to
�0,0 ,a2 /L�; the image of the charge Q is a point monopole
with charge Qa /L located at �0,0 ,−a2 /L� plus a uniform line
charge with linear density −Q /a distributed on the z axis
from the origin to �0,0 ,−a2 /L�. In the above limit, the effect
of the two point images is a point dipole with dipole moment
m�=−4�H0a3ez located at the origin. The effect of the two
line charge is also a point dipole with dipole moment m�
=2�H0a3ez at the origin. The latter is calculated by

�Q /a�0
a2/Ludu−Q /a�−a2/L

0 udu�ez= �Qa3 /L2�ez=2�H0a3ez, or
by writing down the scalar potential and then taking the
limit. Therefore the total effect of all the images is a point
dipole with dipole moment m=−2�H0a3ez located at the ori-
gin. The scalar potential outside the sphere is then

��r,�� = − H0r cos � −
1

2
H0a3cos �

r2 . �17�

This is of course the same as the result in the textbooks �for
example, Ref. 19� obtained by solving the field equation.
Compared with the case of a conducting sphere in a uniform
electric field �for which the image method can be found in
Ref. 1�, the difference of the result is caused by two reasons:
first, the point image has the same sign with the source
monopole; second, there are further contributions from the
line image. From the distribution of the images, it is obvious
that there is no levitation force on the superconducting
sphere in this case.

E. Steady electric current

Consider a circular current loop with electric current I,
whose position is described by the spherical coordinates: r
=b, �=�0, 0��
2�, where b�a. The vector potential can
be found to be

A0�r� = e�

�0Ib sin �0

4�
�

0

2� cos �d�

�r2 + b2 − 2rb�cos �0 cos � + sin �0 sin � cos ��
� A0�r,��e�. �18�

When �0=� /2 this reduces to the result in the textbooks.1,19

To include the contribution of the induced current on the
spherical surface, we consider a circular current loop inside
the sphere as the image of the source current, with the above
parameters b, �0, and I replaced by b�, �0�, and I�, respec-
tively �where b�
a�. Then we have a similar expression for
the vector potential of the image, A��r�=A��r ,��e�. The total
vector potential is A�r�=A�r ,��e� where A�r ,��=A0�r ,��

+A��r ,��. Now the boundary condition 	Br	r=a=0 has the
form

� �

��

sin �A�r,����

r=a
=

d

d�

sin �A�a,��� = 0. �19�

This should hold for all � and thus requires A�a ,��=0.
Therefore the parameters of the image current are found to
be
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�0� = �0, b� =
a2

b
, I� = −

b

a
I . �20�

Consequently the field outside the sphere is determined. Note
that the coefficient in the last relation is different from the

ordinary one in the image method for a conducting sphere in
electrostatics. This is because the parameter b appears in the
numerator of Eq. �18�.

The levitation force on the circular current loop can be
found to be

F = ez�0I2ab3�b2 − a2�cos �0 sin2 �0�
0

� cos �d�


a4 + b4 − 2a2b2�cos2 �0 + sin2 �0 cos ���3/2 . �21�

This can be expressed in terms of elliptic integrals, or ex-
panded as a series involving Legendre polynomials, but the
result is not instructive. In the limit �0→0 and I→� but
I�b2 sin2 �0=m is fixed, this reduces to the previous result
�10� �with d replaced by b� as expected.

For an arbitrary distribution of source current, it is diffi-
cult to work out the field by the image method. However,
with the above result, one can work out the vector potential
for any source current that can be constructed by superposi-
tion of circular current loops whose axes pass through the
origin. In particular, for an electric current system with the
current density

J�r� = J�r,��e�, r � 
 , �22�

where 
 is the region in which J is nonzero, the vector
potential can be explicitly given. In fact, by replacing I by
J�r0 ,�0�r0dr0d�0 and � by �0 in the above vector potential,
and integrating over the source region we have

A�r� = A�r,��e�, �23a�

where

A�r,�� =
�0

4�
�


J�r0,�0�cos �0dr0

	r̄ − r0	

− �



aJ�r0,�0�cos �0dr0

r0	r̄ − �a/r0�2r0	 � , �23b�

where dr0=r0
2 sin �0dr0d�0d�0, and r̄= 	r	�=0

=r�sin � ,0 ,cos ��. The first term in the above equation is
generated by the source current and the second by the image
one. With this result one can work out the magnetic induc-
tion, and calculate the levitation force, etc.

III. IMAGE METHOD FOR A LONG SUPERCONDUCTING
CYLINDER

A. Magnetic monopole

The case of magnetic sources in the presence of a long
superconducting cylinder seems to be less studied. As before,
we first consider a long magnetic line charge parallel to the
axis of the cylinder. For convenience we also call the line
charge a monopole since it is a point charge from a two-
dimensional viewpoint.

We choose the coordinate system such that the z axis co-
incides with the axis of the cylinder. In all subsequent dis-
cussions of this section everything is independent of the co-
ordinate z, so we need only the rectangular coordinates �x ,y�
and the polar ones �� ,�� on the xy plane �but the unit vector
ez will be used occasionally�. The unit vectors in the polar
coordinate system are denoted by �e� ,e��. The position vec-
tor on the xy plane is denoted by �. As before, source and
image positions are always given in rectangular coordinates.
The radius of the cylinder is a. The line charge passes
through the xy plane at the point �d ,0� where d�a 
equiva-
lently we will say that the monopole is located at �d ,0��, and
the linear density of the magnetic line charge is Q �also
called the charge of the monopole�. The scalar potential out-
side the cylinder contains two parts:

���,�� = �Q��,�� + ����,�� , �24�

where

�Q��,�� = −
Q

2�
ln	� − d	 = −

Q

2�
ln ��2 + d2 − 2�d cos � ,

�25�

where d=dex is the scalar potential of the monopole, and
���� ,�� is the one generated by the induced current on the
cylindrical surface. The latter satisfies the Laplace equation
and has the form

����,�� = a0 ln � + �
n=1

�

an�−n cos n� , �26�

up to a constant which does not contribute to the magnetic
induction. The geometric symmetry has been taken into ac-
count so that sine terms do not appear in the above series.
Expanding �Q�� ,�� as a Fourier series near �=a and using
the boundary condition

� ��

��
�

�=a
= 0, �27�

we obtain the coefficients an in Eq. �26�. The result is

a0 = 0, an =
Q

2�

1

n
�a2

d
�n

, n = 1,2, . . . . �28�
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It is straightforward to verify that Eq. �26� with the coef-
ficients given in Eq. �28� can be recast in the form

����,�� =
Q

2�
ln � −

Q

2�
ln�� −

a2

d
ex� . �29�

This means that for a source monopole with charge Q lo-
cated at �d ,0�, the image contains two monopoles: one with
charge Q located at the ordinary image point �a2 /d ,0�, and
the other with charge −Q located at the origin. Again note
that the monopole at the image point has the same sign as the
source one, and the total magnetic charge inside the cylinder
vanishes as expected. This result is rather different from that
in Sec. II for a superconducting sphere. The levitation force
acted on the monopole �actually it is the linear force density
on the line charge� is

F =
�0Q2a2

2�d�d2 − a2�
ex. �30�

This can be obtained by F=QB��d� where B���� is the mag-
netic induction of the image charges.

The magnetic induction lines are illustrated in Fig. 4,
where the source and images are also displayed. The field
lines are similar to those in Fig. 1, but note that in the three-
dimensional case the field lines in the whole space are ob-
tained by rotating Fig. 1 about the z axis, while for the cur-
rent case they are obtained by translating Fig. 4 along the z
axis.

B. Magnetic dipole

Now we consider a two-dimensional magnetic dipole with
dipole moment m located at �0 �where �0�a�. This is of
physical interest since it can be realized by a long cylinder
uniformly magnetized in the transverse direction. Theoreti-
cally the dipole can be realized by two monopoles, one with

charge −Q located at �0 and the other with charge Q located
at �0+ l, where l→0 and Q→� but Ql=m is fixed. The
image of the monopole −Q at �0 is a monopole with charge
−Q at �a2 /�0

2��0 and one with charge Q at the origin; the
image of the monopole Q at �0+ l is a monopole with charge
Q at �a2 / 	�0+ l	2���0+ l� and one with charge −Q at the ori-
gin. The two monopoles at the origin cancel. Therefore the
image is a magnetic dipole at �a2 /�0

2��0, with dipole moment

m� =
a2

�0
2
m −

2��0 · m��0

�0
2 � . �31�

For a source dipole with radial direction, m=m�0 /�0 �where
m may be either positive or negative�, we have m�=
−�a2 /�0

2�m. On the other hand, for one with transverse direc-
tion, m ·�0=0, and we have m�= �a2 /�0

2�m. For the radial
case the result is similar to the corresponding one in Sec. II
while for the transverse case it is rather different.

The magnetic induction lines for the radial case are simi-
lar to those in Fig. 2, but notice the remarks for Fig. 4. For
the transverse case they are illustrated in Fig. 5, where the
source and image dipoles are also displayed.

The magnetic scalar potential of the source dipole is

�m��� =
m · �� − �0�
2�	� − �0	2

, �32a�

and the magnetic induction is

Bm��� =
�0

2�

2
m · �� − �0���� − �0� − 	� − �0	2m

	� − �0	4
.

�32b�

For the image dipole we have similar expressions. The levi-
tation force can be found to be

FIG. 4. �Color online� The magnetic induction lines for a two-
dimensional magnetic monopole �a long magnetic line charge� in
the presence of a long superconducting cylinder. The source and
image monopoles are also shown.

FIG. 5. �Color online� The magnetic induction lines for a two-
dimensional magnetic dipole �continuous distribution of point di-
poles on a long straight line� with transverse direction in the pres-
ence of a long superconducting cylinder. The source and image
dipoles are also shown.
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F��0� = 	 � �m · B��	�=�0
=

�0m2

�

a2�0

��0
2 − a2�3 , �33�

where m= 	m	 and B���� is the magnetic induction of the
image dipole. The calculation would be easier if one set �0
=�0ex and m=m1ex+m2ey, which yields m�= �a2 /�0

2��−m1ex

+m2ey�. The levitation force does not depend on the direction
of the dipole. This is also different from the result in Sec. II.

The potential energy of the dipole can be easily found to
be

U��0� =
�0m2

4�

a2

��0
2 − a2�2 = −

1

2
m · B���0� . �34�

The first equality holds because −��0
U��0�=F��0�, while the

second can be verified straightforwardly.

C. Uniform magnetic field

As in Sec. II we consider the influence of the supercon-
ducting cylinder on a uniform magnetic field H0=H0ex
where H0 is a constant.

The uniform magnetic field can be realized by two large
monopoles at infinity. We put one monopole with charge −Q
at �L ,0� and the other with charge Q at �−L ,0�. The mag-
netic scalar potential is

�0��,�� =
Q

2�
ln ��2 + L2 − 2�L cos �

−
Q

2�
ln ��2 + L2 + 2�L cos �

= −
Q

�L
�
k=0

�
�2k+1

�2k + 1�L2k cos�2k + 1�� , �35�

where the last expression holds for �
L. Let Q ,L→� but
Q /�L=H0 fixed, then only the term with k=0 contributes
and we have for any finite �

�0��,�� = − H0� cos � = − H0x, H0 = H0ex, �36�

that is, a uniform magnetic field.
Now introduce the superconducting cylinder, then the

field is changed by the induced current on the cylindrical
surface. The image of the charge −Q is two point monopoles,
one with charge −Q located at �a2 /L ,0� and the other with
charge Q at the origin; the image of the charge Q is also two
point monopoles, one with charge Q located at �−a2 /L ,0�
and the other with charge −Q at the origin. The two mono-
poles at the origin cancel. The effect of the other two mono-
poles is in the above limit a point dipole with dipole moment
m=−2�H0a2ex, located at the origin. The scalar potential
outside the cylinder is then

���,�� = − H0� cos � − H0a2cos �

�
. �37�

Compared with the case of a conducting cylinder in a uni-
form electric field, there is a sign difference in the second
term of the above result because the monopole at the image

point has the same sign as the source one. From the distri-
bution of the images, it is obvious that there is no levitation
force on the superconducting cylinder.

D. Steady electric current

First we consider an electric current of the form J���
=J���e� outside the cylinder. More specifically, we consider
the case with J���=K���−d�. This can be realized by a long
solenoid of radius d �where d�a as before� and with electric
current K per unit length. The magnetic induction generated
by this current is B=�0K��d−��ez where � is the step func-
tion. To cancel this field inside the cylinder, there should be
an induced current J����=J����e� with J����=−K���−a� on
the surface of the cylinder. However, this current has no
effect on the field outside the cylinder. Therefore the field
outside the cylinder is the one generated by the source cur-
rent, and no image is needed. This is also true for a more
general J���.

Next we consider a long straight wire parallel to the z axis
carrying an electric current I. It passes through the xy plane
at the point �0 �where �0�a as before�. The current density
is J���= I���−�0�ez. If �0=0, the magnetic induction is
well-known

B0��� =
�0I

2��
e� = ez � ��0I

2�

�

�2� = ez � ���0I

2�
ln �� .

Thus the magnetic induction for the above current is

B0��� = ez � ���0I

2�
ln	� − �0	� . �38�

Now we consider an image current inside the cylinder with
the parameters I and �0 replaced by I� and �0� �where �0�

a�, respectively. We have a similar expression for the mag-
netic induction B���� of the image current. The total mag-
netic induction is

B��� = ez � ���0I

2�
ln	� − �0	 +

�0I�

2�
ln	� − �0�	�

� ez � ����� . �39�

To satisfy the boundary condition 	B�	�=a=0, we should have
	����� ,��	�=a=����a ,��=0. This requires that ��a ,�� is

a constant. Since ���� has the form of the scalar potential
for two electric point charges in two dimensions, from the
image method in electrostatics, we know that the boundary
condition is satisfied if

�0� =
a2

�0
2�0, I� = − I . �40�

In order to generate the same field as the induced supercur-
rent, we still need another image current I along the z axis.
Note that we have implicitly assumed that the superconduct-
ing cylinder is insulated to external current sources so that
the total supercurrent in the z direction should be zero.

For a more general current distribution outside the cylin-
der
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J��� = J���ez, � � 
 , �41�

where 
 is the region on the xy plane where J��� is nonzero,
the result may be obtained from the above one by replacing
I by J��0�d�0, and integrating over the source region:

B��� =
�0

2�
ez � �
�




J��0�ln	� − �0	d�0

− �



J��0�ln�� −
a2

�0
2�0�d�0 + ln��




J��0�d�0� ,

�42�

where the first term is the contribution of the source current
and the subsequent terms the images.

The levitation force �per unit length� on the source current
is

F = �



J���ez � B����d�

=
�0

2�
�




J���J����
� − �a2/��2���

	� − �a2/��2���	2
d�d��

−
�0

2�
�




J���d��



��J����
��2 d��. �43�

For the simple case of a long straight wire considered above,
J���= I���−�0�, the above result reduces to

F =
�0I2

2�

a2�0

�0
2��0

2 − a2�
. �44�

IV. IMAGE METHOD FOR A SUPERCONDUCTING
PLANE

The various magnetostatic boundary value problems in-
volving a superconducting plane have been studied by many
authors, for example, Refs. 20–24. The image method for
this case is simple and appears to be well-known.2 We first
review the result for a monopole and a dipole, which will be
used in subsequent sections. Then we derive the result for an
arbitrary electric current.

Assume that the superconductor occupies the half space
z
0, and the half space z�0 is vacuum. The boundary con-
dition in this case is 	Bz	z=0=0. For a monopole with charge
Q, a longitudinal dipole with moment m=mez or a transverse
one with m=m1ex+m2ey, located at �0,0 ,d�, the image is a
monopole with charge Q, a dipole with moment m�=−m or
one with m�=m, respectively, located at the image point
�0,0 ,−d�. The levitation force on the transverse dipole is
half that on the longitudinal one.

Now consider an electric current with an arbitrary current
density

J�r� = J1�r�ex + J2�r�ey + J3�r�ez, �45�

distributed in a region 
 in the upper half space. We consider
an image current in the image region 
� �obtained from the
region 
 by a reflection about the xy plane� with current
density

J��r� = − J1�r̄�ex − J2�r̄�ey + J3�r̄�ez, r � 
�, �46�

where r̄= �x ,y ,−z� if r= �x ,y ,z�. The vector potential in the
upper half space is then given by

A�r� =
�0

4�
�




J�r0�
	r − r0	

dr0

+
�0

4�
�




− J1�r0�ex − J2�r0�ey + J3�r0�ez

	r − r̄0	
dr0,

�47�

where in the second term we have made a replacement of
integral variable z0→−z0 so that the second integral is also
over the region 
. It is straightforward to verify that this
satisfies all field equations � ·A=0 and �2A=−�0J, and the
boundary condition. Therefore it is a correct solution in the
upper half space.

Of special interest is a circular current loop studied in
Sec. II, which carries current I and has the position described
by the spherical coordinates: r=b, �=�0, 0��
2� �where
now �0
� /2�. From Eq. �46�, we know that the image is
also a circular current loop, which carries current −I and has
the position described by the spherical coordinates: r=b, �
=�−�0, 0��
2�. The levitation force on the source cur-
rent loop can be found to be

F = ez
�0I2 cos �0 sin2 �0

�2
�

0

� cos �d�

�1 + cos2 �0 − sin2 �0 cos ��3/2 .

�48�

This can be expressed in terms of elliptic integrals, but the
result is not instructive. In the limit �0→0 and I→� but
I�b2 sin2 �0=m is fixed, this reduces to the result for a lon-
gitudinal dipole as expected.

V. MORE COMPLICATED BOUNDARY IN THREE
DIMENSIONS

In this section we consider more complicated geometries
involving both spherical and planar superconducting bound-
aries. We mainly deal with the case where the supercon-
ductor occupies the lower half space z
0 plus the upper half
of the sphere r
a. Other cases will be discussed briefly. It is
inconvenient to solve such boundary value problems by the
ordinary method of separation of variables in mathematical
physics. However, in the image method they are simple. The
boundary condition is that the normal component of the mag-
netic induction should vanish at all boundaries.

First of all consider a monopole with charge Q located at
r1 whose spherical coordinates are �r0 ,�0 ,�0� �where �0


� /2�. According to the results of the preceding sections,
the image contains five parts: three monopoles, one with
charge Q located at r2 with spherical coordinates �r0 ,�
−�0 ,�0�, the other two both with charge Qa /r0 located at
r1�= �a2 /r0

2�r1 and r2�= �a2 /r0
2�r2; and two continuous distribu-

tions of magnetic charges on straight lines, one from the
origin to r1� and the other from the origin to r2�, both with
linear density −Q /a. The magnetic scalar potential in the
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vacuum region satisfying the boundary condition is

��r� =
Q

4�	r − r1	
+

Q

4�	r − r2	
+

Qa

4�r0	r − �a2/r0
2�r1	

+
Qa

4�r0	r − �a2/r0
2�r2	

− �
0

a2/r0 Qdu

4�a	r − ue1	

− �
0

a2/r0 Qdu

4�a	r − ue2	
, �49�

where e1=r1 /r0 and e2=r2 /r0 are unit vectors in the direc-
tions of r1 and r2, respectively.

Now consider magnetic dipoles. First we consider a point
dipole with radial direction. It is located at r1 and has the
dipole moment m1=me1. The image contains three point di-
poles, the first with moment m2=me2 located at r2, the sec-
ond with moment m1�=−�a /r0�3m1 located at r1�, and the third
with moment m2�=−�a /r0�3m2 located at r2�. The scalar po-
tential is then

�1�r� =
m�r · e1 − r0�
4�	r − r1	3

+
m�r · e2 − r0�
4�	r − r2	3

−
ma3�r · e1 − a2/r0�
4�r0

3	r − �a2/r0
2�r1	3

−
ma3�r · e2 − a2/r0�
4�r0

3	r − �a2/r0
2�r2	3

. �50�

Second we consider a point dipole with one of the two
independent transverse directions. It is located at r1 and has
the dipole moment m1=me0, where e0=−sin �0ex+cos �0ey
is the unit vector e� at r1 and r2. The image contains five
parts: three point dipoles, the first with moment m2=m1 lo-
cated at r2, the second with moment m1�= �a /r0�3m1 located
at r1�, and the third with moment m2�= �a /r0�3m2= �a /r0�3m1

located at r2�; and two continuous distributions of point di-
poles on straight lines, one from the origin to r1�, the dipole
moment from ue1 to �u+du�e1 being −�m /ar0�udu, and the
other from the origin to r2�, the dipole moment from ue2 to
�u+du�e2 being also −�m /ar0�udu. The scalar potential is
then

�2�r� =
mr · e0

4�	r − r1	3
+

mr · e0

4�	r − r2	3
+

ma3r · e0

4�r0
3	r − �a2/r0

2�r1	3

+
ma3r · e0

4�r0
3	r − �a2/r0

2�r2	3
− �

0

a2/r0 mr · e0

4�ar0	r − ue1	3
udu

− �
0

a2/r0 mr · e0

4�ar0	r − ue2	3
udu . �51�

Third we consider a point dipole with another indepen-
dent transverse direction. It is located at r1 and has the dipole
moment m1=me0�e1, where e0�e1 is the unit vector e� at
r1. The image again contains five parts: three point dipoles,
the first with moment m2=−me0�e2 located at r2, the sec-
ond with moment m1�= �a /r0�3m1 located at r1�, and the third
with moment m2�= �a /r0�3m2 located at r2�; and two continu-
ous distributions of point dipoles on straight lines, one from
the origin to r1�, the dipole moment from ue1 to �u+du�e1

being −�m1 /ar0�udu, and the other from the origin to r2�, the
dipole moment from ue2 to �u+du�e2 being −�m2 /ar0�udu.
The scalar potential is then

�3�r� =
mr · �e0 � e1�

4�	r − r1	3
−

mr · �e0 � e2�
4�	r − r2	3

+
ma3r · �e0 � e1�

4�r0
3	r − �a2/r0

2�r1	3

−
ma3r · �e0 � e2�

4�r0
3	r − �a2/r0

2�r2	3
− �

0

a2/r0 mr · �e0 � e1�
4�ar0	r − ue1	3

udu

+ �
0

a2/r0 mr · �e0 � e2�
4�ar0	r − ue2	3

udu . �52�

With the above results one can deal with a point dipole
with an arbitrary direction located at an arbitrary position,
and calculate the magnetic induction, the levitation force,
etc. More complicated sources can be treated as superposi-
tion of monopoles in principle.

For a uniform magnetic field H0=H0ex, it is easy to find
the result in the presence of the superconductor by similar
analysis to that in Sec. II. The scalar potential is

��r� = − H0x −
1

2
H0a3 x

r3

= − H0r sin � cos � −
1

2
H0a3sin � cos �

r2 . �53�

For a uniform magnetic field in the z direction, however, the
image method fails even when the hemisphere is absent
�only the superconducting plane is present�, and we still do
not know how to solve this boundary value problem. Note
that the boundary conditions at infinity are rather different in
the two cases. In the case just solved, the condition is
limr→�H→H0ex in all directions �in the unoccupied region
of course�. On the other hand, in the case with a uniform
magnetic field in the z direction, the well posed boundary
condition should be limz→+�H→H0ez, since the z component
of the magnetic field should be zero when �=� /2, no matter
how large r is.

The final example for the present geometry is a circular
current loop studied in Sec. II. For a source current with
position parameters b, �0 and electric current I �where b
�a and �0
� /2�, we have three image currents, the first
with parameters b, �−�0, and −I, the second with a2 /b, �0,
and −Ib /a, and the third with a2 /b, �−�0, and Ib /a. We
denote the function A0�r ,�� defined in Eq. �18� by a new
notation A0�r ,� ;b ,�0 , I� which explicitly displays the param-
eters. Then the vector potential in the vacuum region is
A�r�=A�r ,��e� where

A�r,�� = A0�r,�;b,�0,I� + A0�r,�;b,� − �0,− I�

+ A0�r,�;a2/b,�0,− Ib/a�

+ A0�r,�;a2/b,� − �0,Ib/a� . �54�

One can also consider a more general current with the cur-
rent density �22�, and write down the vector potential in the
vacuum region as above. We will not go into further details.

To conclude this section we briefly discuss some other
geometries involving planar or spherical boundary. One typi-
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cal case is the region between the two intersecting supercon-
ducting planes. The image method is applicable if the angle
between them is 2� /n where n�1 is a natural number. The
simplest case with n=2 involves only one superconducting
plane. Another simple case with n=4 is a 1/4 space �the
superconductor occupies 3 /4 space� which may be charac-
terized by x�0 and y�0. In this case a monopole has three
images and the magnetic scalar potential contains four terms,
so does a point dipole. If the part of the sphere r
a between
the two planes is also occupied by the superconductor, the
image method still works. For example, in the case n=4 the
vacuum region is described by x�0, y�0, and r�a. In this
case a monopole has 11 images �seven point monopoles and
four line charges� and the magnetic scalar potential contains
12 terms. The situation is similar for a point dipole with
transverse direction. However, a point dipole with radial di-
rection has seven images, all being point dipoles, and the
magnetic scalar potential contains eight terms. A more com-
plicated case may be the first octant with the corresponding
1/8 sphere excluded. This region is described by x�0, y
�0, z�0, and r�a. In this case a monopole has 23 images
�15 point monopoles and 8 line charges� and the scalar po-
tential contains 24 terms. Finally, one can consider two par-
allel superconducting planes. In this case, a monopole has an
infinite number of images �all have the same sign as the
source one� and the magnetic scalar potential is an infinite
series.

VI. MORE COMPLICATED BOUNDARY IN TWO
DIMENSIONS

In this section we consider similar problems to those in
Sec. V. For convenience we use two-dimensional language in
the following. Since the results in two dimensions are similar
to but simpler than those in three dimensions, in most cases
we will give the results directly. We mainly deal with the
case where the superconductor occupies the lower half plane
y
0 plus the upper half of the circular disk �
a. Other
cases will be discussed briefly.

For a monopole with charge Q located at �1 with polar
coordinates ��0 ,�0�, we have four images: three monopoles,
all with charge Q, located at �2 with polar coordinates ��0 ,
−�0�, �1�= �a2 /�0

2��1 and �2�= �a2 /�0
2��2; and another mono-

pole with charge −2Q located at the origin. The scalar po-
tential is

���� = −
Q

2�

ln	� − �1	 + ln	� − �2	

+ ln�� −
a2

�0
2�1� + ln�� −

a2

�0
2�2�� +

Q

�
ln � .

�55�

For a point dipole located at �1 with dipole moment m
=me1 where e1=�1 /�0 �this is one with the radial direction�,
the scalar potential is

���� =
m�� · e1 − �0�
4�	� − �1	2

+
m�� · e2 − �0�
4�	� − �2	2

−
ma2�� · e1 − a2/�0�

4��0
2	� − �a2/�0

2��1	2

−
ma2�� · e2 − a2/�0�

4��0
2	� − �a2/�0

2��2	2
, �56�

where e2=�2 /�0.
For a point dipole located at �1 with dipole moment m

=mez�e1 �this is one with transverse direction�, the scalar
potential is

���� =
m� · �ez � e1�
4�	� − �1	2

−
m� · �ez � e2�
4�	� − �2	2

+
ma2� · �ez � e1�

4��0
2	� − �a2/�0

2��1	2
−

ma2� · �ez � e2�
4��0

2	� − �a2/�0
2��2	2

.

�57�

For a uniform magnetic field H0=H0ex, in the presence of
the superconductor, the result is still given by Eq. �37�. For
one in the y direction, however, the image method fails, and
the problem seems difficult.

Then consider an electric current I �along the z direction�
located at �1, according to the result of Secs. III and IV, the
magnetic induction is given by

B��� =
�0I

2�
ez � 
 � − �1

	� − �1	2
−

� − �2

	� − �2	2
−

� − �a2/�0
2��1

	� − �a2/�0
2��1	2

+
� − �a2/�0

2��2

	� − �a2/�0
2��2	2� . �58�

One can consider the region between two intersecting
rays. This is essentially the region between two intersecting
planes, except that in the two-dimensional case any source is
an infinitely long one along the z direction. Results for this
geometry are similar to those in the last section.

Another geometry is the above region between two rays
but with the part of the circular disk in that region excluded.
In fact, the situation considered in the main body of this
section belongs to this category. A slightly more complicated
case is the first quadrant with the 1/4 circular disk in it
excluded. In this case a monopole with charge Q has eight
images, of which seven have charge Q located at their re-
spective image positions and one with charge −4Q located at
the origin. We will not go into further details.

VII. HOLLOWS IN SUPERCONDUCTORS

Consider a spherical hollow in a superconductor. For a
monopole, the boundary condition that the normal compo-
nent of the magnetic induction vanishes on the surface of the
hollow cannot be satisfied. Thus the problem has no solution.
When the monopole is placed at the center of the spherical
hollow, the physical picture is very clear: any induced cur-
rent on the surface of the hollow cannot generate a magnetic
induction �outside the hollow, or inside the superconductor�
that will cancel the one produced by the monopole, since the
latter is radially symmetric. Actually the conclusion holds for
a hollow of any shape, since it is well-known in mathemati-
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cal physics that the Green function of the Poisson equation
with the second-type boundary condition does not exist �here
we remark that for the region outside a sphere as considered
in Sec. II, we have another boundary condition that the mag-
netic scalar potential is nonsingular at infinity, so the situa-
tion is different�. For a dipole with radial direction, it is easy
to find the solution on the basis of the result in Sec. II. For
one with transverse direction, however, there is no ready
solution. Though the problem can be studied by solving the
field equation, it is not in the scope of our discussion.

Then consider a long cylindrical hollow in the supercon-
ductor. For a monopole �a line charge�, there is no solution as
mentioned above. For a dipole of either radial or transverse
direction, it is easy to find the solution on the basis of the
results in Sec. III.

One can still consider an electric current in the spherical
or cylindrical hollow, and find the result by the image
method without difficulty. We will not go into further details.

VIII. SUMMARY

In this paper we first solve the field equation of magneto-
statics for a magnetic monopole in the presence of a super-
conducting sphere in the ideal Meissner state. The result in
the form of an infinite series involving the Legendre polyno-
mials is recast in a finite form, from which we obtain the
images of the monopole inside the sphere which generates

the induced field. With this result we develop the image
method for a point dipole with arbitrary direction. In prin-
ciple the result for an arbitrary magnetic source can be ob-
tained by superposition. Then we develop the image method
for a circular current loop whose axis passes through the
center of the superconducting sphere. This is used to obtain
the result for a more general current distribution. A parallel
procedure is carried out for the case of a long superconduct-
ing cylinder. The results for this case are rather different
from those for a superconducting sphere. The vector poten-
tial for an arbitrary electric current in the presence of an
infinite superconducting plane is also obtained by the image
method. The levitation force between the superconductor and
the magnetic source is calculated in most cases. In this
method it is the force acted on the source by the image, thus
the physical picture is simple. More complicated geometries
involving both spherical and planar superconducting bound-
aries are studied in detail. Results for geometries involving
both cylindrical and planar boundaries are also given. We
also briefly discuss hollows in superconductors. Except for
the two elementary cases involving a monopole, all results
are obtained without solving the field equation.
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