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We consider theoretically the effects of an applied uniform magnetic field on the magnetic spectrum of
anisotropic two-dimensional and Dzyaloshinskii-Moriya layered quantum Heisenberg antiferromagnets. The
former case is relevant for systems such as the two-dimensional square lattice antiferromagnet Sr2CuO2Cl2,
while the latter is known to be relevant to the physics of the layered orthorhombic antiferromagnet La2CuO4.
We first establish the correspondence between the low-energy spectrum obtained within the anisotropic non-
linear sigma model and by means of the spin-wave approximation for a standard easy-axis antiferromagnet.
Then, we focus on the field-theory approach to calculate the magnetic-field dependence of the magnon gaps
and spectral intensities for magnetic fields applied along the three possible crystallographic directions. We
discuss the various possible ground states and their evolution with temperature for the different field orienta-
tions, and the occurrence of spin-flop transitions for fields perpendicular to the layers �transverse fields� as well
as for fields along the easy axis �longitudinal fields�. Measurements of the one-magnon Raman spectrum in
Sr2CuO2Cl2 and La2CuO4 and a comparison between the experimental results and the predictions of the
present theory will be reported in paper II of this research work �L. Benfatto et al., Phys. Rev. B 74, 024416
�2006��.
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I. INTRODUCTION

The relevance of antisymmetric superexchange interac-
tions in spin Hamiltonians describing quantum antiferromag-
netic �AF� systems has been acknowledged long ago by
Dzyaloshinskii.1 Soon after, Moriya showed that such inter-
actions arise naturally in perturbation theory due to the spin-
orbit coupling in magnetic systems with low symmetry.2

Nowadays, a number of AF systems are known to belong to
the class of Dzyaloshinskii-Moriya �DM� magnets, such as
�−Fe2O3, LaMnO3,3 and K2V3O8,4 and to exhibit unusual
and interesting magnetic properties in the presence of quan-
tum fluctuations and/or applied magnetic field.3,5,6

Also belonging to the class of DM antiferromagnets is
La2CuO4, which is a parent compound of high-temperature
superconductors. In La2CuO4 the unique combination of an-
tisymmetric superexchange, caused by the staggered tilting
pattern of oxygen octahedra around each copper ion in the
low-temperature orthorhombic �LTO� phase, and weak inter-
layer coupling, results in an interesting four sublattice struc-
ture for the antiferromagnetism of La2CuO4, where the Cu++

spins are canted out of the CuO2 layers with opposite canting
directions between neighboring layers.7–10 These small ferro-
magnetic moments lead to a quite unconventional physics in
the antiferromagnetic phase. For example, when a small
magnetic field is applied perpendicular to the layers the mag-
netic susceptibility shows a strong enhancement as the Néel
temperature is approached, due to the formation of these fer-
romagnetic moments.8,12,13 When the field strength is further
enhanced one can observe a spin flop of the ferromagnetic
moments with respect to the out-of-plane staggered order

that they display at zero field.8,10,11 Analogously the spin-flop
transition of the staggered in-plane AF moments for a field
along the easy axis is accompanied by unconventional effects
related to the presence of the DM interaction.9,10 Recently
new theoretical approaches have been proposed12–14 to inte-
grate the semiclassical picture already presented in the prior
work of Refs. 7–10. Even though the basic physical picture
remains the same, the inclusion of quantum effects in the
long-wavelength formulation of the spin problem discussed
in Refs. 12 and 14 allowed for a straightforward and com-
plete understanding of the unusual magnetic-susceptibility
anisotropies observed in La2CuO4 for a rather large tempera-
ture range, 0�T�400 K. Moreover, particular attention has
been devoted in Ref. 14 to the analysis of the one-magnon
excitations by means of Raman spectroscopy, and the use of
the long-wavelength theory turns out to be very convenient
to understand why the DM interaction is behind the
appearance15 of a field-induced mode for an in-plane mag-
netic field.14

A better understanding of the anomalies related to the
presence of the DM interaction in La2CuO4 compounds can
be achieved by directly comparing its properties with those
of a similar spin system like Sr2CuO2Cl2. In this case the
DM interaction is absent due to the higher crystal symmetry,
but spin-orbit coupling can still give rise to small anisotro-
pies of purely quantum-mechanical origin.16 Thus quantum
corrections coming from spin-orbit coupling give rise to a
quite small easy-axis anisotropy, so that a gap in the in-plane
magnon excitations has been observed in electron spin reso-
nance �ESR�.17 As a consequence, Sr2CuO2Cl2 behaves as an
ordinary easy-axis antiferromagnet, in contrast to La2CuO4
which should be classified as an unconventional easy-axis
antiferromagnet.
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It is the purpose of this paper to study in detail the influ-
ence of an applied uniform magnetic field on the magnetic
spectrum for the above two cases: anisotropic two-
dimensional and layered DM antiferromagnets, and to com-
pare the qualitative differences between these two cases. This
will be done mainly using the continuum quantum field
theory appropriate for each of these two cases, i.e., the non-
linear sigma model �NLSM�, properly modified to account
for conventional or DM anisotropies. Nonetheless, we will
sketch in the beginning the calculation of the magnon gaps
within the framework of the semiclassical approximation for
conventional antiferromagnets, and we demonstrate the com-
plete equivalence between the two approaches as far as the
gap values at low temperature are concerned. However, as it
will become clear in the following, the quantum NLSM fol-
lowed here allows also us to account for the quantum and
thermal effects of the spin fluctuation, which were neglected
in the previous approaches.8–10 As a consequence, we can
evaluate �within the given saddle-point approximation for the
transverse spin fluctuations� the full �H ,T� phase diagram for
a field in the various directions, which can be compared with
the existing experimental data. At the same time, the con-
tinuum field theory provides an elegant and straightforward
description of the spin fluctuations in the coupled-layers
case, and also of the various spin-flop transitions that may
occur in La2CuO4 at moderate fields.

The structure of the paper is as follows. In Sec. II we
introduce the model Hamiltonians for Sr2CuO2Cl2 and
La2CuO4, appropriate to describe a conventional anisotropic
two-dimensional antiferromagnet and a DM antiferromagnet,
respectively. In Sec. III we sketch the standard semiclassical
calculations of the magnon gaps at zero field in the two
cases, and at finite magnetic field for the standard anisotropic
case. Then the same �conventional� results are reproduced in
Sec. IV using the NLSM approach, whose main properties
are here described. Section V is dedicated to the case of a
layered DM antiferromagnet, and the effects of an uniform
magnetic field applied along the three crystallographic direc-
tions are extensively discussed, with reference to the specific
structure of La2CuO4. The conclusions are reported in Sec.
VI. In a second part,18 we shall make a quantitative compari-
son between the predictions of the theory developed in this
paper and the magnetic spectrum probed by one-magnon Ra-
man scattering in both La2CuO4 and Sr2CuO2Cl2.

II. SPIN HAMILTONIANS FOR CONVENTIONAL AND
DM ANISOTROPIES

La2CuO4 is a body-centered-orthorhombic antiferromag-
net with Bmab crystal structure. A single layer of CuO2 ions
in La2CuO4 can be described by the S=1/2 Hamiltonian

Hsl�S,D� = J�
�i,j�

Si · S j + �
�i,j�

Dij · �Si � S j� + �
�i,j�

Si · �I ij · S j ,

�1�

where Dij and �J ij are, respectively, the DM and XY aniso-
tropic interaction terms that arise due to the spin-orbit cou-
pling and direct exchange in the low-temperature orthorhom-

bic �LTO� phase of La2CuO4.7 Throughout this work we
adopt the LTO �abc� coordinate system of Fig. 1,19 for both
the spin and lattice degrees of freedom, and we use units
where �=kB=1.

The direction and the alternating pattern of the DM vec-
tors, shown in Fig. 1, have been calculated by several
authors7 by taking into account the tilting structure of the
oxygen octahedra and of the symmetry of the La2CuO4 crys-
tal. For La2CuO4 the DM vectors are in good approximation
perpendicular to the Cu-Cu bonds and change sign from one
bond to the next one:

DAB =
1
�2

�d,− d,0�, DAC =
1
�2

�d,d,0� , �2�

while the XY matrices �J provide essentially an easy-plane
anisotropy for the Hamiltonian �1�:

�JAB = 	�1 �2 0

�2 �1 0

0 0 �3

, �JAC = 	 �1 − �2 0

− �2 �1 0

0 0 �3

 ,

where AB and AC label the Cu++ sites on horizontal/vertical
bonds, respectively �see Fig. 1�. As it has been stressed by
Shekhtman et al.,7 even though the parameters d and �1,2,3
�0 have different orders of magnitude, with d�10−2J and
�i�10−4J, they should be considered on the same footing
�see also discussion following Eq. �12� below�. Indeed, one
can show that considering the two last terms of Eq. �1� the
interaction between spins on a neighboring bond can be writ-
ten in a completely isotropic form by rotating locally the
spin operators around the Dij axis by an angle �ij
=arctan�Dij� /2J. As a consequence, weak ferromagnetism
arises only when global frustration of the DM pattern exists.
In terms of the DM vectors defined above, this condition
corresponds to having d+�d−, where d± = �DAB±DBC� /2.
This condition is clearly satisfied by the DM vectors �2�, so
that weak ferromagnetism is expected in La2CuO4.

A realistic model for La2CuO4 should include also inter-
layer coupling. In the orthorhombic unit cell of La2CuO4 the

FIG. 1. Left: the hatched circles represent the O−− ions tilted
above the CuO2 plane; the empty ones are tilted below it; small
black circles are Cu++ ions. Right: Schematic arrangement of the
staggered magnetization �small arrows� and DM vectors �open ar-
rows�. Right bottom: definition of the vector d+=D+ /4S.
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spins of the Cu atoms are displaced by an in-plane diagonal
vector �1/2 ,1 /2 ,0� from one layer to the next one. As a
consequence, given a couple of spins in a layer and the near-
est couple in the next one, the DM vector of the correspond-
ing bond will change sign. We can then write the full Hamil-
tonian as

H = J��
m

Sm · Sm+1 + �
m

Hsl�Sm,Dm� , �3�

where Sm represents the spin at a generic position �i , j� of the
mth plane and DAB,AC

m = �−1�mDAB,AC. Since the La2CuO4 unit
cell is body centered, the coupling J� in Eq. �3� connects the
two spins at �0,0,0� and �1/2 ,0 ,1 /2� in the LTO notation. It
is worth noting that the pure two-dimensional �2D� system
�1� does not display any spin rotational symmetry, so it can
order at finite temperature without violating the Mermin-
Wagner theorem. However, in the presence of an interlayer
coupling the transition to the AF state will ultimately have
3D character, with spins aligned AF also in the c direction.
On the other hand, as we shall discuss below, the interplay
between the interlayer coupling and the DM interaction can
lead to a quite unconventional behavior in the presence of a
finite magnetic field. Indeed, the DM interaction is not only
the source of an easy-plane anisotropy �the spins prefer to
align perpendicularly to the DM vector d+�, but induces also
an anomalous coupling between the AF order parameter and
an applied magnetic field.

These effects can be better understood by comparing the
results obtained with the model �1� �and its three-
dimensional version �3�� with the ones coming from a more
conventional 2D anisotropic Heisenberg model, as

Hcon = �
�i,j�

JSi
bSj

b + �J − �a�Si
aSj

a + �J − �c�Si
cSj

c. �4�

The Hamiltonian �4� is the appropriate starting model for
Sr2CuO2Cl2, where interlayer coupling is even less relevant
than in La2CuO4 due to the frustration on the tetragonal unit
cell. Here the crystallographic in-plane a ,b axes are chosen
with b parallel to the spin easy axis �which is along the xy
direction�, so that we will have a similar notation to the one
used for La2CuO4. However, a=b for Sr2CuO2Cl2, since the
system is tetragonal. As we explained in the Introduction, �a
should be zero in a tetragonal system. Nonetheless, quantum
effects can induce an in-plane anisotropy16 which we will
mimic with a finite �a anisotropy term in what follows. To
clarify to what extent the DM interaction introduces an
anomalous behavior, we shall start our analysis of easy-axis
antiferromagnetism from the anisotropic model �4�. We will
then be able to go back to the model �1�–�3� and to correctly
distinguish the effects of the magnetic field alone from the
ones arising from the presence of the DM interaction.

III. SEMICLASSICAL APPROACH

A. Conventional anisotropies

Let us start our analysis of the single-layer Hamiltonian
�4� using a semiclassical approach. Similar calculations have

been already carried out in different contexts,20,21 and here
we shall just review the main steps to fix the notation and to
clarify the conventional behavior of an ordinary easy-axis
antiferromagnet. Let us denote by S1 and S2 the spins on the
two AF sublattices. The free energy density in the AF phase
can be written

F = zJS1
bS2

b + z�J − �a�S1
aS2

a + z�J − �c�S1
cS2

c , �5�

where z is the number of nearest neighbors and Sa,b,c are the
components of the vector along the three crystallographic
axes. Within the semiclassical approach, the spins are treated
as classical vectors of length S: thus the ground-state con-
figuration can be easily determined by imposing that �Si

F
=0. This condition clearly shows that the spins order along
the b direction, with S1

0=−S2
0=Sxb. To calculate the magnon

gaps one uses the classical equations of motion:

dSi

dt
= Si � �Si

F, i = 1,2, �6�

where �Si
F / �gs	B� represents the effective local magnetic

field around which each magnetic moment �gs	B�S pre-
cesses. Here gs is the gyromagnetic ratio and 	B is the Bohr
magneton. By expanding the spins around the classical solu-
tion, S1=S�m1

a ,1 ,m1
b�, S2=S�m2

a ,−1 ,m2
b�, Eqs. �6� give a set

of four coupled equations for the time dependence of the
transverse spin fluctuations, which can be easily solved by
putting mi

��t�=mi
� exp�i
t�. It then follows that the 
 are the

eigenvalues of the matrix �corresponding to the vector
�m1

c ,m2
c ,m1

a ,m2
a��:

izS	
0 0 J J − �c

0 0 − J + �c − J

− J − J + �a 0 0

J − �a J 0 0

 . �7�

The eigenvalues 
= ±
a and 
= ±
c correspond to eigen-
modes describing spin fluctuations with a larger a /c compo-
nent, respectively, allowing for the identification of 
a and

c as the magnon gaps for the in-plane and out-of-plane
spin-wave modes:20


a = ma = zS�2�aJ, 
c = mc = zS�2�cJ , �8�

where we approximated �2�a,cJ−�a�c
�2�a,cJ because
�a ,�c�J.

In the presence of a finite magnetic field a term −�iH ·Si
must be added to Eq. �4�, which translates into a term
−H · �S1+S2� in Eq. �5�. Observe that in what follows we
shall measure the magnetic field in units of gs	B=1, unless
explicitly stated. Then one follows the same procedure as
before, by noticing that when a transverse field is applied
�i.e., a field perpendicular to the easy axis� the sublattice
ground-state configurations S1,2

0 acquire a uniform compo-
nent in the field direction proportional to H /z�2J−�a,c� �for a
field along a and c, respectively�. By adding fluctuations
transverse to the new equilibrium direction one finds, for
example, for H �a the fluctuation matrix
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izS	
0 0 J J − �c

0 0 − J + �c − J

− J cos2 � + �J − ��sin2 � − �H/zS�sin � J sin2 � − �J − �a�cos2 � 0 0

− J sin2 � + �J − ��cos2 � J cos2 � − �J − ��sin2 � + �H/zS�sin � 0 0

 ,

where �=arcsin�H /zS�2J−�a��
H /zS2J. As a conse-
quence, the new magnon gaps are21


a�H� = �ma
2 + H2, 
c�H� = mc. �9�

Observe that since the canting of the spins due to the mag-
netic field is small, the eigenmodes still describe fluctuations
having predominantly a or c character, respectively. We see
that the effect of a transverse magnetic field is to harden the
gap of the mode in the field direction, and to leave the other
gap unchanged. Indeed, when H is parallel to c we find a
similar result, with an increasing 
c gap and a constant 
a
gap.

Finally, let us consider the case of a longitudinal field, i.e.,
of a field parallel to the easy axis. In this configuration no
uniform spin magnetization develops, but the magnetic field
effectively shifts the AF coupling along the easy axis in the
two sublattices, so that the new fluctuation matrix reads

izS	
0 0 J + H/zS J − �c

0 0 − J + �c − �J − H/zS�
− �J + H/zS� − J + �a 0 0

J − �a J − H/zS 0 0

 .

The four eigenvalues are given by


2/�zS�2 = J��a + �c� − �a�c + �H/zS�2 ± ���c − �a�2J2 + 4��a + �c�J�H/zS�2 − �H/zS�2��a + �c�2,

and using the fact that �a ,�c�J they can be readily ex-
pressed in terms of the bare gaps ma ,mc as


a
2 =

ma
2 + mc

2

2
+ H2 −��ma

2 − mc
2

2
�2

+ 4H2�mc
2 + ma

2

2
� ,


c
2 =

ma
2 + mc

2

2
+ H2 +��ma

2 − mc
2

2
�2

+ 4H2�mc
2 + ma

2

2
� ,

�10�

where we assumed mc�ma. Note that at fields larger than the
bare gaps one observes essentially a linear increase of the
magnon gaps with the magnetic field. In the case of degen-
erate gaps, �c=�a, only the linear regime is accessible and
Eqs. �10� simplify to20


a = ma − H, 
c = mc + H .

B. Dzyaloshinskii-Moriya interactions

Let us discuss how the previous results are modified in the
presence of DM interactions. First, taking into account that
�1,2�d�J the free-energy density corresponding to the
Hamiltonian �1� can be written as

F = zJ�S1
aS2

a + S1
bS2

b� + z�J − �c�S1
cS2

c + zd+�S1
bS2

c − S1
cS2

b� ,

where �c=�1−�3�0 and d+= �d+�=d /�2. The ground-state
configuration of the previous free energy has been already

discussed by several authors �see, for example, Refs. 7, 8,
and 10�. The spins order AF with an easy axis in the b di-
rection, but with an additional small ferromagnetic �FM�
component along c, S1

0=S�0,cos � , sin �� and S2
0=S�0,

−cos � , sin ��. The angle � of the out-of-plane canting of the
spins is given by �0= �1/2�arctan�2d+ / �2J−�c��
d+ /2J and
it is due to the DM interaction �see also Fig. 3 below�. When
this canting is taken into account in the linearized equations
of motion �6�, one can easily see that the matrix for the
transverse fluctuations in zero field has the same structure of
Eq. �7�, with

�a = d+�0 
 d+
2/�2J� . �11�

As a consequence, the effect of the DM interaction is two-
fold: it induces the FM canting of the spins, and it reduces
the AF coupling in the a direction. The corresponding mag-
non gaps are, using Eq. �8� and the equivalence �11�,


a = ma = zSd+, 
c = mc = zS�2�cJ . �12�

Notice that the gap of the a mode is proportional to d, while
the gap of the c mode scales with the square root of the
parameter �c=�1−�3. As a consequence, even though �i
�10−4J and d�10−2J the two gaps are of the same order of
magnitude in La2CuO4. When a finite magnetic field is ap-
plied the system will evolve towards a new ground-state con-
figuration. Following the procedure described above the new
magnon gaps can be determined. However, we will not
present these calculations here, because we shall describe in
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detail in the next sections how these results can be obtained
using the NLSM approach, and how do they differ from the
results �9� and �10�, that we shall refer to as “conventional”
in what follows.

IV. NLSM FORMULATION FOR CONVENTIONAL
ANISOTROPIES

In this section we will show how the behavior of the spin
gaps in the presence of magnetic field can be easily derived
within a NLSM description of the low-energy physics of the
spin model �4� and �3�. We will first discuss the simple an-
isotropic model �4�, to show the agreement with the results
�9� and �10� presented above. Since the semiclassical ap-
proach is much more lengthy and less transparent than the
NLSM description, we shall adopt the latter to deal with the
more complicated case of the Hamiltonian �3�.

The derivation of the NLSM starting for the 2D Heisen-
berg Hamiltonian has been extensively discussed in the
literature.22 Here we just recall the main steps and stress the
origin of the mass terms due to the anisotropies in Eq. �4�.
First, we decompose the unit vector �i=Si /S at site ri into
its slowly varying staggered and uniform components,

�i =
Si�
�

S
= eiQ · xin�xi,
� + aL�xi,
� , �13�

where Q= �� ,�� and a is the lattice parameter. The con-
straint �i

2=1 is enforced by ni
2=1 and Li ·ni=0. Using this

decomposition, the Heisenberg part of the Hamiltonian �1�
has the standard form,24

LHJ = J�
�i,j�

Si · S j =
JS2

2
� d2x���n�2 + 8L2� , �14�

while the terms proportional to �a ,�c give rise to23

L� = − �
�i,j�

�aSi
aSj

a + �cSi
cSj

c

=
S2

a2 � d2x�2�ana
2 + 2�cnc

2

−
1

2
a2�a��n��2 −

1

2
a2�c��nc�2� . �15�

Since �a,c�J we can neglect the correction induced by the
small anisotropies to the gradient of the transverse modes in
Eq. �14�, and we can retain just the first two terms of L�.
Using a path-integral coherent state representation of the
spin states, which in addition to the previous contributions
gives rise to the �dynamical� Wess-Zumino term24

LWZ =
− iS

a
� d2xL · �n � ṅ� ,

we can obtain the partition function Z=�Dn��n2−1�e−S,
with the action S=�d
�LHJ+L�+LWZ�. After integration of
the L fluctuations we obtain the following anisotropic non-
linear � model ��=1/T and �=�0

�d
�d2x�:

S0 =
1

2gc
� ���
n�2 + c2��n�2 + ma

2na
2 + mc

2nc
2� . �16�

The bare coupling constant g and spin velocity c are given
by gc=8Ja2 and c=2�2JSa, and we defined ma,c

2

=32JS2�a,c, which corresponds to the result �8� above with
z=4, as appropriate in two dimensions. In generic d dimen-
sions the coefficients 2�a,c in Eq. �15� are replaced by
z /2�a,c and one puts gc=4dJad=2zJad, leading again to the
definition �8� of the masses. In the NLSM �16� the spin stiff-
ness is renormalized by quantum fluctuations to �s
=c�1/Ng−� /4��,22,25,26 where � is a cutoff for momentum
integrals and N=3 is the number of spin components. When
the system orders we find the staggered magnetization at
�n�=�0x̂b, because the orientation along x̂a or x̂c would cost
an energy ma or mc, respectively.

It is worth noting that even though the NLSM �16� con-
tains explicitly only the staggered spin component n, none-
theless, the saddle-point value of the uniform spin compo-
nent L determined before integrating it out contains the
residual information about the ferromagnetically ordered
spin component. This is evident when an external magnetic
field is applied on the system. In this case one can easily
repeat the previous calculations by taking into account that
the saddle-point value of the uniform magnetization L ac-
quires an additional contribution proportional to H:27

L =
i

8aSJ
�n � ṅ� +

1

8aSJ
�H − n�n · H�� . �17�

Observe that the first term is proportional to the time deriva-
tive of n, so it averages to zero for the equilibrium configu-
ration �indeed no FM component is present in the ordinary
AF phase�. However, at finite H a nonvanishing average uni-
form component L appears in the field direction. After inte-
gration over L the action �16� acquires additional terms pro-
portional to H, which can be recast into a shift of the time
derivative of n, as expected from the spins precession around
the applied field:

S�H� = S0��
n → �
n + iH � n�

= S0 +
1

2gc
� �2iH · �n � �
n� − H2 + �H · n�2� .

�18�

Observe that in the NLSM the constraint n2=1 allows one to
rewrite the last two terms of Eq. �18� also as −H2n�

2 , where
n� is the component of the order parameter perpendicular to
the field.

The nonlinearity of the model �16�–�18� resides in the
constraint n2=1 for the staggered field. We will implement it
by means of a Lagrange multiplier ��x ,
�, which corre-
sponds to add a term �i��n2−1� to the action �18�, and to
perform an additional functional integration over � in the
partition function.26 In the saddle-point approximation � can
be taken as a constant �0, and one can expand the field n in
terms of fluctuations around a given equilibrium configura-
tion n0. Both the value of the Lagrange multiplier and of the
order parameter at each temperature will be determined by
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minimizing the action with respect to them. The result fol-
lows straighforwardly in the case of no magnetic field: as-
suming n0= �0,�0 ,0�, and integrating out in momentum
space the �transverse� Gaussian fluctuations around it, n
= �na ,�0 ,nc�, we obtain Z=exp�−S̄� with

S̄ =
1

2
Tr ln Ĝ +

�A
2gc

�m2��0
2 − 1�� , �19�

where A is the area of the 2D system, m2= i�02gc, and the

matrix Ĝ−1 is given by

Ĝ−1 =
1

gc
�
n

2 + c2k2 + ma
2 + m2 0

0 
n
2 + c2k2 + mc

2 + m2 � ,

�20�

where 
n=2�nT and q are the Matsubara frequencies and
the momenta, respectively, and the trace in Eq. �19� is over

m ,q and the matrix indexes. By minimizing the action �19�
we obtain two equations:

m2�0 = 0, �0
2 = 1 − NI�, �21�

where I�= �1/2��Ia+ Ic� accounts for the transverse fluctua-
tions, with

Ia,c =
1

�A �
k,
n

Ga,c�k,
n� =
1

�A �
k,
n

��na,c�k,
n��2� , �22�

where Ga,c= �na,c
2 � is the Green function for the a ,c mode.

From Eq. �21� we see that two regimes are possible:22,26 �i�
�0=0, m�0, which corresponds to the paramagnetic phase.
Here m2 plays the role of the inverse correlation length, de-
fined by the second of Eqs. �21� for �0=0, i.e., 1=NI��m2�;
�ii� m=0, �0�0 which is the ordered phase, where the order
parameter is an increasing function of temperature below TN,
defined as the temperature at which the mass first vanishes,
i.e., 1=NI��0�. Observe that in the 2D case the functions Ia,c

can be evaluated analytically and are given by

Ia,c =
gT

2�c
ln� sinh�c�/2T�

sinh�
a,c/2T�� . �23�

As far as the magnon gaps are concerned, they are defined as
the poles of the spectral function at zero momentum:

Aa,c�
� = −
1

�
Im Ga,c�i
n → 
 + i0+, k = 0�

=
1

2ma,c
���
 − ma,c� − ��
 + ma,c�� , �24�

where the last equality only holds in the case of a matrix for
the transverse fluctuations having the diagonal structure of
Eq. �20�. Thus one can identify ma,c as the magnon gaps at
zero field.

A. Transverse field

Let us analyze how the previous results are modified in
the presence of a finite magnetic field. We first consider the
case of a transverse field, for example, H �a. Equation �18�
then reads

S = S0 +
1

2gc
� �2iH�nb�
nc − nc�
nb� − H2 + H2na

2

+ i�2gc�n2 − 1�� .

As a consequence, using again n= �na ,�0 ,nc�, the only modi-
fication to the previous set of equations is the replacement of
ma

2 with ma
2+H2 in Eq. �20� defining the transverse fluctua-

tions. Thus one recovers the same phase transition as before
�with negligible quantitative corrections to the TN and the �0
value�. As far as the magnon gaps are concerned, we see that
the c mode is unchanged, while it occurs a shift of the mass
of the a mode, leading to two poles at


a
2 = ma

2 + H2, 
c
2 = mc

2,

corresponding to the result �9� that we derived above.

B. Longitudinal field

In the case instead of a longitudinal field, H �b, Eq. �18�
reads

S = S0 +
1

2gc
� �2iH�na�
nc − nc�
na� − H2�na

2 + nc
2�

+ i�2gc�n2 − 1�� .

Thus when n= �na ,�0 ,nc� we find that the equivalent of the
inverse matrix �20� acquires off-diagonal terms proportional
to the applied field:

Ĝ−1 =
1

gc
�
n

2 + c2k2 + ma
2 − H2 + m2 2
H

− 2
H 
n
2 + c2k2 + mc

2 − H2 + m2 � .

As a consequence, the matrix Ĝ which defines the transverse fluctuations reads
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Ĝ =
�gc�

det Ĝ
�
n

2 + �c
2�k� − H2 − 2
H

2
H 
n
2 + �a

2�k� − H2 � , �25�

where �a,c
2 �k�=c2k2+ma,c

2 . Due to this structure, the poles of
the spectral functions for the a ,c modes are the zeros of the

determinant of the Ĝ matrix at k=0 and i
n→
+ i0+:

�− 
2 + �a
2�0� − H2��− 
2 + �c

2�0� − H2� − 4
2H2 = 0,

and correspond to the two solutions �10� determined above
using semiclassical spin-wave theory. Observe that in prin-
ciple both solutions appear in the spectral function of the a or
c mode. However, the spectral weight associated to the two
solutions 
a,c differs in the two cases. For example, for the a
mode we have

Aa�
 � 0� = � Za

2
a
��
 − 
a� +

Zc

2
c
��
 − 
c�� , �26�

where the residua at the poles are �see also Eq. �41� below�
Za,c= ± �−
a,c

2 +mc
2−H2� / �
c

2−
a
2�. Since Za /
a�Zc /
c one

can conclude that the spectral function of the a mode is
dominated by the pole at 
a, and conversely for the c mode,
confirming the identification of the two function �10� as the
correct magnon gaps in an applied longitudinal field.

C. In-plane field

Finally, for the sake of completeness we analyze the case
when the field is applied in the plane forming an arbitrary
angle � with the a axis. Thus the field has both a longitudinal
�H sin �� and a transverse �H cos �� component, and we ex-
pect an intermediate behavior between the two cases ana-
lyzed above. Following the same line of calculations de-
scribed in the previous subsections, we obtain


a
2 =

ma
2 + mc

2

2
+

H2

2
A −��ma

2 − mc
2

2
�2

+
H2

2
A�ma

2 + mc
2� + ma

2H2 sin2 � − mc
2H2 cos 2� +

H4

4
�A2 + B� , �27�

where

A = 3 sin2 � + cos 2� , B = 4 cos 2� sin2 � .

For the c mode we obtain an analogous expression, with a
plus sign in front of the square-root term in Eq. �27�. Thus
Eq. �27� reduces to the results �9� and �10� when �=0 and
�=� /2, respectively. The behavior of 
a for various values
of the angle � as a function of the field strength H is plotted

in Fig. 2. At �=� /2 the expression �27� �and then also Eq.
�10�� is vanishing at a field Hc=ma. Indeed, as we discuss in
detail in Sec. V A, at this critical field the spins perform an
in-plane spin-flop transition to orient perpendicularly to the
magnetic field. When � deviates from � /2 the longitudinal
field component decreases and the spin-flop transition moves
to a higher value of the field. Accordingly, the field depen-
dence of the gap changes continuously, going from a de-
creasing function to an increasing one, recovering at �=0
the increasing behavior dictated by Eq. �9�, characteristic of
a purely transverse field. From Fig. 2 it is also clear that the
two extreme cases are also the ones where the largest devia-
tion of the gap from the zero-field value can be observed.

V. NLSM WITH INTERLAYER COUPLING AND DM
INTERACTION

Once we have established the equivalence between the
semiclassical approach and the NLSM derivation of the spin-
wave gaps for an ordinary easy-axis antiferromagnet, we can
discuss the more general case of the model �3� where also
interlayer coupling and DM interactions are present. The
NLSM for this system has been already derived in Refs. 10,
12, and 23, where it has been shown that in the absence of
magnetic field a 3D analogous of Eq. �16� holds:

S0 =
1

2gc
�
m
� ���
nm�2 + c2��nm�2 + ��nm − nm+1�2

+ �D+nm
a �2 + �c�nm

c �2� , �28�

where m in the layer index, D+=D+x̂a, D+=4Sd+, �c
=32JS2��1−�3�, and �=2JJ�. In this notation the in-plane
and out-of-plane modes have masses

FIG. 2. �Color online� Field dependence of the in-plane magnon
gap for an in-plane field applied at an arbitrary angle � with the a
axis, see Eq. �27�. The case �=0 corresponds to the transverse-field
case analyzed in Sec. IV A, Eq. �9�, while the case �=� /2 corre-
sponds to a purely longitudinal field, Eq. �10�, which has a spin-flop
transition at H=ma. The behavior of the gap above the spin-flop
transition is described in Sec. V A below.
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ma = D+ = 4Sd+, mc = ��c = 4S�2J��1 − �3� , �29�

in agreement with the results �12� above. Moreover, the uni-
form magnetization of each layer acquires an additional con-
tribution proportional to the DM vector D+ with respect to
Eq. �17�:

Lm =
i

8aSJ
�nm � ṅm� +

1

8aSJ
��− 1�mnm � D+ + H

− nm�nm · H�� , �30�

where the oscillating factor �−1�m in the term proportional to
D+ accounts for the effect of the tilting of the octahedra on
neighboring planes, as discussed below Eq. �3�. As one can
easily see applying the saddle-point approach described in
the previous section to the action �28�, at H=0 the system
orders AF below TN in a 3D staggered configuration, with nm
along b in each layer. Moreover, due to the oscillating factor
�−1�m in Eq. �30�, the spins in each layer acquire a FM com-
ponent Lm, with the vectors Lm ordered AF in neighboring
layers, see Fig. 3,

H = 0, �nm� = �0x̂b, �Lm� = �− 1�m �nm�D+

8aSJ
= �− 1�m�0D+

8aSJ
.

�31�

The additional term in D+ in Eq. �30� translates in an addi-
tional coupling between the order parameter and H when the
full NLSM action at finite magnetic field is computed:

S�B� = S0 +
1

2gc
�
m
� �2iH · �nm � �
nm� − H2 + �H · nm�2

− �− 1�m2H · �nm � D+�� . �32�

As it has been discussed in Refs. 8–10, 12, and 14, the ef-
fective staggered field acting on the AF order parameter due
to the presence of the DM interaction makes the system an
unconventional easy-axis AF. As far as the spin-wave gaps
are concerned, the results of the previous sections apply only
in some specific regimes, as we shall analyze below. It is
worth noting that the last three terms in Eq. �32� are propor-
tional to

− H · �Lm
H + Lm

DM� , �33�

where Lm
H and Lm

DM are the contributions to Lm in Eq. �30�
proportional to the magnetic field and to the DM term, re-
spectively. As a consequence, the ground state of the action
�32� will be determined by the competition between the en-
ergetic cost of the bare action S0 and the tendency of the
system to maximize the uniform spin components in the field
direction, to gain energy from the term �33�. Even though
part of the ground-state phenomenology has been already
described in Refs. 8–10, 12, and 14, here we will derive
these results within the general language of the saddle-point
approximation for the NLSM, by focusing on the magnon-
gaps behavior,10 that will be compared with the expectation
for an ordinary easy-axis AF, described in the previous sec-
tion. Then we shall also compute the effect of quantum and
thermal corrections, which allows us to investigate the
�H ,TN� phase diagram in the various case.

A. H parallel to b

When the field is in the b direction the last term in Eq.
�32� generates a staggered field along the c direction which
leads to a rotation of the order parameter in the bc
plane:9,10,14

S�B� = S0 +
1

2gc
�
m
� �2iH�nm

a �
nm
c − nm

c �
nm
a �

− H2��nm
c �2 + �nm

a �2� + 2hmnm
c + i�m2gc�nm

2 − 1�� ,

where we put hm= �−1�mHD+ and we introduced explicitly
also a set of Lagrange multipliers �m which enforce the con-
straint nm

2 =1 in each layer. Due to the anomalous coupling, a
finite component in the c direction can arise. For a generic
configuration nm= �0,�m

b ,�m
c � we find the ground-state action

�mm
2 =2i�mgc�:

S̄cl =
�A
2gc

�
m

���m
b − �m+1

b �2 + ���m
c − �m+1

c �2 − 2hm�m
c

+ �mc
2 − H2���m

c �2 + mm
2 ���m

b �2 + ��m
c �2 − 1� .

The saddle-point equations then read

��2�m
b − �m+1

b − �m−1
b � + mm

2 �m
b = 0,

�mc
2 − H2��m

c + hm + ��2�m
c − �m+1

c − �m−1
c � + m2�m

c = 0,

��m
b �2 + ��m

c �2 = 1.

At low field, one can easily check that the classical configu-
ration is given by an order parameter with a uniform �b
component in neighboring layers and an oscillating �c com-
ponent �which corresponds to the c components of the spins
coming from the �−1�meiQ·rini

m term ordered ferromagneti-
cally in neighboring planes, see Fig. 5�:

S̄cl = −
�A
2gc

��c�h, mm
2 = m2,

FIG. 3. �Color online� Spin configuration at zero applied mag-
netic field in La2CuO4. The arrows with a solid tip represent the
staggered spin components �−1�meiQ·rini

m, the arrows with a two-
line tip represent the uniform spin components Li

m, the arrows with
an open tip are the full spins Si

m.
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�b
m = �b = 1 − �c

2, �m
c = �− 1�m�c = �− 1�m − HD+

mc
2 + 4� − H2 .

�34�

In this configuration the Lm vectors are given by

Lm
H =

H

8aSJ
��c

2x̂b − �− 1�m�c�bx̂c� ,

Lm
DM =

D+

8aSJ
���c�x̂b + �− 1�m�bx̂c� , �35�

so that the average �i.e., summed over neighboring layers�
uniform magnetization is along b and given by �L�
= �1/8aSJ��D+��c�+H�c

2�x̂b. Thus the oscillating character of
�m

c allows for the DM-induced magnetization to align in the
direction of the field, see Fig. 5. After inclusion of the trans-
verse a ,c fluctuations, the order-parameter equations read

�b
2 = 1 − �c

2 − NI��m = 0� ,

�c = −
HD+

mc
2 + 4� − H2 , T � TN �36�

below TN and

�b = 0, Þ 1 = �c
2 + NI��m� ,

�c = −
HD+

mc
2 + 4� − H2 + m2 , T � TN �37�

above TN, where I� is computed using the matrix �25� dis-
cussed above for the case of longitudinal field. Moreover,
since the system is now 3D, we have that the energy disper-
sion of the transverse modes is

�a,c
2 �k,k�� = c2k2 + 2��1 − cos k�d� + ma,c

2 , �38�

where d is the interlayer spacing and an additional integra-
tion over out-of-plane momentum k� must be included in
computing Ia,c. Thus taking into account the nondiagonal
character of the fluctuations matrix �25�, we have, for ex-
ample, for the a mode

Ia =
1

�V
�


n,k,k�

��na�
n,k,k���2�

=
1

V
�
k,k�

Za�k,k��
2
a�k,k��

coth
�
a�k,k��

2

+
Zc�k,k��

2
c�k,k��
coth

�
c�k,k��
2

, �39�

where V is the 3D volume of the system. Here 
a,c are the
generalization of Eq. �10� at finite momentum:


a,c
2 �k,k�� =

�c
2 + �a

2

2
+ H2 ±���c

2 − �a
2

2
�2

+ 4H2��c
2 + �a

2

2
� ,

�40�

where the explicit dependence of �a,c on momenta has been
omitted. Analogously, the spectral weights Za,c of the two
poles are given by

Za,c�k,k�� = ±
− 
a,c

2 + �c
2�k,k�� − H2


c
2�k,k�� − 
a

2�k,k��
, �41�

and are plotted in the inset of Fig. 4 for k�=0 as a function
of ka. Note that since in all the formulas the magnetic field is
measured in units of gs	B
0.1 meV, and since typical val-
ues of J are of the order of 130 meV, we used for simplicity
the equivalence H=1T=10−3J. Due to the thermal factors,
the main contribution in the momentum integration in Eq.
�39� comes from k=k�=0, where also the factors Z� /
a
have the largest value, see Fig. 4. As a consequence, we can
safely approximate the momentum dependence of Eq. �40�
with


a,c
2 �k,k�� 
 
a,c

2 + c2k2 + 2��1 − cos k�d� , �42�

where 
a,c are the magnon gaps given in Eq. �10�, and we
can neglect the momentum dependence of Za,c in Eq. �39�.
We thus obtain below TN

Ia = Za�0�I3D�
a� + Zc�0�I3D�
c� , �43�

where I3D�M� is the extension to the layered 3D case of the
integral �23�

FIG. 4. �Color online� Momentum dependence of the spectral
weight corresponding to the poles at 
a�k ,k�� or 
c�k ,k�� in Eq.
�39�. Here k�=0, ma=0.02J , mc=0.05J , c=J, and we used units
such that H=1 T corresponds to 10−3J. Inset: momentum depen-
dence of Za ,Zc defined in Eq. �41�. Observe that even thought Za


Zc at H=10 T as ka�0.5 the contribution at k=0 is always pre-
dominant in the momentum sum �39�, due to the fact that the a gap
softens as the field strength increases.
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I3D�M� =
gT

2�c
�

−�

� dz

2�
ln� sinh�c�/2T�

sinh �M2 + 2��1 − cos z�/2T
� .

�44�

Above TN we simply substitute 
a,c
2 →
a,c

2 +m2 in Eq. �43�,
where as usual m2 plays the role of the inverse correlation
length, to be obtained solving the self-consistency equation
�37�. As far as the c fluctuations are concerned, the previous
result is clearly reversed, with a larger contribution coming
from the pole at 
c, since now Za,c�0�= � �−
a,c

2 +ma
2

−H2� / �
c
2−
a

2�.
As the field strength increases we see that, according to

Eq. �10�, the smaller gap 
a decreases, and vanishes at the
critical field:

Hc
�1� = ma = D+. �45�

Indeed, at Hc
�1� we have a spin-flop transition: the in-plane

component of the order parameter rotate from the b to the a
direction, so that the classical configuration becomes

nm = „�a,0,�− 1�m�c… . �46�

The uniform magnetization changes correspondingly:

Lm
H =

H

8aSJ
x̂b, Lm

DM =
D+

8aSJ
��c�x̂b, �47�

and jumps discontinuously at the spin-flop transition by a
quantity H�1−�c�Hc

�1��� /8aSJ, see Fig. 5.
By adding b and c fluctuations around this ground-state

solution we obtain the new saddle-point equations:

�a
2 = 1 − �c

2 − NĨ��m = 0� ,

�c = −
HD+

mc
2 + 4� − ma

2 , T � TN, �48�

and

�a = 0, Þ 1 = �c
2 + NĨ��m� ,

�c = −
HD+

mc
2 + 4� − ma

2 + m2 , T � TN, �49�

where Ĩ� accounts for the b ,c fluctuations described by the
inverse matrix:

Ĝ−1 = �
2�q� + H2 − ma
2 + m2 0

0 
2�q� + mc
2 − ma

2 + m2 � ,

�50�

where 
2�q�=
n
2+c2k2+2��1−cos k�d�. As far as the mag-

non gaps are concerned, we see that above the transition the
field in the b direction acts as a transverse field, since the
direction of the magnetization has changed. Once again, the
behavior of the magnon gaps can be easily read from the
Green’s function matrix �50�. We find that the in-plane mode
corresponds now to a fluctuation of the b component, with a
field-dependent mass, while the out-of-plane mode does not

depend on the field but should be rescaled with respect to the
ma gap:


in
2 � 
b

2 = �H2 − ma
2, 
c

2 = �mc
2 − ma

2. �51�

The resulting field dependence of the magnon gaps is re-
ported in Fig. 6.

By further increasing H one will finally reach a second
critical field above which the transverse in-plane component
of the staggered order parameter vanishes, �a=0, but the �c
component is still nonzero, see Fig. 7. Since by definition
�n��1, we can see from Eq. �48� that the solution �46� is
valid only when �c�1, so at fields lower than 9,10

Hc
�2,naive� = �mc

2 + 4� − ma
2�/D+. �52�

However, the estimate �52� does not take into account quan-
tum fluctuations, which reduce the T=0 value of the in-plane
order parameter according to Eq. �36�. Since the transverse
fluctuations I� do not depend strongly on the magnetic field,
one can see that the second critical field, defined as the field
at which �a�T=0�=0 in Eq. �48�, is given approximately by

FIG. 5. �Color online� Magnetic-field dependence of the spins
ground state and of the T=0 average uniform magnetization in the
field direction for a field along the b axis. At finite magnetic field
the order parameter n rotates in the bc plane. The spin configuration
is determined as usual by Si

m /S= �−1�meiQ·rini
m+Li

m, where the stag-
gered and uniform components are indicated by arrows with differ-
ent tips as in Fig. 3: the arrows with a two-line tip represent the
uniform components Lm and the arrows with a solid tip the stag-
gered components �−1�meiQ·rini

m. At H�Hc
�1�
18 T �left in the fig-

ure� nm is defined in Eq. �34� and Lm in Eq. �35�, so that the spins
have both the staggered and uniform components in the bc plane.
The uniform components are due both to the magnetic field and to
the DM interaction, see Eq. �35�, and the sum of Lm+Lm+1 is
aligned along the field. Above the spin-flop transition �right in the
figure� the staggered components nm lie in the ac plane, see Eq.
�46� �so that the part along a is orthogonal to the plane of the figure
and indicated by a cross�, and the uniform components Lm point
along b, see Eq. �47�. The order-parameter values used to evaluate
the �L� are the same as reported in Fig. 7. Observe that since in our
approximation the critical field Hc

�1� is independent of temperature,
as well as �c, the uniform magnetization is temperature independent
below TN.

L. BENFATTO AND M. B. SILVA NETO PHYSICAL REVIEW B 74, 024415 �2006�

024415-10



Hc
�2� �

mc
2 + 4� − ma

2

D+
�0�H = 0, T = 0� , �53�

where �0�H=0�=�1−NI��T=0,H=0� is the magnetization
of the system measured at T=0 along the b axis without
external magnetic field. Observe that quantum corrections

can indeed reduce considerably the second critical field. In
Fig. 7 we report as an example the phase diagram for
La2CuO4 of the transition temperature TN vs H obtained in
the saddle-point approximation. By estimating the parameter
values from the Raman measurements of the magnon gaps in
Ref. 15 �see also Ref. 18�, we choose ma=0.0116J, mc
=0.034J, �=8�10−5J2, with J=130 meV and gs=2.1, as ap-
propriate for the b direction. For the stiffness and spin-wave
velocity we use �s=0.07J and c=1.3J, respectively, which
are not far from the standard values quoted in the
literature25,26 and have been shown to be appropriate to re-
produce �in the same approximation� the uniform-
susceptibility data.12 In the inset we also report the T=0
value of the order-parameter components as a function of the
field. As we can see, below Hc

�1�=D+, �a=0, and �b�0,
while the situation is reversed above the spin-flop transition.
The component �c is continuous at the spin-flop transition.
In principle, its slope as a function of the magnetic field
changes at the spin-flop transition according to Eqs. �36� and
�48�. However, for the parameter values used here, as appro-
priate for La2CuO4, this change is almost undistinguishable
in Fig. 7. Moreover, also the magnitude of the in-plane com-
ponent is continuous at the transition, the change being only
in its direction.

As far as the second critical field is concerned, it turns out
that Eq. �53�, which uses the value of �0 at H=0, is an
excellent estimate of the second critical field Hc

�2�, obtained

by means of the self-consistent value 1−NĨ��H�: indeed,
since we found �0�T=0,H=0�=0.4 �see inset�, and
Hc

�2,naive�=77 T, Eq. �53� would give Hc
�2�=30.8 T, which is

almost the value found numerically, see Fig. 7. It is worth
noting that Hc

�2� has been measured recently in the 1% doped
La2−xSrxCuO4 sample by Ono et al.,28 who found Hc

�2�

�20 T. Thus even though Hc
�2� has not been measured in

undoped La2CuO4, where it is expected to be larger than in
the 1% doped sample, the value of 30 T following from Eq.
�53� seems more realistic than the bare estimate �52�, which
gives 77 T. Observe that neglecting the quantum renormal-
ization of the order parameter in the estimate of the second
critical field can lead to an underestimate of the mass of the
c mode, as it has been done in Ref. 9, where Eq. �52� has
been used.

Finally, we note that in the saddle-point approximation
used so far the transverse gaps are constant in temperature
below TN. However, one would expect that a better approxi-
mation could reproduce the softening of the transverse gaps
as the temperature increases, as observed experimentally. In
this case also the value of the first critical field Hc

�1� would
acquire a temperature dependence, which is instead absent in
the phase diagram of Fig. 7. Moreover, this could also
smoothen the discontinuity of TN at the spin-flop transition
found at saddle-point level.

B. H parallel to c

When H is along the x̂c direction the last term in the
action �32� gives rise to an effective longitudinal staggered
field:

FIG. 6. �Color online� Field dependence of the magnon gaps at
T=0 for a field applied along the b axis. We used ma=0.02J ,mc

=0.05J, and units such that H=1 T corresponds to 10−3J, so that the
first critical field Hc

�1�=D+=ma=20 T. Below Hc
�1� the in-plane and

out-of-plane mode correspond to a and c component fluctuations,
whose gaps are given by 
a and 
c in Eq. �10�, respectively. Above
the critical field the in-plane mode corresponds to fluctuations of the
b component, and the magnon gaps are defined by Eq. �51�.

FIG. 7. �Color online� Phase diagram of the system for H �b.
The parameter values are chosen to reproduce the data of La2CuO4,
i.e., D+=ma=0.0116J, mc=0.034J, J=130 meV, �s=0.07J, and c
=1.3J �Ref. 12�. For the interlayer coupling we used �=8
�10−5J2, which correctly reproduce the spin-flop transition mea-
sured in Ref. 15 for H �c, see end of Sec. V B. The magnetic field is
converted in energy through H→gs	BH, where 	B is the Bohr
magneton and gs=2.1 is the gyromagnetic ratio in the b direction.
Inset: field evolution of the staggered order parameter components
at T=0 in the various phases.
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S�B� = S0 +
1

2gc
�
m
� �2iH�nm

b �
nm
a − nm

a �
nm
b � − H2

+ H2�nm
c �2� + �2hmnm

b + i�m2gc�nm
2 − 1�� . �54�

Following the line of the analysis performed in the previous
section, we first determine the ground-state configuration in
the presence of the magnetic field. Since also the effective
staggered field is longitudinal, we do not expect in this case
to have a change of direction of the equilibrium configura-
tion. We can then look for a ground-state solution of the form
nm=�m

0 x̂b, which gives

S̄cl =
�A
2gc

�
m

���m
0 − �m+1

0 �2 + 2hm�m
0 + mm

2 ���m
0 �2 − 1� .

�55�

The saddle-point equations then read

��2�m
0 − �m+1

0 − �m−1
0 � + hm + mm

2 �m
0 = 0, ��m

0 �2 = 1.

�56�

As a consequence, two solutions are possible: �i� the order
parameter is the same in all the layers, and the ground-state

action S̄cl vanishes:

�m
0 = �0 = − 1, m2 = − �− 1�mh/�0 = �− 1�mh, S̄cl = 0.

�57�

This configuration is the same as the case without magnetic
field. The uniform spin components are

Lm
H =

H

8aSJ
x̂c, Lm

DM = �− 1�m D+

8aSJ
��0�x̂c, �58�

so that the Lm
DM, which are ordered antiferromagnetically in

neighboring layers �see Fig. 3�, do not contribute to the av-
erage uniform magnetization �L�=LH �see Fig. 8�, but one
takes advantage from the out-of-plane antiferromagnetic
coupling; �ii� the order parameter change sign in neighboring
layers, which means that the spins order ferromagnetically in
the c direction, with the moment Lm

DM oriented in the same
direction:

Lm
H =

H

8aSJ
x̂c, Lm

DM =
D+

8aSJ
��0�x̂c, �59�

giving �L�= �H+D+��0�� /8aSJ. This spin flop of the uniform
c components of the spins leads to a lowering of the energy
when the gain in magnetic energy is larger than the cost
coming from the interlayer AF coupling. Observe that the
average uniform magnetization jumps discontinuously at the
spin-flop transition, the jump being proportional to �0, so
that it decreases as the temperature increases, see Fig. 8. The
classical action in this configuration is

�m
0 = �− 1�m�0 = − 1, mm

2 = m2 = − h/�0 − 4� = h − 4� ,

S̄cl =
�ANl

gc
�− h + 2�� , �60�

where Nl is the number of layers. When h�2� this second
solution becomes energetically favorable, so that the critical
field for this spin-flop transition is

Hc =
2�

D+
. �61�

When transverse fluctuations are included the first of Eqs.
�56� will not change, while the value of the order parameter
�0 will acquire quantum and thermal corrections due to
transverse fluctuations, according to

�0
2 = 1 − I��h/�0� . �62�

In Eq. �62� we included the explicit dependence of the trans-
verse fluctuations on the order parameter �0 via the effective
staggered field h, as we will derive in detail below. To deter-
mine I� we should distinguish the case below and above the
spin-flop transition. Let us first consider the case �57� of low
field. Since the Lagrange multiplier is oscillating in neigh-
boring layers, it gives rise to a coupling between the trans-

FIG. 8. �Color online� Magnetic-field dependence of the spin
configuration and of the average uniform magnetization at two dif-
ferent temperatures for a field along the c axis. The spin configura-
tion is determined as usual by Si /S= �−1�meiQ·rinm+Lm, where the
staggered and uniform components are indicated by arrows with
different tips as in Figs. 3 and 5. At H�Hc, where Hc=6 T at T
=10 K and Hc=4.6 at T=200 K, see also Fig. 10 below, the system
has 3D antiferromagnetic order as described by Eq. �57�. The dif-
ference between the Lm components �arrows with a two-line tip� in
neighboring planes is due to the DM-induced term Lm

DM which
changes sign from one layer to the next one, while Lm

H is always
parallel to H, see Eq. �58�. Above the spin flop the spins are ordered
ferromagnetically in neighboring layers, see Eq. �60�, allowing for
the uniform Lm components to align along the field in all the layers.
The jump at the transition is proportional to the order parameter �0,
and decreases as the temperature increases, see the inset of Fig. 10.
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verse modes at k� and k�+Q�, where Q�=� /d. We then
have

S = S̄cl +
1

2 �
�=a,c

�
k,k�

�
��

+�k,k��Ĝ�
−1���k,k�� ,

where ��
+�k ,k��= (�n��k ,k�� , �n��k ,k�+Q��), the sum �k�

�
is over the reduced Brillouin zone for k�, i.e., 0�k�

�� /d. The Green’s function for each mode is now a matrix.
For the a mode we find

Ĝa
−1 =

1

gc
�
n

2 + 
2�k,k�� m2

m2 
n
2 + 
2�k,k� + Q��

� , �63�

with 
2�k ,k��=ma
2+c2k2+2��1−cos k�d� and m2=−h /�0,

according to Eq. �57�. The inverse Green’s function for the c
mode has an analogous expression, except that ma

2→mc
2

+H2. After integration of the Gaussian fluctuations one ob-
tains the order-parameter equation �62�, provided that Eq.
�63� is used to compute the fluctuations:

��na�
n,k,k���2� =

n

2 + 
2�k,k� + Q��

det Ĝa

. �64�

The integral of the a-mode fluctuations has a structure simi-
lar to the one of Eq. �39�, with two contributions at the

eigenvalues of the matrix Ĝa:

Ia =
1

�V
�


n,k,k�

��na�
n,k,k���2�

=
1

V
�
k,k�

Z+�k��
2
+�k,k��

coth
�
+�k,k��

2

+
Z−�k��

2
−�k,k��
coth

�
−�k,k��
2

, �65�

where


±
2�k,k�� =

�a
2�k,k�� + �a

2�k,k� + Q��
2

±���a
2�k,k�� − �a

2�k,k� + Q��
2

�2

+ m2

= c2k2 + ma
2 + 2� ± �4�2 cos2 k�d + m2. �66�

Analogously to the case discussed in the previous section,
the spectral weights Z± of the two poles are not equivalent,
and determine the main character of the excitation. In this
case we have

Z±�k�� = �
− 
±

2 + 
2�k,k� + Q��

+

2�k,k�� − 
−
2�k,k��

= �
2� cos k�d � �4�2 cos2 k�d + m2

2�4�2 cos2 k�d + m2
. �67�

The momentum dependence of Z± is reported in the top panel

of Fig. 9, while in the lower panel the two solutions 
±�k
=0,k�� are plotted. As one can see, as k� increases the spec-
tral weight of the momentum sum in Eq. �65� moves from
the solution 
−�k�� to the solution 
+�k��, which follows
closely the bare function 
�k�� in the two regimes 0�k�d
�� /2 and � /2�k�d��, respectively. The effect of the
magnetic field is then twofold: it affects the magnon gap
k�=0 and opens an additional one at k�d=� /2. To compute
explicitly the momentum sum in Eq. �65� we can observe
that Z±�k�� only depends on the out-of-plane momentum k�.
We can then perform the usual integration over the in-plane
momentum k in Eq. �65�, obtaining an expression similar to
Eqs. �43� and �44�:

FIG. 9. �Color online� Low panel: out-of-plane momentum kz

�k� dependence of the two solutions 
± of Eq. �66� at k=0, com-
pared to the momentum dependence of the function 
�k=0,k��
=�ma

2+2��1−cos k�d�. We used D+=ma=0.02J and H=1 T
=10−3 J. Observe the small difference of 
− with respect to 
 at
k�=0. Top panel: momentum dependence of the spectral weight
Z±�k�� defined in Eq. �67�. As one can see, at small momentum
Z−�Z+, while at k�d�� /2 the situation is reversed. As a conse-
quence, the momentum sum in Eq. �65� selects always between 
+

and 
− the solution which follows most closely the momentum
dependence of the solution 
�k�� of the case H=0.
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Ia =
gT

2�c
�

−�

� dz

2�
Z−�z�ln� sinh�c�/2T�

sinh A−�z�/2T
�

+ Z+�z�ln� sinh�c�/2T�
sinh A+�z�/2T

�, H � Hc, �68�

where

A±�z� = �ma
2 + 2� ± �4�2 cos z + �HD+/�0�2. �69�

For the c fluctuations one finds the same results, provided
that ma

2→mc
2+H2 in all the above formulas.

Let us discuss now the issue of the magnon gaps. The
spectral function of the a mode at k=0, k�=0 has a two-pole
structure analogous to Eq. �26�, i.e.,

Aa,c�
 � 0�

= �Z+�k� = 0�

+

��
 − 
+� +
Z−�k� = 0�


−
��
 − 
−�� .

However, as observed before and shown in Fig. 9, at k�=0 is
Z− /
−�Z+ /
+, so that only the second term contributes in
the previous equation and allows us to identify the magnon
gap as the k=0,k�=0 limit of the function 
−�k ,k�� above,
i.e.,


a
2 = ma

2 + 2� −�4�2 + �HD+

�0
�2

,


c
2 = mc

2 + H2 + 2� −�4�2 + �HD+

�0
�2

, H � Hc,

�70�

which reduce to the conventional ones when H=0. Here we
used explicitly that m2=−h /�0, according to Eq. �57�. Ob-
serve that this result is quite different from the interpretation
given in Ref. 10, where it was claimed that the acoustic and
optical modes are mixed. Instead, at k�=0 only the mode 
−
is observed, as Raman measurements confirm.15,18 Moreover,
we stress that according to the discussion below Eq. �9�, for
an ordinary easy-axis AF we expected that 
a is unchanged
and 
c hardens for a field parallel to c. Instead, due to the
presence of the DM interaction, the two modes have a field
dependence �−H2�a,c, with �a=D+

2 / �4��0
2� and �c=−1

+D+
2 / �4��0

2�. As a consequence, the a mode always softens,
while the behavior of the c mode depends on the ratio
D+

2 / �4��0�.
Let us analyze now the case H�Hc. According to Eq.

�60� we find a uniform saddle-point value of the constraint,
mm

2 =m2=−h /�0−4�, so that the matrix of the transverse
fluctuations is again diagonal in momentum space:

Ĝ−1 = �
n
2 + c2k2 − 2��1 + cos k�d� + ma

2 − h/�0 0

0 
n
2 + c2k2 − 2��1 + cos k�d� + mc

2 + H2 − h/�0
� . �71�

However, in the classical configuration �60� the spins are
order ferromagnetically in neighboring planes, see Fig. 8:
this means that the low-energy spin fluctuations are those at
k�=� /d in the notation of Eq. �71�, so that the spin-wave
gaps evolve at H�Hc in


a
2 = ma

2 + �HD+

��0� � ,


c
2 = mc

2 + H2 + �HD+

��0� �, H � Hc. �72�

Since the matrix �71� admits two simple poles, the transverse
fluctuations are described by the function �44�, with the
masses given by the previous equation:

Ia,c = I3D�
a,c�, H � Hc. �73�

Observe that both for the case H�Hc and H�Hc the inte-
gral of transverse fluctuations, given by Eqs. �68� and �73�,
respectively, depend explicitly on the Lagrange multiplier
h /�0, so that Eq. �62� is a self-consistency equation for the
order parameter at all the temperatures. This is quite different
with respect to all the cases analyzed before, where I� de-
pends only on the transverse masses and two separate re-

gimes exist, m2=0, �0�0 below TN, and m2�0 and �0=0
above TN �see Eq. �21��. Here instead, due to the effective
longitudinal field hm in Eq. �54�, instead of the two regimes
we obtain a single self-consistent equation �62� valid at all
the temperatures. As a consequence, exactly as for a ferro-
magnet in the presence of the external field, the order param-
eter never vanishes, and the transition transforms into a
crossover from a regime where �0 is large to one where �0 is
small.12 This is shown in the inset of Fig. 10, where we
obtained �0�T� at H=1 T by solving numerically the self-
consistency equation �62� at various temperatures. It is worth
noting that once that transverse fluctuations are included,
also the definition of the critical field �61� changes. Indeed,
since in general �0 is lower than 1 �including T=0 due to
quantum correction�, the critical field becomes itself a func-
tion of temperature. A first estimate of this effect can be done

by evaluating again the value of the action S̄cl in Eq. �60� for
a generic �0. We then obtain that the critical field is

Hc =
4�

D+

�0

�1 + �0
2�

. �74�

A more precise evaluation of Hc could be done including
also the contribution of the Gaussian transverse fluctuations
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to the action �63�. However, already Eq. �74� allows one to
recognize that as the temperature increases the decrease of
the order parameter �0 induces also a decrease of the critical
field for the spin-flop transition. The resulting Hc-T phase
diagram, obtained by means of Eq. �74� where �0 is the
solution of the self-consistent Eq. �62�, is reported in Fig. 10.

Once that we determined self-consistently the values of
the order parameter and of the critical field, we can also
compute the field dependence of the magnon gaps. In Fig. 11
we show the field dependence at T=0 of 
a and 
c, as given
by Eqs. �70� and �72� below and above the spin-flop transi-
tion, respectively. For the interlayer coupling � we used the
value �=8�10−5J2, which allows us to obtain a critical field
at low temperature around 6.5 T, as the one measured
experimentally.15 Observe that this value of � is quite similar
to the one obtained in Ref. 18 from the jump of the experi-
mental measured in-plane gap at Hc, even though such an
estimate is done neglecting quantum corrections to the order
parameter. With this parameter value we find that the below
the spin-flop transition also the c mode is slightly decreasing.

C. H parallel to a

Finally, let us consider the case of a field along x̂a, i.e.,
parallel to the direction of the DM vector D+. In this case, the

last term of Eq. �32� vanishes, and the system behaves as a
conventional easy-axis AF. As a consequence, Eq. �9� holds,
giving a hardening of the a gap and leaving the c gap un-
changed.

VI. CONCLUSIONS

We have investigated the field dependence of the mag-
netic spectrum in anisotropic two-dimensional and
Dzyaloshinskii-Moriya layered antiferromagnets. Starting
from the appropriate spin Hamiltonian for each case, we ob-
tained the magnon gaps and spectral intensities as a function
of the applied magnetic field, and we discussed the various
possible ground-state configurations and phase diagram. In
particular, we showed that the peculiar coupling of the mag-
netic field with the staggered order parameter induced by the
DM interaction gives rise to very interesting magnetic phe-
nomena, such as spin-flop transitions and rotation of spin
quantization basis. The predictions of the theory developed
in this paper are now ready to be compared with Raman
spectroscopy experiments in Sr2CuO2Cl2 and La2CuO4, re-
ported in paper II.18
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