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We present analytical and numerical studies of the discrete breathers identified as localized deformations of
valence angles and bonds in crystalline polyethylene �PE�. It is shown that such breathers can exist both
outside and within the optical band and may propagate with subsonic velocities along the polymer chain. The
analytical results are confirmed by numerical simulation using the molecular dynamics procedure. We examine
also the stability of the breathers relative to thermal excitations and mutual collisions as well as to collisions
with the acoustic nontopological and topological solitons. The conditions of the breathers existence depend
strongly on their generating frequency, the relationship between the stiffness of valence bonds and valence
angles as well as on the type of nonlinear characteristics of intrachain interactions.
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I. INTRODUCTION

In spite of growing interest to the study of localized non-
linear oscillatory excitations in solids, almost all activity in
this field has been concentrated on the one-dimensional
straight chains.1,2 However, the realistic models of strongly
anisotropic systems such as polymer crystals should take into
account the zigzag or helix structure of the chains.

The two-dimensional linear dynamics of a planar zigzag
chain was considered by Kirkwood3 in application to poly-
ethylene macromolecule more than 60 years ago. On the
other side, the zigzag and helix chains can also be considered
as discrete models of corrugated and spiral mechanical
systems.4 The studies of nonlinear dynamics of polymer
chains and crystals in last decades have been lately stimu-
lated by the possibility of numerous applications to such
physical problems as dielectric relaxation,5–7 premelting and
melting,8 heat conductivity,9,10 polarization,11 fracture,12,13

plastic deformation,14–17 DNA sequencing,18 and so on. All
mentioned applications are based on two types of solitons:
supersonic solitons of tension and compression12,19,20 as well
as combined solitons of tension �compression� and
torsion.12,21–24

In addition to these solitons, there are two examples of
breathers in the models of polymer chains. The first one is a
localized nonlinear vibration of C-H valence bond in the
carbon-hydrogen chains. This breather appears due to anhar-
monicity of the corresponding potential;25 the frequency of
the breather ��3100 cm−1� is above that of the upper bound-
ary of the lower optical branch of the IR spectrum. The sec-
ond example is a localized periodic deformation of the va-
lence angles and bonds in PE chains.26 This breather has
been revealed by numerical simulation. In this case the fun-
damental frequency ��800 cm−1� is close to the lower
boundary of the first optical band for PE crystals. Due to this
closeness, only one type of mobility corresponding to the
transversal motion turned out to be predominant in the local-
ization region of the breather. In addition only the stationary
�nonpropagating� breathers have been found. Meanwhile, the

valence angles potential for the PE chain22 demonstrates the
case when the lower frequency boundary of the optical band
lies within the wave number range and far from its bound-
aries. This means that the possible breather has not a pre-
dominant component �longitudinal or transversal�, hence the
study becomes much more complicated than in Ref. 26.

In the present paper we remove both restrictions men-
tioned above and implying some closeness to the wave num-
ber boundary of the optical band and the stationarity of the
breather, respectively. As this takes place, we present the first
analytical description of the short wavelength nonlinear dy-
namics of the PE chain at all possible optical frequencies.
This development goes beyond the earlier numerical simula-
tion of the breathers.26

As for the present numerical study, in addition to thermal
stability of the breathers we consider also their mutual colli-
sions and collisions with the acoustic nontopological and to-
pological solitons. It is worth mentioning that the interchain
interaction does not affect significantly the optical breathers
in the PE crystal �as opposed to topological solitons�. Nev-
ertheless, this interaction was considered in the course of
numerical analysis.

The commonly studied breathers in the attenuation band
are linearly stable. However, as it was shown in Ref. 26, the
nonlinear interaction with the extended modes �thermal
phonons� results in the relaxation of the breathers. Therefore,
for the realistic models of polymer crystals there is no quali-
tative difference between the breathers in the attenuation and
propagation bands, certainly if they exist in propagation
band. On the other hand, the relaxation time is large enough
and the breathers may have a significant effect on the differ-
ent physical properties of PE crystal.27

At last, we would like to provide some guidance for the
reader to keep track of the important equations �in the ana-
lytical part of the paper�. We start from general nonlinear
equations �4�–�7� of planar nonlinear dynamics of the zigzag
chain. Then the modulating functions are introduced by ex-
pansions �12�–�15�, and the relations �20�–�24� between
these functions are found to derive Eqs. �25�–�28�. Finally,
complex equations of motion �30�, �31�, �45�, and �46� cor-
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responding to main asymptotic approximation have been ob-
tained. So, rather complicated and lengthy calculations are
necessary for derivation of final complex nonlinear
Schrödinger-type equations �45� and �46�. These equations
provide the pass to the study of breatherlike nonlinear el-
ementary excitations in strongly anisotropic crystals. As it is
clear now, such excitations manifest themselves not only in
heat capacity but also in heat conduction and premelting
phenomena.10,28

II. DESCRIPTION OF THE MODEL

In the numerical study we take into account not only a
planar motion of the chain, but also a spatial movement as
well as interchain interactions. Therefore, the Hamiltonian
presented below is three-dimensional one.

We suggest that the zig-zag initial structure of the PE
macromolecule is directed along the z axis in the plane �x ,z�,
while the y axis is perpendicular to the plane �x ,z�, so that
�x ,y ,z� is the positive global reference of the problem and �0

is an angle of the zigzag chain.26

The initial coordinates of the nth mass of the chain are

zn
0 = nlz, xn

0 = �− 1�n+1lx/2, �1�

where lz=s�0 and lx=c�0 �s=sin��0 /2�, c=cos��0 /2�� are the
longitudinal and transversal distances �respectively� between
the carbon atoms in the initial zigzag chain. We use the ap-
proximation of “united atoms” because the relative motions
of the hydrogen atoms are nonsignificant when dealing with
a backbone deformation predominantly. So the magnitude of
every mass is supposed to be equal to 14 a.u. Let us intro-
duce the relative coordinates

un = xn − xn
0, wn = zn − zn

0, �2�

where wn, un, vn determine respectively the longitudinal,
transversal and out-of-plane displacements of the n th mass
from its equilibrium state. Let us denote by �n and �n the
current length of the valence bond and current valence angle,
respectively. We introduce also �n as the angle between dn−1
and the plane generated by dn and dn+1 �the conformation
angle�.

The dynamics of the chain is governed by the following
Hamilton function of the chain:26

H = �
n=−�

+� �1

2
m�u̇n

2 + v̇n
2 + ẇn

2� + �p1 + p2cos��n� + p3cos�3�n��

+
1

2
��cos��n� − cos��0��2 + D�1 − e−q��n−�0��2�

+ Z�un,vn,wn� , �3�

where the overdots denote the time derivation. The first term
in this expression is a kinetic energy. The next three ones
correspond to the energy of conformation angles, valence
angles, and valence bonds, respectively. The last term is the
energy of interaction of the nth unit with six neighboring
chains �the substrate potential� which are supposed to be im-
mobile ones.

Parameters p1 , p2 , p3 satisfy the conditions p1= p2+ p3,
p2 , p3�0, so that the undeformed state corresponds to the
�n=�. Let us set k1=2Dq2 and k2=�sin2 �0. The relations
for �n and �n are presented in Ref. 26.

The substrate potential:26

Z�u,v,w� = 	wsin2��w/lz� +
1

2
Ku	1 + 	usin2
�w

lz
��


�u −
1

2
lx	1 − cos
�w

lz
���2

+
1

2
Kv	1 + 	vsin2
�w

lz
��v2,

where 	u=0.0674265 kJ/mol, 	v=0.0418353 kJ/mol, 	w
=0.1490124 kJ/mol, Ku=2.169513 kJ/Å mol2, and Kv
=13.683865 kJ/Å mol2.

III. PLANAR MOTION OF THE ZIGZAG CHAIN

In both linear and nonlinear problems the in-plane dynam-
ics can be completely separated from the out-of-plane mo-
tion. Therefore, the Hamilton function for analytical study of
the in-plane dynamics has to be simplified as follows:

H = �
n=−�

+�
1

2
m�u̇n

2 + ẇn
2� + � �

n=−�

+�
1

2
��cos��n� − cos��0��2

+ �
n=−�

+�

D�1 − e−q��n−�0��2� . �4�

The PE macromolecules may be described by the two
systems of parameters, which are introduced in Refs. 21 and
22, respectively. These systems differ by the parameter k2
�k2 / sin2 �0=130.1 and 529 kJ/mol�. We will consider both
systems supposing that k1 /q2=334.7 kJ/mol, q=19.1 nm−1,
�0=113°, �0=1.54 Å so that �=k2 /k1�0

2=0.019 �see Ref. 21�
or 0.078 �see Ref. 22�.

The deformations are presented by their power series ex-
pansions up to second order terms:

��n = �n − �0 = �un − un+1�c + �wn+1 − wn�s

+
1

2�0
��un − un+1�c + �wn+1 − wn�s�2 + ¯ , �5�

��n = �n − �0 =
s

�0
�2un − un−1 − un+1� +

c

�0
�wn−1 − wn+1�

+
cs

�0
2 ��un − un+1�2 + �un − un−1�2 − �wn − wn+1�2

− �wn − wn−1�2� +
c2 − s2

�0
2 ��wn − wn−1��un − un−1�

+ �wn+1 − wn��un − un+1�� + ¯ . �6�

The equations of motion for the nth particle are

mün = −
�H

�un
, mẅn = −

�H

�wn
. �7�
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IV. DISPERSION RELATIONS

The linear dispersion curves have the well known form
�see, e.g., Ref. 26�:

2�k� = f�k� = 0
2�k� ± 0

4�k� − 1
4�k� , �8�

where

0
2�k� = C1�1 − cos �0cos k� + 2C2�1 − cos k�


�1 + cos k cos �0� ,

1
4�k� = 8C1C2�1 − cos k�sin2 k . �9�

Here C1=k1 /m, C2=k2 /m�0
2, k= k̃lz, where k̃ is the wave

number. The “minus” and “plus” signs correspond to the
acoustic and optical branches, respectively. We will consider
further the optical branch only.

The asymptotic representation of the linear frequencies in
the vicinity of an arbitrary wave number k� can be presented
as follows:

2�k� = �2 + ��k − k�� + ��k − k��2 + ¯ = f�k� , �10�

with

�2 = 2C1�1 − cos��0�cos�k��� −
4C2cos2�k��sin2��0�
1 − cos��0�cos�k��


�1 − cos�k��� ,

� = 2C1sin�k��cos��0� +
2C2sin�2k��sin2��0�
�1 − cos��0�cos�k���2


��1 − cos�k����2cos�k�� − 1� + cos��0�cos�k�� − 1� ,

� = C1cos��0�cos�k�� +
C2sin2��0�

�cos��0�cos�k�� − 1�3


�− 4 + 12 cos�k�� + 4 cos2�k���2 − 3 cos��0��

− 2 cos3�k���− 2 cos2��0� + 3cos��0� + 9� + 2 cos4�k��


cos��0��cos��0� + 11� − 8 cos5�k��cos2��0�� . �11�

Parameters 2, �, and � for several values of k are presented
in Table I. Analysis of dispersion curves in application to
realistic values of chain parameters reveals two types of be-
havior �Fig. 1�. Let us introduce C2=�C1. The curvature H
of optical dispersion curves is �=0.019, H�0��0, H���
�0, H�� /2��0; �=0.078, H�0��0, H����0, H�� /2�
�0. We can see that the curvature is negative at k�0 in both
cases. At k��, and k�� /2 the curvature could be either
positive or negative depending on �.

TABLE I. Values of �2 , � , � for some particular k.

k �2 � �

0 4s2C1 0 C1�cos��0�+4c2��
� 4C1�c2+4s2�� 0 −C1�cos��0�c2+20c2s2� /

�c2+4s2���
� /2 2C1 2C1 cos��0� 4C1C2�sin2��0� /C1−2C2�

FIG. 1. �Color online� Dispersion curves: op-
tic �a�, �b� and acoustic �c�, �d� branches for �
=0.019 �a�, �c� and for �=0.078 �b�, �d� �param-
eter C2=�C1�. Thick part of the dispersion curves
correspond to possible existence of the breathers.
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We can see that for k�0 the curvature is negative in both
cases. For k��, k�� /2 it could be both positive or nega-
tive depending on the magnitude of �. The sign of the cur-
vature determines the sign of the second spatial derivative in
the final continuum equations of motion. Let us define k0
� �0,�� so that the corresponding coefficient � equals zero:
f��k0�=0 �k0 is defined only for �=0.078 because for �
=0.019 parameter � equals to zero only for the boundary
values of the wave number�.

V. INTRODUCTION OF MODULATING FUNCTIONS

To extend the normal modes based analysis on the non-
linear case let us introduce the slow modulating functions.

We use the denotations un=U, wn=W, un+1= Ũ, wn+1=W̃ and
consider the expansions in the vicinity of an arbitrary nth

particle via modulating functions U, Ũ, W, W̃:

un+m = cos�mk�	U + m�
�U

��
+

1

2
m2�2�2U

��2 �
+ sin�mk�	Ũ + m�

�Ũ

��
+

1

2
m2�2�2Ũ

��2 � + ¯ ,

�12�

wn+m = cos�mk�	W + m�
�W

��
+

1

2
m2�2�2W

��2 �
+ sin�mk�	W̃ + m�

�W̃

��
+

1

2
m2�2�2W̃

��2 � + ¯ ,

�13�

where small parameter � characterizes the distance between
particles in the units �=	−1z / lz, and z is dimensional dis-
tance, m=1,2 , . . . .

In the same way we consider the expansions in the vicin-
ity of the �n+1�-th particle

un+1+m = sin�− mk�	U + m�
�U

��
+

1

2
m2�2�2U

��2 �
+ cos�mk�	Ũ + m�

�Ũ

��
+

1

2
m2�2�2Ũ

��2 � + ¯ ,

�14�

wn+1+m = sin�− mk�	W + m�
�W

��
+

1

2
m2�2�2W

��2 �
+ cos�mk�	W̃ + m�

�W̃

��
+

1

2
m2�2�2W̃

��2 � + ¯ .

�15�

Expansions should be considered in the vicinities of two par-
ticles because of double degeneracy of linear normal modes,
except for those at the boundary of the first Brilluoin zone.
By substituting the modulating functions in linearized equa-
tions �7� for un, un+1, wn, wn+1 we obtain four partial differ-

ential equations that take into account linear parts of the
equations for normal modes modulations. These equations
have to be in accordance with foregoing dispersion relations.
In the particular case k=� /2 the linearized equations are

�2U

�t2 − 2�C1c2 + 4C2s2��
�Ũ

��
− 4csC2�

�W

��
− 4C2s2�2�2U

��2

+ sc�2C2 + C1��2�2W̃

��2 + 2�c2C1 + 2s2C2�U

+ 2sc�2C2 − C1�W̃ = 0, �16�

�2W

�t2 − 2C1s2�
�W̃

��
+ 4csC2�

�U

��
+ 4C2c2�2�2W

��2

+ sc�2C2 − C1��2�2Ũ

��2 + 2�s2C1 + 2c2C2�W

+ 2sc�2C2 − C1�Ũ = 0, �17�

�2Ũ

�t2 + 2�C1c2 + 4C2s2��
�U

��
+ 4scC2�

�W̃

��
− 4C2s2�2�2Ũ

��2

+ sc�2C2 − C1��2�2W

��2 + 2�c2C1 + 2s2C2�Ũ

+ 2sc�2C2 − C1�W = 0, �18�

�2W̃

�t2 + 2C1s2�
�W

��
− 4csC2�

�Ũ

��
+ 4C2c2�2�2W̃

��2

+ sc�2C2 − C1��2�2U

��2 + 2�s2C1 + 2c2C2�W̃

+ 2sc�2C2 − C1�U = 0. �19�

Substitution of Eqs. �12�–�15�, into nonlinear equations �7�
leads to four nonlinear partial differential equations �NPDEs�
for the functions W, W̃, U, Ũ. To reduce the order of this
system, one can express the functions U, Ũ via W, W̃ �see the
Appendix�. At this step, one can notice that for k=� /2 or
k=k0 the displacements un and wn have the same order: we
have strongly coupled longitudinal and transversal motions.
Measuring the length in terms of lz we have k�� /2 : un
�wn. For the case of strong coupling, the relations can be
written as

U = A1W + A2W̃ + F12�W,W̃� + F13�W,W̃� + A3�
�W

��

+ A4�
�W̃

��
+ A5�2�2W

��2 + A6�2�2W̃

��2 + ¯ , �20�
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Ũ = B1W + B2W̃ + F22�W,W̃� + F23�W,W̃� + B3�
�W

��

+ B4�
�W̃

��
+ B5�2�2W

��2 + B6�2�2W̃

��2 + ¯ , �21�

with Fij , �i=1,2� of degree j in W ,W̃; Ak ,Bk �k=1, . . . ,6�
are given constants. In Eqs. �20� and �21�, and in the follow-
ing we denote by dots the terms which correspond to order
higher than two by parameter � in final complex equations of
motion �45� and �46�.

For example, if k=� /2, we have

A1 = 0, A2 = −
c

s
, F12�W,W̃� = D�W2 + W̃2� ,

B2 = 0, B1 = −
c

s
, F22�W,W̃� = − D�W2 + W̃2� ,

D =
3cq�0C1

2s4�C1 − 2C2�
. �22�

For k=0 or k=�, degeneracy of order occurs: u or w dis-
placements dominate. We have k�0: un�kwn�	wn. We
suppose that k�	�1, k�� : wn���−k�un�	un. Then the
modulating functions introduced in the equations for un and
wn provide only two NPDEs. In these two particular cases,
one needs only to consider the equation for un �or wn, respec-
tively�. The relations connecting un and wn are obtained in
the form

un = U = 		 c

s

�W

��
+

c

�0s2 �2 − 3c2 + 3s2�0q − 8�s2�W2� + ¯

�23�

for k=0 and

wn = W = −
sc

2

1 − 4�

4�s2 + c2	
�U

��
+ ¯ �24�

for k=�.

VI. NONLINEAR PARTIAL EQUATIONS

Let us introduce the new non-dimensional time by rela-
tion �=�t, where � is the linear frequency for the normal
mode under consideration. Substituting the expressions �20�
and �21� into equations for W and W̃, one can obtain the
corresponding NPDE for modulating functions

�2W

��2 +
f��k�
�2 �

�W̃

��
−

f��k�
�2 �2�2W

��2 + W +
1

�2 �D1W2 + D2WW̃

+ D3W̃2 + D4W3 + D5W2W̃ + D6WW̃2 + D7W̃3� + ¯

= 0, �25�

�2W̃

��2 −
f��k�
�2 �

�W

��
−

f��k�
�2 �2�2W̃

��2 + W̃ +
1

�2 �− D3W2 − D2WW̃

− D1W̃2 + D7W3 + D6W2W̃ + D5WW̃2 + D4W̃3� + ¯

= 0, �26�

where Dj, j=1, . . . ,7 are constants depending on C1 ,
C2 , �0 , q , �0 �see Table II�. Because of the complexity of
general expressions they are given here only for k=� /2. The
numerical values for k=k0 are given in the rescaled dimen-
sionless form that corresponds to 	=0.05.

Because of the degeneracy of either case k=0 or k=�, the
equation for wn leads to

�2W̃

��2 − �1	2�2W̃

��2 + W̃ + �2W̃3 + ¯ = 0,

�1 =
C1cos��0� + 4c2C2

4s2C1
,

�2 =
1

�0
2	2�5c2 − 4�c2/s2 +

14

3
�0

2q2s2 − 12�0qc2 + 32�c2�
�27�

for k=0 and

�2Ũ

��2 − �2�2�2Ũ

��2 + Ũ + �1Ũ2 + �2Ũ3 + ¯ = 0,

�2 = −
C1cos��0�c2 + 20c2s2C2

4�c2 + 4s2��2 ,

�1 =
3

c

c2�s2 − c2q�0� + 4s2�1 − 4c2��
c2 + 4s2�

,

TABLE II. Values of constants Dj, j=1, . . . ,7 for k=� /2 and
numerical values for k=k0, corresponding to 	=0.05.

j k=� /2 k=k0

1 �C1−2C2�Dcs /C1 2.25

2 0 −5.74

3 �C1−2C2�Dcs /C1 2.57

4 −D�3C1q�0+C1−2C2� /C1 1.89

5 D�3C1q�0+C1−2C2� /C1 −1.14

6 −D�3C1q�0+C1−2C2� /C1 2.42

7 D�3C1q�0+C1−2C2� /C1 −1.14
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�2 = −
2�3c2s2�5c2 − 1� + 18c4s2q�0 − 7c6q2�0

2 − 12�s2�48c4 − 24c2 + 1��
3c2�c2 + 4s2��

, �28�

for k=�.
In the last NPDEs the nonlinear terms that include spatial

derivatives can be neglected because of their higher orders in
�. All NPDEs have been given in dimensional form. They
could be rescaled using characteristic physical values of dif-

ferent variables, e.g., changing U , Ũ , W , W̃ by 	�0U, 	�0Ũ,

	�0W, 	�0W̃. This procedure will be presented below for
numerical applications in the cases k�0, k��, and k=k0.
Such rescaling makes the nonlinear terms and terms contain-
ing second spatial derivatives comparable.

VII. TRANSITION TO COMPLEX VARIABLES

Equation �28� can be rewritten as a first order in time PDE
using the following substitution:

k � 0, ���,�� = �W� + iW�, ����,�� = �W� − iW� ,

k � �, ���,�� = �U� + iU�, ����,�� = �U� − iU� ,

k � �/2 or k0,

��1��,�� = �W� + iW�, �1
���,�� = �W� − iW� ,

�2��,�� = �W̃� + iW̃�, �2
���,�� = �W̃� − iW̃� .

�29�

We obtain two NPDEs �k=0�

− i
��

��
= � −

�1

2
�2 �2

��2 �� − ��� −
�2

8
�� − ���3 + ¯ ,

conjugate equation, �30�

and k=�

− i
��

��
= � −

�2

2
�2 �2

��2 �� − ��� −
i�1

4
�� − ���2

−
�2

8
�� − ���3 + ¯

conjugate equation. �31�

In general case one can obtain four NPDEs, e.g., for k
=� /2 their linear part is

− i
��1

��
= �1 +

f��k�
�2 �

�2

��2 ��2 − �2
�� −

f��k�
�2 �2 �2

��2 ��1 − �1
�� ,

conjugate equation,

− i
��2

��
= �2 −

f��k�
�2 �

�2

��2 ��1 − �1
�� −

f��k�
�2 �2 �2

��2 ��2 − �2
�� ,

conjugate equation. �32�

Let us introduce the change of variables

�0 = �, �1 = 	�0, �2 = 	2�0, . . . . �33�

Setting �=�ei� �for k=0,�� and � j =� je
i�, j=1,2 �for k

=� /2� we further use the series

� = 	��0 + 	�1 + 	2�2 + ¯ � �34�

and, respectively,

� j = 	�� j0 + 	� j1 + 	2� j2 + ¯ � . �35�

For the terms at 	0 we have

k = 0: − i
��0

��0
= 0, �36�

k = �: − i
��0

��0
= 0, �37�

k = k0: − i
��10

��0
= 0, − i

��20

��0
= 0. �38�

This means that for k=0, �, �0=�0�� ,�1 ,�2� and for k=k0,
�1,0=�1,0�� ,�1 ,�2�, �2,0=�2,0�� ,�1 ,�2�. In the case k=� /2
the presence of first space derivatives leads to a different
problem.

The terms at 	1 are as follows:

k = 0,�:
��1

��0
+

��0

��1
= 0, �39�

k = k0:
��1,1

��0
+

��1,0

��1
= 0, �40�

��2,1

��0
+

��2,0

��1
= 0. �41�

Conditions of resonances absence lead to equations:

TABLE III. Values of � , � versus � for k�0 or �.

k � � �

0 0.019 0.053 −0.07

0 0.078 0.054 −0.05

� 0.019 0.035 0.021

� 0.078 0.033 −0.23
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k = 0,�:
��0

��1
= 0, �42�

k = k0:
��1,0

��1
= 0,

�2,0

��1
= 0. �43�

Therefore �0=�0�� ,�2 ,�3 , . . . � for k=0,� as in the case k
=k0, we can write that � j,0=� j,0�� ,�2 , . . . �, j=1,2.

For the terms at 	2, conditions of resonances absence lead
in the main approximation to the final complex equations

k = 0,�: − i
��0

��2
+ �

�2�0

��2 + ���0�2�0 = 0,

k = 0: � = −
3�2

8
, � = �1/2,

k = �: � = −
3�2

8
+

5�1
2

12
, � = �2/2. �44�

These are the nonlinear Schrödinger equations �NSEs� for
k=0 and k=�, respectively.

For k=k0 the resonant equations have the general form

− i
��1,0

��2
−

�2

2

�2�10

��2 + P1��10�2�10 + P2��10�2�20

+ P5��20�2�10 + P6��20�2�20 + P4�10
2 �20 + P5�20

2 �10 = 0,

�45�

− i
��2,0

��2
−

�2

2

�2�20

��2 + P1��20�2�20 + P2��20�2�10

+ P5��10�2�20+ P6��10�2�10 + P4�20
2 �10 + P5�10

2 �20 = 0,

�46�

where Pi �i=1,6� are the constants derived from NPDEs �25�
and �26�:

P1 =
3

8
D4 −

5

12
D1

2 +
5

24
D2D3,

P2 =
1

8
D5 +

1

2
D3

2 −
5

12
D1D2 +

1

12
D2

2,

P3 = −
1

12
D3

2 −
5

24
D1D2 +

1

8
D2

2 +
1

8
D5,

P4 = −
1

24
D1D2 −

1

8
D2

2 +
1

12
D1D3 +

1

4
D2D3 +

1

8
D6,

P5 =
3

8
D7 −

5

24
D2D3 +

5

12
D1D3,

P6 = −
1

2
D1D3 −

1

12
D2

2 +
1

4
D6 +

1

6
D2D3 +

1

4
D1D2.

VIII. SOLITON-LIKE SOLUTIONS

It is known that the type of solitonlike �breather� solutions
depends strongly on the signs of constants � and � in the
NSE. When these signs are the same, the NSE admits the
bright solitons. In the opposite case, the NSE admits “dark”
solitons. From this point of view there is a significant differ-
ence between two systems of zigzag parameters introduced
above. In the case k�0 and both values of �, parameters �
and � are both negative �see Table III�.

For the case �k��, �=0.019� the dispersion curve has a
form similar to Fig. 1�a�. In such a case both � and � are
positive. Then one can obtain the envelope solitons �or
breathers� as particular solutions:

�0��,�2� = �2A/�s�1/2exp�iv�/2�s + i�2�


 sech�A1/2��/�s + v�2�� , �47�

where =v2 /4−A.

TABLE IV. Values of � , � versus � for k�k0, �= ±1.

� � � �

+1 0.078 −0.010 0.28

−1 0.078 2.47 0.28

FIG. 2. �Color online� Optical breather in PE chain �parameter
�=529 kJ/mol�. The distribution along the chain of the energy En

�a�, longitudinal wn+1−wn �b�, and transversal vn+1−vn �c� relative
displacements of the chain segments is shown �breather energy E
=56.06 kJ/mol, frequency =926 cm−1, velocity s=0.15
�1146 m/s�.
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For the second system �k��, �=0.078� the dispersion
curve has a form similar to Fig. 1�b� �optical branch�, and
dark solitons exist.

In the case k�k0 either breather or dark soliton can exist
in the vicinity of the minimal frequency. This fact has been
confirmed by computer simulation �see Fig. 4�. Looking for
particular solutions of the form �2,0=��10, we obtain only
two possible values for �: �= ±1. Then two coupled com-
plex NPDEs �45� and �46� can be reduced to a single
Schrödinger equation

− i
��1,0

��2
+ �

�2�10

��2 + ���10�2�10 = 0, �48�

with �=−�2 /2, �= P1+ P4+ P6+��P2+ P3+ P5�. The values
are given in Table IV. The breathers exist at �=1 and dark
solitons exist at �=−1.

IX. NUMERICAL SIMULATIONS

In the analytical study we have made several assumptions,
and now we should prove their validity. In order to do this

we undertook a numerical analysis of the breathers’ exis-
tence. We also determined the breathers’ stability under con-
ditions of free motion, collisions, and thermal perturbations.

For numerical modeling of breathers and their dynamics
we consider the following system of equations, which corre-
sponds to Hamilton function �3�:

mün = −
�H

�un
, mv̈n = −

�H

�vn
, mẅn = −

�H

�wn
�49�

for n=1,2 , . . . ,N.
We use initial conditions in agreement with approximate

analytical solution. Because of some difference with the ex-
act solution, a phonon radiation will appear. For its absorp-
tion we introduced the viscous friction at the end of the
chain. As it was mentioned above, we deal with two systems
of parameters for the PE crystal. One of them is21

m = 14mp, p1 = 8.37 kJ/mol, p2 = 1.675 kJ/mol,

p3 = 6.695 kJ/mol, � = 130.122 kJ/mol,

FIG. 3. Periodic change of transversal un and
relative longitudinal displacements of zigzag
wn+1−wn in the localization region of optic
breathers under parameters �50�, N=200. Fre-
quency of the breather =820.5 cm−1 is slightly
lower than gap frequency.
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�0 = 113 ° , D = 334.72 kJ/mol,

q = 1.91 Å−1, �0 = 1.53 Å, �50�

where mp is proton mass. Second system of parameters
which is used in Ref. 22 differs with higher value of param-
eter

� = 529 kJ/mol. �51�

For the first system of parameters a geometric nonlinearity
plays a crucial role in dynamics of the PE chain. In the
second case a physical nonlinearity becomes more essential.
Moreover, the dispersion curves for these two cases are dif-
ferent. Likewise, the optical breathers also have different
forms and different existence regions in the parametric space
�Fig. 1�. Therefore, we have to study breathers properties for
both systems of parameters.

Numerical integration of equations of motion �49� has
confirmed that in accordance with analytical study the opti-
cal breathers exist near low boundaries of the optical pho-

nons frequencies for both systems of parameters �50� and
�51�. Typical distribution of relative displacements in the lo-
calization region of planar breather is presented in Fig. 2.
Characteristics of the breathers for two cases are essentially
different �see Figs. 3 and 4�. In the localization regions of the
breathers a local change of valence angles is accompanied by
a local extension of zigzag �average values of relative longi-
tudinal displacements wn+1−wn are positive�.

To consider an interaction of breathers with thermal vi-
brations of the chain, N0 segments of the chain were inserted
from every side into thermal bath with temperature T. Then
the Langevin equations of motion are

mün = −
�H

�un
+ �n − �nmu̇n,

mv̈n = −
�H

�vn
+ �n − �nmu̇n,

FIG. 4. Periodic change of transversal un and
relative longitudinal displacements of zigzag
chain wn+1−wn in the localization region of optic
breathers under parameter �51�, N=500. Fre-
quency of breather =928.4 cm−1 is slightly
lower than frequency corresponding to low
boundary of gap.
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mẅn = −
�H

�wn
+ �n − �nmu̇n, �52�

where H is the Hamiltonian function �3�, �n, �n, �n are ran-
dom normally distributed forces that describe the interaction
of nth molecule with a thermal bath, coefficient of friction �n
and forces �n, �n, �n equal to zero for N0�n�N−N0, and
�n=� for n�N0 and N−N0�n�N.

Coefficient of friction is �=1/ tr, where tr is the relaxation
time of the velocity of the molecule. The random forces �n,
�n, �n have correlation functions

��n�t1��l�t2�� = ��n�t1��l�t2�� = ��n�t1��l�t2��

= 2m�kBT�nl��t1 − t2� ,

��n�t1��l�t2�� = ��n�t1��l�t2�� = ��n�t1��l�t2�� = 0,

1 � n,l � N0, N − N0 � n,l � N ,

where kB is the Boltzmann constant and T is temperature of
the heat bath.

Equations �52� were integrated numerically by the stan-
dard forth-order Runge-Kutta method with a constant step of
integration �t. The � function was represented numerically
as ��t�=0 for �t � ��t /2 and ��t�=1/�t for �t � ��t /2, i.e.,

the step of numerical integration corresponded to the corre-
lation time of the random force. In order to use the Langevin
equation it is necessary that �t� tr. Therefore, we chose
�t=0.001 ps and relaxation time tr=0.1 ps.

To avoid the friction coefficient to affect the behavior of
the breather, the latter one was isolated from the heat bath by

TABLE V. Dependence of breathers time of life t� on the
chain temperature T �frequency =820.5 cm−1, parameter �
=130.122 kJ/mol and =928.4 cm−1, �=529 kJ/mol�.

� �kJ/mol� T �K� 1 2 3 5 10 20

130.122 t� �ps� 180 94 68 46 33 22

529 t� �ps� 1052 625 386 228 121 68

FIG. 5. �Color online� Decreasing the breather energy E in ther-
malized chain with �=130.1 kJ/mol, =820.5 cm−1 �a� and �
=529 kJ/mol, =928 cm−1 �b� under temperature T=1,2,3,5,10,
20 K �curves 1 ,2 , . . . ,6�. Solid lines determine temporal dependen-
cies of breather energy for concrete realization of chain thermaliza-
tion, dotted lines show the corresponding exponential law E�t�
=E�0�exp�−�t�.

FIG. 6. Collision of supersonic acoustic soliton with stationary
optic breather �=820.5 cm−1� �a�, collision of the moving breather
�velocity s=0.106s0� with the stationary one �b�, and elastic colli-
sion of two moving breathers �c�. The temporal dependence of en-
ergy distribution En along the chain is shown. Parameters �50� has
been used.
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placing the stationary breather at the center of the chain with
N0=50. In this case the breather can interact only with ther-
mal phonons arising at the ends of the chain, which are con-
nected with heat bath. The numerical integration of the equa-
tions �52� has shown that the breathers in the thermalized
chain have a finite lifetime �contrary to the isolated chain�.
However, the lifetime is large enough to provide a significant
influence of the breathers on various physical processes.

To estimate the breather lifetime in thermalized chain let
us consider the temporal dependence of the energy �Figs. 5
and 8�. It is clear that the energy decreases exponentially,
E�t�=E�0�exp�−�t�. One can determine the breather lifetime
as half of breaking period t�=ln 2/�b �E�t��=E�0� /2�. The
relationship of t� versus the chain temperature T is presented
in Table V. Hence the breather lifetime is proportional to its
energy-temperature ratio.

In addition to the breathers considered above, supersonic
acoustic solitons may also exist in the PE chain.19 Therefore,
it is advisable to study the solitons interaction with optic
breathers. We will further consider the first system of param-
eters only. The acoustic solitons here are caused by a local
longitudinal compression of the chain �properties of the
acoustic soliton were presented in Ref. 19�.

Collision of the acoustic soliton with the stationary
breather is shown in Fig. 6�a�. It is clear that the considered
interaction does not lead to a noticeable change of soliton
energy, but the breather acquires a small momentum in the
direction of the soliton motion. For instance, after collision
with the soliton moving with velocity s=1.024s0,29 the
breather with frequency =820.5 cm−1 starts to move with
constant velocity s=0.0255s0. After each new collision the
breather velocity increases and attains the limit value s
=0.106s0.

The motion of the breather is accompanied by a phonon
irradiation with low intensity. This leads to decreasing in
breather energy. We have to note that propagating breather
frequency exceeds slightly the low boundary of frequency
spectrum. Therefore, we deal here with the breathers in the

propagation zone of optical spectrum. However, the relax-
ation time in this case, as well as in the case when the
breather lies between acoustic and optical branches, turns out
to be large enough. Actually, let us consider the collision of
propagating breather �=830 cm−1� with the stationary one
�=820 cm−1� �see Fig. 6�b�� and the collision of two propa-
gating breathers �=830 cm−1� �see Fig. 6�c��. One can see
that the breathers which frequency lies in the propagation
zone can move freely without any noticeable changes and
can interact with similar or stationary ones as elastic
particles—they exchange by the momentum without any en-
ergy decreasing.

In thermalized chain both propagating and stationary
breathers have the relaxation time proportional to ratio of the
energy and temperature and does not noticeably depend on
the breather’s velocity �Fig. 7�. This time is large enough
��103 periods of optical vibrations� for breathers manifesta-
tion in different physical processes.

We have shown that the optical breathers can exist both in
isolated and interacting chains. The characteristics of the
breathers do not depend significantly on the intermolecular
interactions. In this case we can use approximation of neigh-
bor chains being at rest.

When we take into account the interchain interaction,
three types of topological solitons with topological charges
q= �q1 ,q2� appear. Their properties are described in Ref. 23.
The solutions of the first type have topological charge q
= �±1,0� and describe a localized longitudinal extension/
compression of the chain by one step. The solutions of the
second type have the charge q= �±0.5,0.5� and describe a
longitudinal extension/compression of the chain by half step
and a twist by 180°. The solutions of the third type have the
charge q= �0,1� and describe the twist of the chain by 360°.
All these topological solutions have subsonic velocity spec-
tra and can move without phonon irradiation.

We considered an interaction of stationary optical breather
with frequency =820.5 cm−1 with moving topological soli-
tons. As it is seen from Fig. 8 such an interaction is the

FIG. 7. Breaking of moving breather �velocity
s=0.106s0� in thermalized chain �temperature T
=5 K�. Temporal dependence of energy distribu-
tion along the chain En is shown. Parameters �50�
has been used.
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elastic one if the first component of topological charge q1
�0, i.e., if a there is no compression in the localization
region. In the opposite case, when q1�0, the interaction with
topological soliton leads to breaking the breather—see Fig.
9. Moreover, the bound state of the breather and topological
soliton �q1�0� may be energetically favorable. Such a cou-
pling increases the relaxation time for the breather in ther-
malized chain. It was shown recently10,27 that mutual inter-
action of the breathers with solitons of another type or
phonons plays an important role in the heat conduction.

X. CONCLUSION

The optical breathers, which constitute the localized
coupled longitudinal-transversal nonlinear excitations, can
exist both in the attenuation and propagation bands of poly-
ethylene crystal. We have obtained an approximate analytical

solution for the breather using a model of isolated chain. We
have numerically confirmed that taking interchain interac-
tions into account does not lead to a significant change of the
breather parameters. The reason is that the interchain inter-
action is somewhat weak compared to the intrachain one. We
have demonstrated the breathers stability to mutual colli-
sions. It has been shown that the presence of thermal excita-
tions increases the breather relaxation time.

The interaction of the optical breathers with the super-
sonic and subsonic �topological� solitons can be either elastic
or inelastic depending on the breather parameters. To the best
of our knowledge, this paper presents the first analytical
study of the breathers in the oscillatory chain which is dif-
ferent from a straight one. At the same time, we were first to
investigate the mutual interactions of various types of soli-
tons within a realistic model of the polymer chain. Both ana-
lytical and numerical results presented above provide a new
insight into understanding and description of such physical
processes as premelting and heat conduction in solids.
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APPENDIX

Four NPDEs with respect to modulating functions can be
presented in operator form

L�X� = Y , �A1�

where

X = �
U

Ũ

W

W̃
� ; Y = �

F

F̃

G

G̃
� , �A2�

where the left part contains only linear terms corresponding
to chosen �nonperturbed� wave number and right part con-
tains the linear terms depending on the first and second de-
rivatives as well as the nonlinear terms till second order by �
inclusively.

We use further a procedure of successive approximations.
The first iteration is described by the equation

L�X� = 0 . �A3�

In this approximation the frequency corresponds to the non-
perturbed wave number, as well as the relation between U, Ũ

FIG. 8. Passage of topological solitons �velocity s=0.25s0� with
charge q= �1,0� �a�, q= �0.5,0.5� �b�, and q= �0,1� �c� through
static breather �frequency =820.5 cm−1�. Parameters �50� have
been used.
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and W, W̃. In the second approximation we substitute these
relations into right part of Eq. �A1�. As this takes place, the
frequency in the left part corresponds to the perturbed wave
number in the vicinity of chosen one. Then we can consider

�A1� as linear nonhomogeneous equation with respect to U,
Ũ, W, W̃ in the second approximation. Its solution allows to
find the relations between U, Ũ and W, W̃ until order two
inclusively.
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