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Nucleation and pinning fields have been derived for an exchange-coupled hard/soft/hard magnetic nanosys-
tem within an analytical micromagnetic approach. For the first time, the analytical formulas can be directly
compared with the numerical and experimental coercivity to differentiate the coercivity mechanisms quantita-
tively. In addition, our analytical results demonstrate that the nucleation field decreases with the soft layer
thickness Ls parabolically, rather than reaching a plateau at small Ls as claimed by other reports. The coercivity
paradox and the attainable maximum energy product are reexamined based on our results.
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The coercivity and its mechanism in permanent magnets
has always been an intensive topic in magnetism. Since
Brown’s coercivity paradox,1 i.e., the measured coercivity is
much lower than the theoretical value, was proposed in the
1940s, a lot of work has been devoted to the exploration of
this problem.1–4 Nevertheless, the underlying details are still
unclear. The phenomenological approach fits the experimen-
tal data quite well, but it cannot elucidate the underlying
physics. The micromagnetic approach, in principle, can re-
veal the mechanism. To do that, the process from nucleation
to coercivity has to be examined as a whole, with the asso-
ciated nucleation and pinning fields derived explicitly. How-
ever, due to mathematical difficulties, in most previous stud-
ies, only the nucleation or pinning field has been obtained.
As a result, so far the studies tackling the coercivity mecha-
nism are mainly phenomenological.

Recently, an exchange-coupled composite material, pro-
posed by Kneller in 1991,5 with a hard phase to provide high
coercivity and a soft phase to provide high saturation and
remanence, aroused immediate interests from experts in this
field. Skomski and Coey proposed in 1994 that the theoreti-
cal energy product, �BH�max, of oriented composite magnets
could be as large as 1 MJ/m3, which almost doubles that of
the best available single-phase permanent magnets.6 Many
experiments have been carried out to realize this giant energy
product over the past decade. The results, however, are quite
discouraging since the best one so far is only about
0.2 MJ/m3.7–10 It looks as if a new “energy product paradox”
has emerged even before we could fully understand the co-
ercivity paradox in this field.

In this paper, we seek to elucidate the coercivity mecha-
nism within the framework of a self-contained micromag-
netic model. The differential equations have been solved rig-
orously to provide reliable analytical formulas for nucleation
and pinning fields for an exchange coupled magnetic triple
system �see inset of Fig. 1�. We chose such a structure be-
cause it appears to offer the best opportunity to realize the
proposed giant energy product. On the other hand, the soft
film can be regarded as a planar soft defect, which is nor-
mally present in single-phase hard magnetic materials. Thus
the results can be applied in both permanent and composite
magnets.

According to Brown,1 the total magnetic energy per unit
area can be expressed as

� = �
0

Lh �Ah�d�

dz
�2

+ Kh sin2 � − MS
hH cos ��dz

+ �
−LS/2

0 �As�d�

dz
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+ Ks sin2 � − MS
sH cos ��dz , �1�

where A and K are the exchange and anisotropy energy con-
stants, respectively. � is the angle between the magnetization
and the applied field H, and MS is the spontaneous magneti-
zation. The superscripts h and s denote the hard and soft
layer, respectively. For simplicity, the easy axes of all layers
are assumed to orient along the applied field direction. For a
trilayer system with a sufficiently thick hard layer, the angu-
lar solutions for the hard and soft layer can be decoupled.4

Thus calculations can be performed only for a region defined

FIG. 1. Calculated nucleation fields for a Nd2Fe14B/Fe/
Nd2Fe14B trilayer system �shown in the inset� as a function of the
soft layer thickness. Solid lines: present result according to Eq. �5�;
dotted line: numerical nucleation field from Ref. 9.
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by −Ls /2�z�0 with the symmetry of the system consid-
ered.

By applying the variational method to energy �1� with
suitable boundary conditions,4 we obtain the following equa-
tions for the angular distribution of the magnetization in the
soft film and interface4

��Ls/2 + z�
�s = �

�0

�s d�

��sin2 � − sin2 �s� − 2hs�cos � − cos �s�
,

−
Ls

2
� z � 0, �2�

AsKs��sin2 �0 − sin2 �s� − 2hs�cos �0 − cos �s��

= AhKh�sin2 �0 − 2hh�cos �0 − 1�� , �3�

where �0 and �s are the directions of magnetization at z=0
and z=−LS /2, respectively. The reduced applied field h
=H /HK is introduced with HK=2K /MS as the anisotropy
field. �=��A /K is the Bloch wall width. Solving Eqs. �2�
and �3� will yield the nucleation and coercive fields.

The nucleation field can be derived analytically. At the
nucleation state, the deviation of the magnetization from the
applied field direction is small. Thus the nucleation problem
can be solved by an appropriate ansatz or series expansion.6

Here, we adopt the latter method since the physics are more
transparent. First, a Taylor series expansion of Eq. �3� at �
=0 and omitting the high-order term gives

	 �s

�0
2

= 1 −
AhKh�1 + hN

h �
AsKs�1 + hN

s �
, �4�

where hN=−HN /HK is the reduced nucleation field. A minus
symbol is adopted here since we are investigating the nucle-
ation corresponding to the second quadrant hysteresis loop.
Equation �4� demonstrates that the phase transition from a
coherent state to an incoherent state for both the hard and
soft layers occurs simultaneously, i.e., taking place at the
nucleation field HN. Substituting Eq. �4� into Eq. �2�, after a
series expansion and a subsequent integration, yields

�Ls

2�s =

tan−1
�AhKh�1 + hN

h �
�AsKs�− 1 − hN

s �
�− hN

s − 1
. �5�

Equation �5� is a general formula that relates the nucle-
ation field to Ls and material parameters. From this relation-
ship, some more specific formulas can be derived. For
example, taking As=Ah, MS

s =MS
h, and Ks=0, we have

�Ls

2�h =
cos−1�−hN

h

�−hN
h , which is the formula of the nucleation field

derived by Aharoni �Eq. �12� of Ref. 3�.
Figure 1 shows the calculated nucleation fields based on

Eq. �5� for an Nd2Fe14B/	-Fe/Nd2Fe14B trilayer as a func-
tion of the soft layer thickness Ls. The material parameters
are listed in Table I. As Ls increases from 0 to infinity, HN
decreases smoothly from HK

h to HK
s. The numerical result

by Leineweber and Kronmüller11 has been shown for com-

parison. Their calculation is roughly consistent with ours.
However, the outstanding discrepancies around Ls=4 nm
and 33 nm should be noted.

For Ls��h �4.2 nm�, their nucleation field HN is indepen-
dent of Ls and identical with HK

h. Similar results have been
obtained by Kneller5 and by Skomski and Coey6 for a spheri-
cal soft inclusion. Our analytical result, however, shows that
Ls=�h is not an inflection point at all and there is a rapid
decrease of nucleation field with Ls for Ls��h. Similar re-
sults have been obtained by Aharoni for a more specific
defect.3 It should be noted that there are some misunder-
standings in this important field due to the ambiguity of the
coercivity mechanism. Recently an “effective anisotropy,”6,10

which is basically the average anisotropy of the soft and hard
phases, has been used to investigate the coercivity related
problems. According to this approach, the nucleation field at
small Ls should change with Ls linearly. For very thin soft

layer, Eq. �5� reduces to HN=HK
h�1−� �Ls

2�h

MS
s

MS
h�2�. The nucle-

ation field approaches HK
h parabolically rather than linearly.

Thus the average anisotropy is not a suitable explanation for
the coercivity of composite magnets. Physically this para-
bolic decrease of nucleation field at small Ls implies the
destructive role of the defects in reducing the coercivity and
partially solves the Brown’s coercivity paradox.

For Ls
8�h, the nucleation field HN given by Ref. 11,
falling off as �Ls�−1.75, is significantly smaller than in our
calculation, because the authors have ignored completely the
contribution from the anisotropy of the soft phase, Ks. Such
an approximation, however, is only valid for very small Ls.

For intermediate Ls, HN by Ref. 11 is larger than our
result, with the difference increasing with Ls. We believe that
they have calculated coercivity rather than the nucleation
field due to the uncertainty of the coercivity mechanism as
can be seen more explicitly from the following discussion.

For arbitrary applied fields between nucleation and coer-
civity, the angular distribution could be obtained numeri-
cally. Such a distribution, exhibiting a three-step magnetiza-
tion reversal process, has been calculated and shown in Ref.
4. Figure 2 shows the calculated Ls dependence of the nucle-
ation field and coercivity of an Nd2Fe14B/	-Fe/Nd2Fe14B
trilayer. The numerical nucleation field in Fig. 2 is identical
to the analytical one shown in Fig. 1 throughout all Ls, jus-
tifying our calculation. When Ls is less than a certain critical
thickness, Lcrit1, where Hc=HN, the three steps of magnetic
reversal converge into one single step and the coercivity
mechanism is totally nucleation. As a result, the whole sys-

TABLE I. Magnetic properties for various hard and soft mag-
netic materials adopted from Refs. 2, 4, and 6.

Material MS �kG�
K ��107�
�erg/cm3�

A ��107�
erg/cm�

�
�nm� HK �kOe�

Nd2Fe14B 1.28 4.3 7.7 4.2 67.2

Sm2Fe17N3 1.23 12 10.7 3.0 195

SmCo5 0.84 17.1 12. 2.6 407

	-Fe 1.71 0.046 25. 73.2 0.54

Co 1.43 0.43 10.3 15.4 6.0
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tem reverses simultaneously, and there is no stable angular
solution for Eqs. �2� and �3� except ��0 and ���. Thus the
nucleation field in this region is very difficult to determine
accurately, which is probably the reason for the outstanding
discrepancy in the calculated nucleation field for small Ls

observed in Fig. 1. From Fig. 2, Lcrit1 of an 	-Fe interlayer
sandwiched between two Nd2Fe14B layers can be determined
accurately as 4 nm.

For larger Ls, there is a gap between the two fields, indi-
cating a process of domain wall evolution near the interface,
which links the nucleation and the coercivity.4 The width of
the gap, Hc−HN, increases with Ls, suggesting that the coer-
civity mechanism is changing from nucleation to pinning.
For sufficiently large Ls, Hc saturates at 6.82 kOe, and the
coercivity mechanism changes completely to pinning. The
pinning field can be derived analytically.

For large Ls, a 180° domain wall forms before the irre-
versible domain wall motion.4 In this case the pinning field
could be obtained analytically. Substituting �s=180° into Eq.
�3� yields

− H =
�AhKh − AsKs� sin2 �

AsMs�1 + cos �0� + AhMh�1 − cos �0�
. �6�

By maximizing −H with respect to cos �0, the pinning field is
obtained as

Hp =
2�AhKh − AsKs�

��AsMs + �AhMh�2
. �7�

Thus the pinning field is completely determined by the inter-
face constraint. A similar result has been obtained by Kron-
müller and Goll,12 but by using a different method. Taking
As�Ah, Ms�Mh, KS�Kh, Eq. �7� reduces to

Hp

HK
= �A/A+�K/K

4 ,
where �A=Ah−As and �K=Kh−Ks. This is the formula for
the pinning force2 exerted upon a domain wall that penetrates
from a phase with low A and K into a phase with high A and
K. On the other hand, for a soft planar defect with As=Ah,
Ms=Mh, and KS=0 in a hard magnetic material, Eq. �7� re-

duces to Hp=
HK

h

4 , which has been investigated by Aharoni.3

According to Aharoni, such a defect can reduce the coerciv-
ity by no more than a factor of 4 compared to that of the
perfect material and is unable to explain the experimental
coercivity of one or two orders of magnitude smaller. Since
AsMs is usually larger than AhMh, according to Eq. �7�, the
soft defect can reduce the coercivity more efficiently. If we
ignore the Ks, which is about two orders of magnitude
smaller than Kh, Eq. �7� can be rewritten as

Hp =
HK

h

�1 + �
�2
, �8�

where 
= AsMs

AhMh . Taking Nd2Fe14B as an example, due to the
existence of 	-Fe as a soft defect, 
=4.33 �see Table I�, the
coercivity is roughly 10% of that of a perfect material. The
coercivity could be less if the change of the parameters from
the soft to hard phases is more gradual.4 Thus our formulas
offer a possibility to further solve the coercivity paradox.

The second critical thickness, Lcrit2, is defined at the thick-
ness where HN=Hp. Beyond this thickness the dominant co-
ercivity mechanism changes from nucleation to pinning. For
an Nd2Fe14B/	-Fe system, Lcrit2=13 nm.

Such a change of coercivity mechanism with the soft
layer thickness is confirmed by comparison of experimental
coercivity with the nucleation field. For 13 nm�Ls

�20 nm, the experimental data by Parhofer8 agree very well
with the theoretical HN, indicating that the coercivity mecha-
nism in this regime is totally nucleation. For larger Ls there is
a gap between Hc and HN, which increases with the Ls, dem-
onstrating a change of coercivity mechanism from nucleation
to coercivity. For Ls�40 nm, the experimental coercivity
reaches a constant, showing that the domain wall pinning is
the dominant mechanism. However, we note that the experi-
mental critical thicknesses are about 20 and 40 nm, much
larger than the theoretical ones while the experimental coer-
civity is much smaller than the theoretical pinning field. This
discrepancy is attributed mainly to the abrupt change of the
material parameters at the interface assumed in Eq. �3�.

On the other hand, for Ls�13 nm, the experimental coer-
civity decreases as Ls decreases, which is contrary to the
theoretical predictions. This discrepancy is important as the
giant theoretical energy product had been thought to be
achieved in this regime.6 A close inspection of the experi-
ment shows that as Ls decreases, Lh also decreases. The crys-
talline anisotropy decreases significantly as Lh decreases to
less than 10 nm.10 In addition, the interface anisotropy might
affect the coercivity in this thickness regime. �The interface
anisotropy, if considered, will decrease the in-plane aniso-
tropy.� Taking account of these effects the optimum thick-
nesses for the soft and hard layers of a multilayer to achieve
the maximum energy product are about 15 nm �rather than 9
and 2 nms, as given by Ref. 6� with the volume occupation
of the soft phase at 50%. With this percentage, the maximum
attainable energy product of an Nd2Fe14B/Fe system is about
85 MGOe �680 MJ/m3� with the corresponding Mr, about
1.5 kG. This value is larger than that of the single-phase
Nd2Fe14B, but much smaller than that given by Ref. 6.

FIG. 2. Comparison of nucleation field with numerical and ex-
perimental coercivity for a Nd2Fe14B/Fe/Nd2Fe14B trilayer system.
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Similar experimental results have been obtained by other
groups.7,9 For example, Shindo et al.9 found that the coerciv-
ity of the Nd2Fe14B/Fe multilayers reaches a peak when the
thickness is 10 nm while it is a constant when Ls is larger
than 30 nm, demonstrating the same change of the coercivity
mechanism with Ls as that of Ref. 8. Calculation of other
magnetic systems shows similar trends in the change of the
coercivity mechanism with Ls. However, the critical thick-
ness differs from material to material. By considering the
fourth order term of � in Eq. �1�, the first critical thickness
can be determined analytically.3 The energy change at nucle-
ation is given by

�E = B�v tan v − sin2 v cos 2v −
2



cos4 v��4, �9�

where B is positive and v= �Ls

2�s�−hs . If �E�0, the energy
change at the nucleation is continuous and vice versa. Setting
�E=0, we obtained the first critical thickness for various
materials, shown in Table II. It can be seen that both Lcrit1
and Lcrit2, of the SmCo5/Co system are much smaller than
those of the Nd2Fe14B/Fe system. This explains why the

dominant coercivity mechanism in SmCo5 is pinning while
that of the Nd2Fe14B is nucleation. However, while the criti-
cal fields of Nd2Fe14B shown in Table II are in reasonable
agreement with the experimental data, the pinning field of
SmCo5 is much larger because of the existence of the second
hard phase in SmCo material. It can be seen from Eq. �7� that
the existence of a second hard phase such as Sm2Co17 which
is relatively softer compared with SmCo5 provides a large
“Ks” for Eq. �7� and thus decreases the pinning field signifi-
cantly.

From the above discussion we can see that the relation
between the coercivity and the anisotropy of the hard and
soft phases depends on the coercivity mechanism. For large
Ls, the coercivity mechanism is pinning. According to Eq.
�7�, the coercivity decreases rather than increases with Ks,
proving the invalidity of the effective anisotropy explanation.
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h �
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coercivity
mechanismh1 h2 Lcrit1 Lcrit2

Nd2Fe14B/	-Fe 4.33 0.36 0.10 4.0 13 Nucleation

SmCo5/Co 1.46 0.50 0.20 1.2 2.9 Pinning

Sm2Fe17N3/Fe 3.25 0.4 0.13 2.3 6.8 Both
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