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We investigate the interband optical absorption spectra near the band edge of a cylindrical semiconductor
quantum wire in the presence of a static electric field and a terahertz electric field polarized along the axis.
Optical absorption spectra are nonperturbatively calculated by solving the low-density semiconductor Bloch
equations in real space and real time. The influence of the Franz-Keldysh �FK� effect and dynamical FK effect
on the absorption spectrum is investigated. To highlight the physics behind the FK effect and dynamical FK
effect, the spatiotemporal dynamics of the polarization wave packet are also presented. Under a reasonable
static electric field, substantial and tunable absorption oscillations appear above the band gap. A terahertz field,
however, will cause the Autler-Townes splitting of the main exciton peak and the emergence of multiphoton
replicas. The presented results suggest that semiconductor quantum wires have potential applications in
electro-optical devices.
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I. INTRODUCTION

Excitons, which are bound states of electrons and holes
due to the attractive Coulomb interaction between them, play
a much more important role in low-dimensional semiconduc-
tor nanostructures than they do in three-dimensional bulk
semiconductors. The quantum confinement of the excitons
on length scales smaller than the bulk Bohr radius leads to
enhanced exciton peaks in optical absorption spectra of low-
dimensional nanostructures.1–4 Extensive work has been
done to investigate the specifics of the excitonic optical prop-
erties of quantum wells,1,2 quantum wires,3–6 quantum
dots,7–10 and superlattices. 11–16 The optical spectra of semi-
conductor structures can be modified dramatically by the ap-
plication of external static electric and/or magnetic fields.
For semiconductor quantum wells, the Franz-Keldysh �FK�
effect occurs when an electric field polarized in the plane of
the quantum wells is applied, while the quantum-confined
Stark effect prevails for a field polarized in the growth
direction.2 The FK effect describes the nonvanishing optical
absorption below the band gap as well as characteristic os-
cillations above the gap.17,18 And the quantum-confined Stark
effect describes the strong spectral shifts of the optical ab-
sorption edge with the applied electric field. In recent years,
excitonic absorption in low-dimensional semiconductor
nanostructures driven by terahertz ac electric fields has at-
tracted a great deal of attention19–29 due to the availability of
strong coherent terahertz sources, such as free-electron la-
sers. Many interesting optical phenomena have been pre-
dicted theoretically and partly verified experimentally, such
as the ac Stark effect, the dynamical FK effect,19,20 dynami-
cal localization, and terahertz sideband generation.30

Semiconductor quantum wires have attracted considerable
attention due to their distinct optical and electronic proper-
ties, which have potential applications in novel optoelec-
tronic devices. Quantum wires also offer a unique opportu-
nity for investigating the kinetics of electrons and holes in
one-dimensional structures.3 A unique feature of the one-
dimensional system is the inverse-square-root divergence of

the joint density of states at the band edge. However, the
Coulomb interactions between electrons and holes remove
this divergence and reduce the Sommerfield factor, which is
the intensity ratio of the optical density associated with ex-
citonic scattering states to the free-electron–hole pairs above
the band gap.4 Consequently, the singular one-dimensional
joint density of states does not show up at all in the linear
absorption spectrum. Moreover, in contrast to the two-
dimensional and three-dimensional cases, the Sommerfield
factor is less than unity for all frequencies above the band
gap. With rapid advance in material growth technology, both
experimental31–35 and theoretical36–41 studies on semiconduc-
tor quantum wires are receiving renewed interest. These
studies are important not only for elucidating the fundamen-
tal physics of one-dimensional semiconductors, but also for
device applications of quantum wires.

In this paper, we investigate the FK effect and dynamical
FK effect in a cylindrical semiconductor quantum wire. We
explore the optical polarization and its dephasing dynamics
by solving the semiconductors Bloch equations �SBEs� in the
low-density limit in real space. In general, the SBEs are
solved in k space.5,26 However, solving the SBE in k space is
much more formidable in numerical implementation, espe-
cially when external fields are applied. The advantages of the
real-space approach are as follows: �i� it can be used as a
probe into the wave-packet motion of the polarization, �ii�
the Coulomb singularity can be resolved analytically by a
polynomial finite element, �iii� bound, quasibound, and free
states are included in the calculation, �iv� external fields can
be added conveniently, and �v� it can be incorporated to
implement a very efficient fast Fourier transform algorithm.
Hence, solving the SBEs in real space began to attract great
interest recently.16,27–29,42–44 Hughes and Citrin have used
this approach to investigate the FK effect, the terahertz dy-
namical FK effect, and ionization of excitons in semiconduc-
tor quantum-well wires where the lateral confinement poten-
tial is assumed to be a harmonic-oscillator potential.42,43

Since we concern the spatiotemporal evolution of the polar-
ization wave packets, the real-space approach is adopted in
this paper. The paper is organized as follows. In Sec. II, we
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outline our model of the cylindrical quantum wire and theo-
retical approach used to obtain the optical absorption spec-
trum. In Sec. III, we present the numerical results and related
analysis. Finally, in Sec. IV we present our conclusions.

II. PHYSICAL MODEL AND THEORETICAL
APPROACH

The SBEs, which govern the coupled dynamics of elec-
trons, holes, and the optical polarization in the vicinity of the
semiconductor band gap, provide a concrete foundation to
analyze the optical properties of semiconductor structures. In
the low-density limit, the SBE can be cast in real space as45

i �
���z,t�

�t
= �Eg − �2 �2

�z2 + ezF�t� − i � ����z,t�

− VCoul�z���z,t� + � ��t���z� , �1�

where � is the induced polarization between the lowest val-
ance and conduction subbands, � is the Planck constant, z is
the relative distance between the electron and the hole,
VCoul�z� is the effective Coulomb potential which is calcu-
lated by averaging the three-dimensional Coulomb interac-
tions through the wave functions of electrons and holes over
the radial two-dimensional section and the specific form of
VCoul�z� is given below, ��t�=dE�t� /� is the time-dependent

Rabi frequency with d the interband dipole moment and E�t�
the envelope of the weak probe optical pulse, and � is the
phenomenological dephasing rate due to various dephasing
scattering in the quantum wire. The external electric field
may include static and ac components, i.e., F=Fdc

+Faccos�2��THzt+��, where �THz=	THz/2� is the frequency
of the terahertz electric field and � is the phase of the tera-
hertz ac field at the time when the optical pulse reaches its
peak value. The Fourier transform of Eq. �1� is exactly
equivalent to the SBE in the low-density limit in k space. We
assume that the exciting optical pulse is resonant with the
band gap and hence the detuning does not appear explicitly.

Here, we concentrate on a two-subband semiconductor
model and assume the quantum wire is cylindrical in a geo-
metric profile. We assume perfect confinement at the ends in
the growth direction and at a lateral wall. The infinite poten-
tial at the lateral wall of the thin cylindrical nanowire implies
the envelope of the lateral ground-state wave functions of the
electrons and holes are the Bessel function of zero order
J0�
e�h��, where 
e and 
h are the radial coordinates of the
electron and hole, respectively. Only considering the funda-
mental electron and hole subbands, the quasi-one-
dimensional Coulomb interaction VCoul�z� can be obtained
from the average of the three-dimensional Coulomb interac-
tion with the lateral ground state by28,40,46
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where �=e2 / 	4�3�R4J1
4��0�
, � is the dielectric constant, R

is the radius of the quantum wire, 
e and 
h are the polar
angle coordinates of the electron and hole, respectively, J1 is
the Bessel functions of order 1, and �0 is the zero of the J0.
The relevant observable in a usual experiment is the absorp-
tion coefficient, which can be obtained from the real and
imaginary parts of the complex dielectric function ��	�
=���	�+ i���	� as

��	� =
	

n�	�c
��, �3�

where 	 is angular frequency and n
=�1

2 ����	�+�	���	�
2+ 	���	�
2� is the index of refraction.
On the other hand, the complex dielectric function ��	� is
related to the linear optical susceptibility ��	� via ��	�=1
+4���	�. The optical polarization is simply P�t�=d��z
=0, t�. The linear optical susceptibility ��	� is finally calcu-
lated by

��	� =
P�	�

�0E�	�
, �4�

where P�	� and E�	� are the Fourier transformation of P�t�
and E�t�, respectively. In our calculations, the optical field is
assumed to be polarized along the axis of the quantum wire.
And we assume the optical pulse has a Gaussian slowly vary-
ing envelope E�t�=E0exp	−�t− t0�2 /�2
 with � the pulse
width and t0 the time at which the optical pulse is maximum.
Thus only pulsed excitation is considered in this paper. If
continuous excitation is concerned, we can employ the mul-
tipulse technique used in Refs. 27 and 28.

III. NUMERICAL RESULTS AND DISCUSSIONS

The cylindrical quantum wire is 4200 nm in length corre-
sponding to about 300a0 with a0 the effective Bohr radius of
the bulk excitons in GaAs, and the radius of the wire is
4.2 nm. We employ material parameters typical of GaAs:
me=0.067m0 and mh=0.408m0 with m0 the mass of a free
electron, and �=12.9 is the relative dielectric constant. The
dephasing time is �−1=500 fs unless otherwise stated. For
the electric field of optical pulse, we choose a weak Gaussian
pulse with the full width at half maximum 30 fs and t0
510 fs. We use the center difference of the space with grid
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spacing 1 nm. And the SBE is integrated over 6 ps with a
time step 0.1 fs. The total integration time is chosen in such
a way that the initial polarization practically becomes zero at
the end of integration. Usually 6–8/� is used as the upper
limit. Thus 6 ps is used in the calculations in this paper. In
addition, we have checked that the convergence of all results
presented in this paper is ensured with respect to this dis-
cretization. However, when the statistic electric field is
higher beyond 15 kV/cm, the discretization has to be im-
proved further. This is because the field-induced ionization
dominates the dephasing, thus a higher resolution of time
and space is needed. The phase � is chosen zero other than in
the Fig. 3�b�, where the phase dependence is investigated.

In Figs. 1�a� and 1�b�, we show the optical absorption and
the spatiotemporal evolution of the polarization wave packet
in the cylindrical quantum wire under external dc electric
fields, respectively. Figure 1�a� shows the optical absorption
spectra at different electric field strength. The curves have
been shifted vertically for clarity. In the absence of the elec-
tric field, the optical absorption spectrum is dominated by the

main exciton peak, and the absorption continuum is sup-
pressed, thus the Sommerfield factor is less than unity. The
1s exciton binding energy is about 23.6 meV, which is about
two times the exciton binding energy calculated for harmonic
potential42,43 and is in accord with the calculated result for a
cylindrical quantum wire.47 The Coulomb interaction be-
tween the electron and hole removes the singularity at the
band gap associated with the one-dimensional joint density
of states. The inset shows that the 2s exciton in the absence
of external electric field is easily resolved, especially when
the dephasing time is 1 ps. Note that the 2s exciton is very
difficult to obtain by using the SBE approach in k space
because of the numerical requirements for a long dephasing
time. In the presence of an external electric field, the 1s
exciton peak reduces in height, broadens in width, and its
location shifts to lower energy, and the 2s exciton is com-
pletely ionized. The free carrier continuum portion of the
spectra above the band-gap edge exhibits pronounced oscil-
lations, which are the well known FK oscillations. The oscil-
lation period is longer for a stronger electric field, while the
oscillations decrease in amplitude for higher energies. Figure
1�b� shows the spatiotemporal evolution of the polarization
wave packet under dc electric field with different field
strengths: 0, 3, 9, and 15 kV/cm, respectively. The time
ranges from 0 to 400 fs �corresponding to 51 fs advanced
and 349 fs retarded to the center of the optical pulse�. And
the spatial range is −84 to 84 nm, which is approximately
100a0. The spatiotemporal dynamics of the wave packet
highlight the physics: shortly after the pulse arrives, there is
a sharp peak near the center of the relative motion space due
to the Coulombic interactions between electrons and holes.
The wave packet spreads and quantum beating occurs be-
tween the continuum states and the excitonic states later on.
The wave packet ultimately spreads out and dephases. In the
absence of an external field �F=0 kV/cm�, the polarization
wave packet evolves symmetrically about the z direction, as
expected. But, in the presence of an external field �F�0�,
the polarization wave packet is now strongly distorted and
propagates along the negative z axis. The frequency of the
quantum beating is higher for stronger fields, and the wave
packets decay rapidly, which suggests the field-induced ion-
ization of the exciton.

The optical absorption spectra of the cylindrical quantum
wire and the spatiotemporal evolution of the polarization
wave packet under external terahertz electric fields with dif-
ferent field strengths are shown in Figs. 2�a� and 2�b�, re-
spectively. Figure 2�a� shows the optical absorption spectra
for different values of the field strength with frequency fixed
at �THz=5 terahertz, which is about resonant with the 1s ex-
citon. The spectra are offset vertically for clarity. With the
field strength increasing, the main exciton peak splits, and
the two peaks are asymmetric both in height and width ex-
cept for the field strength 9 kV/cm, where the two peaks are
approximately symmetric. When field strength is lower than
9 kV/cm, the peak at the high-energy side is dominant over
the one at the low-energy side. On the other hand, when field
strength is higher than 9 kV/cm, the peak at the low-energy
side is dominant over the one at the high-energy side, and the
two peaks separate farther, and broaden, even becoming a
band, and other peaks and oscillations emerge gradually.

FIG. 1. �Color online� �a� Optical absorption spectra of the cy-
lindrical quantum wire under different field strengths. The field
strength Fdc varies from 0 to 15 kV/cm at the step of 3 kV/cm
from top to bottom. The inset of �a� shows the 2s exciton peak for
dephasing time �−1 1 ps �top� and 0.5 ps �bottom�, respectively. �b�
The spatiotemporal evolution of the polarization wave packet under
increasing electric fields. The four panels of �b� are spatiotemporal
evolution of the polarization wave packet at different field strengths
Fdc=0, 3, 9, and 15 kV/cm.
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This splitting resembles the Autler-Townes splitting for three
level atoms,48 whereas the third level coherently couples to
one of the other two levels, resulting in a large dip in the
absorption resonance. Here, the third level is played by the

higher exciton states lying just below the band edge. Further-
more, the 2s resonance and the band-edge blueshifts due to
the dynamical FK effect. There appear two-photon replicas
in the continuum. With the terahertz field increasing, the
two-photon replica redshifts initially and turns into a blue-
shift and broadens. This is because the ac-Stark effect and
dynamical FK effect oppose each other. The former redshifts
the resonance, while the dynamical FK effect seeks to blue-
shift it. Eventually, the dynamical FK effect will dominate,
resulting in a net blueshift. In very high field, the continuum
becomes oscillating, and some other peaks corresponding to
multiphoton replicas occur. Figure 2�b� shows the spatiotem-
poral dynamics of the polarization wave packet for some
different values of the terahertz field strength. The polariza-
tion wave packet is distorted by the field and spreads to two
directions following the alternating changing of the field.
And there is a sharp drop for high field strength, which in-
dicates the ionization of the excitons immediately after they
are generated.

FIG. 3. �a� Optical absorption spectra of the cylindrical quantum
wire under terahertz electric fields at different frequency �THz=1, 2,
3, 4, 5, and 6 THz with field strength fixed at 9 kV/cm, respec-
tively. �b� Dependence of the optical absorption spectra of the cy-
lindrical quantum wire on the phase under terahertz electric fields
Fac=9 kV/cm and �THz=5 THz. The four panels of �b� correspond
to �=0, � /2, �, and 3� /2, respectively, with � the phase of the
terahertz wave at the time corresponding to the peak of the optical
pulse.

FIG. 2. �Color online� �a� Optical absorption spectra of the cy-
lindrical quantum wire under terahertz electric fields. The field
strength Fac varies from 3 to 48 kV/cm at the step of 3 kV/cm
from top to bottom with frequency �THz of the terahertz field fixed
at 5 THz. �b� The spatiotemporal evolution of the polarization wave
packet when increasing the field strength with frequency �THz

=5 THz. The eight panels correspond to different field strengths
Fdc=3, 9, 15, 18, 21, 30, 39, and 48 kV/cm, respectively.
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We show the dependence of optical absorption spectra on
the phase and frequency of the terahertz field in the cylindri-
cal quantum wire in Fig. 3. Figure 3�a� shows the influence
of the frequency of the terahertz field on the main exciton
peak. Note that the location of the dip in the split main 1s
peak is one terahertz photon energy below the band edge.
Thus, this splitting is a single terahertz photon resonance-
induced coherent phenomenon. The separation and relative
intensity are dependent on the frequency of a terahertz field.
Multiphoton replicas can also be identified. Figure 3�b�
shows the dependence of the absorption spectra on the phase
� of the terahertz field at the time when the probe optical
pulse reaches its peak value. The four panels show the opti-
cal absorption spectra at the frequency �THz=5 THz and the
field strength Fac=9 kV/cm with different phases of �=0,
� /2, �, and 3� /2, respectively. The peak emerging in the
absorption continuum is the two-photon replica which is
2h�THz above the 1s excitonic resonance. By changing this
phase, the absorption can be enhanced or reduced at the lo-
cation of the two-photon replica. As Fig. 3 shows, the two-
photon replicas are evident and can be easily tuned by
changing the frequency and the phase of the terahertz driving
field. This suggests the potential application of quantum
wires as optical switching or multiplexing devices by em-
ploying the static-field-induced FK oscillations or the
terahertz-field-induced FK effect and multiphoton replicas.

IV. CONCLUSIONS

In conclusion, we have studied the FK effect and dynami-
cal FK effect in a cylindrical semiconductor quantum wire
by solving the SBE in the low-density limit in real space.
The spatiotemporal dynamics of the polarization wave
packet under different field strengths are also presented. By
probing the electron-hole wave-packet motion, exciton ion-
ization effects have been highlighted. In the presence of a dc
electric field, the 1s exciton peak reduces in height and
broadens in width and the 2s exciton is completely ionized.
For the reasonable dc electric field strengths, substantial os-
cillations appear above the band gap. In the presence of a
terahertz field, the main 1s exciton peak is splitting and the
relative height of the two peaks depends on the field strength.
With increasing field strength, the dip redshift and the split-
ting peaks reduce and broaden and rich structures appear.
Multiphoton replicas show up, and the two-photon replica
depends evidently on the phase of the terahertz field.
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