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I. INTRODUCTION

Multiqubit systems are of great importance in many fields
of quantum technology. Experimental and theoretical evi-
dences, accumulated during the last few years, indicate that
they exhibit interesting properties that make them central
subjects in quantum information processing and quantum
computation.1–3 The inherent dissipation and decoherence
phenomena due to the interaction with a surrounding envi-
ronment with many degrees of freedom, unfortunately, limit
their usefulness.

Recently, questions related to entanglement and decoher-
ence of some multiqubit systems have been investigated.
Mainly, attention was focused on thermal entanglement, i.e.,
entanglement induced by the interaction of the multiqubit
system with an environment at thermal equilibrium. Usually,
these approaches are within the framework of a master equa-
tion for the reduced density matrix of the central system and
within the Markovian approximation. The main assumption
is that the characteristic times of the interacting systems are
much longer than those of the environment.4 The Markovian
dynamics is known to be widely applicable in quantum op-
tics and in the study of quantum noise.5

Several investigations have shown that dynamics of mul-
tiqubit systems shows strong non-Markovian behavior.
Therefore, one has to seek new approaches in order to study
them. The Ising and transverse Ising model were first applied
to the description of the reduced dynamics of one-qubit and
two-qubit systems under a symmetry broken environment in
thermal equilibrium where phase transitions occur.6–8 Later,
another model was proposed9 in which the central system is
immersed in an environment composed of N spin 1

2 particles
arranged in a star structure. In Ref. 10 the exact solution of
the dynamics of one-qubit system in spin star configuration
was found assuming a Heisenberg XY interaction. In this
model, the spin bath was in an unpolarized infinite tempera-
ture state.

The present paper provides an extension of the above
model to the dynamics of a two-qubit system coupled to a
spin star environment. The model is exactly solvable because
of the symmetry of the structure under consideration. As
mentioned in Ref. 10, this may represent a method to inves-
tigate the validity of approximation techniques and numeri-

cal methods applied to the non-Markovian dynamics.
The paper is organized as follows. In Sec. II we give a

detailed description of the model. In Sec. III we derive the
exact dynamics of the reduced system. In Sec. IV we study
the case of an infinite number of environment spins, we de-
termine the correlation functions, and we study the long-time
behavior of the density matrix of the central system. We end
the paper with a brief conclusion regarding decoherence and
evolution of entanglement of the two-qubit system.

II. THE MODEL

We consider a system of two noninteracting qubits
coupled to a set of N independent spin 1

2 particles �the envi-
ronment�. We restrict ourselves to the case of a spin star
configuration. This is a structure in which the two-qubit sys-
tem is surrounded by the N spin 1

2 particles located on the
surface of a sphere. The central qubits as well as the envi-
ronment are multipartite systems living in spaces given by
twofold and N-fold tensor products of the local two-
dimensional spin spaces corresponding to the individual par-
ticles. From an open quantum system point of view the cen-
tral system is considered as an open system coupled to an
environment with a large number of degrees of freedom.

The nature of the coupling between the qubits and the
environment is in general complicated and depends on the
details of the interaction. Nevertheless, some symmetry
properties characterizing the spin star configuration lead to
an enormous simplification of the model. Indeed, under some
conditions,9 the structure in consideration is invariant with
respect to the exchange of any two outer spins. Moreover,
the spin star configuration is a rotationally invariant system
which is the direct result of the isotropy of the environment.
More details about SO�3�-invariant spin systems can be
found in Ref. 11.

A. The qubits

Let us first consider the general case of a bipartite system
S composed of two particles with spins j1 and j2. The space
Cs of the composite system is given by the tensor product
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Cs = Cd1 � Cd2. �1�

Here, di=2ji+1 denotes the dimension of the space Cdi cor-
responding to the particle with spin ji. The total angular mo-
mentum of the global system is defined by

Ĵ = Ĵ1 � I + I � Ĵ2, �2�

where Ĵ1 and Ĵ2 are the angular momentum operators of the
individual particles and I denotes the unit matrices on Cd1

and Cd2.
The standard basis in the space Cdi is composed of the

eigenvectors of the operator Ĵiz with eigenvalues mi=−ji ,
−ji+1, . . . , ji with i=1,2. We denote the vectors of this basis

by �ji ,mi� to stress that on this space Ĵi
2= ji�ji+1�I.

The composite system admits, now, two equivalent ortho-
normal bases. The first one is formed by the common eigen-

vectors �j1 , j2 ,m1 ,m2� of the set of operators �Ĵ1
2 , Ĵ2

2 , Ĵ1z , Ĵ2z�,
they are given by the tensor products

�j1, j2,m1,m2� = �j1,m1� � �j2,m2� . �3�

The second one is a standard basis constructed from the si-
multaneous eigenstates of the square of the total angular mo-

mentum operator Ĵ2 and its projection along the z axis Ĵz,
namely ��j ,m�� with �j1− j2 � � j� j1+ j2 and −j�m� j. As
usual, we introduce the lowering and the raising operators

Ĵ±= Ĵx± iĴy. The action of these operators on a vector �j ,m�
belonging to the standard basis of the total space is given by
��=1�

Ĵ2�j,m� = j�j + 1��j,m� ,

Ĵz�j,m� = m�j,m� ,

Ĵ±�j,m� = �j�j + 1� − m�m ± 1��j,m ± 1� . �4�

In the special case of two spin 1
2 particles, the total angu-

lar momentum j takes either the value one or zero. One
possible basis in the four-dimensional space C2 � C2 consists
of the state vectors ��+ + � , �+−� , �−+ � , �−−�� which corre-
spond to the different mutual orientations of the two spin
vectors with respect to the z direction. The connection with
the standard basis ��jm�� of the composite system leads with
an appropriate choice of the phase to

�1,1� = � + + � ,

�1,0� =
1
�2

�� + − � + �− + �� ,

�1,− 1� = �− − � ,

�0,0� =
1
�2

�� + − � − �− + �� . �5�

The picture is equivalent to the decomposition of the two-
qubit space C2 � C2 into a direct sum of the spaces C and C3

corresponding to spin 0 �antisymmetric vectors� and spin 1
�symmetric vectors�, respectively,12

C2
� C2 = C � C3. �6�

B. The environment

The above approach can be easily generalized to an arbi-
trary number of outer spins. In particular, the total angular
momentum operator of the spin environment is simply given
by the sum of the individual spin 1

2 operators. The environ-
ment space �C2��N is equal to a direct sum of subspaces Cdj

where 0� j�
N
2 . Due to the different possible orientations of

the single spins,9,13 the angular momentum j will have a
degeneracy ��N , j�. We denote this formally as

�C2��N = �
j=0

N/2

��N, j�Cdj . �7�

The degeneracy ��N , j� is given by13

��j,N� = � N

N/2 − j
	 − � N

N/2 − j − 1
	 with � N

− 1
	 = 0.

�8�

Obviously, the following equality holds:



j=0

N/2

��j,N��2j + 1� = 2N. �9�

C. The Hamiltonian

We assume that the two qubits do not interact with each
other. Moreover, we will neglect any kind of interactions
between the constituents of the environment, the main con-
tribution to the total Hamiltonian comes from the interaction
between the central qubits and the environment. The strength
of the interaction is supposed to be the same for any two
interacting particles, this insures the symmetry with respect
to permutations of the outer spins. The qubits are coupled to
the environment via an Heisenberg XY interactions whose
Hamiltonian is given by

H = ����+
1 + �+

2� � J− + ��−
1 + �−

2� � J+� , �10�

where � denotes the strength of the interaction. In this ex-
pression, �1 and �2 are Pauli matrices associated to each of
the central qubits and J± denote the raising and lowering
operators of the environment which consists of N spin 1/2
particles.

Consequently, the action of H on any state vector of the
form �00� � ��B� always gives a vanishing result. Taking into
account this fact and the symmetry of the problem, it is suf-
ficient to consider only the space C3 � �C2��N. The subspace
C3 is spanned by the vectors �1,−1�, �1,0�, and �1,1�. In this
basis the lowering and raising operators admit the following
representation:
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�+ = 0 0 0

1 0 0

0 1 0
� and �− = 0 1 0

0 0 1

0 0 0
� . �11�

Therefore, the Hamiltonian H can be written as

H = � 0 J+ 0

J− 0 J+

0 J− 0
� . �12�

One can easily prove by induction that powers of H are
given by

H2n = �2nJ+Kn−1J− 0 J+Kn−1J+

0 Kn 0

J−Kn−1J− 0 J−Kn−1J+
� , �13�

H2n+1 = �2n+1 0 J+Kn 0

KnJ− 0 KnJ+

0 J−Kn 0
� . �14�

Here K denotes the anticommutator of the operators J+ and
J−, that is

K = J+J− + J−J+ = 2�J2 − Jz
2� . �15�

However, K is diagonal in the standard basis of �C2��N with
eigenvalues 2�j�j+1�−m2� and satisfies the following com-
mutation relations:

�K,J2� = �K,Jz� = 0,

�K,J−J+� = �K,J+J−� = 0. �16�

Equations �13� and �14� allow us to explicitly write out
any function of the Hamiltonian restricted to C3 � �C2��N. In
particular the explicit form of the time evolution operator
U�t�=exp�−iHt� reads

U�t� =
1 + J+

cos��t�K� − 1

K
J− − iJ+

sin��t�K�
�K

J+
cos��t�K� − 1

K
J+

− i
sin��t�K�

�K
J− cos��t�K� − i

sin��t�K�
�K

J+

J−
cos��t�K� − 1

K
J− − iJ−

sin��t�K�
�K

1 + J−
cos��t�K� − 1

K
J+

� . �17�

III. EXACT REDUCED DYNAMICS

The state of the composite system is completely charac-
terized by the total density matrix ��t� whose evolution in
time is given by

��t� = U�t���0�U†�t� . �18�

Here U�t� is the time evolution operator and ��0� denotes the
initial density matrix in the space C3 � �C2��N. For time-
independent Hamiltonians, the operator U�t� takes the simple
form

U�t� = exp�− iHt� �19�

and we could use the expression �17�.
Alternatively, one can use the Liouville superoperator L

to describe the evolution of the total density matrix ��t�4

L��t� = − i�H,��t�� . �20�

This leads to the von Neumann differential equation,

d

dt
��t� = L��t� , �21�

whose integral form is

��t� = exp�Lt���0� . �22�

Tracing over the environment degrees of freedom in the
space �C2��N, enables us to determine the dynamics of the
reduced system density matrix, that is

�S�t� = trB���t�� . �23�

We have used the letters B and S to denote the environment
�bath� and the qubits �system�. Both descriptions of the dy-
namics are of course completely equivalent. The difference
just consists in a regrouping of terms. We only use the Liou-
ville operator to obtain a more concise description of the
dynamics in �34� and �35�.

A. Initial conditions

We assume that the initial condition factorizes into the
uncorrelated tensor product state

��0� = �S�0� � �B�0� , �24�

where �S�0� and �B�0� are the initial density matrices de-
scribing the local state of the qubits and the environment,
respectively. The matrices �S�0� and �B�0� are self-adjoint,
positive and have trace one.
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Any state vector of the qubits can be written as

�	� = 
�− − � + �+� + − � + �−�− + � + �� + + � , �25�

where 
, �±, and � are complex numbers satisfying �
�2
+ ��+�2+ ��−�2+ ���2=1. Using the relations �5� it is possible to
rewrite �	� in the standard basis of C � C3 as

�	� = 
�1,− 1� + ��1,0� + ��1,1� + ���0,0� , �26�

where �= ��++�−� /�2 and ��= ��+−�−� /�2. Thus the initial
density matrix corresponding to the pure state vector �	�
reads as follows:

�S�0� =
�
�2 
�* 
�* 
��*

�
* ���2 ��* ���*

�
* ��* ���2 ���*

��
* ���* ���* ����2
� . �27�

Here z* denotes the complex conjugate of z.
Once again, because of the symmetry of the problem and

the degeneracy of the antisymmetric state vector �0,0�, our
task is reduced to study the dynamics of a spin-one particle
in the space C3. Without loss of generality, we represent the
initial reduced system density matrix restricted to this sub-
space by

�S�0� = �11
0 �12

0 �13
0

�12
0* �22

0 �23
0

�13
0* �23

0* �33
0 � . �28�

Obviously, one has to keep in mind that the actual nor-
malization condition for the initial density matrix of the qu-
bits reads 
i=1

4 �ii
0 =1, where �44

0 = ����2. Although, our atten-
tion is focused on the subspace C3, we will investigate in
parallel the evolution in time of the remaining density matrix
elements.

Let us now take a look at the initial condition of the
environment. It is well known that the density matrix char-
acterizing an unpolarized bath in thermal equilibrium at tem-
perature T is given by �B�0�= �e−HB/kBT� /Z where HB is the
Hamiltonian of the environment, kB is the Boltzmann con-
stant and Z=trBe−HB/kBT is the partition function. In our
model, we assume that the environment is initially in a state

of infinite temperature with a corresponding density matrix

�B�0� = 2−NIB, �29�

where IB denotes the unity operator in the environment
space.

B. Reduced system dynamics

The time-dependent reduced density matrix is obtained by
taking the partial trace over the environment degrees of free-
dom

�S�t� = trB�exp�− iHt��S�0� � �B�0�exp�iHt�� �30�

=trB�exp�Lt��S�0� � �B�0�� . �31�

Expanding the exponential function �31� in a Taylor series
gives

�S�t� = 

k=1


tk

k!
trB�Lk�S�0� � 2−NIB� . �32�

In the above equation, powers of the Liouville operator ap-
pear. In order to evaluate them we expand the unitary evolu-
tion operators in �30� to obtain

Ln� = in

�=0

n

�− 1����

n
	H��Hn−l. �33�

For odd n’s, one always gets an extra lowering or raising
operator under the trace, thus

trB�L2n+1�S�0� � 2−NIB� = 0. �34�

In fact, this holds for any number of central spins interacting
with the environment in a similar way as in �10�.

With the help of the trace properties one can find that for
nonzero n

trB�L2n�S�0� � 2−NIB� = 

k=1

n−1 �2n

2k
	S2k

2n − 

k=0

n−1 � 2n

2k + 1
	S2k+1

2n

+ F2n, �35�

where

S2k
2n = �− ��n��11

0 − �33
0 �Rn−2 + �33Pn �12

0 Qk
n �13

0 Ok
n

�12
0*Qn−k

n �22
0 Fn �23

0 Qk+1
n

�13
0*On−k

n �23
0*Qn−k+1

n − ��11
0 − �33

0 �Rn−2 + �33
0 Fn + ��11

0 − 2�33
0 �Pn

� , �36�

S2k+1
2n = �− ��n �22

0 Pn �23
0 Qk+1

n 0

�23
0*Qn−k

n ��11
0 − �33

0 �Pn + �33
0 Fn �12

0 Qk+1
n

0 �12
0*Qn−k

n �22
0 �Fn − Pn�

� , �37�

and
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F2n = �− ��n 2�11
0 Pn �12

0 �Fn + Pn� �13
0 Fn

�12
0*�Fn + Pn� 2�22

0 Fn �23
0 �2Fn − Pn�

�13
0 Fn �23

0*�2Fn − Pn� 2�33
0 �Fn − Pn�

� . �38�

Here we have introduced the environment correlation
functions

Rn = 2−N trB��J−J+�2Kn−2� , �39�

Qk
n = 2−N trB�J+Kk−1J−Kn−k� , �40�

Ok
n = 2−N trB�J+J+Kk−1J−J−Kn−k−1� , �41�

Pn = 2−N trB�J−J+Kn−1� , �42�

Fn = 2−N trB�Kn� . �43�

Notice that the above correlation functions are independent
for small N, they were obtained with the help of the commu-
tation relations �16� where we could derive simple expres-
sions relating them. Nevertheless, the number of independent
functions still remains large since the operator K does not
commute with any polynomial of the lowering and raising
operators J±. Besides this fact, one can see that there exists
some similarity among these correlation functions as it is the
case between Rn and Ok

n on one hand and Pn and Qk
n on the

other hand.
By substitution into Eq. �32� one finds the explicit form of

the various matrix elements of �S�t� �see Appendix B�. One
can check that the diagonal elements are given by

�11�t� = �11
0 �1 + 2g�t�� + ��11

0 − �33
0 �f�t� + �33

0 e�t� + �22
0 h�t� ,

�44�

�22�t� = �22
0 + ��11

0 − �33
0 �h�t� + ��33

0 − �22
0 � � �t� , �45�

and

�33�t� = �33
0 �1 − 2g�t�� − ��11

0 − �33
0 �f�t� − �22

0 h�t� + ��11
0

− 2�33
0 �e�t� + ��22

0 − �33
0 � � �t� . �46�

The off-diagonal elements read

�12�t� = �12
0 ��̃�t� + ẽ1�t�� + �23

0 h̃�t� , �47�

�13�t� = �13
0 ��̃�t� + f̃�t�� , �48�

�23�t� = �23
0 ��̃�t� + ẽ2�t�� + �12

0 h̃�t� , �49�

�21�t� = �12
* �t� , �50�

�31�t� = �13
* �t� , �51�

�32�t� = �23
* �t� . �52�

Here we have introduced the functions

f�t� = 2−N trB�J−J+
cos��t�K� − 1

K
�2

, �53�

g�t� = 2−N trB�J−J+
cos��t�K� − 1

K
� , �54�

h�t� = 2−N trB�J−J+
sin2��t�K�

K
� , �55�

e�t� = 2−N trB�J−J+
�cos��t�K� − 1�2

K
� , �56�

��t� = 2−N trB�sin2��t�K�� , �57�

�̃�t� = 2−N trB�cos��t�K�� . �58�

The remaining functions are quite different in their ana-
lytical form from those listed above. They are given explic-
itly by

f̃�t� = 2−N trB�J−
2 cos��t�K� − 1

K
J+

2 cos��t�K� − 1

K
� ,

�59�

ẽ1�t� = 2−N trB�J+
cos��t�K� − 1

K
J−cos��t�K�� , �60�

ẽ2�t� = 2−N trB�J−
cos��t�K� − 1

K
J+cos��t�K�� , �61�

h̃�t� = 2−N trB�J+
sin��t�K�

�K
J−

sin��t�K�
�K

� . �62�

One has to be careful when dividing by the operator K
since its eigenvalue corresponding to j=0 vanishes. To over-
come this difficulty, it is sufficient to write the quantity under
the trace sign in the normal order, that is to first apply the
lowering operator J− on the state �0,0� which leads obviously
to zero.

In fact, the function e�t� can be expressed in terms of g�t�
and h�t�. We will leave it in this form in order to maintain its
symmetry with the functions ẽ1�t� and ẽ2�t�. Altogether, we
need a set of nine real-valued functions to describe the re-
duced system dynamics in C3. In the special case of one-
qubit dynamics10 the number of independent functions is sig-
nificantly reduced to two because of the rotational invariance
of the star configuration.

EXACT DYNAMICS OF A TWO-QUBIT SYSTEM IN A¼ PHYSICAL REVIEW B 73, 245323 �2006�

245323-5



When the conditions �11
0 =�33

0 and �22
0 �0 are satisfied

�one can, e.g., set 
=� in Eq. �26��, the diagonal elements
take the relatively simple form

�11�t�
�11

0 = 1 + �� − 1�h�t� , �63�

�22�t�
�22

0 = 1 + �1 − �

�
	 � �t� , �64�

�33�t�
�33

0 = 1 + �� − 1����t� − h�t�� , �65�

where the parameter � is given by �22
0 /�11

0 .
It is not difficult to check that the solutions �44�–�46� as

well as �63�–�65� ensure that the trace is preserved, that is

i=1

3 �ii�t�=
i=1
3 �ii

0. This actually results from the fact that the
time evolution operator U�t� is unitary and hence trace pre-
serving. It is worth noting that the density matrix element �44
does not evolve in time; the time evolution operator is re-
duced to 1 in the space C. This is due to the symmetry of the
Hamiltonian H. The subspace C is said to be decoherence
free which was expected because of the degeneracy in en-
ergy of the antisymmetric state vector �00�. Moreover, the
density matrix elements �i4 , i=1,2 ,3 evolve according to

�i4�t� = 2−N

k=1

3

trB�Uik�t���k4
0 , �66�

since Ui4�t� is equal to �i4. The last relation shows that the
off-diagonal elements behave like the components of a three-
dimensional state vector. Taking into account the fact that the
partial trace of any off-diagonal element of U�t� is zero, it is
not difficult to find that

�14�t�
�24�t�
�34�t�

� = �14
0 �1 + g�t��

�24
0 �̃�t�

�34
0 �1 + g�t��

� . �67�

Notice that the set of functions �53�–�62� can be rewritten
in the standard basis of the environment space �C2��N. For
example, we can write the functions f�t� and ẽ1�t� as

f�t� = 

j,m

��j,N�� ��j,m�
��j,m�

cos��t���j,m���2

�68�

and

ẽ1�t� = 

j,m

��j,N�
��j,m�

��j,m − 1�
cos��t���j,m − 1��

� cos��t���j,m�� , �69�

where the quantities ��j ,m� and ��j ,m� are the eigenvalues
of the operators J−J+ and K, respectively,

��j,m� = j�j + 1� − m�m − 1� , �70�

��j,m� = 2�j�j + 1� − m2� . �71�

Taking the trace over the environment yields a superposi-
tion of weighted periodic functions with different frequen-
cies. Roughly speaking, this means that the time-dependent
density matrix elements evolve anharmonically starting from
their initial values.

IV. THE LIMIT OF LARGE NUMBER OF BATH SPINS

In this section we will investigate the behavior of the
solution found previously when the number of the environ-
ment spins becomes very large, that is the limit N→.

To this end, let us anticipate and say that in the limit of
large number of degrees of freedom, the environment has the
tendency to behave as a classical system. Consequently, one
can expect that the various operators related to the environ-
ment do commute at least for the case where the total angular
momentum j is very large compared to the quantum number
m. As we will see, this will enable us to determine the long-
time behavior of the reduced system density matrix.

A. Environment correlation functions

The trace operation over the environment degrees of free-
dom can be carried out by writing the lowering and raising
operators in the standard basis of the environment space
�� i=1

N �si��, namely,

J± = 

i=1

N

�±
i , �72�

where �±
i �si�= ±si �si�. With help of the formula

Kn = 

�=0

n �n

�
	�J+J−�n−��J−J+��, �73�

the problem is reduced to the calculation of terms having the
following general structure:

An = trB��
i1,i2

n

J�i1
J�i2
� = trB��

i1,i2

n



j1,j2

N

��i1

j1 ��i2

j2 � , �74�

where the index � indicates the nature of the operator, raising
or lowering. The main restriction here is that the lowering
and raising operators J− and J+ must appear the same number
of times under the trace in order to insure that the result is
not zero. In general, An leads to a polynomial of order n in
the environment spins number N. The main contribution to
such quantities comes from terms having the maximum num-
ber of indices labeling the operators ��i

. This is due to the
fact that these terms are characterized by the largest combi-
natorial weight and hence yield the largest exponent in N.

It is shown in Ref. 10 that

trB��J+J−�n� � trB��J+J−�n−��J−J+��� �
2NNnn!

2n . �75�

With the help of the last relation, it is easy to compute the
environment correlation functions for the two-qubit case. For
example, we have for Rn
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Rn = 2−NtrB�

�=0

n−2 �n − 2

�
	�J+J−�n−�−2�J−J+�2+��

� 

�=0

n−2 �n − 2

�
	Nnn!

2n , �76�

and thus

Rn �
Nnn!

4
. �77�

Similarly, we find as N→ for the remaining correlation
functions

Ok
n � Rn �

Nnn!

4
, �78�

Qk
n � Pn �

Nnn!

2
, �79�

Fn � Nnn ! . �80�

The above method does not apply for correlation func-
tions where at least one of the upper or lower indices is zero.
In these cases the operator K appears in the denominator of
the correlation functions and hence the expansion �74� is no
longer applicable. One alternative way to determine them is
by writing the trace in the eigenbasis of Jz and J2. We will
not present all the results here but just give one example
since the method is the same and can be applied to the other
correlation functions �see Appendix A�. The computation
yields

R0 =
1

4
+ �N, �81�

where

�N = 2−N

j,m

��j,N�
m2

4�j�j + 1� − m2�2 . �82�

Here we have used the property



m=−j

j
m

j�j + 1� − m2 = 0. �83�

The quantity �N is very small compared to 1 and can be
neglected. Under this assumption both methods lead to the
same result, this is actually the same thing as assuming that
K=2J−J+. Thus the environment operators behave as if they
commute when N tends to infinity, a result which confirms
the statement we gave in the beginning of this section.

B. Time evolution

The dynamics of the reduced system can easily be deter-
mined in the limit N→ by properly rescaling the coupling
constant �. The substitution of the correlation functions
�78�–�80� into Eqs. �36�–�38� yields

trB�L2n�S�0� � 2−NIB� = �2n−1A + C�
�− N�nn!

4
, �84�

where the matrices A and C are given by

A = �11
0 + �33

0 − 2�22
0 2��12

0 − �23
0 � �13

0

2��12
0* − �23

0*� 4�22
0 − 2��11

0 + �33
0 � 2��23

0 − �12
0 �

�13
0* 2��23

0* − �12
0*� �11

0 + �33
0 − 2�22

0 � �85�

and

C = 2��11
0 − �33

0 � 2�12
0 2�13

0

2�12
0* 0 2�23

0

2�12
0* 2�23

0* 2��33
0 − �11

0 �
� . �86�

Inserting Eq. �84� into Eq. �32� yields a power series with
terms of the general form ���t�2N�k. It is then natural to
rescale the coupling constant by setting

� →
�

�N
. �87�

It is shown in Appendix B that in the limit N→ the func-
tions �53�–�62� become

f�t� = f̃�t� =
1

4
��2t� − ��t� , �88�

g�t� = ��t� , �89�

h�t� = h̃�t� = −
1

2
��2t� , �90�

��t� = − ��2t� , �91�

�̃�t� = 1 + 2��t� , �92�

e�t� =
1

2
��2t� − 2��t� , �93�
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ẽ1,2�t� =
1

2
��2t� − ��t� , �94�

where

��t� = −
�t

2
D+�−

�t

2
	 . �95�

Here D+�x� denotes the Dawson function, also called Daw-
son’s integral which arises from the calculation of the Voigt
spectral lines shape.14 It is given by

D+�x� = e−x2�
0

x

et2dt . �96�

Dawson’s function is related to the imaginary error function
erfi�x� by15

D+�x� =
��

2
e−x2

erfi�x� . �97�

As opposed to the ordinary error function, the imaginary one
is unbounded. It is given by the following series expansion:

erfi�x� =
2

��


k=0


x2k+1

k ! �2k + 1�
. �98�

It is then sufficient to substitute the above functions into the
set of Eqs. �44�–�49� to get the new form of the density
matrix elements.

Fortunately, the function ��t� is bounded and admits a
limit when t tends to infinity. In order to determine this limit
let us stress that the J± /�N are well behave fluctuation op-
erators with respect to the tracial state on the bath. From a
mathematical point of view, the above statement means that
J+ /�N converges to a complex random variable z with prob-
ability density function

z →
2

�
e−2�z�2. �99�

The explicit form of the functions �53�–�62� shows that it is
sufficient to calculate the expectation value of the function
cos�
 �z � � where 
�R, namely,

G�
� =
2

�
�

C
dzdz*e−2�z�2 cos�
�z�� . �100�

In order to obtain the asymptotic state we need to take the
limit 
→, but this is straightforward by the Riemann-
Lebesgue lemma and so we simply obtain

lim

→

G�
� = 0. �101�

It is easy to see that G��t�� �̃�t�, it follows that the limit of
the function ��t� is equal to − 1

2 . Moreover, we can show that
the following relation holds for any value of the nonzero real
parameter �:

lim
t→

���t� = −
1

2
. �102�

Therefore, as t→

f�t�, f̃�t� →
3

8
, �103�

FIG. 1. The time evolution of the density matrix element �11.
Initial state of the two-qubit system is the pure state �−−�. The figure
shows the plots obtained for N=100, N=400, and the limit N→.

FIG. 2. The evolution in time of the density matrix element �22

as a function of time. The initial condition of the two-qubit system
is the pure state �−−�. The figure shows the plots obtained for N
=100, N=400, and the limit N→.

FIG. 3. The evolution in time of the density matrix element �13.
The initial condition of the two-qubit system is the entangled state
1
�2

��+ + �+ �−−��. The figure shows the plots obtained for N=100,
N=400, and the limit N→.
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g�t� → −
1

2
, �104�

h�t�, h̃�t� →
1

4
, �105�

��t� →
1

2
, �106�

�̃�t� → 0, �107�

e�t� →
3

4
, �108�

ẽ1,2�t� →
1

4
. �109�

Consequently, the long-time limit of the reduced system
dynamics yields the following density matrix in C � C3:

�S
 =

3

8
��11

0 + �33
0 +

2

3
�22

0 	 1

4
�12

0 +
1

4
�23

0 3

8
�13

0 1

2
�14

0

1

4
�12

0* +
1

4
�23

0* 1

4
��11

0 + �33
0 + 2�22

0 �
1

4
�23

0 +
1

4
�12

0 0

3

8
�13

0* 1

4
�23

0* +
1

4
�12

0* 3

8
��11

0 + �33
0 +

2

3
�22

0 	 1

2
�34

0

1

2
�14

0* 0
1

2
�34

0* �44
0

� . �110�

In Figs. 1 and 2, we have drawn the variation of the di-
agonal elements �11�t� and �22�t�, respectively, for the pure
initial state �−−�. The graphs were obtained for N=100, N
=400 and the limit N→. The evolution in time of the off-
diagonal element �13�t� corresponding to the maximally en-
tangled state 1

�2
��+ + �+ �−−�� is given in Fig. 3. The plots

show that the solution corresponding to infinite number of
environment spins N→ is almost identical to the exact so-
lutions up to a value of time given by �t�3 then the curves
start to diverge.

C. Decoherence and entanglement

From formula �110� we see that the off-diagonal elements
show partial decoherence. Indeed, the ratio between the
asymptotic and the initial values of the density matrix ele-
ment �13 is equal to 3

8 . The contribution to the final result of
the two other off-diagonal elements, �12 and �23, is sym-
metrically shared by their original values with the same
weight, namely 1

4 . This can be seen, for example, in the case
where the initial condition is the separable state 1

�2
�−���+ �

+ �−�� or 1
�2

� + ���+ �+ �−��. In particular, if the condition �12
0

=�23
0 is satisfied, both matrix elements relax and assume half

of their initial value. Similarly, the off-diagonal elements �14
and �13 evolve asymptotically to half their original values
whereas the element �24 relaxes and tends to zero.

A first look at the explicit form of the diagonal elements
of the density matrix reveals that they only depend on the
corresponding initial ones. Let us choose �→1 in relations
�63�–�65� and assume that the remaining off-diagonal ele-

ments vanish. The resulting density matrix corresponds
to the diagonal initial state 1

3 ��1,1��1,1 � + �1,0��1,0 �
+ �1,−1��1,−1 � �. It is not a hard task to see that this state
does not change in time. Consequently, the two qubits do not
feel the presence of the environment. The same result holds
for the entangled antisymmetric state �00� which belongs to
the decoherence-free subspace C.

Because of the coupling between the central system and
the environment, entanglement between the two qubits may
appear. Assume, for instance, that the two-qubit system was
initially in a pure state, �−−� or �+ + �, for example. This
corresponds to the preparation of a spin-one particle in the
pure states �1,−1� and �1,1�, respectively. Once the interac-
tion is switched on, the system evolves into a mixed state.

The case where the initial condition is one of the maxi-
mally entangled states 1

�2
��+−�± �−+ ��, is quite special. In-

deed, the latter are regarded as pure states for the composite
system, they generally evolve into mixed states when ex-
posed to the environment. One then asks whether the evolv-
ing state is entangled or separable.

In order to quantify the amount of entanglement created
between the two qubits, we shall use the concurrence, C���,
as a measure of entanglement for mixed states. The numeri-
cal values of the concurrence range from 0 for separable
states to 1 for maximally entangled states. According to Refs.
16 and 17, C��� is defined as follows:

C��� = max�0,��1 − ��2 − ��3 − ��4� . �111�

�1��2��3��4 are the eigenvalues of the operator ��V
� V���V � V� where V is a linear skew-adjoint operator in
C � C3 such that VV=−I. In our case
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V � V =
0 0 1 0

0 − 1 0 0

1 0 0 0

0 0 0 1
� . �112�

In the following we pick out some typical results.
�i� The concurrence corresponding to the initial sepa-

rable state �−−� is equal to

C��� = max�0,− �22�t�� = 0. �113�

However, the two-qubit state maintains its separability dur-
ing time which means that no entanglement will be produced
by the interaction with the environment. For the same reason,
the initial state �+ + � evolves into a separable state too. In
fact, the latter result is also true for the general case of pure
separable states when one of the qubits is in the state �−� �or
�+ �� and the other one is at an angle, say �, from the first
qubit.

�ii� If the initial state is the maximally entangled state
���= 1

�2
��+−�+ �−+ ��, then the concurrence takes the form

C��� = max�0,�22�t� − 2��11�t��33�t�� . �114�

The time behavior of C��� is shown in the plot of Fig. 4
where one can see that it quickly decreases and vanishes
after a relatively short time. The two-qubit state is com-
pletely disentangled whence the asymptotic state becomes
separable. Consequently, the coupling between the central
system, initially in the maximally entangled state ���, and
the spin environment causes the qubits to lose entanglement.

�iii� Let us now consider the maximally entangled
state ���= 1

�2
��−−�+ �+ + ��. In this case the concurrence reads

C��� = max�0,2�13�t� − �22�t�� . �115�

The entanglement dynamics in this case is significantly dif-
ferent from the one corresponding to ���. Indeed, the en-
tanglement here decays from its maximum value, one, and
vanishes within a certain interval of the time, then starts to
increase and tends asymptotically to C���= 1

8 as shown in
Fig. 4. Hence, the state loses its entanglement for a short
period of time in which the state is separable, entanglement
between the qubits will appear again while the asymptotic
state is partially entangled. Thus the effect of the environ-

ment is to decrease the amount of entanglement of the initial
state.

The above state is a special case of the so-called Werner
states; the general form of the density matrix corresponding
to these states is given by

�0 =
1

4
�1 − p�I4 + p������ �116�

with 0� p�1. One can show that the asymptotic density
matrix is

� =
2 + p

8
0

3p

16
0

0
1

4
0 0

3p

16
0

2 + p

8
0

0 0 0
1 − p

4

� �117�

and has the concurrence

C��� = max�0,
5p − 4

8
� . �118�

This implies that the stationary state of the two-qubit system
is entangled if p�

4
5 . When the last condition is satisfied the

concurrence behaves in the same manner as the one associ-
ated with ���, i.e., decreases from its initial maximum value,
vanishes for certain interval of time to increase asymptoti-
cally to C���. Once again, we find that the two-qubit state
becomes partially entangled.

�iv� Because of the symmetry, the concurrence
corresponding to the initial states 1

2 ��+ �± �−����+ �± �−�� and
1
2 ��+ �± �−����+ �� �−�� is identically zero. The corresponding
asymptotic states are always separable.

V. CONCLUSION

In this paper, we have studied the dynamics of a two-qubit
system in a spin star configuration. The Hamiltonian we
chose describes a Heisenberg XY interaction. We obtained
the exact analytical solution for the time evolution of the
reduced system density matrix. This model can also describe
the dynamics of a spin-one particle coupled to an environ-
ment. It may be used to test validity of numerical approxi-
mation techniques.

The solution which we have obtained simplifies in the
limit of a large number of environmental spins. The limit is
carried out by rescaling the coupling constant �. The long-
time behavior of the density matrix reveals that some of the
off-diagonal elements show partial decoherence. The pure
entangled state 1

�2
��+−�− �−+ �� of the two qubits is found to

be decoherence-free, the mixed state 1
3 ��1,−1��1,−1 �

+ �1,0��1,0 � + �1,1��1,1 � � written in the standard basis of a
spin-one particle does not evolve in time. In these cases the
central system does not feel the presence of the environment.

FIG. 4. Concurrence as a function of time for initial states
1
�2

��+−�+ �−+ �� �solid curve� and 1
�2

��−−�+ �+ + �� �dashed curve�.
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Any pure state of the two-qubit system evolves into a
mixed state. It turns out that the environment has no effect on
the separability of pure separable states. On the contrary, it
has the tendency to decrease the degree of entanglement of
initially entangled states of the two-qubit system. This can be
understood from the high symmetry of the XY interaction.

Many scenarios are possible regarding the extension of
the model. One first step may consist of adding a suitable
term to the interaction Hamiltonian and investigate the pro-
duction of entanglement between the two qubits. Recently
the dynamics of three qubits in a symmetry broken fermionic
environment has been exactly solved.8 This could be also
investigated within the framework of the Heisenberg interac-
tion and may be extended to more qubit cases. Because of
the high symmetry of the Hamiltonian, we expect that some
structure will appear when the number of central spins
increases.11 It will also be of interest to investigate the dy-
namics for environments that are in coherent or squeezed
states.
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APPENDIX A: CORRELATION FUNCTIONS

This Appendix is devoted to the derivation of the explicit
form of some correlation functions in which the operator K
appears with a negative power. The point here is to write the
trace over the environment in the joint standard basis of J2

and Jz, this gives

trB� J−J+

K
	2

= 

j,m

��j,N�
�j�j + 1� − m�m + 1��2

4�j�j + 1� − m2�2 . �A1�

This equation can be rewritten as

trB� J−J+

K
	2

=
1

4

j,m

��j,N��1 +
m2

�j�j + 1� − m2�2� , �A2�

where we have used the fact that



j,m

��j,N�
m

j�j + 1� − m2 = 0. �A3�

Taking into account the relation 
 j,m��j ,N�=2N, we find

R0 =
1

4
+ �N and �N = 2−N


j,m

m2

4�j�j + 1� − m2�2 .

�A4�

Similarly, we have

trB� �J−J+�2

K
� =

1

2

j,m

��j,N�� j�j + 1� − m2 +
m2

�j�j + 1� − m2�� .

�A5�

With the help of Eq. �A3�, we find

trB� �J−J+�2

K
� =

1

2
trB�J−J+� +

1

2

j,m

��j,N�
m2

j�j + 1� − m2 .

�A6�

Then

R1 =
N

2
+ �N

and

�N = 2−N1

2

j,m

��j,N�
m2

j�j + 1� − m2 . �A7�

With the same method one can find that

Q0
0 =

1

4
− �N, Q0

1 =
N

2
− �N and P0 =

1

2
. �A8�

One can check that for sufficient large values of N

�N � 1 and �N � N . �A9�

APPENDIX B: A USEFUL DERIVATION

In this Appendix we show how to find the explicit form of
the functions �53�–�62� when N→. We just consider f�t�,
the other functions can be determined with a similar proce-
dure. We have from Eq. �53�

f�t� = 2−N trB��J−J+
cos��t�K�

K
	2

− 2� J−J+

K
	2

cos��t�K�

+ � J−J+

K
	2� . �B1�

The first term in the right-hand side of the above equation
can be written as
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2−N trB�� J−J+

K
	2�1

2
+ 


n=0



�− 1�n �2�t�2n

2�2n�!
Kn�� = R0

− R1��t�2 + 

n=2



�− 1�n �2�t�2n

2�2n�!
Rn =

1

4
+ �N − �N��t�2

+
1

4

n=1



�− 1�nn !
�2�t�N�2n

2�2n�!
. �B2�

Similarly, we find

2−N trB�� J−J+

K
	2

cos��t�K�� =
1

4
+ �N −

1

2
�N��t�2

+
1

2

n=1



�− 1�nn !
��t�N�2n

2�2n�!
.

�B3�

It is then sufficient to rescale the coupling constant and use
the definition of the function ��t� in Eqs. �95� and �98� to get
the final form �88� of the function f�t�.
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