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We extend the generalized quasichemical approach �GQCA� to describe the AxByC1−x−yD quaternary alloys
in the zinc-blende structure. Combining this model with ab initio ultrasoft pseudopotential calculations within
density functional theory, the structural and electronic properties of AlxGayIn1−x−yX �X=As, P, or N� quater-
nary alloys are obtained, taking into account the disorder and composition effects. Results for the bond lengths
show that the variation with the compositions is approximately linear and also does not deviate very much
from the value of the corresponding binary compounds. The maximum variation observed amounts to 3.6% for
the In-N bond length. For the variation of band gap, we obtain a bowing parameter b=0.26 eV for the
�Ga0.47In0.53As�z�Al0.48In0.52As�1−z quaternary alloy lattice matched to InP, in very good agreement with ex-
perimental data. In the case of AlGaInN, we compare our results for the band gap to data for the wurtzite phase.
We also obtained a good agreement despite all evidences for cluster formation in this alloy. Finally, a bowing
parameter of 0.22 eV is obtained for zinc-blende AlGaInN lattice matched with GaN.
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I. INTRODUCTION

The need to simultaneously control both the band gap and
the lattice constant of semiconductor alloys prompted
interest not only in ternary but also quaternary alloys of the
kind AxByC1−x−yD. The composition variations allow an
independent variation of the lattice constant and of the
energy gap of the alloy, and, hence, the production of
lattice-matched heterostructures, with a low defect
density. In this sense, systems such as the quaternary
�Al0.48In0.52As�z�Ga0.47In0.53As�1−z alloy lattice matched to
InP, and �AlxGa1−x�0.50In0.50P lattice matched to GaAs, are
already widely studied experimentally. Recently, the nitride-
based quaternary AlxGayIn1−x−yN alloy became a largely em-
ployed material among the nitrides due to the possibility lat-
tice matched grown on GaN. Besides, it has been also
observed that the incorporation of indium in the ternary
AlGaN alloy improves significantly the ultraviolet �UV�
emission. All mentioned systems have been widely used in
electronic and optoelectronic device technology. Important
device examples are the recently reported efficient UV light
emitting diodes and laser diodes comprising quaternary
AlGaInN/AlGaInN multiple quantum wells,1–4 the current
generation of digital video disks, which uses an AlGaInP red
laser with an emission wavelength of 650 nm, and the
AlxGayIn1−x−yAs/InP lattice matched system used for device
applications relevant to optical communications, such as
emitters, wave guides, lasers, and infrared detectors.5,6

A striking property of the AlGaInN alloys that influences
remarkably the emission processes is the tendency for phase
separation.7–11 More recently,12,13 first-principles calculations
followed by Monte Carlo simulations of the thermodynamic
properties of the �Al, Ga, In�X �X=As, P, or N� systems
showed that the arsenides and phosphides are very stable

against phase separation while the quaternary nitrides on the
contrary are thermodynamically unstable. In the latter case,
the instability leads to the formation of In-rich clusters or
InGaN-like nanoclusters depending on the In and/or Al con-
centrations. The large differences in the equilibrium lattice
constants of the binary compounds result in a considerable
internal strain. It drives the tendency of phase separation in
the alloy. For the structural properties of �Al, Ga, In�X �X
=As, P, or N� there is no theoretical work reported thus far
that contemplates a reasonably sized model supercell and the
statistics of the alloy. Moreover, another open question is the
composition dependence of the energy gap of the random
alloys in order to analyze the emission processes.

In this work, we develop a rigorous theoretical model to
study the structural and electronic properties of
AlxGayIn1−x−yX �X=As, P, or N� quaternary alloys. The first-
principles calculations performed here are based on an ab
initio ultrasoft pseudopotential method within the framework
of density functional theory and the local density approxima-
tion, which is implemented in the “Vienna ab initio simula-
tion package” �VASP�. The thermodynamic calculations are
based on a generalization of the quasichemical approach
combined with a cluster expansion of the thermodynamic
potentials. As recently reported by us for the AlGaN, InGaN,
InAlN, BGaN, and BAlN ternary alloys,14–18 the cluster ex-
pansion is able to successfully describe the physical proper-
ties of group-III nitride alloys. Here the cluster treatment is
generalized to study quaternary �pseudoternary� alloys. We
focus our attention mainly on the cubic �c-� AlxGayIn1−x−yX
�X=As, P, or N� alloys, and present results for the bond
lengths and the energy band gaps as functions of the alloy
compositions x and y. For the comparison to experimental
band gap data, we concentrate our analysis on the important
specific compositions in which AlGaInN, AlGaInP, and
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AlGaInAs are lattice matched, respectively, to GaN, GaAs,
and InP substrates.

The paper is organized as follows. In Sec. II, we describe
the theoretical methods adopted for the calculations, while
the results and a detailed discussion of the alloy behavior and
properties are given in Sec. III. Finally, Sec. IV is devoted to
the conclusions.

II. THEORETICAL MODEL

The standard generalized quasi-chemical approximation
�GQCA� within the framework of the cluster expansion
method has been successfully applied to describe binary and
ternary semiconductor alloys.14–18 Here we extend the
method to the AxByC1−x−yD quaternaries. The alloy atoms A,
B, and C, the cations, should occupy one fcc sublattice while
the D atoms, the anions, occupy the other one. In the cation
sublattice, we consider K sites on which A, B, and C atoms
assume some configurations. The average numbers of A, B
and C atoms are

KA = xK ,

KB = yK ,

KC = �1 − x − y�K ,

K = KA + KB + KC. �1�

The alloy is divided into an ensemble of individual clus-
ters statistically and energetically independent of the sur-
rounding atomic configuration. We first decompose the sys-
tem into M clusters of 2n-atoms �K=nM� each. We classify
the various species of clusters into �J+1� groups of distinct
cluster energies � j with j=0,1 ,2 , . . . ,J. For a particular con-
figuration, there are Mj clusters of energy � j. Each cluster j
with a certain number of A, B, and C atoms is realized with
a certain probability xj =Mj /M, such that

�
j=0

J

xj = 1. �2�

Aside from the energy, the clusters can also differ with
respect to the number nj of A atoms, mj of B atoms, and
�n−nj −mj� of C atoms. These numbers underlie two con-
straints due to the given averaged compositions x and y

��
j=0

J

njxj = nx

�
j=0

J

mjxj = ny� . �3�

According to the Connolly-Williams method,19 the con-
straints �3� can be interpreted as a special case of the repre-
sentation of the configurationally averaged and, hence,
composition-dependent �and, in general, also temperature-
dependent� value

P�x,y,T� = �
j=0

J

xj�x,y,T�Pj �4�

of a property P of interest of the quaternary alloy with
mainly compositional disorder. Of course, the considered
property is different for each cluster and depends on the clus-
ter class index j according to Pj.

The definition above allows the introduction of fluctua-
tions around the mean values by considering the root-mean-
square �rms� deviations

�P�x,y,T� = ��
j=0

J

xj�x,y,T�Pj
2 − ��

j=0

J

xj�x,y,T�Pj�2	1/2

.

�5�

Then the total energy �more strictly the internal energy� of
the alloy at a fixed temperature T can be described by the
relation

U�x,y,T� = M�
j=0

J

xj�x,y,T�� j . �6�

The mixing free energy �F is defined by

�F�x,y,T� = F�x,y,T� − xFAD − yFBD − �1 − x − y�FCD,

�7�

where F, FAD, FBD, and FCD are, respectively, the Helmholtz
free energies for the alloy and for the pure AD, BD, and CD
compounds containing the same number of D atoms. Thus,
�F can be written as

�F�x,y,T� = �U�x,y,T� − T�S�x,y,T� , �8�

where �U is the mixing alloy enthalpy defined as

�U�x,y,T� = M�
j=0

J

xj�x,y,T�� j − M
x�AD + y�BD

+ �1 − x − y��CD� . �9�

The configurational or mixing entropy can be calculated
from Boltzmann’s definition �S=kB ln W, where W is the
number of ways to configure the alloy with the set M0,
M1 , . . . ,MJ of clusters. This number of configurations W is
given by a product of three quantities. First, the total number
of ways K! / �KA!KB!KC!�, in which KA A atoms, KB B at-
oms, and KC C atoms can be placed on K sites. Second, this
number has to be multiplied by M! / �� j=0

J Mj!�, that is the
number of ways to arrange the different clusters M0,
M1 , . . . ,MJ. Third, with the assumption that the various clus-
ters are independent, one has to multiply by the joint prob-
ability of finding the set of clusters M0, M1 , . . . ,MJ in the
alloy, � j=0

J �xj
0�Mj, with

xj
0 = gjx

njymj�1 − x − y�n−nj−mj �10�

being the fraction of clusters of type j for a given composi-
tion x of A and y of B as obtained within a regular solid
solution model.20 The degeneracy factor gj is the number of
ways to arrange the alloying cations in a cluster with energy
� j and depends on the size and symmetry of the cluster. In
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this work, 16 atom supercells are used as the basic clusters,
with eight cations and eight anions. For example, in the case
with one A atom, three B atoms, and four C atoms, there are
a total of 248 ways to arrange these atoms in the eight cation
positions of the supercell. But there are only five kinds of
clusters that are inequivalent by symmetry, with the degen-
eracy factors gj 32, 32, 96, 96, and 24. Summarizing, one has

W =
K!

KA!KB!KC!

M!

�
j=0

J

Mj!

�
j=0

J

�xj
0�Mj . �11�

In the Stirling limit, it follows for the mixing entropy that

�S�x,y,T� = − kB
K
x ln x + y ln y + �1 − x − y�ln�1 − x − y��

+ M�
j=0

J

xj ln� xj

xj
0�� . �12�

The cluster fractions xj are unknown. A simple approach
to the numerical problem is to use the Lagrange multipliers
formalism in the constraints �2� and �3� of a variational cal-
culation for the xj, i.e.,

�

�xj
��F�x,y,T�

M
− �1��

i=0

J

xi − 1� − �2��
i=0

J

xini − nx�
− �3��

i=0

J

ximi − ny�	 = 0, �13�

where �1 ,�2, and �3 are Lagrange multipliers. With the defi-
nitions �x= xe�2�

�1−x−y� , �y = ye�3�

�1−x−y� , and �=1/kBT, we find for the

statistical weights

xj�x,y,T� =
gj�x

nj�y
mje−��j

�
i=0

J

gi�x
ni�y

mie−��i

. �14�

The unknown parameters �x and �y are determined from
the condition that the expression �14� fulfills the constraints
�3�, leading to the coupled polynomial equations

��
j=0

J

gj�x
nj�y

mje−��j�xn − nj� = 0

�
j=0

J

gj�x
nj�y

mje−��j�yn − mj� = 0� . �15�

Among all possible solutions of the above coupled equations,
only the positive root has a meaning in the theory and we
verified that this solution is unique.

The total energy of each cluster is calculated by adopting
a first-principles pseudopotential plane-wave VASP code21

based on the density functional theory �DFT� in the local
density approximation �LDA�.22 Besides the valence
electrons also the semicore Ga3d and In4d states are explic-
itly considered. Their interaction with the atomic cores is
treated by non-norm-conserving ab initio Vanderbilt

pseudopotentials.23 We assumed an energy cutoff of
331.5 eV for AlGaInN quaternary alloy calculation and
313.4 eV for AlGaInP and AlGaInAs. The many-body
electron-electron interaction is described within the
Ceperley-Alder scheme as parametrized by Perdew and
Zunger.24 The k-space integrals are approximated by sums
over a 4�4�4 special-points of the Monkhorst-Pack type25

within the irreducible part of the Brillouin zone. As the basic
clusters to describe the fully relaxed alloys, we use super-
cells, that form hexahedrons �stretched cubes along a body
diagonal�, which have 16 atoms �8 cation sites�.13 Consider-
ing the symmetry, there are 141 kinds j=0, . . . ,140 �J
=140� of clusters distinguished by distinct cluster energies
� j. The total energy calculations of the 141 cluster configu-
rations are performed at T=0 K �the temperature dependence
is taken into account in the statistics as described above�. All
atomic coordinates in the supercell are relaxed until the
Hellmann-Feynman forces vanish, using as the criterion that
the energy difference between two successive changes of
atomic positions is �10−4 eV. For the nitride alloy, the struc-
ture of each cluster is optimized with respect to its lattice
constant, via total energy minimization, while for the ars-
enides and phosphides we assume the validity of Vegard’s
law.

III. RESULTS AND DISCUSSION

A. Bond lengths

We begin with the application of the GQCA method to
obtain the first-neighbor distances, i.e., the bond lengths
Al-X, Ga-X, and In-X �X=N, P, or As� in the
AlxGayIn1−x−yX alloys with varying Al, Ga, and In composi-
tions. We verified that the influence of the temperature varia-
tion, in the range of typical growth temperatures of these
quaternary alloys, is completely negligible in the evaluation
of the probabilities xj entering expressions �4� and �5�.
Therefore, we use the temperature of 1000 K in all cases.
The definition of the configurational average of a quantity
has to be generalized for the first-neighbor distances dA-D,
since different types of atomic pairs A-D exist in one cluster.
It is now

dA-D�x,y� =

�
j=0

J

xj�x,y�kj
A-Ddj

A-D

�
j=0

J

xj�x,y�kj
A-D

, �16�

where kj
A-D is the fraction of A-D bond lengths in the cluster

and dj
A-D is the average bond length between the cation A and

anion D. There is the constraint kj
A-D+kj

B-D+kj
C-D=1 for each

cluster type j. The characteristic bond lengths dj
A-D are taken

for each cluster from the results of the total-energy optimi-
zation.

We first present the results obtained for the structural
properties of the AlxGayIn1−x−yN alloy, i.e., for the configu-
rationally averaged bond lengths dAl-N�x ,y�, dGa-N�x ,y�, and
dIn-N�x ,y�, as functions of the alloy contents, x and y. For the
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nitrides, all 141 cluster have an optimized lattice constant.26

The values obtained for the binaries compounds are aAlN
=4.34 Å, aGaN=4.46 Å, and aInN=4.95 Å. The results are
depicted in Fig. 1. Three curved surfaces �which are almost
planelike and parallel� of bond lengths dAl-N, dGa-N, and dIn-N
in the x-y plane can be observed. This indicates that, inde-
pendent of the composition, the alloy system tends to have
bond lengths with the same values as in the corresponding
binary compounds. However, analyzing the Fig. 1 in more
detail, we see that the bond lengths are not completely com-
position independent. With increasing x and y values, the
lattice parameter decreases and, consequently, also do the
bond lengths. As in the case of the binary compounds, the
distance dIn-N is the largest one among the three bond lengths
dAl-N, dGa-N, and dIn-N. The maximum variation for each bond
length is 0.058, 0.059, and 0.078 Å for the dAl-N, dGa-N, and
dIn-N, respectively. In the case of dIn-N, it only deviates by
3.6% from the value at the binary InN. In Table I, we fit
linear expressions for the bond lengths as functions of the
compositions x and y to the results of expressions of the type
�16�. As can be verified from the maximum errors �percent-
age difference between the fitted and the calculated value� in
the third column, the fitting expression is rather satisfactory
�0.55% error for the worst case�. The same linear �planar�

behavior was similarly observed for the ternary
alloys.14,15,27–29 Moreover, we verify that only the average
bond length corresponding weighted concentrations follows
Vegard’s law, i.e., varying linearly between the bond lengths
of the binary compounds. This result is in agreement with the
behavior of the lattice constant of the mixed crystal.26

For the arsenides and phosphides, we only minimize the
binary compounds and assume that Vegard’s law is fulfilled.
For the binaries, we found for the lattice constants aAlAs
=5.63 Å, aGaAs=5.61 Å, aInAs=6.04 Å, aAlP=5.43 Å, aGaP
=5.39 Å, and aInP=5.84 Å. These values differ 	1% from
the experimental ones.30 In Fig. 2 and 3, we show the results
for the bond lengths of the phosphides and arsenides alloys,

FIG. 1. �Color online� Al-N, Ga-N, and In-N bond lengths
�dAl-N, dGa-N, and dIn-N, respectively� as functions of the Al content
x and Ga content y for AlxGayIn1−x−yN alloys.

TABLE I. Bond length as a linear function of the compositions
x and y for the AlxGayIn1−x−yN quaternary alloy. The deviation from
the fit errors are also presented.

Bond length Fit function
Maximum error

�%�

Al-N 1.9435−0.05090 x−0.05455 y 0.19

Ga-N 1.9919−0.05985 x−0.06050 y 0.35

In-N 2.1573−0.08292 x−0.07570 y 0.55

FIG. 2. �Color online� Al-P, Ga-P, and In-P bond lengths �dAl-P,
dGa-P, and dIn-P, respectively� as functions of the Al content x and
Ga content y for AlxGayIn1−x−yP alloys.

FIG. 3. �Color online� Al-As, Ga-As, and In-As bond lengths
�dAl-As, dGa-As, and dIn−As, respectively� as functions of the Al con-
tent x and Ga content y for AlxGayIn1−x−yAs alloys.
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respectively. We observe that, in these cases, the maximum
variation of the bond lengths is 0.065 Å, which means a
lesser composition dependence in comparison to the nitrides.
At the same time, we observe a more linear behavior, which
is confirmed by the smaller values of the maximum deviation
between the calculated and fitted values, as shown in Table
II. Moreover, the bond lengths dAl-X and dGa-X �X=As or P�
are similar. We observe a smaller spacing between the
planes, resulting in a smaller internal strain, which can be a
major factor to explain why the ternary arsenides and phos-
phides are more stable than the nitrides. The results for the
lattice parameters and bond lengths of nitrides, phosphides
and arsenides are not surprising. N, being a much smaller
atom than P and As, gives rises to smaller interatomic dis-
tances; thus, in the nitrides, the distances are remarkably de-
termined by the cations being alloyed. In the phosphides and
arsenides, on the other hand, the contributions of the cations
is relatively smaller. As far as we know, there are no experi-
mental data available for these quaternary alloys. Therefore,
we compare our results to other theoretical results by Chen
and Fan31 for AlGaInAs. They used a tight-binding theory
combined with the virtual crystal approximation to describe
the alloy. Our result indicates a maximum distortion of 2.4%
for In-As bond length compared to 1.8% predicted by that
work.

B. Band gaps

Now we present the results for the electronic properties
for the quaternary alloys, more precisely the dependence of
the fundamental band gap on the Al �x� and Ga �y� contents.
Although we study systems with chemical disorder, which do
not possesses a band structure resulting from a translational
symmetry, it is still possible to define, both theoretically and
experimentally, band gap energies. Before we obtain the en-
ergy gap for each cluster, we have to consider that our 16
atom supercells present a smaller Brillouin zone than the
unitary cell of the zinc blende structure. Thereby, the points
of high symmetry 
, X, L, and K are folded onto the 
 point
in the little Brillouin zone. Nevertheless, for the nitrides, it is
possible to separate the direct 
-
 band gap from the indirect

-X band gap, despite the fact that the band gap for each
cluster used is the direct band gap. However, in the case of
arsenides and phosphides, at least for some clusters, the con-

duction band states at R and K are between 
 and X. This
does not allow us to identify of the states and distinguish
between the direct 
-
 band gap and 
-X band gap. In these
latter cases, as the band gap of each cluster we simply use
the difference between the highest occupied state and the
lowest empty state at the k= �0,0 ,0� point. Another issue to
consider is the well-known underestimation of the band gap
obtained within DFT-LDA calculations. In order to correct
the DFT-LDA results, the calculated values for Eg have been
shifted by a linear function of two variables. Fortunately, the
quasiparticle corrections vary almost linearly with the com-
position as shown previously for the ternary nitride alloys.32

Therefore, the bowing parameter obtained by the GQCA-
DFT is reliable and can be compared to experimental data.
We assume the same behavior for the quaternary alloys.
Thus, in order to correct the DFT-LDA results, the calculated
values for Eg have been shifted by a plane surface.

First, we present the results for the AlxGayIn1−x−yN qua-
ternary alloy. Until now, there are only preliminary results in
cubic samples of AlGaInN quaternary alloys quoted in the
literature.33 Therefore, we compare the composition depen-
dence of the band gap to experimental data obtained for
wurtzite alloys. Although we use the cubic �zinc-blende�
structure for the calculations, the results for the composition
dependence may be expected to apply equally for the wurtz-
ite counterpart due to their equal nearest-neighbors structure.
Thus, we assume that the bowing parameters for the quater-
nary AlGaInN alloys are the same in the wurtzite and the
zinc-blende mixed crystals. A plane shift of the energy gap
preserves the two-dimensional bowing in the x-y plane.
Therefore, the plane surface is defined by adding corrections
in order to obtain the experimental values for the energy
band gaps of the binary compounds AlN, GaN and InN, i.e.,

Eg�x,y� = Eg
GQCA−LDA�x,y� + x�Eg

AlN + y�Eg
GaN

+ �1 − x − y��Eg
InN, �17�

with Eg
GQCA-LDA being the energy gap of the quaternary alloy,

as obtained from a GQCA-DFT-LDA calculation, and �Eg
AN

�A=Al, Ga, or In� the quasiparticle correction parameters in
order to obtain the experimental band gap for the wurtzite
phase of the binary compounds AlN �x→1�, GaN �y→1�
and InN 
�1−x−y�→1�. We apply the following experimen-
tal values for the direct band gaps of the nitrides in the
wurtzite phase: Eg

exp�AlN�=6.2 eV, Eg
exp�GaN�=3.4 eV, and

Eg
exp�InN�=0.7 eV.34–37 We emphasize here that we have al-

ready published26 a complete expression for the band gap as
a function of the contents x and y, together with a band-gap
surface. The values for the direct energy band gap obtained,
Eg


-
�x ,y�, may be confronted with the experimental values
that are available in the literature for the w-phase materials.
A survey of experimental data as extracted from photolumi-
nescence �PL� measurements performed on different
AlxGayIn1−x−yN alloy samples is shown in Table III. The
table compares experimental data to the results obtained
within our model, where we suppose an emission caused by
a band-to-band transition in a matrix of AlGaInN, where the
Al, Ga, and In atoms are randomly distributed over one sub-
lattice. Excitonic effects are omitted from the discussion.

TABLE II. Bond length as a linear function of the compositions
x and y for the AlxGayIn1−x−yP and AlxGayIn1−x−yAs quaternary
alloys. The deviation from the fit errors are also presented.

Bond length Fit function
Maximum error

�%�

Al-P 2.3992−0.04685 x−0.05787 y 0.10

Ga-P 2.3962−0.04843 x−0.05915 y 0.10

In-P 2.5311−0.04996 x−0.06746 y 0.14

Al-As 2.4888−0.04978 x−0.05791 y 0.08

Ga-As 2.4875−0.05022 x−0.05859 y 0.09

In-As 2.6180−0.05140 x−0.06676 y 0.12
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Except for the last three rows in Table III, one observes a
very good agreement between theoretically predicted values
and the experimental ones. In principle, one can state that,
despite the approximations made, our model describes very
well the variation of the band gap with the contents of Al and
Ga atoms in the quaternary nitrides alloys. However, there
are other points to be considered. The assumption of a stable
random alloy is not so reliable for nitride mixed crystals.
There is evidence from measurements11 that the strong emis-
sion observed in such alloys is caused by a more efficient
emission mechanism than the band-to-band transition, e.g.,
that originated from confined states in GaInN clusters. In
addition to that, previous theoretical work12,13 presented a
complete microscopic description of the phase separation
process in AlGaInN quaternary alloys. There has been shown
the formation of the GaInN clusters in agreement with this
experimental result. In this context, the good agreement of
the calculated composition dependence with experimental
data can comprises two different situations: �i� The UV emis-
sion comes from the AlGaInN matrix and our model predicts
efficiently the band gap of the AlGaInN quaternary alloy;
and �ii� the UV emission is originated in the GaInN clusters,
and the good spectral agreement is a coincidence due to the
relatively small x values studied in Table III. The work of
Chen et al.11 showed that the spectral shift between the effi-
cient GaInN cluster emission and the inefficient AlGaInN
matrix UV emission is about 100 meV in the studied sample.
This value corresponds to our largest difference between
experimental39,40 and calculated gap values in Table III. The
last three rows in Table III, which show large deviations
from experiment, indicate emission in the green spectral
range, which should be due to InN-rich phases,10,41 as sug-
gested previously.12,13

As a further interesting electronic property of the
AlGaInN alloys, we present the energy gap variation with
composition for the important specific case that the alloy
lattice is matched with a GaN substrate. This happens for y
=1.00–1.23x.26 Results are presented in Fig. 4. The energy
gap correction was not made because there is no reliable data

for zinc-blende InN and AlN direct energy gaps in the litera-
ture. We fit a simple quadratic expression to the calculated
GQCA-LDA values and obtain a bowing parameter of b
=0.22 eV, for the variation of energy gap as function of Al
content x. As results for band gap of zinc-blende AlGaInN
samples do not exist in the literature, this value can be con-
sidered as a prediction of the bowing parameter in these sys-
tems, and also, as shown by our comparison to wurtzite data,
a good approximation for the bowing parameter for the
wurtzite AlGaInN lattice matched with GaN.

For the AlxGayIn1−x−yAs quaternary alloys the problem of
phase separation13 does not exist and this alloy can be con-
sidered as presenting a truly random distribution of atoms.
Therefore, the GQCA model can be applied without restric-
tions to describe the alloy. We present the band-gap behavior
in the range of compositions for which the alloy is lattice
matched to InP, that is �Ga0.47In0.53As�z�Al0.48In0.52As�1−z,
with z varying from 0 to 1. Such an alloy may be thought of
as a combination of two arsenide ternary alloys. The gap
variation is shown in Fig. 5. The curve obtained with GQCA-
LDA was corrected to account for the DFT-LDA gap under-
estimation. In order to obtain band gaps comparable to ex-
periment, we add the composition-dependent quasiparticle

0.8269+0.0784x� eV. In this case, the limits, the ternary
alloys, have band gaps equal to the experimental ones,
0.75 eV for the Ga0.47In0.53As alloy and 1.47 eV for the
Al0.48In0.52As alloy.42 A quadratic fit leads to the bowing pa-
rameter, which indicates how much the behavior of band gap
as a function of composition deviates from linearity. We ob-
tain the following expressions, written as a function of Al
content x or the more convenient, for this specific case, as
function of the parameter z,

Eg�x� = 
0.75 + 0.964x + 1.117x2� eV,

TABLE III. Comparison between the calculated �Eg
calc.� and the

experimental �Eg
exp.� values of the energy gap of several samples of

AlGaInN quaternary alloys grown on GaN. The first column pre-
sents the In and Al contents of the samples.

�1−x−y ;x� Ref.
Eg

exp.

�eV�
Eg

calc.

�eV�

�0.03;0.10� 39 3.41 3.51

�0.02;0.10� 40 3.65 3.55

�0.04;0.14� 48 3.47 3.56

�0.026;0.124� 1 3.58 3.58

�0.10;0.03� 49 2.98 3.04

�0.026;0.124� 11 3.58 3.58

�0.02;0.15� 10 3.70 3.68

�0.02;0.15� 10 2.37 3.68

�0.18;0.21� 41 2.38 3.18

�0.38;0.60� 41 2.38 3.40

FIG. 4. �Color online� Energy gap as function of Al content x for
AlxGa1−1.23xIn0.23xN alloys been lattice matched with GaN. The
circles are the results of the calculation, and the solid line represents
a fit.

MARQUES et al. PHYSICAL REVIEW B 73, 235205 �2006�

235205-6



Eg�z� = 
0.75 + 0.463z + 0.257z2� eV. �18�

The quadratic fit to the calculated gaps �full circles� is
excelent, i.e., a constant bowing describes the behavior of the
band gap as function of mixing z. In order to compare our
result to the literature, we discuss the standard bowing coef-
ficient for the alloy dependence on z. An initial characteriza-
tion of this quaternary alloy was made by Olego et al.6 They
obtained a bowing parameter of 0.20 eV.6 Subsequent mea-
surements of photoluminescence �PL� of Kopf et al.43 and
Cury et al.44 showed a linear variation of the band gap �b
=0�. However, Böhrer et al.,45 with low-temperature PL
measurements, obtained a large bowing value of b
=0.68 eV. Fan and Chen46 obtained a value of b=0.225 eV
for the full range of x and z, for samples lattice matched to
InP. Our bowing parameter, b=0.257 eV, is in excellent
agreement with the results of Olego et al.6 and Fan and
Chen.46 Based on these results, the review paper of Vurgaft-
man et al.47 suggests an average value of 0.22 eV for b,
which is therefore also in excellent agreement with our re-

sult. We also compare our result to a previous calculation of
Chen and Fan31 This tight-binding calculation uses the vir-
tual crystal approximation in order to simulate the alloy and
is an approach less rigorous than the approach that we de-
veloped here. The authors obtained no bowing �b=0� for this
alloy, a result that disagrees with the majority of parameters
discussed above. The AlGaInP quaternary alloy is lattice
matched to GaAs for In compositions of about 50%. Unfor-
tunately, there is a transition from direct to indirect gap38

when the Al content is higher than 25%. Without the identi-
fication of the different states at the k= �0,0 ,0� point, it was
not possible to obtain a good description of the behavior of
the band gap in the entire the composition range in this case.

IV. CONCLUSIONS

Summarizing, the standard GQCA method used success-
fully in previous studies of nitride-based ternary alloys was
extended to the quaternary alloys of the kind AxByC1−x−yD
�or AxByC1−x−y�. By combining first-principles total energy
calculations and the cluster expansion method within the
framework of the GQCA approach, we made theoretical in-
vestigations of structural and electronic properties of un-
strained AlxGayIn1−x−yX �X=N, P, or As� quaternary alloys
in the zinc-blende structure. Results for the bond lengths
showed that the variation with composition is approximately
linear and also does not deviate much from the values of the
binary compounds. The maximum variation observed was
3.6% for the In-N bond length. In the case of AlGaInN, for
the composition variation of the band gap, and its compari-
son to the experimental data for the wurtzite phase, we ob-
tained a good agreement despite the evidence for cluster for-
mation in these alloys. A bowing parameter of 0.22 eV was
obtained for zinc-blende AlGaInN lattice matched with GaN.
Finally, we obtained a bowing parameter b=0.26 eV for
�Ga0.47In0.53As�z�Al0.48In0.52As�1−z lattice matched with InP,
in very good agreement with experimental data.
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