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A simple and unified model, which is based on the energy-equilibrium criterion between the spin-spin
exchange interactions and the thermal vibration energy of atoms at the transition temperature and a size-
dependent Debye temperature function �D�D�, has been established for the size, dimension, and interface
effects on the Curie temperature Tc�D� and the Néel temperature TN�D� of low-dimensionally ferromagnetic
and antiferromagnetic nanocrystals, where D denotes the diameter of nanoparticles and nanorods or the thick-
ness of thin films. In terms of this model, Tc�D� and TN�D� functions are predicted to increase or decrease with
dropping D, depending on the interaction strength at the film/substrate interface when the interface exists. The
predicted results are consistent with available experimental measurements for Fe, Co, Ni, Gd, Ho, Co1Ni1,
Co1Ni3, Co1Ni9, Fe3O4, MnFe2O4, CoO, NiO, and CuO low-dimensional nanocrystals.
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I. INTRODUCTION

Fascinating physicochemical properties of low-
dimensional nanocrystals �nanoparticles, nanorods, and thin
films� and wide possibilities of using these properties in
practice have attracted great interest. The current progress in
nanotechnologies has made the fabrication of individual
nanocrystals possible, which in turn provides an opportunity
to study the basic properties of nanocrystals. As an example
of the broad class of cooperative phenomena, ferromagnetics
�FM� and antiferromagnetics �AFM� of nanocrystals differ
from that of the corresponding bulk ones, which is attributed
to the different degrees of ordering to occur near surfaces or
interface of nanocrystals, leading to an intrinsic size
dependence.1

The Curie temperature Tc and the Néel temperature TN are
the most important properties to characterize FM and AFM
phase stability, respectively. Size dependences of Tc and TN
have been considered intensively in experiments2–34 and
theories35–40 due to their scientific and industrial importance.
It has been found that, as the size of nanocrystals D de-
creases, Tc�D� of thin FM films epitaxially grown on inert
substrates decreases in many systems of Fe/SiO �Ref. 2�,
Fe/Ag�001� �Ref. 3�, Fe/Au�100� �Ref. 4�, Fe/Pd�100� �Ref.
5�, Fe/Ag�111� �Ref. 6�, Fe/Ag�100� �Ref. 7�, Co/Cu�100�
�Refs. 8,10�, Co/Cu�111� �Ref. 10�, Co/Cu�001� �Refs.
9,11�, Ni/Cu�111� �Refs. 10,12�, Ni/Cu�100� �Ref. 10�,
Ni/Cu�001� �Refs. 9,11�, Ni/W�110� �Ref. 13�,
Co1Ni1 /Cu�100� �Ref. 10�, Co1Ni3 /Cu�100� �Ref. 10�,
Co1Ni9 /Cu�100� �Ref. 10�, Gd/W�110� �Ref. 14�, Gd/W
�Ref. 15�, Nb/Gd �Ref. 16�, and Gd/Y�0001� �Ref. 17�. This
case is also present in other low-dimensional nanocrystals,
such as Ni nanorods18,19 and nanoparticles,19,20,39 Gd,21

Fe3O4,39 and MnFe2O4
22 nanoparticles. Besides, TN�D� val-

ues of the low-dimensional AFM nanocrystals, such as Ho
�Ref. 23�, CoO �Refs. 26,27�, NiO �Refs. 28,29� thin films,
and CuO nanoparticles30–33 and nanorods33 decrease with de-
creasing of D. The TN�D� function of CoO thin films sup-
ported by Fe3O4 and NiO substrates, however, increases as D
decreases.28,34

Based on the aforementioned experimental evidence, nu-
merous models have been proposed to understand the under-
lying mechanisms for the Tc�D� and TN�D� functions of thin
films. Among them, the pioneering theoretical work of Fisher
and his co-workers strongly influences our general
understanding,35 which predicts that Tc�D� will shift to a
lower temperature than that of the bulk Tc��� when the spin-
spin correlation length �SSCL� � exceeds the film thickness.
For thin films, the SSCL mechanism has given rise to a step
function for Tc�D� with two adjustable parameters: One is �
and the other is the exponent term �.35,36 When D��,

Tc�D�/Tc��� = 1 − ��� + r0�/�2D���, �1a�

while when D��,

Tc�D�/Tc��� = �D − r0�/�2�� , �1b�

where r0 denotes thickness of a monolayer.
Since nanoparticles have different characteristics of Tc�D�

functions from that of thin films, further unified models are
considered to suit these new cases. In light of the effect of
the breaking of exchange bonds, the Tc�D� function of nano-
particles has been proposed,37

Tc�D�/Tc��� = 1 − �3�L�/�2D� , �2�

where �L is the thickness of surface layer of nanoparticles,
which characterizes the influence of the surface layer on the
Tc�D� function of nanoparticles. However, when this model
is utilized to fit experiment data of the Tc�D� function of
Fe3O4 nanoparticles, a constant �L cannot satisfactorily de-
scribe this case in the full size range of nanosize.37

Since the dimension of nanocrystals the d significantly
affects the Tc�D� function, while Eqs. �1� and �2� consider,
respectively, the cases of d=2 for thin films and d=0 for
particles, they exhibit different forms due to this reason. Re-
cently, Sun has established a unified model to consider the
dimension effect on Tc�D� by incorporating the bond order-
length-strength correlation mechanism into the Ising premise
�Ref. 39�,
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Tc�D�/Tc��� = 1 + �
i	3


i�zibqi
−w − 1� , �3�

where qi=hi /h=2/ �1+exp��12−zi� / �8zi��� shows a coordi-
nation number �CN� dependent reduction of atomic diameter
�h�, zib=zi /zb with zi and zb being the coordinates with and
without CN imperfection, respectively, and 
i=�hqi /D is the
portion of the atoms in the ith atomic layer from the surface
compared to the total number of atoms of the entire solid,
and �=1,2 ,3 correspond to thin films, nanorods, and nano-
particles, respectively. The power index w is an indicator for
the bond nature.39 When w�1, Tc�D� functions of free nano-
crystals with different dimensions are predicted with good
correspondence of the experimental results whereas D de-
creases, Tc�D� drops.39

Since there is an adjustable parameter in Eq. �3�, further
efforts are made to develop a model without a free param-
eter. Based on the size-dependent cohesive energy function, a
model for the Tc�D� of thin films has given as �Ref. 38�,

Tc�D�/Tc��� = �1 − 1/�2D/�ch� − 1��

�exp��− 2Sb/�3R��/�2D/�ch� − 1�� , �4�

where c is the normalized surface or interface area, Sb is the
bulk evaporation entropy of crystals, and R is the gas con-
stant. Equation �4� has presented a qualitative explanation for
a drop of the Tc�D� function of nanocrystals with decreasing
of D.

However, both Eqs. �3� and �4� have neglected the film/
substrate interface effect on Tc�D�, which could lead to an
increase of the Tc�D� function as D is reduced.

Since each aforementioned model only partially corre-
sponds to experimental results well, and dimension and in-
terface effects on the above functions in the models are not
emphasized,35–38,40 thus, an improved model reflecting all ef-
fects, especially the interface effect on Tc�D� and TN�D�
functions, is needed.

In this contribution, the size, dimension, and interface ef-
fects on the order temperatures of Tc�D� and TN�D� functions
have been established to minimize the number of parameters
needed and to fit the maximum number of experimental re-
sults of magnetic nanoparticles, nanorods, and thin films that
can be found in the literature, which enables us to reproduce
the measured results of low-dimensional FM and AFM nano-
crystals of Fe, Co, Ni, Gd, Ho, Co1Ni1, Co1Ni3, Co1Ni9,
Fe3O4, MnFe2O4, CoO, NiO, and CuO with a unified form.

II. MODEL

In magnetic materials, the spins are coupled through the
strong, short-range exchange interactions, and the long-range
magnetic dipolar interactions. It is well known that near Tc,
there exist two opposite forces: the ordering force due to an
exchange interaction of the magnetic moments, and the dis-
ordering force of the lattice thermal vibrations. Based on the
mean-field approximation �Ref. 36�,

kBTc��� = Eexc��� , �5�

where kB is the Boltzmann constant and Eexc is the spin-spin
exchange interaction energy.

The average thermal vibrational energy is related to T by
an equipartition relation of m�2
vE�2�2�T�=kBT,41 where m
is the atomic mass, vE is the Einstein frequency, and � is the
root-mean-square �rms� thermal average amplitude of atomic
vibration. In terms of this relationship and Eq. �5�, at Tc���,
the thermal vibration of atoms will destroy the ordering due
to the exchange interaction of nearest-neighbor atoms
with �2�Tc����=kBTc��� / �m�2
vE�2�=Eexc��� / �m�2
vE�2�.
Similarly, based on Lindemann’s basic assumption that melt-
ing occurs when � reaches a fraction of atomic diameter f at
Tm���, �2�Tm����=kBTm��� / �m�2
vE�2�= �fh�2 and �D���
= f �Tm��� / �mh2��1/2 �Ref. 41�. In terms of above three rela-
tionships and an assumption that Eexc��� / �2
vEf2�2=K with
K being a material constant, it reads,

Tc��� � �D
2��� . �6�

If FM and AFM nanocrystals have the same crystal struc-
ture of the corresponding bulk, Eq. �6� can be extended to
nanometer size, Tc�D���D

2�D�. Combining this relationship
with Eq. �6� leads to,

Tc�D�/Tc��� = �D
2�D�/�D

2��� . �7�

�D�D� function has been deduced by combining Linde-
mann’s criterion for melting and a related model for size-
dependent melting, �Refs. 42,43�

�D
2�D�/�D

2��� = exp�− �� − 1�/�D/D0 − 1�� , �8�

where �=�s
2�D� /�v

2�D� with the subscript s and v denoting
the surface atoms and the interior atoms of nanocrystals. D0
denotes a critical size at which all atoms of a low-
dimensional nanocrystal are located on its surface, which
depends on dimension d and h through, �Refs. 38,44�,

D0 = 2�3 − d�h , �9�

where d=0 for particles, d=1 for nanorods, and d=2 for thin
films.

In terms of Eqs. �5�, �7�, and �8�, Tc�D� and Eexc�D� func-
tions can be expressed as Tc�D� /Tc���=Eexc�D� /Eexc���
=exp�−��−1� / �D /D0−1��. The same case should occur for
TN�D� /TN��� function. Thus,

Tc�D�/Tc��� = TN�D�/TN��� = exp�− �� − 1�/�D/D0 − 1�� .

�10�

In Eq. �10�, a unique unknown material parameter is �,
which is a function of materials and also a function of the
situation of the surface and interface. For metallic or com-
pound crystals with free surfaces, � is determined by, �Refs.
42 and 43�

�s = 1 + �2Svib���/�3R�� , �11�

where subscript s denotes the surface. Although the overall
melting entropy Sm consists, at least, of three contributions:
positional Spos, vibrational Svib, and electronic component Sel,
Svib��� is the essential contribution to Sm��� for metals be-
cause the contributions of the other terms of Spos and Sel on
Sm��� are small. Thus, for metallic elements, �Refs. 42,43�,

Svib��� � Sm��� . �12�
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When FM or AFM as epitaxially grown film is deposited
on a substrate, the effect of such an epitaxial film/substrate
interface on � must be considered since the atomic vibration
at interface differs from that at a free surface. Based on the
Ising model, the simplest case is that only the surface and
interface coupling constants �Js and Ji� differ from the rest,40

where the subscript i denotes interface. For the sake of sim-
plicity, the effect induced by the exchange interface thick-
ness is neglected while Ji=Js+Jsub is assumed as a first ap-
proximation with the subscript sub denoting the substrate.
Thus, �i=�i

2�D� /�v
2�D�=�s�i

2�D� /�s
2�D� in light of the

definition of � where �s=�s
2�D� /�v

2�D�. Since the magni-
tude of the exchange interaction is proportional to the bond
strength39,45,46 while the bond strength is reversely propor-
tional to �2,44 �2�D��1/J. Thus, �s

2�D��1/Js and �i
2�D�

�1/Ji. As a result, �i
2�D� /�s

2�D�=Js /Ji, or

�i = �sJs/Ji. �13�

If the effects induced by the surface and interface on
Tc�D� and TN�D� are additive, based on Eq. �10�, one can
obtain,

Tc�D�/Tc��� = TN�D�/TN��� = �exp�− ��s − 1�/�D/D0 − 1��

+ exp�− ��i − 1�/�D/D0 − 1���/2. �14�

Note that Eq. �14� is only used for the case of thin films
while the side surface is neglected since the side surfaces
have a small percentage of the total surface in comparison
with that of the up surface and bottom interface of thin films.
For nanoparticles and nanorods, the contribution of sub-
strates on the order temperatures is neglected since the cor-
responding interface has only a small percentage of the total
surface. In this case, Eq. �10� is directly used. In the follow-
ing, although Tc�D� and TN�D� functions are denoted as Eq.
�14�, when the considered systems are nanoparticles and na-
norods, �s=�i, and thus Eq. �14��Eq. �10�.

III. RESULTS AND DISCUSSION

Figure 1 compares the model prediction of the Tc�D�
function in terms of Eq. �14� with available experimental
measurements for Fe thin films deposited on inert substrates
where the parameters employed in the calculations are listed
in Table I. Other models in terms of Eqs. �1�, �3�, and �4� are
also shown in the inset of the figure. Note that, the curve of
Eq. �2� is not included in this inset since it corresponds to
only nanoparticles.

For epitaxial FM film on an inert substrate with a small
lattice mismatch, exchange interaction between them is as-
sumed to be absent since it is assumed that the surface and
the film/substrate interface are magnetically similar.23,40

Thus, �i=�s in terms of Eq. �13� with Ji=Js and Jsub=0. On
the other side, for this kind of epitaxial films, the interaction
strength at the film/substrate interface is comparable with the
inner one,38 which results in the disappearance of one of the
two surfaces of films. Thus, the critical size of the epitaxial
films is D0 /2.44

As shown in Fig. 1 and its inset for Fe thin films epitaxi-
ally grown on silicon oxide glass,2 or inert metallic sub-
strates of Ag�001� �Ref. 3�, Au�100� �Ref. 4�, Pd�100� �Ref.

TABLE I. The parameters employed in the calculations of
Eq. �14� about the FM materials. Tc��� is in K, Sm��� in
J ·g-atom−1 ·K−1, and h is in nm.

Tc��� Sm���a h�nm�d

Fe 1043 �Ref. 38� 7.628 0.2483

Co 1404 �Ref. 38� 9.157 0.2497

Ni 630 �Ref. 38� 10.12 0.2492

Gd 289 �Ref. 38� 6.341 0.3575

CoNi 1018 �Ref. 38� 9.638b 0.2495

Co1Ni3 824.3 �Ref. 38� 9.879b 0.2493

Co1Ni9 708.3 �Ref. 38� 10.02b 0.2493

Fe3O4 860 �Ref. 38� 10.55 0.2220

MnFe2O4 573 �Ref. 22� 10.55c 0.2223

aThe values of Sm��� refer to Ref. 51.
bSm,Co1Nin

���= �Sm,Co���+nSm,Ni���� / �n+1� as a first approxima-
tion, where n denotes the number of Ni atoms in the compounds.
cSince no experimental data of Sm,MnFe2O4

��� or Svib,MnFe2O4
��� are

in hand, Sm,MnFe2O4
��� is approximately equal to Sm,Fe3O4

���.
dThe values of h refer to Ref. 51 for elements and Refs. 38 and 39
or compounds, respectively.

FIG. 1. Comparisons of Tc�D� function between the model pre-
diction in terms of Eq. �14� �solid lines� and the available experi-
mental measurements for Fe/substrate thin films, where the param-
eters D0= �2h� /2=h=0.2483 nm in terms of Eq. �9� with d=2, and
�i=1.612 according to Eq. �13� with Js�Ji, Jsub�0 �Ref. 40� and
�s=1.612 in terms of Eq. �11�. Other parameters used for calcula-
tions are listed in Table I. The symbols � �Ref. 2�, � �Ref. 3�, �

�Ref. 4�, � �Ref. 5�, � �Ref. 6�, and � �Ref. 7� denote the experi-
mental results of Fe/SiO, Fe/Ag�001�, Fe/Au�100�, Fe/Pd�100�,
Fe/Ag�111�, and Fe/Ag�100� epitaxial films, respectively. Inset:
the dashed, short dotted, dotted, and solid lines, respectively,
denote the predictions of Eqs. �1b�, �3�, �4�, and �14�. The param-
eters employed in the calculations are listed as: �=0.447 nm in
Eq. �1b� �Ref. 36�, the original parameters in Eq. �3� have been
cited from the original Ref. 39 with qi=0.8756, 0.9376, 0.9688,
zib=1/3, 1 /2, 2 /3 with zi=4, 6, 8, and zb=12 for i=1, 2, 3, re-
spectively, which is the same for Figs. 2–7, and c=1/2 and Sb

=111.52 J ·g-atom−1 ·K−1 in Eq. �4� �Ref. 38�.
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5�, Ag�111� �Ref. 6�, Ag�100� �Ref. 7� the model prediction
of Eq. �14� �the solid line� shows a better agreement with the
presented experimental data than that of Eqs. �1�, �3�, and �4�
in the full size range. Although Eqs. �1� and �3� can also fit
the experimental results, some adjustable parameters, such as
� and � in Eq. �1� and w in Eq. �3�, are present. The utiliza-
tion of these fitting parameters could mislead understanding
of the related physical nature since the Fe/ substrate interface
effect on Tc�D� is taken into consideration in Eqs. �1� and �3�
also through the above fitting parameters.36–39 Namely, the
fitting parameters actually consist of several factors.

It is well known that the depressed Tc�D� of FM nano-
crystals is induced by a reduction in the number of spin
interactions at the surface in comparison with that in the
interior.36,37,39,42,43,46 The agreement between Eq. �14� and
the experimental data implies that the depression of Tc�D� of
Fe epitaxial films on inert substrates should mainly be attrib-
uted to the effect of the free surface of nanocrystals.36,37,39

Similar results can be gotten in Fig. 2 and its inset for
Tc�D� for epitaxial Co, Co1Ni1, Co1Ni3, and Co1Ni9 thin
films on Cu�100� �Refs. 8 and 10�, Cu�111� �Ref. 10�, and
Cu�001� �Refs. 9 and 11� substrates. For alloys, the corre-
sponding Tc���38 and Sm���42 values in Eq. �14� are roughly

estimated by their algebraic sum of elements.38 As shown in
the figure, Eq. �14� corresponds to experimental measure-
ments well. Other theoretical works, namely Eqs. �1�, �3�,
and �4�, are also plotted in the inset of the figure. Note that
an additional model, a finite-size scaling relationship,9,10 is
also given in the figure shown as the dash-dotted lines, which
has the following form:

�Tc��� − Tc�D��/Tc�D� = ��D − D��/�0�−� �15�

with Tc�D�=0 at a finite film thickness D�, and �0 denoting a
microscopic length characteristic of the particular system.
Although Eq. �15� can also fit the experimental data,9,10 it
strictly holds only in the large size limit of D with the help of
three adjustable parameters D�, D0, and �. Since these pa-
rameters are different case by case during the fitting the ex-
perimental results when the experimental sources are
different,9,10 the physical meaning of these parameters are
unclear. Other models of Eqs. �1�, �3�, and �4� have similar
characteristics in Fig. 1, and here thus no further discussion
is given.

Figure 3 shows comparisons of Tc�D� functions for Ni
nanocrystals with different dimensions, d=0 nanoparticles,
d=1 nanorods, and d=2 thin films between experimental re-
sults and this model, respectively. As seen in this figure, the
Tc�D� function of low-dimensional Ni nanocrystals decreases

FIG. 2. Comparisons of Tc�D� function between the model pre-
diction in terms of Eqs. �14� �solid lines� and �15� �dash dotted
lines� and the available experimental evidences for Co, Co1Ni1,
Co1Ni3, and Co1Ni9/substrate epitaxial thin films, where the param-
eters in Eq. �14� D0= �2h� /2=h=0.2497, 0.2495, 0.2493, and
0.2493 nm in terms of Eq. �9� with d=2, and �i=1.734, 1.773,
1.792, and 1.803 according to Eq. �13� with Js�Ji, Jsub�0 and
�s=1.734, 1.773, 1.792, and 1.803 in terms of Eq. �11�, respec-
tively. Other parameters used for calculations are listed in Table I.
The parameters used in Eq. �15� are D�=0.195, 0.150, 0.129 nm,
�0=0.488, 0.570, 0.518 nm, and �=1.66, 1.49, 1.39 for Co1Ni1,
Co1Ni3, and Co1Ni9, respectively �Ref. 10�. The symbols � �Ref.
8�, � �Ref. 9 and 10�, � �Ref. 10�, � �Ref. 11� denote the experi-
mental evidences of Co/Cu�100�, Co/Cu�111�, Co/Cu�001� epitax-
ial films; � �Ref. 10�, � �Ref. 10�, and � �Ref. 10� denote
Co1Ni1 /Cu�100�, Co1Ni3 /Cu�100�, Co1Ni9 /Cu�100� epitaxial thin
films, respectively. Inset: the dashed, the short dotted, the dotted,
the solid, and the dash-dotted lines denote Eqs. �1a�, �1b�, �3�, �4�,
�14�, and �15�, respectively. The parameters utilized in the calcula-
tions for Co are listed as: �=0.396 nm in Eq. �1b� �Ref. 36�, c
=1/2 and Sb=117.62 J ·g-atom−1 ·K−1 in Eq. �4� �Ref. 38�, and
D�=0.180 nm, �0=0.324 nm, and �=1.02 in Eq. �15�, respectively.

FIG. 3. Comparisons of Tc�D� function between the model pre-
dictions in terms of Eq. �14� and available experimental evidences
for Ni nanoparticles �d=0�, nanorods �d=1�, and thin films �d=2�,
respectively, where the parameters D0=1.4952, 0.9968, 0.2492 nm
in term of Eq. �9� with d=0, 1, 2, and �s=1.811 in light of Eq. �11�
for nanoparticles and nanorods, and �i=�s=1.811 in terms of Eq.
�13� with Js�Ji and Jsub�0 for epitaxial films on inert substrates
�Ref. 40�. The prediction of Eq. �2� is shown as the short dashed
with �L=0.8084 nm in terms of Eq. �17�. Other parameters used
for calculations are listed in Table I. The symbols �,�Ref. 10�, �

�Ref. 10�, � �Ref. 11�, � �Ref. 12�, and � �Ref. 13� denote the
experimental evidences of Ni/Cu�111�, Ni/Cu�100�, Ni/Cu�001�,
Ni/W�110� epitaxial films; � �Ref. 18�, � �Ref. 19� denote Ni
nanorods; and � �Ref. 19� � �Ref. 20�, � �Ref. 39� denote Ni
nanoparticles. Inset: the dashed, the short dotted, the dotted,
and the solid lines denote Eqs. �1�, �3�, �4�, and �14�, respectively.
The parameters utilized in the calculations are listed as: �
=0.846 nm and �=1 in Eq. �1� �Ref. 36�, c=1/2, and Sb=116.22
J ·g-atom−1 ·K−1 in Eq. �4� �Ref. 38�, respectively.
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with D. Furthermore, the change of the Tc�D� function of
nanorods with D is weaker than that of nanoparticles, but
stronger than that of thin films. These differences are induced
by different surface/volume ratios of free nanocrystals.36,45

Equation �14� could describe this kind of change induced by
dimensions through introducing d values in Eq. �9�. Since the
freestanding materials have a larger surface/volume ratio,
their size dependences are stronger than that of substances
supported by substrates. However, this dimension effect has
been neglected in Eqs. �1�, �2�, and �4�. It is worth mention-
ing that, for Ni nanoparticles, the prediction according to Eq.
�2� has also been presented as the short dashed line showing
a good consistency with Eq. �14� and the experimental data
in the large size. In addition, an enlarged figure of Ni epitax-
ial thin films has been shown as an inset of this figure, which
presents comparisons between the model predictions of Eqs.
�1�, �3�, �4�, and �14� and experimental data for Ni films
epitaxially grown on inert metallic substrates of Cu�111�
�Ref. 10 and 12�, Cu�100� �Ref. 10�, Cu�001� �Ref. 9 and 11�,
and W�110� 13�. As shown in the figure, Eq. �14� has similar
results of Eqs. �2� and �3� for nanoparticles and thin films in
the full size range, but corresponds to Eqs. �1� and �4� only
in the partial size range.

Experimental Tc�D� data of Gd nanoparticles21 and epi-
taxial films deposited on inert metallic substrates of W�110�
�Ref. 14�, W �Ref. 15�, Nb �Ref. 16�, and Y�0001� �Ref. 17�
are given in Fig. 4, which are compared with Eq. �14� where

correspondence between them is found. The wide distribu-
tion of Tc�D� of Gd nanocrystals indicates that Tc�D� is
strongly dependent on the films morphology,17 as well as on
the lattice misfit between the Gd film and the substrate.14 For
simplicity, these factors are neglected in this model. Equation
�2� is shown as the short dashed line in this figure for Gd
nanoparticles, which approximately corresponds to Eq. �14�
and the experimental data in the large size range. In addition,
Eqs. �1�, �3�, and �4� for Gd thin films are also present in the
inset for comparisons, a scatter of the models has been illus-
trated as above.

In addition to the aforementioned metallic substances,
Tc�D� functions of compound nanocrystals such as Fe3O4
�Ref. 39� and MnFe2O4 �Ref. 22� nanoparticles are given in
Fig. 5. As shown in the figure, the depressed Tc�D� of com-
pound nanocrystals also follows Eq. �14� as D decreases,
where the prediction of Eq. �14� has better agreement with
the experimental data than that of Eqs. �2�–�4� in the full size
range.

Base on this idea of this work, TN�D� should have a form
similar to the Tc�D� function. If Eqs. �1�–�4� are extended to
the Néel transition of AFM nanocrystals, the predictions of
these models has also been shown in Fig. 6 for CuO
nanorods33 and nanoparticles,30–33 and Ho23 and NiO28,29 thin
films, respectively. Model predictions of TN�D� functions ac-
cording to Eq. �14� are shown as the solid lines in this figure.
As shown in this figure, the TN�D� function decreases with D
for AFM nanocrystals with different dimensions, and the pre-
dictions of Eq. �14� are in better agreement with the experi-
mental data than that of Eqs. �1�–�4� in the full size range.

Similar results for CoO thin films epitaxially grown on
SiO2 substrate26,27 have been shown in Fig. 7. For CoO thin

FIG. 4. Comparisons of Tc�D� function between the model pre-
diction in terms of Eq. �14� �solid lines� and available experimental
results for Gd low-dimensional crystals: nanoparticles and epitaxial
thin films, respectively, where the parameters D0=2.145,
0.3575 nm according to Eq. �9� with d=0, 2, and �s=1.508 in terms
of Eq. �11�, �i=�s=1.508 in terms of Eq. �13� with Js�Ji and
Jsub�0 for epitaxial films on inert substrates �Ref. 40�. The short
dashed line denotes Eq. �2� with �L=0.7264 nm in terms of Eq.
�17�. Other parameters used to calculations are listed in Table I. The
symbols � �Ref. 14�, � �Ref. 14�, � �Ref. 15�, � �Ref. 16� �

�Ref. 16�, � �Ref. 17� denote the experimental measurements of
Gd/W�110�, Gd/W, Nb/Gd, and Gd/Y�0001� epitaxial films;
�Ref. 21� denotes Gd nanoparticles. Inset: the dashed, short
dotted, dotted, and solid lines denote Eqs. �1�, �3�, �4�, and �14� for
Gd epitaxial films, respectively. The parameters used in the calcu-
lations are listed as: �=2.485 nm and �=1.6 in Eq. �1��Ref. 36�,
c=1/2 and Sb=101.55 J ·g-atom−1 ·K−1 in Eq. �4� �Ref. 38�,
respectively.

FIG. 5. Comparisons of Tc�D� function between the model pre-
dictions in terms of Eq. �14� and the available experimental evi-
dences for MnFe2O4 and Fe3O4 nanoparticles, where the parameters
D0=1.338, 1.332 nm in terms of Eq. �9� with d=0, and �s

=1.8458, 1.8458 in terms of Eq. �11�. The dotted, dashed, short
dashed, and solid lines denote model predictions of Eqs. �2�–�4� and
�14�, respectively. The parameters utilized in the calculations: �L
=0.7544, 0.751 nm in Eq. �2�, which is determined by Eq. �17�,
c=1 and Sb=13R, 13R J ·g-atom−1 ·K−1 �Ref. 38� in Eq. �4� for
MnFe2O4 and Fe3O4, respectively. Other parameters are listed in
Table I. The symbols � �Ref. 22� and � �Ref. 39� denote the
experimental results of MnFe2O4 and Fe3O4 nanoparticles,
respectively.
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films supported by Fe3O4 and NiO substrates, there exist,
however, strong exchange couplings at the CoO/Fe3O4 or
CoO/NiO interface where the thermal vibration of the inter-
face atoms is suppressed and much higher energy is required
to disorder the ordering force.28,34 Therefore, TN�D� in-
creases as D decreases. The predicted results of Eq. �14� with
consideration on the substrates34,49 are qualitatively consis-
tent with experimental evidence. Note that other models have
not been considered in this kind of case.28,34,36,38,39 Although
the free surface of such CoO film still has a tendency to
lower the TN�D� value of the films, the total effect of the free
surface and the interface leads to a drop in the total energy of
the film, and thus the increase of the TN�D� function with
decreasing D. Furthermore, the stronger the interaction at the
interface is, the more the TN�D� function increases.28,34 Thus,
different substrates lead to distinct values of TN�D� and
TN��� of CoO.26–28,34 For the sake of simplicity, the ex-
change bias effect from the FM/AFM interface, existence of
easy and hard axes, and magnetocrystalline anisotropy are
neglected.

Note that the above results differ from the experimental
result of Fe/Cr�100�, where TN�D� decreases with dropping
D,50 which could be induced by spin-frustration effects in the

vicinity of the rough Fe/Cr interfaces where the interfacial
exchange energy can be minimized only locally and frustra-
tion of the interfacial spins occurs since Fe and Cr have
magnetical long-range order.50

In terms of this model, it is easy to understand that if one
needs to disorder the spin-spin interaction by applying a ther-
mal stimulus, one has to provide sufficient energy to lose all
bonds of atoms and to promote the atomic vibration.39 At the
Curie transition of FM or Néel transition of AFM, the ther-
mal vibrational energy of atoms of low-dimensional material

TABLE II. The parameters utilized in the calculations of
Eq. �14� about AFM materials. TN��� is in K, Sm��� in
J ·g-atom−1 ·K−1, and h is in nm.

TN��� Sm���a h

Ho 131.223 6.99951 0.715451

NiO 52328 7.271 0.842028

CoO 31526,27/29328 6.789 0.852028,34

CuO 22933 7.016 0.684533

aSm��� of metallic oxides are given as Sm,MO���= �Sm,M���
+Sm,O���� /2 as a first approximation since no experimental data are
found, where the subscripts M and O denote the metal and oxygen
atoms, respectively.

FIG. 6. Comparisons of TN�D� between the model predictions in
terms of Eq. �14� and the available experimental evidences for CuO
nanoparticles �� �Ref. 30�, 	 �Ref. 31�, � �Ref. 32�, and 
 �Ref.
33�� and nanorods �� �Ref. 33��, and Ho �� and � �Ref. 23� and
NiO thin films ��, � �Ref. 28� and ��Ref. 29��, respectively. In
light of the properties of magnetic exchange interaction of AFM,
the nearest spacing of the parallel spin-spin coupling of AFM h
=2a with a being the lattice parameter since the lattice of AFM can
be considered to consist of two sublattice with opposite spin direc-
tion �Ref. 48�. The parameters D0=2.738, 4.107 nm for CuO nano-
rods and nanoparticles in terms of Eq. �9� with d=0, 1, and D0

= �2h� /2=h=0.7154, 0.8420 nm for Ho and NiO thin films with d
=2, respectively, and �s=1.563 for CuO in terms of Eq. �11� and
�i=�s=1.561, 1.583 for Ho and NiO thin films in terms of Eq. �13�
with Js�Ji and Jsub�0 for epitaxial films on inert substrates. The
dashed, short dashed, short dotted, and dotted lines, denote the pre-
dictions of Eqs. �1�–�4�, respectively. Calculation parameters used
are listed in Table II. In addition, the parameters �=3.13, 1.4 nm
and �=1.58, 2.8 in Eq. �1a� for Ho, and NiO, �L=1.541 in Eq. �2�
for CuO, c=1/2, Sb=6.511, 13R, and 13R J ·g-atom−1 ·K−1 in Eq.
�4� for Ho, NiO, and CuO �Ref. 38�, respectively.

FIG. 7. Comparisons of TN�D� between the model predictions in
terms of Eq. �14� �solid line� and available experimental evidences
for CoO thin films epitaxially grown on SiO2 substrates �� and �

�Ref. 26 � and � Ref. 27��, where the parameters D0= �2h� /2=h
=0.8520 nm in terms of Eq. �9� with d=2, and �i=1.544 according
to Eq. �13� with Js�Ji, Jsub�0 and �s=1.544 in terms of Eq. �11�.
Calculation parameters used are listed in Table II. The short dashed,
short dotted, and dotted lines denote the predictions according to
Eqs. �1�, �3�, and �4�, respectively, in which the parameters �
=2.1 nm and �=1.55 �Ref. 26�, c=1/2 and Sb=13R �Ref. 38�. The
dashed and dashed dotted lines, respectively, denote the model pre-
dictions in terms of Eq. �14� for CoO supported by Fe3O4 and NiO
substrates with the parameter �i=0.4139 and 0.5544 in terms of Eq.
�13� with �sJs / �Js+Jsub���sTc��� / �Tc���+Tc,sub����, which is
achieved based on the mean-field approximation, Js�Tc��� and
Jsub�Tc,sub��� or Js�TN��� and Jsub�TN,sub��� �Ref. 45�. The
symbols � �Ref. 28� and � �Ref. 34� denote the experimental
results of CoO thin films supported by Fe3O4 and NiO substrates,
respectively.
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is required to disorder Eexc.
36,45,46 As pointed out in the ex-

perimental observations for free nanocrystals �nanoparticles,
nanorods, thin films� or epitaxial thin films on inert
substrates,46,47 there exist different degrees of spin-spin inter-
actions between inner and surface atoms because of the re-
duction in the number of spin interactions at the surface,36

which leads to an increase of lattice vibration.37,39,42,43,46 For
thin films with strong interaction coupling at the film/
substrate interface, however, the vibration of atoms at this
interface is depressed. Thus, as D is reduced, the total en-
ergy, or the thermal vibration energy to disorder the FM or
AFM ordering state of the nanocrystals, could increase or
decrease depending on the interface states. So does the Tc�D�
or TN�D� function.

As mentioned previously, the depressed order temperature
of FM or AFM free nanocrystals is mainly induced by the
free surface of nanocrystals. When d is different, the surface/
volume ratio A /V=6/D, 4 /D, and 2/D as d=0, 1, 2, respec-
tively. Thus, Tc�D� or TN�D� function with different d values
is changed in a different degree even though their D are the
same. As shown in Figs. 3–6 at the same D value, the de-
crease of Tc�D� or TN�D� function is smaller as d varies from
0 to 2.

As shown in these figures, complicated Tc�D� and TN�D�
functions are still analyzed and predicted by this simple and
unified model as long as the surface or interface conditions
of the low-dimensional crystals and relative thermodynamic
parameters are known.

Considering the mathematical relationship of exp�−x�
�1−x when x is small enough as a first order approxima-
tion, under the condition that D�D0, Eq. �14� can be sim-
plified as follows:

Tc�D�/Tc��� = TN�D�/TN��� � 1 − ��s + �i − 2�D0/�2D� .

�16�

Equation �16� indicates that the most important size effect
for low dimensional FM and AFM nanocrystals is still re-
lated with the surface/volume ratio, or 1 /D, and suggests a
progressively increasing role of the surface layer with de-
creasing D. However, as D approaches D0, Eq. �16� gives an
error in comparison with Eq. �14�. This is because as D
decreases to a size being comparable with atomic diameter,
transition temperature is also contributed by energetic
changes of internal atoms.

Comparing Eq. �16� with the scaling law of Eq. �1a� for
thin films with D��, Tc�D� follows a power law curve with
�=1 �Ref. 36�. Thus, Eq. �1a� can be rewritten as
Tc�D� /Tc���=TN�D� /TN���=1− ���+r0� / �2D�� �Ref. 36�.
Associated with this relationship and Eq. �16�, �= ��s+�i

−2�D0−r0. For Fe, Co, Ni thin films, �=0.4048, 0.5531,
0.6322 nm, respectively, which are approximately consistent
with experimental and theoretical values of 0.4583, 0.3962,
0.7048 �Ref. 36�.

It is evident that Eq. �16� has a similar form of Eq. �2� for
nanoparticles. Combining Eqs. �2� and �16�,

�L � 2��s − 1�D0/3, �17�

which indicates that �L is related to two parameters, Svib and
h. Substituting these parameters into Eq. �17�, �L=0.8084,

0.9692, 0.7521, 0.7512, and 1.541 nm for Ni, Gd, MnFe2O4,
Fe3O4, and CuO nanoparticles, respectively. With the �L
values, the predictions of Eq. �2� are shown in Figs. 3–6 as
the short dashed lines. The results of Eq. �2� are in agreement
with the experimental data when D is large enough where
�L�3h. Thus, when D is larger than several nanometers,
Eq. �2� can be rewritten as follows:

Tc�D�/Tc��� = TN�D�/TN��� � 1 − �9h�/�2D� . �18�

Equation �18� becomes a pure geometrical equation and
emphasizes the surface contribution on the Tc�D� function.

In light of Eqs. �3� and �16�,

�
i	3

qi�zibqi
−w − 1� � − ��s + �i − 2� . �19�

Obviously, w is a function of materials, as well as interface
conditions, which has been taken as an adjustable material
constant in Eq. �3�. According to Eq. �19�, �i	3qi�zibqi

−w

−1�=0.0421 for the case of CoO epitaxial films on Fe3O4

substrates. With this value, the TN�D� function of Eq. �3� is
predicted to increase as D is reduced, which is qualitatively
consistent with the experimental evidence.

Compared with the previous models,36–39,45,46 this unified
model without any adjustable parameter can be utilized to
predict the effects of dimension and interface on the Tc�D� or
TN�D� function through introducing the parameter D0 and �,
respectively. When 0���1, Tc�D� or TN�D� increases with
decreasing D, while the contrary occurs when ��1, which
is determined by the common effects of both the surface and
film/substrate interface with different interface interaction
strengths. Furthermore, when Eq. �14� is reasonable, the ad-
justable parameters which appeared in Eqs. �1�–�3� could be
quantitatively determined and a more exact physical meaning
of these parameters may be found.

IV. CONCLUSION

In summary, size, dimension, and interface effects on the
Tc�D� and TN�D� functions of low-dimensional FM and
AFM have been modeled. In terms of this model, Tc�D� and
TN�D� functions decrease or increase with dropping D and d,
which is determined by the interfacial conditions. When
there is no or a weak interaction on the interface, these func-
tions decrease with D; while when the interface interaction is
strong, Tc�D� and TN�D� functions increase as D is reduced.
The predicted results are in agreement with available experi-
mental measurements of Fe, Co, Ni, Gd, Ho, Co1Ni1,
Co1Ni3, Co1Ni9, Fe3O4, MnFe2O4, CoO, NiO, and CuO low-
dimensional nanocrystals.
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