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The plastic flow of a polycrystal is calculated assuming that no sliding does occur if the in-plane components
of the shear stress acting on the common grain boundary of two grains are below a threshold stress �c.
Otherwise the grains slide with relative velocity proportional to the in-plane shear stress. The trace of the
resulting strain rate tensor does not vanish for finite threshold stress, indicating that the grains of the material
are increasingly compressed as the sample is being stretched. The internal pressure helps deformation, and
under some precise physical circumstances the material becomes mechanically unstable. The effect is very
sensitive to the material constants and can explain extreme brittleness or large ductility. The approach can be
extended to amorphous materials.
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I. INTRODUCTION

Brittle solids fracture almost immediately after the pro-
portional limit of the strain-stress curve is reached, and the
largest strain rarely exceeds 1%. Close to this point the stress
has a peak, and the slope of the curve jumps to a large
negative value, which determines a highly unstable mechani-
cal condition. In opposition to neckless brittle fracture, duc-
tile failure takes place after some homogeneous plastic de-
formation, characterized by work hardening of the material,
followed by the generation of surface instabilities that lead to
the neck formation that precipitates fracture. Plastic strains
beyond 20% are very seldom, which is not a trivial fact.
Superplastic materials may be considered as an intermediate
situation, in which the flow stress is almost independent of
strain, which is a necessary condition for an almost station-
ary flow regime.

For more than 80 years, the research on brittle and ductile
behavior of solids has assumed Griffith’s hypothesis that
brittle materials have microscopic cracks that lower their
overall strength because concentrate stress when loaded.1 To
prove his assertion, Griffith prepared a supposedly crack-free
glass rod, which resisted up to 6300 MPa in bending,
whereas the normal strength of the material was only
183 MPa. However, the much lower usual strength was
spontaneously recovered within a few hours, indicating that
the presence of weakening defects is a natural condition for
thermodynamical equilibrium. Griffith’s pioneer work was
subsequently modified by Irwin2–4 and Orowan5–7 to extend
it to ductile materials.

Present day research in the field strongly relies on com-
puter simulations of cracks in crystals, to elucidate their
stress driven time evolution.8,9 According to current models,
a crack may propagate conserving its atomically sharp edge,
leading to brittle fracture. Alternatively, the material in front
of the crack tip may react, nucleating dislocations that rap-
idly propagate away from the crack, readily damping crack
propagation, and leading to ductile behavior.10–15 However,
crack evolution has proven to be complex, and simulations
demand too large computer capacity. The advent of practical
conclusions from these efforts, of use in technical grounds,
seems to be far away yet.

An entirely different approach to the fracture of solids is
put forward in what follows, alternate but not necessarily

contradictory to Griffith’s hypothesis, because different ma-
terials may behave differently. Following Orowan, fracture is
not a single physical phenomenon; there are several essen-
tially different processes that may lead to the disintegration
of a body by the action of mechanical forces. The ideas
presented below can be applied to both amorphous and poly-
crystalline solids. However, for the sake of brevity, the scope
is restricted to the latter.

It is shown here that even an ideal fine-grained polycrys-
talline material, free of voids and cracks, whose grains are
prone to slide, readily accommodating each other’s shapes,
should fail after a finite plastic strain. The reason is an el-
ementary condition that has been omitted in previous studies:
whatever the mechanisms for stress-dependent grain bound-
ary sliding and grain shape accommodation may be, they
must be consistent with density conservation to produce a
steady flow. However, it is shown in Sec. II that if the local
in-plane shear stress causing grain sliding has a finite thresh-
old, below which no sliding does occur, density is not con-
served in the overall plastic flow. The grains are increasingly
compressed as the sample is being stretched, and hence grain
sliding can only proceed at the expenses of elastic volume
variations of the crystallites. Section III shows how the con-
sequent cumulative internal pressure helps deformation and
leads to mechanical instability at a critical strain. The mate-
rial may undergo either brittle or ductile fracture, depending
on the precise physical circumstances.

II. DENSITY CHANGES IN THE PLASTIC DEFORMATION
OF A POLYCRYSTAL

Consider the plastic deformation of the hypothetical ideal
polycrystal referred to in the last paragraph of the preceding
section. Attention is put on bulk matter, far from surfaces,
and the grains are assumed equiaxed and oriented in an iso-
tropic manner. The process involves both grain boundary
sliding and efficient grain shape accomodation to preserve
the full contact between adjacent crystallites. It is assumed
that grains readily adapt their shapes by slip or twinning at
the triple junctions, hence grain boundary sliding is the rate-
limiting process at steady flow. It is assumed also that the
relative velocity of two adjacent sliding grains is propor-
tional to the in-plane components of the shear stress acting in
the shared grain boundary plane.
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Defining a local frame of reference �x�y�z�� whose x�y�
plane is in the common grain boundary plane of two adjacent
grains, the components of the relative velocity between the
grains is expressed as

�vi� =�Q�i�z�, ��x�z�
2 + �y�z�

2
� �c,

0, ��x�z�
2 + �y�z�

2
� �c,

i� = x�,y�, �1�

and always

�vz� = 0, �2�
because the grain boundary does not displace along the nor-
mal coordinate z�. In Eq. �1� �i�j� denotes the components of
the stress tensor in the �x�y�z�� frame, �c is the critical shear
stress for grain boundary sliding, and Q is a coefficient
which will be discussed later.

The axes of the main frame of reference �xyz� will be
along the principal directions of the stress tensor. Hence,
calling �x, �y, and �z the principal stresses, the stress com-
ponents in the rotated �x�y�z�� frame are given by

��i�j�� = R��,����x 0 0

0 �y 0

0 0 �z
�RT��,�� , �3�

where

R��,�� = � cos � sin � 0

− sin � cos � cos � cos � sin �

sin � sin � − cos � sin � cos �
� . �4�

The rotation matrix R is such that the rotated x� axis remains
in the xy plane, forming a Euler angle � with the x axis, and
the other Euler angle � is the angle between the rotated z�
and the old z axes. Performing �3�,

�x�z� = ��x − �y�sin � cos � sin � ,

�5�
�y�z� = − ��xsin2 � + �ycos2 � − �z�sin � cos � .

On the other hand, Fig. 1 shows the relation between the
relative velocities �v of adjacent grains, projected on the
principal axes, and the strain rate tensor �̇ij. If the boundary
planes are oriented at random, one readily realizes that the
sum appearing in Fig. 1 can be expressed as the average

�̇ij =
1

d
��vi� j, i, j = x,y,z , �6�

where the symbol �� j means average over all orientations of
the planes whose normal vectors have positive j component.
The latter restriction ensures that �vi will represent the ve-
locity of a grain relative to the previous one, along a column
extending towards the positive direction of the j axis of the
principal frame.

Equations �1�, �2�, and �5� determine the components of
the relative velocity of two grains in the corresponding
�x�y�z�� frame of their shared boundary plane. One can ex-
press them in the unique principal frame �xyz� by making the
inverse transformation

��vx

�vy

�vz
� = QRT��,����x�z�

�y�z�

0
� , �7�

where Q is assumed to depend on the stress components at
most through the trace �x+�y +�z, which is not affected by
the rotation. Explicitly,

�v = Q���x − �y�sin � cos2 � sin � + ��xsin2 � + �ycos2 � − �z�sin � sin � cos2 �

��x − �y�sin2 � cos � sin � − ��xsin2 � + �ycos2 � − �z�cos � sin � cos2 �

− ��xsin2 � + �ycos2 � − �z�sin2 � cos �
� . �8�

Assume now that the material is subjected to an uniaxial external stress �z. Far from the surfaces of the sample, the system
has cylindrical symmetry and hence �x=�y, which will be assumed not to vanish for the sake of generality. From Eqs. �5�,
�x�z�=0 for any boundary plane and �y�z�= ��z−�x�sin � cos � accounts for the whole shear stress. This is a simple geometrical
consequence of the choice of the rotated frame �x�y�z��, whose x� direction is always in the xy plane of the main frame �xyz�.
The grain boundary will slide only if 	�y�z� 	 ��c. Therefore, grain boundary sliding demands that

	��z − �x�sin � cos �	 � �c ��x = �y� , �9�

which determines a critical angle �c, given by

FIG. 1. A long narrow column along the j coordinate axis of the
main �xyz� frame, cutting n grains of mean size d. The relative
velocity v between the grains p=0 and p=n determines the com-
ponents �̇ij of the strain rate tensor.
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sin�2�c� =
2�c

	�z − �x	
��x = �y� . �10�

Sliding can occur only for 	sin�2�� 	 �sin�2�c�.
Replacing �x=�y, Eq. �8� reduces to

�v = Q��z − �x��− sin � cos2 � sin �

cos � cos2 � sin �

sin2 � cos �
� , �11�

from which can be calculated the averages over solid angles
2	 around the principal axes, less the regions determined by
	sin�2�� 	 �sin�2�c�:

��vz�z =
1

2	



0

2	

d�

�c

	/2−�c

d� sin ��vz, �12�

��vx�x =
1

2	



0

	

d��

�c

	/2−�c

d� + 

	/2+�c

	−�c

d��sin ��vx,

�13�

��vy�y =
1

2	



	/2

3	/2

d��

�c

	/2−�c

d� + 

	/2+�c

	−�c

d��sin ��vy .

�14�

The off-diagonal terms vanish because of the parity of the
subintegral functions.

Recalling �6�, Eqs. �11�–�14� give

�̇zz =
Q
4d

��z − �x�cos�2�c� , �15�

which in terms of the threshold stress �c reads

�̇zz =
Q
4d

���z − �x�2 − 4�c
2, �16�

and

�̇xx = �̇yy = −
Q
8d

��z − �x��1 −
4�c

	
+

sin�4�c�
	

� . �17�

One can easily realize from these equations that the dila-

tion rate V̇ /V= �̇xx+ �̇yy + �̇zz,

V̇

V
= −

Q
4d

��z − �x��1 − cos�2�c� −
4�c

	
+

sin�4�c�
	

� ,

�18�

where V stands for the volume of the sample, vanishes only
when the threshold stress �c=0. As the dilation rate is nega-
tive for �z−�x�0, stretching the sample involves a com-
pression of the grains, which can only be elastic. The trans-
versal stresses �x and �y take in general finite values, even
when they vanish at start; therefore, the single-crystal elastic
compressibility and strength will determine how much the
polycrystal could be elongated.

The dilation rate given by Eq. �18� can be easily under-
stood in qualitative terms by a simple geometric argument.

No matter how strong the external forces may be, shear
stresses vanish in the planes normal to the principal direc-
tions. Thus, by continuity, there is a cone around the z axis,
subtending an angle 2�c, in which shear stresses are smaller
than �c. Sliding is forbidden for any grain boundary whose
normal is inside this solid angle. In a pictorial way, no slid-
ing can occur within the two polar circles of the sphere of
unit vectors normal to the grain boundary planes.

On the other hand, because of the cylindrical symmetry,
any direction in the xy plane is a principal direction. Hence,
shear stresses vanish in any plane whose normal is in the xy
plane. Reasoning the same way as before, one concludes that
sliding is prohibited also in the tropical region of the sphere
of unit normal vectors.

As the tropical region subtends the same angle 2�c, it has
larger area than the polar circles. Therefore, �c�0 deter-
mines that grain displacements in the z direction, or close to
it, be less favored than those occurring in directions near the
xy plane. If no dilation takes place when �c=0, some volume
change should occur for �c�0.

III. INTERNAL PRESSURE BUILDUP AND CRITICAL
STRAIN

In what follows we will examine the case of the uni-
axial plastic strain of a bulk sample along the z axis at a
constant strain rate �̇ �̇zz. The only externally applied stress
is ��z. Just for taking advantage of the better insight that
provides explicit analytical expressions, let us restrict our-
selves to situations for which sin�2�c�
1. The exact equa-
tion for the dilation rate then reduces to

V̇

V
= −

�c
2

2d��z − �x�
Q ��z − �x � �c� . �19�

Denoting

p = − ��x + �y + �z�/3 �20�

the internal pressure, recalling Hooke’s law

�V

V
= −

p

B
, �21�

where B is the bulk modulus, and Eq. �16�, and combining
them with Eq. �19� and the identity

1

V

dV

d�
=

V̇

V

1

�̇
, �22�

one finally obtains that

dp

d�
=

B�c
2Q

2d�̇��4d�̇/Q�2 + 4�c
2

. �23�

In the new notation, �z−�x=3��+ p� /2. Notice that � de-
notes purely plastic strain.

As Q=Q�p�, Eq. �23� is a first-order differential equation
for the internal pressure buildup p��� upon deformation. If
the material has no residual stresses at start, then �x=�y =0
for �=0 and the initial condition for �23� is p�0�=−�0 /3,
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where �0 is the flow stress at �=0 ��0 is in practice the yield
stress, or close to it�.

If Q were a constant, the solution of Eq. �23� would be
immediate. Integrating and combining with Eq. �16� one
would conclude that the material softens linearly with defor-
mation according to

� = �0 −
2B�c

2

�0
��0

2 − 4�c
2
� �Q = const� , �24�

where �0=��4d�̇ /Q�2+4�c
2.

Replacing in Eq. �24� B=105 MPa, �c=1−10 MPa, and
�0=27 MPa, as typical values, one obtains that the expres-
sion is consistent with a brittle material that may resist 0.1%
plastic elongation prior to fracture, and a more ductile mate-
rial that could be elongated to a 10% true strain. These fig-
ures follow from the very extreme condition that fracture
takes place when � falls to zero.

However, it is expected that Q should be stress and tem-
perature dependent. Assuming the mechanism for grain
boundary sliding put forward in Refs. 16 and 17, one has that

Q
4d

= C0
�*

kBT
exp�−

0 + �*p

kBT
� , �25�

where C0 is a constant depending only on the grain size,
grain boundary thickness, and the preexponential factor of
the diffusion coefficient for vacancies, �* is an activation
volume, kB is the Boltzmann constant, T is the temperature,
and 0 is the energy necessary for the grain boundary to
release a vacancy. Replacing in Eq. �23� and solving the
resulting differential equation, it is obtained that

� =
kBT

B�* �f��� − f��0�� , �26�

where the auxiliary functions f and � are defined by f���
=���2+1+ln��+��2+1�, and

� =
kBT�̇

2C0�*�c
exp� 0 + �*p

kBT
� . �27�

The constant �0 follows from placing −�0 /3 instead of p in
Eq. �27�. The yield stress �0 at �=0 is determined by

�̇ = C0
�*

kBT
��0

2 − 4�c
2 exp�−

0 − �*�0/3

kBT
� . �28�

Hence one can obtain the stress ��� ;T , �̇� for uniaxial
plastic deformation at constant strain rate �̇ solving �26� for
�, isolating p from �27�, and then replacing in

� =
4�c

3
��2 + 1 − p ���2 + 1 �

1
2� . �29�

The condition written with Eq. �29� ensures that the approxi-
mation �19� remains valid. Notice that in the new notation
�z−�x=3��+ p� /2.

To illustrate how the function ��� ;T , �̇� obtained by this
procedure can explain brittle and ductile behavior, it was
applied to Ti-6Al-4V, a superplastic alloy very popular in
airplane design. The alloy was chosen because the constitu-

tive parameters 0, �*, and C0, appearing in Eq. �25�, are
known with good precision.16 The only unknown constant is
the threshold stress �c, but no attempt to determine it was
done because the present purposes are only illustrative. The
temperature T=1183�K� was selected because it has particu-
lar interest, as it optimizes the superplastic properties of the
material. The curves in Fig. 2 represent Eq. �29�, with � and
p given by Eqs. �26�–�28�. To have a feeling of how well
they reproduce real facts, the reader may examine the data in
Fig. 5 of Ref. 18.

Curves �a� and �d� were obtained with 0, �*, and C0
taken from Ref. 16, but with �c=0.5 MPa in �a� and �c
=2.0 MPa in �d�. The curves show that a moderately high
value of �c can induce work hardening, a characteristic fea-
ture of ductile materials.

Curves �b� and �c� assume �c=0.5 MPa, as curve �a�, but
the constitutive parameter C0 was increased from 3.52
�104 s−1 �a�,16 to 1.0�105 s−1 �b�, and 2.0�105 s−1 �c�. As
C0 varies with the grain size d as d−3, the three curves cor-
respond to d=2.28 �m,16 d=1.61 �m, and d=1.28 �m.
Curve �b� exhibits work softening and �c� brittle fracture for
�=0.028.

IV. NECKING AND DUCTILE FRACTURE

Ductile fracture occurs with the help of p. Recall that the
internal stress along the tensile axis is not � alone, but

�eff  �z − �x = 3
2 �� + p� . �30�

At �=0 one has that �=�0, and p�0�=−�0 /3 is negative,
giving �eff=�. However, for large enough � the pressure p
becomes positive and contributes to enhance the effective
tensile stress �eff3��+ p� /2. On the other hand, in the lat-
ter situation,

�x = �y = − 1
2 �� + 3p� �31�

is negative and constitutes a bidimensional hydrostatic pres-
sure applied in the plane normal to the tensile axis. Hence,
failure occurs by the concurrent action of a tensile stress
along the z axis with an isotropic compression stress in the
xy plane, both being of comparable magnitudes. In this pic-
ture, necking becomes a very natural feature of ductile frac-
ture.

FIG. 2. Plastic stress-strain curves for Ti-6Al-4V, as given by
Eq. �29�. The constitutive constants are essentially those of Ref. 16
�a�, with variations to produce work softening �b�, brittle fracture
�c�, and work hardening �d�.
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