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We have measured the temperature and polarization dependence of the spin-wave damping and spin diffu-
sion coefficient in a saturated 3He-4He mixture with a concentration of 9.4% at a pressure of 8 bars. A Leiden
dilution refrigerator has been used to enhance the nuclear polarization and to cool the mixture to temperatures
in the range 10–15 mK. The maximum polarization is 3.4 times higher than the equilibrium value of 2.7% in
an external magnetic field of 11.36 T. The effects of the dipolar interactions and the radiation damping have
been taken into account in the analysis of the spin-wave spectra. We observe that the polarization dependence
of the spin-wave damping is proportional to T2+A2Ta0

2 where T is the temperature, A is the polarization
enhancement factor, and Ta0 is the anisotropy temperature for the mixture at equilibrium in the external field.
Our result Ta0=3.66±0.14 mK is 30% higher than the theoretical prediction for very dilute mixtures and is
evidence for the existence of polarization-induced relaxation of transverse spin currents.
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I. INTRODUCTION

Each transport property in a degenerate Fermi liquid is
governed by a relaxation time that is the result of scattering
between quasiparticles. The Pauli exclusion principle re-
stricts the phase space available for scattering to a shell of
width kBT around the Fermi surface, because only the quasi-
particles in the shell can conserve energy and momentum
during collisions. Consequently, the relaxation time is pro-
portional to 1/T2, leading to a temperature dependence of the
viscosity ��1/T2 and the thermal conductivity ��1/T. This
remains true in a spin-polarized Fermi liquid with two Fermi
distributions and different Fermi energies EF

+ and EF
− for par-

ticles with up and down spin as long as the relaxation time is
determined by the collisions of quasiparticles in the thermal
vicinity of the Fermi surfaces.

Theoretical study of the spin dynamics of Fermi liquids
with arbitrary polarization led to the notion of anisotropic
spin transport1. Transport in response to a perturbation of the
amplitude of the magnetization is still controlled by a relax-
ation time ���1/T2 because it involves only states near the
two Fermi surfaces. In contrast, scattering in response to a
perturbation of the direction of the magnetization can occur
in all phase space between the Fermi surfaces EF

+ and EF
−.

Therefore, the transverse relaxation time �� becomes polar-
ization dependent and behaves in first approximation like
���1/ �T2+Ta0

2 � where the anisotropy temperature Ta0 is
proportional to the gap EF

+ −EF
−. Transverse spin dynamics is

damped, because �� is finite at T=0 K.2–4 The theoretical
prediction for very dilute mixtures is Ta0 /B0=�� /2	kB
=248 
K/T, where B0 is the applied magnetic field and �
the gyromagnetic ratio of 3He.2,4–6 The anisotropy tempera-
ture measured in interacting Fermi systems may depend
strongly on Fermi liquid parameters which are not easily
accessible.3

Conversely, Fomin7 has argued that the magnitude of the
local spin density is a conserved quantity and that the local
spin density and the Landau field precess together. If the
variations of the Landau field are slow and have a small
amplitude, they can be treated as an adiabatic perturbation

and do not give rise to scattering. He used a Langrangian in
a reference frame tied to the oscillating magnetization to de-
rive a spin-wave dispersion relation at T=0 K, which con-
tains no damping up to second order in the wave vector.
Fomin’s work has been questioned by Mullin and Ragan8

who derived the spin-wave dispersion relation from the ki-
netic equation in the same rotating frame as Fomin to show
that it contains damping because of collisions between up-
and down-spin quasiparticles. This work has led Fomin to
reconsider the problem and he is convinced now that zero-
temperature spin-wave damping does exist.9 Mineev10 has
also argued that Fomin overlooked collisions between quasi-
particles which introduce a finite imaginary self-energy
part11 in the Green’s function for a polarized Fermi liquid
and which inevitably lead to spin-wave damping.

Magnetization transport in polarized Fermi liquids de-
pends on gradients in the amplitude and the direction of the
magnetization. Letting �M= ê�M +M � ê with �M�=M and
ê a unit vector in the direction of the magnetization, the
magnetization current J can be written as1,12

Jj = − D�

�M

�rj
ê −

D�

1 + �
M�2�M
�ê

�rj
+ 
M2ê �

�ê

�rj
� . �1�

The longitudinal and transverse spin transport are described
by the first and second term on the right-hand side. The
transverse spin diffusion constant is given by

D� =
vF

2

3
�1 + F0

a���, �2�

where vF is the Fermi velocity and F0
a a Fermi liquid param-

eter. Equation �1� is an extension of one of the Leggett
equations13 describing spin-waves and anomalous spin echo
behavior �the Leggett-Rice effect� in Fermi liquids at higher
polarizations. In the literature, one finds also another nota-
tion 
M =−�0��, where 0 is the Larmor frequency, and �
is defined in terms of the Fermi liquid parameters F0

a and F1
a

as ���1+F0
a�−1− �1+F1

a /3�−1.
Several measurements of the anisotropy temperature

by spin-echo decay in pure 3He �Refs. 14 and 15� and in
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3He-4He mixtures16–20 have been published with results
ranging from one to ten times the dilute Fermi gas predic-
tion. The experimental discrepancies have been explained in
terms of effects mimicking an apparent Ta0 such as restricted
diffusion due to a finite sample size21 or unstable growth of
magnetization perturbations after imperfect rf pulses far in
the collisionless regime or in the presence of a demagnetiz-
ing field. For instance, the discrepancy in the results for
Ta0 /B0 in some 3He-4He mixtures have been attributed to
restricted diffusion,16,19 the discrepancies in pure 3He may
originate in demagnetizing field effects,14,15 and the anoma-
lous saturation of the spin rotation ��0��� to values less
than 10 in very dilute mixtures has been tentatively ascribed
to spin-wave instabilities.18 To get rid of the latter instabili-
ties, a beautiful spin-echo experiment resulting in a value for
Ta0 /B0 close to the dilute gas prediction has been done at
3He concentrations x3 very near the critical concentration
xc�3.8% at which the interaction parameter � and �0��

vanish.20 An experiment has been reported to measure the
anisotropy temperature by spin-wave damping22 which did
not have the sensitivity to distinguish between the dilute gas
prediction and Ta0=0 K. However, it has cast a doubt on the
rather high values for Ta0 obtained in the spin-echo experi-
ments preceding it.

Spectra of standing spin-wave modes can be created by
trapping the spin-waves in a cavity formed by a magnetic
field gradient and the walls of the experimental cell. Precise
measurement of the damping requires spectra with well-
separated and identified modes and therefore good control of
the boundary conditions and the applied magnetic field gra-
dients. Symmetry breaking by insufficient field shimming
complicates the analysis of the spectra seriously, because
each mode can break up in closely spaced modes with lower
symmetry. Candela et al.23 have used a spin-wave cavity
with a spherical geometry to eliminate symmetry breaking
due to misalignment of the magnetic field gradient. In com-
parison with spin-echo experiments, spin-wave experiments
have te advantages of �1� being less sensitive to nonlinear
behavior because the magnetization is always excited with a
small angle and �2� measuring the individual localized
modes instead of an integral of the magnetization over the
sample. Therefore, the analysis of a spin-wave experiment
exposes most defects and must be reliable once the experi-
mental conditions are sufficient to obtain good fits of the
observed spectra. History has shown that spin-echo experi-
ments may give conflicting results even when the results
look internally consistent.

In this paper, we present measurements of spin-wave
damping in a saturated dilute 3He-4He mixture at a pressure
of 8 bars using a hemispherical cavity in an external field of
B0=11.36 T. The spectra analyzed here have been obtained
using a 4He circulating dilution refrigerator to enhance the
polarization by a factor 1�A�M /M0�3.4 with respect to
its equilibrium value of 2.7% at temperatures in the range of
10–15 mK. Essential improvements with respect to the pre-
vious spin-wave experiment22 are the quality of the spectra
and the thermometry.

Nowhere in the derivation of the Leggett equations for
spin dynamics at low polarization13,24 and their extension to
high polarization24 has it been assumed that the deviation of

Mz from its equilibrium value M0 must be small. In addition,
Meyerovich has given a general macroscopic derivation of a
Leggett-like equation for a Fermi system with exchange in-
teractions which covers equilibrium and nonequilibrium
polarizations.25 Consequently, the theoretical description is
still valid for systems where the polarization has been en-
hanced by pumping techniques. Using the magnetization en-
hancement factor A�M /M0, we write the Landau molecular
field as �A0 instead of �0 and approximate the relaxation
time as ���1/ �T2+A2Ta0

2 � to account for pumping.
A figure of merit indicating the suitability of an experi-

ment for the determination of Ta0 is the ratio AB0 /T which
ranges from 8500 in the experiment by Akimoto et al.,20

3800 in the experiment by Buu et al.,19 to 2700 in this work.
However, our experiment results in smaller errors in ��� and
D� which compensate for the lower value of AB0 /T.

II. CALCULATING THE SPIN-WAVE SPECTRA

In our experimental conditions, the motion of the trans-
verse magnetization M+�r , t�=Mx�r , t�+ iMy�r , t� is affected
not only by the spin transport described by the Leggett13

theory, but also by the dipolar interactions between the 3He
nuclei. The evolution of the transverse magnetization obeys
for small excitations �M+�Mz� the following linearized
equation of motion:26

i
�M+

�t
=

iD�

1 + i�A0��

�2M+ + L�r�M+

+
M

2
	�1 − 2n̂zz
1��M+ − n̂zz
M+�� . �3�

The first term on the right-hand side arises from the dissipa-
tive and reactive spin currents following from Eq. �1�. The
second term describes the Larmor precession in the applied
magnetic field. The third term is due to the demagnetizing
field and exists also in classical systems. It gives rise to the
appearance of magnetostatic or Walker modes, an effect
which is also known as spectral clustering.27–29 Here, M
�4	�M with � the gyromagnetic ratio of 3He, M is the
magnetization, and

n̂
f�r�� � −
1

4	

�2

�z2  f�r�
�r − r��

d3r�.

The geometry of the experimental cell is a hemisphere
with a radius of 1 mm on top of a bigger cylinder with en-
trance and exit tubes and is described in detail in Sec. III.
The parts of the spin-wave spectra analyzed in this paper are
due to modes localized in a region against the top of the
hemisphere with a thickness of 0.1 mm. The third term in
Eq. �3� is nonlocal but as long as it is small, the modes in the
region of interest are unaffected by the magnetization in the
cell far from this region. Therefore, we approximate the ex-
perimental setup as a sphere with radius R and a magnetic
field with a constant gradient in the z direction so that
L�r�=0+�Gz, where 0 is the Larmor frequency at the
center of the sphere and �GR�0. In this case, the contri-
bution due the dipolar interactions in Eq. �3� simplifies, since
for a sphere 1−2n̂zz
1�=1/3:

SORIN PERISANU AND GERARD VERMEULEN PHYSICAL REVIEW B 73, 214519 �2006�

214519-2



i
�M+

�t
=

iD�

1 + i�A0��

�2M+ + �0 + �Gz�M+

+
M

2
�1

3
M+ − n̂zz
M+�� . �4�

The solution of Eq. �4� with the boundary condition of
zero spin current into the wall ��M+ ·n=0� and with
�A0�� or M sufficiently large leads to a spectrum of well-
separated modes. When the demagnetizing field can be ne-
glected, the modes are standing Silin spin waves confined by
the field gradient against the wall with a characteristic wave-
length � given by23

�3 =
D�

�G�A0��

.

The characteristic frequency scale �sw of the Silin spin-
wave modes is of order �G�. The ratio M /�sw param-
etrizes the importance of the dipolar interactions.26 The na-
ture of the modes is more Walker-like than Silin-like when
M /�sw�1. In our experiment this ratio increases from 0.1
to 0.5 when the polarization enhancement factor A increases
from 1 to 3.4. Therefore, our spectra are still Silin-like but
the effect of the demagnetizing field cannot be neglected.

A brute force method to calculate the spectra is to find a
solution of Eq. �4� in terms of a basis set formed by the
solutions of the wave equation in spherical coordinates,23,26

M+�r� = �
n=0

�

�
l=0

�

�
m=−l

m=l

cnljl�knlr�Yl
m��,�� . �5�

Equation �5� is a solution of Eq. �3� without the gradient
term and the demagnetizing field. The wave numbers knl are
determined from the boundary condition: knlR must be equal
to the �n+1�th zero of the derivative of the spherical Bessel
function jl�x�. We restrict the basis set to functions with m
=0, since only those couple to a homogeneous rf field. Sub-
stitution of Eq. �5� in Eq. �4� gives a non-Hermitian eigen-
value problem which can be solved to obtain the complex
eigenvalues and eigenmodes of the spin-wave spectrum. The
coupling of the modes with the transverse pulsed rf field
allows one to calculate the weights of the modes. We refer to
Appendix E of Krotkov et al.26 for the derivation of the
matrix elements; the matrix elements are given by Eq. �81�,
�82�, and �84� of that paper.26 In practice, the basis set has to
be truncated to some �n , l�� �nmax , lmax� and the accuracy of
the method depends on the selected subset of basis functions
and the ratio � /R. We have used real matrices with up to
31 360 000 elements �nmax=40 and lmax=140� and complex
matrices with up 12 845 056 elements �nmax=32 and lmax
=112� for values of � /R down to 0.02.

Figure 1 shows the effect of the demagnetizing field cal-
culated by diagonalization on the spin-wave modes confined
within a distance of R /10 from the top of the sphere. The
parameters correspond to our experimental conditions. The
relative positions of the modes are very sensitive to � /R,
�GR, and corrections due to the dipolar interactions. Ne-
glecting the dipolar interactions in our experiment leads to
values for � /R that are more than 10% too small and a small

but systematic decrease of the values for �GR with increas-
ing polarization.30

The brute force method is too slow to fit the experimental
spectra directly, because the numerical solution of the eigen-
value problem takes on order of 1 h on a fast personal com-
puter. An approximate solution for the eigenfrequencies of
the first modes of Eq. �4� neglecting the dipolar interactions
can be found using the adiabatic approximation in the case
that ��R.26 The eigenfrequencies are given by

fnl =
nl − 0

�R
= 1 +

�

R
��n+1 −�2�

R
�2l + 1�� , �6�

where the �n+1 are the �n+1�th zeros of the derivative of the
Airy function. Equation �6� reduces to the solution of a one-
dimensional spin wave problem in the limit R→�. The adia-
batic approximation helps to identify the modes in the spec-
tra: n and l count the number of zeros of a mode in the
directions parallel and perpendicular to the direction of the
field gradient, respectively. Equation �6� allows one also to
calculate the width of the modes after substituting � with �
=��3 1 / �1− i /�A0��� where we take the root closest to 1.
We have verified that the relative difference in eigenvalues
calculated by Eq. �6� and by the brute force solution of Eq.
�4� without the dipolar interactions is less than 0.01% for the
first 10–15 modes. We add a correction anl+bnl /�3 to each fnl
given by Eq. �6� to include the effect of the demagnetizing
field. The values for anl and bnl have been obtained by di-
agonalizing the eigenvalue problem Eq. �4� with and without
the dipolar interactions for different values of A in the range
1�A�3 and fitting the differences as a function of �.

FIG. 1. Calculated effect of the demagnetizing field for a typical
spectrum in a sphere. The normalized frequency �−0� /�GR
ranges from −1 at the bottom of the sphere to 1 at the top. The black
and gray curves show calculations excluding and including the de-
magnetizing field respectively. The relative positions of the modes
indicated by the arrow—�1,0� and �0,5�—and also their position
with respect the first mode on the right—�0,0�—are very important
for the determination of � /R and �GR. Interpretation of the experi-
mental spectra without accounting for the demagnetizing field leads
to values for � /R that are at least 10% too small.
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III. EXPERIMENTAL SETUP

The experiments have been performed on the dilute phase
in the mixing chamber of a 4He circulating dilution refrig-
erator. Diluting 3He into 4He in a magnetic field and at a
pressure above 2.6 bars cools and enhances the nuclear po-
larization with respect to its equilibrium value.31 The final
polarization enhancement is obtained when the rate of polar-
ization gain—roughly proportional to the circulation rate—
equals the rate of polarization loss due to intrinsic or surface-
induced relaxation processes. A maximum polarization
enhancement factor of A=7 has been reported in an external
magnetic field of 7 T.31 In the present experiment the relax-
ation time of the polarization is a factor 3–5 shorter and the
polarization enhancement is limited to A�4.4 in a mag-
netic field of 11.36 T. However, we present only data with
A�3.4 since they contain the highest values for AB0 /T and
are unaffected by possible systematic errors in the 3He con-
centration of the dilute phase due to the higher circulation
rates needed to obtain the higher polarizations. The effect of
the circulation rate on the 3He concentration in the dilute
phase will be estimated below.

Figure 2 shows the mixing chamber design adapted to
spin-wave experiments in the dilute phase. The mixing
chamber is assembled out of Araldite epoxy pieces, glued
and coated with Stycast 1266 to obtain a smooth surface. The
spin waves are observed in a hemispherical cavity which has
been made by putting a little bit of Stycast 1266 in a
� 2 mm hole and letting the capillary forces form a surface
with a radius of 1 mm while the epoxy settles. The epoxy
must settle at room temperature since the acceleration of the
exothermic chemical reaction at higher temperatures ampli-
fies temperature gradients and causes deformation of the sur-
face. The relative error in the radius is estimated to be 5%.
The cavity can be considered spherical for the modes of in-

terest, since they are confined within a region of 0.1 mm
height extending from the top of the cavity and die out ex-
ponentially toward the bottom.

The temperature is measured with a vibrating wire vis-
cometer made out of a � 25.7 
m PtRh wire. We have
found that 4He preferentially absorbed on the wire may af-
fect the viscosity measurements.32 The slip length is nor-
mally on order of the mean free path but it is enhanced by
two orders of magnitude for our PtRh viscometers in the
dilute phase. The slip length may become larger than the
diameter of the wire while the liquid is still in the hydrody-
namic regime. The effect of the slip on a vibrating wire reso-
nator has been calculated33 and we find good agreement with
this model.34 We have used a melting curve thermometer to
measure the temperature dependence of the viscosity be-
tween 10 and 100 mK at pressures ranging from
0 to 20 bars. Contrary to earlier work,35 we obtain a viscos-
ity � in the dilute phase which has a temperature dependence
in agreement with the theoretically predicted leading-order
finite-temperature correction: 1 /�T2=a−bT.36,37 We expect
the viscosity to increase by 2–3 % for a change in polariza-
tion from 0 to 10% on the basis of measurements of the
polarization dependence of the viscosity in pure 3He.38,39

Since the corresponding temperature decrease is barely vis-
ible in our data, we do not take into account the polarization
dependence of the viscosity.

The diameter of the exit tube is chosen such that the con-
centrated phase cannot enter the chamber when superfluid
4He is injected into the chamber. The dilution process takes
place at the interface between the two phases at the bottom
of the exit tube where dilute droplets are formed. The mix-
ture in the chamber is cooled and polarized by heat and spin
transport through the exit tube. Mutual friction between the
superfluid 4He flowing through and the 3He atoms at rest
inside the exit tube can decrease the 3He concentration in the
chamber with respect to saturation concentration at the inter-
face. We evaluate the concentration decrease to be 2�10−5

for a saturation concentration of 6.6�10−2 at a pressure of
0 bar using Eq. �30� of Castelijns et al.40 Therefore, mutual
friction will not affect our experiment either at the working
pressure of 8 bars.

The osmotic pressure depends on temperature and con-
centration and is conserved in 3He-4He mixtures in the ab-
sence of mutual friction. Therefore, it relates a temperature
difference between the liquid in the chamber and the inter-
face to a concentration difference. This effect is known as the
heat flush effect. We believe that the temperature at the in-
terface can be as low as 7 mK, because we have meas-
ured 7 mK in chambers with a different geometry where the
concentrated phase and the phase separation interface sit in-
side the chamber. We evaluate a concentration decrease of
2�10−4 for a saturation concentration of 6.6�10−2 and a
temperature difference from 0 to 15 mK at a pressure of
0 bar based on the data by Kuerten et al.41 This effect is
comparable at higher pressures since the calculation involves
thermodynamic quanties which are weakly pressure depen-
dent. Therefore, we present only data obtained with the
lower circulation rates with T�15 mK and a polarization
gain A�3.4.

The chamber is surrounded by a birdcage resonator with a
diameter of 11.5 mm and six inductive rungs with a length of

FIG. 2. The experimental chamber in operating conditions: di-
lute and concentrated 3He are indicated by light and dark gray. The
dilution process is maintained by injecting superfluid 4He into the
chamber to form dilute 3He droplets at the exit tube. Concentrated
3He enters the chamber after the injection of superfluid 4He has
been stopped. The spin-wave modes are confined against the top of
the hemispherical cavity.

SORIN PERISANU AND GERARD VERMEULEN PHYSICAL REVIEW B 73, 214519 �2006�

214519-4



12 mm.42 The resonator is tuned to a resonance frequency of
368.4 MHz at an impedance of 50 � and it has a quality
factor of order 100. The NMR spectrometer allows one either
to measure the full NMR spectrum by sweeping the fre-
quency over the cell or to zoom in on the spin-wave modes
by low-power pulsed NMR with an estimated tipping angle
of 5° for a pulse length of 100 
s.

IV. EXPERIMENTAL DATA AND ANALYSIS

A. Experimental data

Figure 3 shows the evolution of the temperature and the
polarization enhancement factor in the dilute phase, shortly
after the circulation of superfluid 4He has been started. A
pulsed NMR spectrum has been taken at each measurement
of the temperature and the polarization. Concentrated 3He
fills the experimental cell and the magnetization relaxes to its
equilibrium value after the circulation of superfluid 4He has
been stopped. The signal of the cell filled with concentrated
3He at equilibrium is used to calibrate the sensitivity of the
spectrometer in the continuous wave NMR mode. The pres-
sure in the cell is 8 bars, because it is the best compromise
between highest polarization and lowest temperatures. The
3He saturation concentration is 9.4% and the equilibrium po-
larization in an external field of 11.36 T is 2.7%.

Figures 4 and 5 show spin-wave spectra at the minimum
�6.3 G/cm� and maximum �23.7 G/cm� field gradient that
we have applied. The field gradient contains a contribution of
4.1 G/cm due to the main field coil and a contribution from
a gradient coil with a maximum gradient of 20.0 G/cm. The
absorption peaks in the spectra have been labeled with the
quantum numbers �n , l� belonging to Eq. �6�. The modes in
Fig. 4 with �n , l�= �0,1� , �0,2� , �0,3� , . . . show a lifting of
degeneracy which we ascribe to symmetry breaking by im-
perfections in the field gradient or the wall of the cavity.
Figure 5 shows that increasing the applied field gradient sup-
presses the lifting of degeneracy to a large extent. Therefore,
we have only analyzed the spectra at the highest applied
gradient. We will use later that the modes with �n , l�= �0,0�
and �1,0� do not show any lifting of degeneracy, even at a
field gradient of 6.3 G/cm.

The Appendix contains an estimate of the nonuniformity
of the maximum magnetic field gradient from the line shape
of the continuous-wave NMR spectra.

FIG. 3. The evolution of the temperature and polarization in the
mixing chamber.

FIG. 4. A spin-wave spectrum at a gradient of 6.3 G/cm:
4.1 G/cm is due to the intrinsic inhomogeneity of the main
12 T coil and 2.2 G/cm has been applied with the gradient
coil. The splitting of the modes with quantum numbers
�n , l�= �0,1� , �0,2� , �0,3� , . . . makes it difficult to fit the spectrum.
We believe that the degeneracy of those modes has been lifted by
imperfections in the applied magnetic field or in the wall of
the spin-wave cavity. The modes with quantum numbers
�n , l�= �0,0� , �1,0� , . . . do not show any lifting of degeneracy. The
splitting of the modes with l�0 decreases with increasing field
gradient and is barely visible at the highest field gradient as shown
in Fig. 5.

FIG. 5. A spin-wave spectrum at the maximum field gradient
and a polarization enhancement factor of A=3.32. The fine noisy
curves are the experimental data and the thick smooth curves are a
fit to modes shown. The lifting of degeneracy of modes with l�0
clearly visible in Fig. 4 is still present but barely visible. Therefore,
we readjust the final value for �A0�� by interpolating only the
first mode, keeping � /R and �GR constant.
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B. Data analysis

Comparison of Fig. 1 with Fig. 5 shows that amplitude of
the modes in the experimental spectra decreases somewhat
faster with increasing l than the amplitudes of the modes in
the calculated spectra. Therefore, we fit the spectra using a
function that is based on Eq. �6� and includes the corrections
anl+bnl /�3 to account for the dipolar field and a phenomeno-
logical formula for the amplitude of the modes.

All spectra have been interpolated by a complex function
with ten real parameters. Three parameters—� /R, �A0��,
and �GR—are related to the Silin spin-wave part of Eq. �4�
and allow one to obtain the quantities of interest ��� and
D�. The parameters � /R, �A0��, and �GR determine the
position of the modes, the width of the modes, and the over-
all frequency extent of the spectrum. The other parameters
account for experimental details: the frequency of the first
resonance, a global phase factor to separate the absorption
from the dispersion in the spectra, three parameters to char-
acterize the amplitudes of the modes, and two baseline off-
sets.

Figure 5 shows a comparison of an interpolated spectrum
and an experimental spectrum. In general, the positions of
the modes in the experimental and interpolated spectra agree.
However, the widths of the modes in the interpolated spectra
with �n , l�= �0,0� and �1,0� are too large. We explain this
discrepancy by a degeneracy of the modes with l�0 which
has been lifted by imperfections in the field gradient or in the
wall of the spin wave cavity. The interpolation does not ac-
count for the lift of degeneracy and returns values for
�A0�� which are too small. The experimental evidence in
support of this explanation is illustrated by Figs. 4 and 5
showing that increasing the magnetic field gradient reduces
the lifting of degeneracy of all modes except for the modes
with �n , l�= �0,0� and �1,0� which show no lifting of degen-
eracy. Therefore, we improve the values for �A0�� in an
interpolation of the mode �n , l�= �0,0� while keeping �GR
and � /R constant. This readjustment increases the values for
�A0�� by 10–20 %.

The rotating transverse magnetization induces currents
in the birdcage resonator and those currents rotate the
magnetization in the z direction toward the x-y plane.
The extra transverse magnetization has a different phase
and causes broadening of the NMR lines. This effect is
known as radiation damping and enters with a time constant
TR= �2	�M�sphereQr�−1 in the equations of motion for the
magnetization.43 Here, �sphere is a filling factor and Qr the
quality factor of the resonator. Each mode in the spectrum is
only sensitive to radiation damping effects due to the mode
itself, because the extra transverse magnetization induced
by other modes has a different frequency and averages out
to zero over sufficient precessions. Therefore, we take for
�sphere the filling factor of a spherical sample with a radius
of 1 mm multiplied by the weight of a single mode.
Our estimate—within a factor 2—of the increase of the
half-width due to radiation damping is �f rad=0.025 Hz
for a weight of the first mode of 0.0016, �sphere=0.006,
�M0=12.9 rad/s, and Qr=200. The broadening almost does
not depend on the polarization enhancement factor, because
the increase in �AM0 is compensated by a decrease in the

weight of the first mode: �f rad=0.030 Hz for a weight of the
first mode of 0.0006 at A=3. All measured values for the
half-width of the first mode �f �0,0� are in the range
1.2–3.4 Hz and the maximum correction for the values of
�A0�� is an increase of 2.5%. We have applied a radiation
damping correction by multiplying the data for �A0�� with
�f �0,0� / ��f �0,0�−�f rad� and �f rad=0.03 Hz.

A validity check of the data analysis is that the results
for �GR and D� /�0��=�GR�� /R�3AR2 must be constant.
The experimental values for �GR and D� /�0�� averaged
over all spectra are �GR=47 270±355 rad/s and
D� /�0��=0.015 43±0.000 33 cm2/s. The average value
of �GR agrees within the error bars with the value for �GR
calculated from the specifications of the gradient coil and the
intrinsic gradient of the 12 T coil �48 230±2500 rad/s�.
However, the spectra taken at the beginning of each experi-
mental run where the polarization and temperature change
rapidly �1.5�A�2.5 as shown in Fig. 3� show some sys-
tematic deviations. The results of the spectra with 1.5�A
�2.5 for D� /�0�� are about two standard deviations
larger than the averaged value of D� /�0�� and for �GR
about two standard deviations smaller than the averaged
value of �GR. This may be related to a global phase shift of
up to 	 /6 in those spectra with respect to the spectra ob-
tained when the polarization is almost stationary.

The magnetization enhancement by dilution could be the
origin for the phase shift and the slight variation in
D� /�0��. The homogeneity of the z component of the
magnetization in the cavity is worst for the data points with
the largest rate of magnetization increase �the smallest mag-
netization enhancement factor�. On the other hand, the tran-
verse spin currents after a rf pulse tend to homogenize the
amplitude of the magnetization. Consequently, the establish-
ment of the spin-wave spectrum after a rf pulse and the spec-
trum itself could be affected by a gradient in the longitudinal
magnetization or by a longitudinal spin current.

Finally, the Leggett equations are valid13 as long as the
distance over which the quasiparticle distribution function
changes ��� is greater than either the quasiparticle mean free
path l�=vF�� or the spin rotation length l� /�A0��. Our
experiment meets this condition, since ��20 
m and
l� /�A0���3D� /vF�0��=0.16 
m.

V. RESULTS

We analyze the polarization and temperature dependence
of the spectrum parameters Q=�A0��, � /R and �GR in
two different ways to determine the anisotropy temperature
Ta0. The first “direct” method allows us to obtain ��� and
Ta0 from the relation

1

AQ
=

1

0C�
� T2

A2 + Ta0
2 � �7�

and the second “indirect” method allows us to obtain D� and
Ta0 from an expression for R2 /D�:
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1

Q�GR��/R�3 =
R2

CD
�T2 + A2Ta0

2 � . �8�

Here, the constants C� and CD are defined by the relations
����C� / �T2+A2Ta0

2 � and D��CD / �T2+A2Ta0
2 �. Both

methods should give the same value for Ta0 if D� /�0�� is
a constant.

The data have been taken in three experimental runs using
different circulation rates to vary the conditions in the Leiden
dilution refrigerator. Figures 6 and 7 show the data as
1/A2�0�� versus �T /A�2 and R2 /A2D� versus �T /A�2.
The error bars have been calculated from the estimated errors
in temperature, polarization enhancement factor, and spec-
trum parameters: �1� the errors in the temperature have been
estimated from the scatter to be 2%, �2� the errors in the
polarization enhancement factor A for each point have been
estimated to be 1% from the difference between the

continuous-wave NMR frequency up- and downsweeps used
to measure the polarization, and �3� the errors in �A0��,
� /R, and �GR �typically 2%, 1%, and 0.1%� are the statisti-
cal errors given by the analysis of each spectrum. The verti-
cal and horizontal error bars in Figs. 6 and 7 are correlated
because the errors in both directions have a contribution
from the error in the polarization enhancement factor. We
have applied an orthogonal distance regression method to fit
the data in Fig. 6 with Eq. �7�, where we have accounted for
the correlation between the horizontal and vertical error bars.
The orthogonal distance regression of the data in Fig. 7 using
Eq. �8� has the advantage of uncorrelated error bars. The
straight lines in Figs. 6 and 7 have been calculated from the
fits to all spectra represented in the figures.

We recall that our experimental values of the ratio
D� /�0�� are not quite constant for the spectra with
1.5�A�2.5. To investigate the consequences of the sys-
tematic deviation we have also analyzed the data selecting
the spectra with T /A�6 mK to exclude the 10% of the data
showing the largest systematic error. Figure 8 shows the
four 68% confidence regions of the results from the analysis
of the two data sets with the direct and indirect method.
There is excellent agreement between the results for Ta0

2 ob-
tained with the direct and indirect method if we restrict the
analysis to data with T /A�6 mK. The agreement between
the results for Ta0

2 obtained by both methods is somewhat
less satisfactory without the selection, but the average value
of Ta0

2 does not change when we include the data points with
T /A�6 mK.

Table I shows the values obtained by the direct and indi-
rect method including the radiation damping correction. The
correction decreases the results for Ta0

2 , C�, and CD by about
half a standard deviation.

An advantage of our data analysis is that the results for C�

and CD do not depend on a calibration of the field gradient,
because �GR results from the fits to the spectra. The 5%
uncertainty in the radius of the cavity introduces an addi-
tional 10% uncertainty in the values for CD. Presently, we are
unable to evaluate the consequences of a nonuniform field

FIG. 6. The experimental results for Q=�A0��, A, and T
shown as 1/A2�0�� versus �T /A�2.

FIG. 7. The experimental results for Q=�A0��, �GR, � /R, A,
and T shown as R2 /A2D� versus �T /A�2.

FIG. 8. The 68% confidence regions for the direct �the two
upper ellipses� and indirect �the two lower ellipses� methods using
all spectra �the ellipses drawn with a full line� or the spectra with
T /A�6 mK �the gray ellipses�.
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gradient or a deformation of the hemispherical shape of the
cavity.

Our results for CD and C� in a saturated 9.4% mix-
ture at 8 bars can be compared with some of the re-
sults published by Ishimoto et al.44 at frequencies
of 1 and 2 MHz in an 8.6% mixture at 8 bars. We find
D� /���=CD /C�= �37.9±4.2��106 cm2 s−2 for the data set
with T /A�6 mK. This agrees within the combined error
bars with the value D� /���= �43±3��106 cm2 s−2 obtained
by Ishimoto et al.44 from the frequency distance between
spin-wave modes. They did not measure �� or ���,44 but
calculated �� from measurements of the spin diffusion con-
stant published by Murdock et al.45 Our spin diffusion
result CD= �91±10��106 cm2 K2/s is too high in compari-
son with the extrapolation CD= �63±6��106 cm2 K2/s from
Fig. 4 by Murdock et al. However, other spin diffusion
experiments16,20,46,47 at 0 bar indicate that the results by Mur-
dock et al. may be 10–20 % too low.

VI. DISCUSSION AND CONCLUSION

Finally, we present the statistical average of the values
for Ta0

2 in Table I as our main result: Ta0
2 =13.43±1.06 mK2

or Ta0=3.66±0.14 mK. This result is consistent with the
prediction that transverse spin transport relaxes in the
zero-temperature limit. Our value for Ta0 is 30% higher than
the theoretical prediction for very dilute mixtures
Ta0=2.815 mK and confirms the result of the spin-echo ex-
periment by Akimoto et al.20 A significant difference be-
tween the two experiments is the value of � which almost
crosses zero at the critical concentration x3=xc in the spin-
echo experiment. Meyerovich and Musaelian3 have sug-
gested that the spin dynamics may be modified at xc, but no
evidence of this has been observed.20

Our result is significantly lower than the value
Ta0=6.1±1 mK obtained by Buu et al.19 in a 6.2% mixture
at 0 bar in a magnetic field of 11.3 T. However, those
authors did not address the question of why their meas-
urement of the spin diffusion coefficient resulted in
CD= �22±5��106 cm2 K2/s, a factor 3–4 lower than ex-
pected. Our experiment improves in two aspects on the pre-
vious spin-wave experiment22 which did not have the sensi-

tivity to distinguish between the dilute Fermi gas prediction
and Ta0=0 K: the thermometry based on vibrating wire vis-
cometry and the internal consistency of the analysis. The
temperature dependence of the viscosity in the earlier experi-
ment was approximated by a semiphenomenological interpo-
lation of data22,35,48 in disagreement with the calibration dis-
cussed in Sec. III. Moreover, the analysis of viscometer data
in the earlier experiment did not account for the slip effects
mentioned in Sec. III, but posterior inspection of the data
revealed the presence of slip effects. In addition, the final
result for Ta0 in the earlier experiment depended on extrapo-
lated values for CD and C�.

22,44 The discrepancy with the
present spin wave experiment would be resolved when the

TABLE I. The results of the analysis using the direct and indi-
rect methods. In addition to the statistical uncertainties in this table,
there is an uncertainty of 10% in CD due to the uncertainty of 5% in
R.

Direct method

Data set Ta0
2 �mK2� C� �10−12 s K2�

All 12.05±0.78 2.492±0.054

T /A�6 mK 13.88±1.17 2.623±0.083

Indirect method

Data set Ta0
2 �mK2� CD �10−6 cm2 s−1 K2�

All 14.53±0.85 94.4±2.1

T /A�6 mK 13.25±1.19 91.2±3.0

FIG. 9. Comparison of the experimental NMR lines of the mix-
ing chamber filled with dilute and concentrated phase with fits of
the line shape of a cylinder with a height of 3 mm and a diameter of
5 mm in a field profile of the form �A1�. The rounding of the ex-
perimental lines in the region from 14 to 22 kHz is due to a menis-
cus of epoxy. This region has been excluded from the fits.

SORIN PERISANU AND GERARD VERMEULEN PHYSICAL REVIEW B 73, 214519 �2006�

214519-8



real value for C� at 7 bars would be closer to our present
result C�= �2.623±0.083��10−12 s K2 at 8 bars than the ex-
trapolation C�= �1.8±0.2��10−12 s K2 used in the analysis
of the previous spin wave experiment.

Meyerovich and Musaelian3 have used an argument based
on a Mathiessen-type rule to derive the effect of the interac-
tions on the anisotropy temperate. They find

Ta0 =
��B0

2	kB

�2CD�aH

aT

�1 + 2F0
a − F1

a/3

�1 + F0
a��1 + F1

a/3�
� ,

where �2CD�1.26, and aH and aT are two related scattering
lengths resulting from different angular averages of the the
same particle scattering probability. The Landau parameters
are all much smaller than 1, so in this context our value for
Ta0 is compatible with aH /aT�1 in a 9.4% mixture.
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APPENDIX: THE MAGNETIC FIELD PROFILE

The shape of the NMR spectra at the maximum field gra-
dient of the experimental chamber filled with concentrated

and dilute phase in Fig. 9 also shows that the field gradient is
nonuniform. We have assumed that the static field is of the
form

Bz�z,r� = B0 + g1z + g2�z2 −
r2

2
� �A1�

to evaluate the deviations from a uniform gradient. Equation
�A1� is the most general Taylor expansion of the field up to
second order under the assumption of rotational symmetry
about the vertical z axis. Figure 9 compares the fits of the
line shape based on Eq. �A1� for a cylinder with a height of
3 mm and a diameter of 5 mm with the experimental line
shape of the mixing chamber filled with concentrated and
dilute phase. We find g1=20.1 G/cm and g2=18.3 G/cm2

for the concentrated phase and g1=21.2 G/cm and g2
=20.4 G/cm2 for the dilute phase. We believe that the values
for g2 are overestimated, because the line shape depends also
on field shimming in the x and y directions. The optimal
current in the shim coils depend on the applied gradient in
the z direction. We did not shim the field for each g1, since
the spin-wave spectra in the cavity are almost insensitive to
field shimming.
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