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The anisotropic two-dimensional Ising model in the presence of a magnetic field is studied within two
different approaches: the effective-field theory �EFT� with correlation and the Bethe-Peierls �BP� approxima-
tion. The model consists of ferromagnetic interaction �Jx� in the x direction and antiferromagnetic interaction
�Jy� in the y direction. The phase diagram in the T-H plane is obtained for the particular case Jx=Jy. Special
focus is given in the low-temperature region of the phase diagram, where a first-order phase transition is
observed using the mean-field approximation, which is in disagreement with the linear chain approximation
�LCA�. Our results indicate a second-order phase transition for all values of H /J� �0,2�, with the presence of
a reentrant behavior only observed in the BP approximation in accordance with the results of the LCA and
exact solution. The null field critical temperature is an increasing function of r=Jy /Jx, and in the r→0 limit we
have found, using BP and EFT, the approximate form kBTN /Jx�A / ln�1/r� in accordance with the exact result
of Onsager.
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I. INTRODUCTION

The Ising model is one of the most actively studied mod-
els in statistical mechanics. Exact solutions can be obtained
for the simple model in one-dimensional �1D� and for certain
two-dimensional �2D� lattices.1 Up to now, no solution or
exact value of Tc, the critical temperature, for the antiferro-
magnetic Ising model has been obtained for 2D in the pres-
ence of a magnetic field and three-dimensional �3D� cases

In the absence of exact solutions for many models, the
first step in the description of the magnetic properties of
solids is usually the application of an effective-field theory
�EFT�.2 Because of its simplicity, the mean-field approxima-
tion �MFA� has played an important role in the study of
cooperative phenomena since the concept of the molecular
field was introduced by Weiss in a phenomenological model
for ferromagnetism and by Néel for antiferromagnetism. The
MFA can be relied on for an appropriate description of the
major aspects of the phenomena being studied. However, this
MFA approach has some deficiencies due to the neglect of
correlations, when results are compared with experiments.
The MFA can be shown to be equivalent to having each site
interacting equally with all other sites; its prediction of criti-
cal temperature is not very accurate. Physically, having a
particular spin interacting equally with all others of the sys-
tem ignores both the presence of a finite correlation length
and the strong fluctuations near Tc. The MFA predicts a
phase transition at finite temperature in the 1D Ising model,
which does not agree with the exact solution.

There has been an increasing number of works dealing
with much less sophisticated approximation schemes, which
represents a remarkable improvement over the traditional
MFA.2 For example, the Bethe-Peierls �BP� approach3 in-
cludes local spin correlations and fluctuations, and details of
the type of lattice, beyond the effects of the coordination
number z. To obtain a solution for the critical temperature Tc,
a self-consistency condition is imposed: the mean values of
the spins in clusters, which are soluble exactly, must all be
the same. This condition determines the mean field due to the
spins outside the cluster. The BP approach, when applied to

the Ising model in small clusters �one and two sites�, finds
the reduced critical temperature kBTc /J=2/ ln�z / �z−2�� bet-
ter than the MFA for all lattice with a finite value of the
coordination number, z. This approximation obtains the exact
solution Tc=0 for the linear lattice �z=2�. However, the MFA
gives an incorrect value, Tc�0.

Oguchi4 developed an approach for correction of the
MFA, where he used interacting pairs in the mean field of
their surrounding sites obtaining an estimate for the critical
temperature, with the value Tc�0 for a 1D lattice. We can
construct such a series of approximations by increasing the
cluster size L of the cluster mean-field shown approaching
the true critical temperature Tc

* in the limit of large L for the
ferromagnetic Ising model,5 obtaining the exact value Tc

*=0
for the 1D lattice. Recently, a new correction of the MFA
was proposed by Wysin and Kaplan6 and applied in the Ising
model. In this approach, called the self-consistent correlated
field �SCCF�, the values of the magnetization of nearest
neighbors in the Ising model take two values m+ and m−,
depending on whether the central site has values �i=1 and
−1, respectively. With this correlated neighbor field
heff=zJ���i,1

m++��i,−1m−�, the neighbor magnetizations
m+ and m− are determined self-consistently and the
critical temperature is given by the expression kBTc /J
= �z−1�sech2�J /kBTc�. This approach does not lead to a
phase transition at the 1D limit �z=2�, just as in the BP
approximation �i.e., Tc=0�.

On the other hand, the 2D Ising model has been used
extensively to study a variety of magnetic compounds.7–9 In
the presence of competing interactions, a richness of struc-
tures is observed10 explaining why many physical systems
exhibit complex phase diagrams with periodic and quasiperi-
odic structures, as, for example, gases adsorbed on
surfaces,11 alloys,12 polytypes,13 and intercalated
compounds.14 Theoretically, short-range competing interac-
tions may lead to a variety of commensurate and incommen-
surate structures. For example, the 2D axial next-nearest-
neighbor Ising �ANNNI� model15 describes reasonably well
the �2�1� and �3�1� phases as well as incommensurate
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structures observed in the chemisorbed systems
O/Pd�100�.16 The phase diagram of the ANNNI model is
very interesting in three dimensions �3D�, where many com-
mensurate phases are present.17 In 2D, enhanced fluctuations
destroy the long-wavelength commensurate phases, leaving
only a few commensurate phases and a floating incommen-
surate phase.17

A new EFT with correlation has successfully been used to
study the thermodynamic properties of classical and quantum
spin models.18–24 This EFT is based on the use of rigorous
correlation identities as a starting point and utilizes the dif-
ferential operator technique introduced by Honmura and
Kaneyoshi.25 Even without introducing mathematical com-
plexities, this approach, which is conceptually as simple as
the standard MFA, shares with other methods a great versa-
tility. This method may explicitly and systematically include
correlation effects.26

The purpose of the present work is to investigate the
phase boundary using EFT of the following Hamiltonian:

H = − Jx�
i,��x

�i�i+��x
+ Jy�

i,��y

�i�i+��y
− H�

i

�i, �1�

where �i are the Ising variables with values ±1 at site i, Jx

�Jy� is the exchange coupling along the x �y� axis, ��x���y�
denotes the nearest-neighbor vector along the x �y� axis, and
H is the longitudinal magnetic field. In this work, we assume
Jx=Jy =J�0 and positive field �H�0�.

The Hamiltonian �1� is exactly soluble for vanishing field
�H=0�,27 and the critical temperature is given by

sinh� 2Jx

kBTc
�sinh� 2Jy

kBTc
� = 1, �2�

where, for the particular case Jx=Jy =J, we have the exact
value kBTc /J=2/ ln�1+	2��2.269.

At zero temperature �T=0�, the ground state of the Hamil-
tonian �1� is also exactly soluble. Ferromagnetic states �F�
are found for H�2Jy, with �i=1 at all sites. For H�2Jy, the
ground state is described as ferromagnetic chains, aligned
along the x �or y� axis, ordered antiferromagnetically in the y
direction �or x direction�, and is denoted by superantiferro-
magnetism �SAF�.28

At finite temperature T, a second-order phase transition is
observed for H�2Jy between the low-temperature ordered
phase �SAF� and the high-temperature ordered phase �F�.
The usual MFA has been applied in the model �1�, whose
qualitative results are wrong.29 It predicts a first-order tran-
sition for small temperature �or high-field�. Using the linear-
chain approximation �LCA�,30 a reentrant second-order tran-
sition is observed near Hc=2Jy at low temperature. In this
approximation �LCA�, the analysis is exact along the chains,
while interchain interactions are treated in the mean-field ap-
proximation.

However, the study of the criticality of the model �1� by
the traditional mean-field method �MFA� cannot give reason-
able results. For the isotropic square lattice �i.e., Jx=−Jy =J�,
Müller-Hartmann and Zittartz31 developed a new approxima-
tion to obtain the critical line by considering an interface free
energy. The original application of this method was conjec-

tured to give exact results. Further analysis has shown that
the method is not exact for H�0,32 being exact only for the
limit of null magnetic field �H=0�. The generalization of this
interface method to treat the anisotropic square lattice, Eq.
�1�, has been presented by Rottman.28 The critical line ob-
tained in Ref. 28, for the Jx=Jy =J case, shows a negative
slope at T=0 �i.e., � dH

dT
�
T=0�0� and a reentrant phase transi-

tion does not occur. For the isotropic square lattice also the
slope is negative.31,33 On the other hand, introducing a new
approach by considering zeros of the partition function on an
elementary cycle, using Griffiths’ smoothness postulate,34

Wang and Kim35 have obtained a closed-form formula for
the critical line and showed that at T=0 the slope is positive,
indicating the presence of a reentrant behavior. The system
passes through the SAF ordered for the paramagnetic phase
as T is decreased when H is slightly above the critical field
Hc=2Jy. This approach in the zero-field limit reduces to the
Onsager formula for the critical temperature, Eq. �2�. There-
fore, based on the exact solution,35 we can expect that the
critical behavior at low temperature for the model �1� with
Jx=Jy =J presents a reentrant behavior. The purpose of this
paper is to identify whether there is the reentrant phase tran-
sition for the model �1� when analyzed by effective-field
theories �EFT and BP�.

The paper is organized as follows. In Sec. II, we develop
two approaches: the EFT and BP approximation to treat the
model �1�. The MFA and LCA are also described. In Sec. III,
we discuss the results of the phase diagram in the �T-H�
plane for the particular case of Jx=Jy =J. Our main results
are summarized and further problems of interest are men-
tioned in Sec. IV.

II. EFFECTIVE-FIELD THEORIES

In this section, we apply some approximative methods to
treat the phase diagram of the Hamiltonian �1�.

A. Differential operator technique

An alternative way to obtain the averages of a general
function involving spin operator components O�
n�� is given
by19

�O�
n��
 =�Tr
n�O�
n��e−�H�
n��

Tr
n�e
−�H�
n�� � , �3�

where the partial trace Tr
n� is to be taken over the set 
n� of
spin variables specified by the multisite spin Hamiltonian
H�
n��, and �¯
 indicates the usual canonical thermal aver-
age.

In order to explain our main idea, we consider a simple
example of a finite cluster with one spin. First, we treat the
sublattice A. The Hamiltonian �1� for this cluster is given
by22

H1
A = �− Jx�

��x

��1+��x�A + Jy�
��y

��1+��y�B − H��1A. �4�

To calculate the magnetization mA= ��1A
, one has to
effect the inner traces in Eq. �3� over the states of spins
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�1A�=±1�. In this way, substituting Eq. �4� in Eq. �3�, we
obtain

mA = �tanh�Kx�
��x

��1+��x�A − Ky�
��y

��1+��y�B + L�� , �5�

where K	=�J	 �	=x ,y� and L=�H.
Now using the identity eaDxF�x�=F�x+a�, where Dx= d

dx
is the differential operator, and the van der Waerden relation
ea�i =cosh�a�+�i sinh�a�, Eq. �5� can be written as

mA =��
��x

2

�
x + ��1+��x�A�x� · �
��y

2

�
y − ��1+��y�B�y���F�x��x=0,

�6�

with

F�x� = tanh�x + L� , �7�

where 
	=cosh�K	Dx� and �	=sinh�K	Dx�.
The magnetization mA in Eq. �6� is exact and is expressed

in terms of multiple spin correlation functions. However, it is
clear that if we try to treat exactly all boundary spin-spin
correlation functions present in Eq. �6�, the problem becomes
unmanageable. Here, in the EFT, we use a decoupling pro-
cedure that ignores all higher-order spin correlations on both
right-hand sides in Eq. �6�, namely

��iA� jB · · · �lA
 � mAmB · · · mA, �8�

where i� j� ¯ � l and m�= ��i�
 ��=A ,B�. The approxima-
tion �8� neglects correlations between different spins but
takes relations such as ���i��2
=1 exactly into account, while
in the usual MFA all the self- and multispin correlations are
neglected. Using this approximation Eq. �8�, Eq. �6� is writ-
ten as

mA = �
x + mA�x�2�
y − mB�y�2�F�x��x=0. �9�

Following the same procedure to obtain Eq. �9�, the ex-
pression for the magnetization in sublattice B is given by

mB = �
x + mB�x�2�
y − mA�y�2�F�x��x=0. �10�

To determine the transition �or Néel� temperature, let us
introduce two new variables: staggered magnetization
ms= 1

2 �mA−mB� and total normalized magnetization
m= 1

2 �mA+mB�. Then, it can easily be shown that Eqs. �9�
and �10� are equivalent to

ms = A1�m�ms + A3�m�ms
3 �11�

and

m = A0�m� + A2�m�ms
2 + A4�m�ms

4, �12�

where the functions Ap �p=0–4� are dependent on m in
addition to temperature, magnetic field, and parameter
r=Jy /Jx �see the Appendix�.

The second-order phase transition �ms→0� is then deter-
mined from the condition A1�mo�=1 and A0�mo�=mo, where
mo is the value of the total magnetization in the critical line
�ms=0�. This critical line occurs for all values of

H� �0,Hc=2Jy�. In the limit of null field �H=0�, we have
obtained the value mo=0 for r=1 and kBTN /J=3.085.

We note that the present method is appropriate only to
estimate second-order phase boundaries. To treat models that
present a first-order phase transition, such as, for example,
the Blume-Capel and random-field Ising models, one needs
to calculate the free energy for the ordered and paramagnetic
phases and to find a point of intersection. Unfortunately, no
expression exists for the free energy at finite temperature in
the frame of the effective-field theory with correlations. The
phase diagram in the T-H plane comprises a SAF phase
�ms�0� at low fields and a paramagnetic phase �ms=0� at
high fields. In the absence of next-nearest-neighbor interac-
tion, there is only one critical line that separates the para-
magnetic �P� and SAF phases by a continuous �second-
order� phase transition.

B. Linear chain approximation

The MFA can be extended to strips of finite width in the
limit of infinite length using the transfer-matrix methods
�TMM�.36 Effective mean field �Heff� is applied at the bound-
ary �or surface� of the half-infinite systems, and the magne-
tizations on the center line are calculated exactly using TMM
and are determined self-consistently. For example, we con-
sider a systematic series of infinite strips to study the critical
behavior of the 2D Ising model as a typical demonstration of
the convergence to obtain Tc. For one-line, three-line, five-
line, and seven-line strips, we have,37 respectively,
kBTc /J=3.526, 2.9221, 2.7285, and 2.6294, as compared to
kBTc /J=4 in the MFA and the exact value kBTc /J=2.269.
Applying the LCA in the model �1� for one-line strips, we
obtain the magnetizations mA and mB as30

mA =
e2Kx sinh�L − 2KymB�

	1 + e4Kx sinh2�L − 2KymB�
�13�

and

mB =
e2Kx sinh�L − 2KymA�

	1 + e4Kx sinh2�L − 2KymA�
. �14�

Inserting mA=m+ms and mB=m−ms into Eqs. �13� and
�14�, self-consistently, the magnetizations �m and ms� for any
temperature, field, and ratio r are obtained. However, as we
are interested in the calculation of ordering near the critical
point, the usual argument that the staggered magnetization
ms tends to zero as the temperature approaches its critical
value allows us to consider only linear terms in ms. In this
case, the phase diagram is obtained if we simultaneously
solve the following set of equations self-consistently:

mo =
e2Kx sinh�L − 2Kymo�

W
�15�

and

2e2Kx�W − sinh2�L − 2Kymo��Ky cosh�L − 2Kymo�
W3 = 1,

�16�

with
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W = 	1 + e4Kx sinh2�L − 2Kymo� . �17�

By solving Eqs. �15� and �16� numerically, we obtain also
a second-order phase transition with the presence of a reen-
trant behavior �two critical temperatures� near the critical
field Hc=2Jy. For null field �H=0�, we have found mo=0
and kBTN /J=3.526 �r=1�.

C. Mean-field approximation

The MFA can be made in a great variety of ways. These
methods, however, share a common point: the average of a
product of variables is replaced by the product of the aver-
ages of these variables. A simple method is that which fol-
lows from Gibbs-Bogoliubov’s variational principle, and this
is the most convenient one for our purpose. The variational
theorem for a system described by a Hamiltonian
H=H0+H� �where H�=H−H0� states that an upper bound
to the exact free energy is given by

F�H� � � � F�H0� + �H − H0
o, �18�

where F�H0�=−kBT ln Zo is the free energy associated with a
given soluble Hamiltonian H0 for a finite cluster �
� written
in the MFA, Zo=Tr e−�H0, and

�O
o =
Tr
�Oe−�H0�
Tr
�e−�H0�

, �19�

where �=1/kBT. For clusters with one spin, choosing the
noninteracting trial Hamiltonian as

H0 = − �A�
i�A

�i − �B�
i�B

�i − H �
i�A,B

�i, �20�

where �A and �B are the variational parameter, the free en-
ergy Eq. �18� is given by

���A,�B�
NJx

= −
t

2
ln�4 cosh ��H + �A�cosh ��H + �B��

+ rmAmB −
1

2
�mA

2 + mB
2� +

�A

2Jx
mA +

�B

2Jx
mB

�21�

with

m	 = tanh ��H + �	� , �22�

where 	=A ,B, t=kBT /Jx, and r=Jy /Jx. The condition that
the right-hand side of Eq. �21� is stationary determines the
parameters

�	

Jx
= �2mA − 2rmB if 	 = A

2mB − 2rmA if 	 = B .
� �23�

Substituting Eq. �23� in Eq. �22�, we obtain the mean-field
state equations

mA = tanh�1

t
�h + 2mA − 2rmB�� �24�

and

mB = tanh�1

t
�h + 2mB − 2rmA�� , �25�

where h=H /Jx.
The right-hand side of Eq. �21�, at the stationary point,

gives the mean-field free energy per spin,

f = − t ln�4 cosh
1

t
�h + 2mA − 2rmB�cosh

1

t
�h + 2mB

− 2rmA�� − rmAmB +
1

2
�mA

2 + mB
2� . �26�

Equations �24� and �25� are two coupled transcendental
equations for mA and mB. Once the fixed values of r,
mA�T ,H�, and mB�T ,H� are known, Eq. �26� gives the free
energy per spin f�T ,H� from which all thermodynamic
properties, in particular the phase diagram, can be derived.
In terms of the new variables m= 1

2 �mA+mB� and ms

= 1
2 �mA−mB�, Eq. �26� is rewritten as

f = − t�
p=0

1

ln�2 cosh
1

t
�h + 2�1 − r�m + 2�− 1�p�1 + r�ms��

+ �1 − r�m2 + �1 + r�ms
2, �27�

with

m =
1

2 �
p=0

1

tanh
1

t
�h + 2�1 − r�m + 2�− 1�p�1 + r�ms�

�28�

and

ms =
1

2 �
p=0

1

�− 1�p tanh
1

t
�h + 2�1 − r�m + 2�− 1�p�1 + r�ms� .

�29�

The results above, Eqs. �27�–�29�, are equivalent to that
obtained in Ref. 28 using the version of the MFA in the
Bragg and Williams approximation. In the MFA, we found a
first-order phase transition in the region of low temperature
in contradiction with the results of EFT and LCA discussed
in Secs. II A and II B, respectively, that obtain a second-
order phase transition for all temperature. For null field
�H=0� and r=1, we found the classical value m=0 and
kBTN /J=4.0 discussed above for the square lattice.

D. Bethe-Peierls approximation

The BP approximation has long been used to improve the
ordinary mean-field results. It is the simplest mean-field-like
approximation that takes into account two-site correlations.
There are several alternative ways to present the BP approxi-
mation besides the approach given in the original paper.3

One of these involves a Cayley tree and consideration of the
behavior of the spins deep inside the tree. If the tree has a
branching ratio of z−1, then the behavior of these spins is
equivalent to that predicted by the original BP approximation
for a system with z nearest-neighbor spins. An even simpler
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approach, and one that is more like the cluster mean-field
approach,5 consists of considering a central spin and its z
nearest neighbors forming a cluster of z+1 spins. One re-
places the nearest-neighbor interactions that the z spins on
the perimeter of the cluster have with spins outside the clus-
ter with mean-field interactions and then requires that the
thermal average of the perimeter of spins is equal to the
thermal average of the central spin. The BP method is also
equivalent to the pair approximation.38

In this BP approximation, a given spin �oA is regarded as
the central member of a group, which consists of this spin
and its z nearest neighbors. While writing down the Hamil-
tonian of this group, the interaction between the central spin
and the z neighbors is taken into account. The interaction of
these neighbors with other spins in the lattice is considered
again through a mean field at sublattice 	=A ,B, denoted by
HE

	. In this scheme of the BP approximation, the Hamiltonian
�1� for the sublattice A is written by

HoA = − �oA�H + Jx��1A + �2A� − Jy��1B + �2B�� − �H + HE
A�

���1A + �2A� − �H + HE
B���1B + �2B� , �30�

where the molecular fields HE
A and HE

B are determined by the
conditions of self-consistency,

moA = mA,

moB = mB, �31�

where mo	= ��o	
 and m	=� 1
2 ��1	+�2	�
 �	=A ,B�. From

Eq. �30�, we can obtain moA and mA by the expressions

moA =
� ln ZoA

�L
�32�

and

mA =
1

2

� ln ZoA

�LA
, �33�

where L=�H, L	=��H+HE
	�, and the partition function for

this group of spins as a whole is given by

ZoA�L,LA,LB�

= 2
e2�LA+LB� cosh�L + 2Kx − 2Ky� + 2e2LA cosh�L + 2Kx�

+ e2�LA−LB� cosh�L + 2Kx + 2Ky� + 2e2LB cosh�L − 2Ky�

+ 2e−2LB cosh�L + 2Ky� + e−2�LA−LB�

�cosh�L − 2Kx − 2Ky� + 4 cosh L + 2e−2LA

�cosh�L − 2Kx� + e−2�LA+LB� cosh�L − 2Kx + 2Ky�� .

�34�

Similar results are found for the sublattice B case,

moB =
� ln ZoB

�L
�35�

and

mB =
1

2

� ln ZoB

�LB
, �36�

where ZoB is the same expression of ZoA, Eq. �34�, replacing
LA by LB �i.e., ZoB�L ,LA ,LB�=ZoA�L ,LB ,LA��. We can re-
write the boundary conditions �31� by

mos�Lt,Ls� = ms�Lt,Ls� ,

mo�Lt,Ls� = m�Lt,Ls� , �37�

where mos= 1
2 �moA−moB�, mo= 1

2 �moA+moB�, ms= 1
2 �mA−mB�,

m= 1
2 �mA+mB�, Lt=

1
2 �LA+LB�, and Ls= 1

2 �LA−LB�.
Equations �37� are two coupled transcendental equations

to determine the molecular fields Lt and Ls for fixed values of
r, H, and T. When the temperature approaches its critical
value, TN�H�, the staggered magnetization mos �or ms� tends
to zero. However, as we are interested in the calculation of
the phase diagram �i.e., dependence of TN with the param-
eters H and r�, we consider only the linear terms in Ls. Using
the conditions �37�, we obtain the phase diagram if we si-
multaneously solve the following set of equations:

F1�TN,H,r,Lo� = 0,

F2�TN,H,r,Lo� = 0 �38�

with

F1�TN,H,r,Lo� = � ��mos�Lo,Ls� − ms�Lo,Ls��
�Ls

�
Ls=0

�39�

and

F2�TN,H,r,Lo� = mo�Lo,0� − m�Lo,0� , �40�

where Lo is the total molecular field in the critical line
�ms=0�. We have used the MAPLE software to generate the
appropriate expressions for the functions above and numeri-
cally determined the critical temperature. In particular, for
null field �H=0� we obtain Lo=0 and kBTN /J=2/ ln 2
�2.285 �r=1� in accordance with the result of Ref. 3. In the
limit of low temperature, a reentrant behavior is observed,
also, near the critical field Hc=2Jy.

III. RESULTS AND DISCUSSION

We will discuss in this section the phase diagram in the
T-H plane for r=1. In Fig. 1, the phase diagrams are plotted
using the MFA, LCA, EFT, and BP approximations. In EFT,
the staggered magnetization falls smoothly to zero when the
temperature increases from zero to TN�H� for all values of
h� �0,2� characterizing a second-order phase transition. On
the other hand, in the MFA we have the presence of first- and
second-order phase transitions. Below the tricritical point
�TCP� �hot�1.756, tot=8/3�2.667�, the magnetization
curve may include an unstable solution in addition to the
stable solution. In the LCA and BP approaches, the magne-
tization in the vicinity �below� the critical field hc=2 shows
evidence of reentrant behavior with the presence of two criti-
cal temperatures. The reentrant behavior in the TN versus H
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curve �Fig. 1�, predicted here by LCA �Ref. 30� and BP
approximations in the low temperature limit, has been ob-
served previously in Ref. 35. For small temperature �r=1�,
we obtain a linear behavior H�2J+A�kBT�, with a positive
slope �A�0� obtained by the BP approximation in
reasonable agreement with the results of Ref. 35, while
the LCA �Ref. 30� presents an exponential behavior
H�2J+J� kBT

2J
�2/3

exp�−2J /kBT�. To analyze the reentrant
phenomena, in Fig. 1 �see inset� we have shown the phase
boundaries for r=1 in the T-H plane using the BP approxi-
mation �present work�, and compare the results of Ref. 35
�exact solution�.

The behavior of the zero-field critical temperature is an
increasing function of ratio r �see Fig. 2� in the one-
dimensional �r=0� limit; we obtain TN=0, with the exception
of the incorrect result of the MFA, kBTN /Jx=2.0. Further-
more, TN approaches zero when the ratio r decreases, and
near r=0 we obtain the following law for TN:

kBTN/Jx � A/ln�1/r� , �41�

where A is a constant that depends on the approximation
used.

For an Ising chain �r=0�, the correlation length at low
temperature presents an exponential divergence1 �T�ea/T,
and for the quasi-one-dimensional limit at T=0 we expect
the critical behavior �r�r−1/� �� is the crossover exponent�.
Therefore, comparing40 the two correlation lengths, i.e.,
�T=�r, we can explain the logarithmic divergence of the in-
verse critical temperature given by Eq. �41�. The MFA pre-
sents the linear behavior kBTN /Jx=2+2r, which shows an
incorrect result in the one-dimensional limit �r=0� TN�0.

IV. CONCLUSIONS

We study the phase diagram in the T-H plane of the an-
isotropic two-dimensional Ising model with competing inter-

actions using the EFT and BP approaches. A second-order
phase transition is observed for all values of reduced mag-
netic field h� �0,2�. The most important result of the present
work is the possibility of the occurrence of the reentrant
phenomenon in the T-H plane depending on the approxima-
tion. The early interface method28 work did not find reen-
trance near Hc=2J, suggesting a phase diagram like the
square antiferromagnetic Ising model.31 For the anisotropic
�Jx=Jy =J� 2D Ising model, the theoretical calculations show
disagreement between different methods. The results ob-
tained by the BP approximation �and also by the LCA� show

FIG. 1. �Color online� Dependence of the re-
duced critical temperature, kBT /J, on the reduced
magnetic field, H /J, for the anisotropic two-
dimensional Ising model with competitive inter-
actions. The curve �a� derived from the MFA in-
correctly leads to a first-order phase transition
�red curve� at low temperature. There is a tricriti-
cal point at coordinates �1.756, 2.667�. The
curves �b�, �c�, and �d� are found using the LCA
�Ref. 30� EFT �present work�, and BP approxima-
tion �present work�, respectively. We compare
�inset� the results of the reentrant behavior ob-
tained by the BP method with the exact solution
�Ref. 35�.

FIG. 2. Dependence of the zero-field reduced critical tempera-
ture kBTN /Jx on the ratio r=Jy /Jx for the anisotropic two-
dimensional Ising model. The results derived from the MFA �a�
incorrectly give a phase transition in the 1D �r=0� Ising model
limit. The curves �b�, �c�, and �d� are found by the LCA, BP, and
exact solution �Ref. 27� Eq. �2�, respectively.
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a reentrant behavior in low temperature in accordance with
the rigorous results of Ref. 35.

The interface method, when applied in the square AF
Ising model,31 presents the null-field critical temperature
equivalent to results for the critical line �1% of error� in
comparison with the exact solution �see Ref. 35�. Therefore,
these two methods �good approximation� used in the model
�1� are identical in the isotropic limit and much different in
the case of the anisotropic lattice. In principle, using the EFT
a approach in a cluster with one spin, we cannot obtain the
reentrant behavior. Rigorous results have shown successive
phase transitions in two-dimensional Ising models with com-
peting interactions.39

We can apply the EFT approach in the finite-size-scaling
�FSS� scheme22 or include correlations between nearest
neighbors.26 For example, in Ref. 22 the FSS scheme was
used for clusters with one �EFT-1� and two �EFT-2� spins
to study the phase diagram in the T-H plane for the
three-dimensional Ising antiferromagnetic model on a simple
cubic �sc� lattice and obtained incorrect results �reentrant
behavior�. On the other hand, results obtained by the EFRG
�effective-field renormalization-group� method indicate an
absence of reentrant behavior in accordance with the results
of the Monte Carlo �MC� simulation.41 The BP approxima-
tion has also been applied to obtain the phase diagram of this
model.42 The Néel temperature decreases with increasing
field. For a body-centered-cubic �bcc� lattice �3D� and small
range of field above the critical field Hc=zJ, there are two
transitions �presence of reentrance� corresponding to the
appearance and disappearance of the alternating long-range
order as temperature is lowered. For the square �2D� and
simple cubic �3D� lattices, only one critical temperature is
observed �absence of reentrance�. These results in 2D and 3D
lattices are in accordance with Monte Carlo simulation41 and
the EFRG approach.22 We have presented a preliminary
study of finite-size scaling �EFRG� in the model �1� and
verified the presence of the reentrant behavior. Other meth-

ods, such as DMRG and Monte Carlo simulation, can be
used to give more information on the phenomenon. The oc-
currence of reentrant phases in the model �1� certainly de-
serves further attention.

ACKNOWLEDGMENTS

We are grateful to Dr. Jurgen Stilck of the Universidade
Federal Fluminense and Dr. Puspitapallab Chaudhuri of the
Universidade Federal do Amazonas for helpful discussions.
This work was partially supported by CNPq, FAPEAM, and
CAPES �Brazilian agencies�.

APPENDIX

The list of coefficients in Eqs. �11� and �12� is defined by

A0�m� = 

x
2
y

2 + 2�
x�x
y
2 − 
y�y
x

2�m

+ �
x
2�y

2 + 
y
2�x

2 − 
x�x
y�y�m2

+ 2�
x�x
y
2 − 
y�y
x

2�m3 + �x
2�y

2m4��F�x��x=0,

�A1�

A1�m� = 2
�
x�x
y
2 + 
y�y
x

2�

− �
x�x�y
2 + 
y�y�x

2�m��F�x��x=0, �A2�

A2�m� = 

x
2�y

2 + 
y
2�x

2 + 4
x
y�x�y2�
x�x�y
2 − 
y�y�x

2�m

− 2�x
2�y

2m2��F�x��x=0, �A3�

A3�m� = 2�
x�x�y
2 + 
y�y�x

2��F�x��x=0, �A4�

and

A4�m� = �x
2�y

2�F�x��x=0. �A5�

These coefficients are determined by applying the identity
eaDxF�x�=F�x+a�.
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