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The nuclear spin-lattice relaxation time T1 of 1H in the Haldane-gap system �CH3�4NNi�NO2�3 has been
measured at the temperatures down to 50 mK in the gapped and gapless phases with an external field H up to
8.5 T. In the gapless phase for H�HC1=2.7 T, the relaxation rate T1

−1 exhibited, below about 3 K, a divergent
behavior with decreasing temperature. Such a feature is described by an equation, such as T1

−1�T−� with �
=1−�, where � is the exponent of the power-law decay for the staggered mode of transverse correlation with
respect to the distance in the one-dimensional chain. It has been found that the exponent � takes the values
around 0.6, which are consistent with the numerical evaluation for S=1 Heisenberg antiferromagnetic linear
chain �HALC�. This yields evidence for the realization of Tomonaga-Luttinger liquid phase. At very low
temperatures, T1

−1 changes into a remarkable decrease after taking a round peak, accompanying an appreciable
broadening in the NMR spectrum, and the temperature for such a peak has a trend to increase with increasing
field. In the gapped phase for H�HC1, T1

−1 showed an exponential decrease with decreasing temperature. The
experimental results were well interpreted in terms of the intrabranch process associated with the scattering of
the magnons within each of Sz=−1 and +1 branches of the first excited state. Anomalous hump of T1

−1 appeared
at low fields below 1 T and at low temperatures below 1 K. This was reasonably explained considering the
fractional-spin effect in the S=1 HALC.
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I. INTRODUCTION

Low-dimensional Heisenberg antiferromagnets with a fi-
nite energy gap above the singlet ground state have been
subjects of extensive experimental and theoretical works in
the past two decades. Among these systems are the S=1
Heisenberg antiferromagnetic linear chain �S=1 HALC or
Haldane-gap system�, the S=1/2 linear chain with bond al-
ternation �dimerized chain or spin Peierls system�, and the
S=1/2 two-leg spin-ladder. Particularly, there has been great
interest in the spin dynamics of the gapless quantum phase,
which is realized in the presence of an external field H be-
tween the first and the second critical fields of HC1 and HC2.
At these critical fields, the magnetization M begins to appear
following the destruction of the gap, and reaches the full
value, respectively.

Such a gapless phase is described by Tomonaga-Luttinger
�TL� liquid model. This model was introduced by Haldane in
the magnetic spin system for the S=1/2 Heisenberg Ising
spin chain �XXZ-model� subject to an external field1 in view
of the concept studied by Tomonaga2 and Luttinger3 for a
strictly soluble model in a one-dimensional fermion system
with a linear dispersion relation near the Fermi points. An
important criterion for the TL liquid phase is characterized
by the fact that the gapless incommensurate mode in the
longitudinal correlation and the gapless staggered mode in
the transverse correlation exhibit power-law decays with
critical exponents � and �z, respectively, which satisfy the
relation ��z=1.

As for the S=1 HALC and the S=1/2 bond-alternating
chain, Sakai and Takahashi verified first, using the numerical

diagonalization, that the relation ��z=1 is satisfied for HC1
�H�HC2.4,5 Analytical treatments for the TL liquid phases
of the gapped systems were developed on bosonization tech-
nique by Chitra and Giamarchi for the S=1/2 dimerized and
frustrated chains, and the S=1/2 ladder for the fields at HC1
and in its vicinity.6 They found that the characteristic features
in these systems do not appear in the magnetization, but
appear clearly in the spin-spin dynamical correlation func-
tions. Thus, the NMR relaxation rate governed by the gapless
modes may be a useful probe for the study of the TL phase of
the gapped quantum system. It has been shown in Ref. 6 that
the divergent behavior of T1

−1�T−1/2 appears at H=HC1 for
the dimerized and ladder systems. Giamarchi and Tsvelik
investigated the correlation functions for the gapless modes
in the whole region of the gapless phase for the S=1/2 two-
leg ladder with strong intrarung interaction and obtained the
same divergent behavior of T1

−1 for H close to HC1 and HC2.7

Experimentally, in the S=1/2 two-leg ladder system
Cu2�C5H12N2�Cl4 �abbreviated as CuHpCl�,8 it has been
found that the proton relaxation rate is described as T1

−1

�T−1/2 for HC1�=7.5 T��H�HC2�=13.5 T�.9 Such a behav-
ior is consistent with the theoretical prediction presented in
Refs. 6 and 7, thus yielding evidence for the realization of
the TL liquid phase.

Recently, Haga and Suga investigated theoretically the
nuclear spin-lattice relaxation for the TL liquid phases in
gapped systems, such as S=1/2 two-leg ladder with a diag-
onal interaction, which corresponds to the exchange Hamil-
tonian for CuHpCl, and the S=1/2 two-leg ladder, by map-
ping the corresponding Hamiltonians onto the S=1/2 XXZ
chain.10 By evaluating the Luttinger parameters � and �z,

PHYSICAL REVIEW B 73, 214406 �2006�

1098-0121/2006/73�21�/214406�11� ©2006 The American Physical Society214406-1

http://dx.doi.org/10.1103/PhysRevB.73.214406


and using the results for the numerical calculation on these
parameters,11 it has been found that the temperature depen-
dence of the relaxation rate is described by equation of T1

−1

�T−� with �=1−�, where � depends appreciably on the
system.

It is noted that quite recent inelastic neutron scattering
experiment has revealed that CuHpCl may be regarded to be
a three-dimensional �3D� interacting system similar to the
Shastry-Sutherland model instead of the spin-ladder.12

Thus, no experimental evidence has been verified for the
TL liquid phase in the Haldane-gap system, although the
numerical values for the Luttinger parameters � and �z have
been obtained in Refs. 4 and 5.

The present work is concerned with the nuclear spin-
lattice relaxation of proton in the Haldane-gap system
�CH3�4NNi�NO2�3 �abbreviated as TMNIN�. Previously T1
of proton was measured using polycrystalline sample below
about 2 T in the temperature range above 1.4 K. It was
found that the relaxation rate below about 5 K exhibits an
exponential decay with decreasing temperature, reflecting the
presence of an energy gap for H�HC1.13,14 In the present
measurement, which was also done using the polycrystalline
sample, the field and temperature ranges were extended up to
8.5 T and down to 50 mK, respectively. The available maxi-
mum field is enough larger as compared to the first critical
field HC1� 2.7 T.15 Thus, a rather wide field range for H
�HC1 has been covered, though the second critical field
HC2=30 T is much higher.15

For H�HC1, it was found that the temperature depen-
dence of T1

−1 exhibits a divergent behavior, which is de-
scribed by the equation of T1

−1�T−� with �=1−�. This re-
sembles the case of CuHpCl. We interpret our experimental
results in terms of realization of the TL liquid phase in the
Haldane-gap system TMNIN according to the theory pre-
sented in Ref. 10 using the numerical values of the exponent
� presented in recent calculation by Sakai.16 At low tempera-
tures below about 1 K, T1

−1 changes into a remarkable de-
crease after taking a round peak, accompanying an appre-
ciable broadening in the NMR spectrum, and the temperature
for such a peak has a trend to increase with increasing field.

For the gapped phase, we shall analyze the experimental
results according to Sagi and Affleck’s theory for the nuclear
spin-lattice relaxation in the Haldane-gap system based on
the nonlinear � model.17 This theory has been applied in Ref.
18 to the case of CuHpCl for interpretation of T1 of proton
for H�HC1.

In addition, we have found that there appears an anoma-
lous hump of the relaxation rate at low temperatures in low
fields in the gapped state. This is interpreted in terms of the
paramagnetic fluctuation of the fractional spins at the ends of
S=1 HALC with finite length.

The outline of the present paper is as follows. In Sec. II,
we briefly explain the magnetic properties of TMNIN. The
experimental results are shown in Sec. III. Section IV is de-
voted to the analysis for the experimental results for T1

−1 in
the gapless and gapped states. In Sec. V, we summarize vari-
ous features in the present relaxation measurements in the
field-temperature diagram and discuss the anomalous behav-
ior of T1

−1, which is associated with the fractional-spin effect.
The shape of the NMR spectrum is evaluated for the gapless
phase. The conclusion is given in Sec. VI.

II. MAGNETIC PROPERTIES

The crystal of TMNIN consists of linear chains of Ni2+

ions that extend along the c axis and take hexagonal structure
in the ab plane, as shown in Fig. 1. The lattice constants are
a=b=9.096 Å and c=7.083 Å. The chain structure is such
that the two neighboring Ni2+ ions are coordinated octahe-
drally with six nitrite oxygens or six nitrite nitrogens, alter-
nately, thus both being not chemically identical.19 This struc-
ture has been presented by modifying the first proposal such
that adjacent Ni2+ ions are bridged by three NO2 ligands.13

The �CH3�4N ions intervene just in the center of three chains.
The exchange interaction and the g value were determined to
be J /kB=−12 K and g=2.25 from the analysis of the mag-
netic susceptibility, and the gap energy has been obtained to
be � /kB=4.5 K.13 From the high field magnetization mea-
surement at 0.5 K using powder sample, the critical fields
were obtained to be HC1=2.7 T and HC2=30 T.15 The vari-
ous exchange parameters were later obtained using the ori-
ented crystal as follows; J��J�� /kB=10.1 K �10.4 K�,
g��g��=2.088�2.091�, and HC1=2.4 T ��� and HC1=2.9 T
���, where � and � represent the cases parallel and perpen-
dicular to the c axis, respectively.20 The single-ion anisotropy
is extremely small as given by the value of D /kB=0.5 K or
0.03 K.20

Heat capacity and susceptibility were measured by Koba-
yashi et al. down to 70 mK under the magnetic field up to
7 T.21 According to the measurements, the gap, which is
open for H�HC1, has a trend to increase with increasing
field with the value of 1.2 K at HC1, thus the complete dis-
appearance of the gap not having been confirmed. In the
following, however, we call the field region above HC1 as
gapless phase.

III. EXPERIMENTAL RESULTS

The NMR measurement was performed with respect to
the protons in �CH3�4N ions using standard coherent pulsed-
NMR spectrometer. The NMR signal was obtained by a spin-
echo pulse sequence, and the spectrum was determined by
plotting the echo intensity as a function of the external field
at the constant operating frequency. The peak position of the
resonance field of the NMR spectrum was almost the same as
the free-proton position.

FIG. 1. Crystal structure of TMNIN. The Ni2+ linear chains
extend along the c axis. The Ni2+ ions, which are coordinated oc-
tahedrally with six nitrogens or six oxygens, appear alternately. The
lattice constants are given in the text.
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The relaxation time T1 was measured with respect to the
peak position of the spectrum by observing the nuclear mag-
netization recovery M�t� at the time t after the saturation at
t=0 attained by the rf-comb pulse. The recovery of normal-
ized nuclear magnetization m�t�=1−M�t� /M0 with M0 of the
thermal-equilibrium magnetization was a single exponential
as m�t�=exp�−t /T1� at least over more than one decade; thus,
the corresponding time-constant T1 was taken to be the re-
laxation time. However, at low temperatures below about
2 K and at low fields below 1 T, the exponential recovery
held only during the initial short time-interval, and the long-
time recovery of m�t� fitted rather well the square-root t
curve as m�t�=exp�−�t /�1�, which yields another time con-
stant �1. Such a feature may be attributed to the appearance
of the fractional-spin effect, as discussed in detail in Sec. V.

Figure 2 shows the results of the temperature dependence
of the relaxation rate T1

−1 over the whole temperature range
for the various applied fields above and below HC1. Because
of the present experimental condition in the NMR measure-
ment using the dilution refrigerator and 3He-temperature cry-
ostat, it was difficult to adjust the operating resonance fre-
quency completely. However, it turned out that the
temperature dependence of T1

−1 obtained in the temperature
ranges below and above about 1.2 K at slightly different
NMR operating frequencies, which corresponds at the most
to the difference in the applied field of about 0.3 T, are con-
nected smoothly with each other within the experimental er-
rors. Thus, we plotted in Fig. 2 the experimental results for
these measurements using the same symbols. In Fig. 2, the
experimental error bars are shown only for a few typical data
points. We do so as well in Figs. 4, 6, and 8.

Above about 5 K, T1
−1 decreases rather monotonously

with decreasing temperature independent of the applied field.
Below about 5 K, on the other hand, there appears a distin-
guished difference in the temperature dependence depending
on the applied field. Prominent features appear for H�HC1.
Below about 3 K, T1

−1 exhibits an increase with decreasing
temperature, and the temperature range where the increase of
T1

−1 appears moves to the higher side as the field is increased.
Qualitatively T1

−1 follows the curve such as T1
−1�T−�, where

the power � takes the values around 0.6. In view of its re-
semblance to the behavior of T1

−1 in CuHpCl,9 the above
feature suggests the realization of the TL liquid phase in
TMNIN. At low temperatures, T1

−1 shows a remarkable de-
crease after taking a round peak. The decrease of T1

−1 below
the peak follows approximately the relation T1

−1�T4.
For 1 T�H�2.5 T ��HC1�, on the other hand, T1

−1 falls
off exponentially with decreasing temperature. The tempera-
ture dependence becomes more moderate as H increases thus
reflecting the existence of an energy gap that decreases with
increasing field. It is noted that the temperature dependence
for H=1 T and 0.17 T are almost the same above about
1.5 K, which means that the field dependence of T1

−1 dimin-
ishes in such a low-field range.

We also find that in the temperature dependence of T1
−1 for

1 T, a round hump appears around 0.8 K. As mentioned be-
fore, the values of T1

−1 that exhibit the hump were taken from
the initial short-time recovery of m�t�. The detail of the fea-
ture of the hump will be discussed in Sec. V in relation to

effect of paramagnetic fluctuation of the fractional spins of
S=1/2 at the both ends of the S=1 finite linear chain, in-
cluding the behavior of another time constant �1.

Here we refer to the NMR spectrum. Figures 3�a� and
3�b� represent the typical NMR spectra obtained at low tem-
peratures for the gapped and gapless phases, respectively. As
seen in Fig. 3�a�, the spectrum in the gapped phase is tem-
perature independent down to the lowest temperature. The
shape of the spectrum seems to be an asymmetric powder
pattern, and as is seen from Fig. 3�b�, the spectrum in the
gapless phase becomes broad with decreasing temperature. It
is noted that such a change of the spectrum begins around the
temperature that lies somewhat lower than the temperature
where T1

−1 takes the round peak. The comparison between the
experiment and the calculation for the NMR spectrum is
given in Sec. V.

IV. ANALYSIS FOR THE RELAXATION RATES

The nuclear spin-lattice relaxation in the magnetic system
is caused by the components of the fluctuating local field at
the nuclear site transverse with respect to the quantization
axis. In the present case, the proton nuclear spin �I=1/2� is
coupled to the surrounding Ni2+ magnetic moments via the
anisotropic dipolar interaction. The effective dipolar interac-

tion is expressed as 	Hdip�t�=g
B�N�I� jD̃j	S j�t�=

FIG. 2. Temperature dependence of T1
−1 for various fields. For

the convenience, the data taken in the different temperature ranges
with only slightly different operating frequencies were plotted using
the same symbol.
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−�N�I ·	H�t�, where D̃j is the coupling tensor concerning
the jth Ni2+ spin, and 	H�t� represents the fluctuating field at
the nuclear site. From now on we take the nuclear quantiza-
tion axis as the z axis. Then the effective transverse fluctu-
ating fields are expressed as

	H±�t� = −
g
B

�N�
�

j

�Dj
�±,z�	Sj

z�t� + Dj
�±,−�	Sj

−�t� + Dj
�±,+�	Sj

+�t�	 ,

�1�

where Dj
�,��’s �=�, or −, and ��z, �, or −� are the com-

ponents of D̃j.
According to the standard perturbation theory, the relax-

ation rate is given by the Fourier transform at the nuclear
Larmor frequency �N of the time correlation function

�	H+�t�	H−�0��. Using the Fourier-transformed spin vari-
able defined by Sq= �1/�N�� jS jexp�iqrj�, where q is the
fluctuating wave vector along the chain, T1

−1 is expressed in
terms of the longitudinal and transverse dynamical structure
factors Sz����q ,�N� as

1

T1
=

1

N

�g
B�N�2

2 �
q

�Gq
zSz�q,�N� + Gq

�S��q,�N�	 , �2�

with

Sz����q,�N� = �
−�

�


�S−q
z�+��t�,Sq

z�−��exp�− i�Nt�dt , �3�

where Gq
z���, the geometrical factor, is given as Aq

z���A−q
z��� by

Fourier transform Aq
z��� of the relevant components of D̃j.

Thus only fluctuating modes, which satisfy the energy-
conservation requirement between the electron and nuclear
spin systems, are effective under the additional condition

such that the geometrical factors take appreciable values.
Using fluctuation-dissipation theorem, Eq. �3� is ex-

pressed in terms of the imaginary part of the dynamical sus-
ceptibilities �z���� �q ,�N� as

Sz����q,�N� =
2�z���� �q,�N�

1 − exp���N/kBT�
. �4�

Since we may put ��N�kBT, the relaxation rate is ex-
pressed as

1

T1
=

2��N
B�2kBT

�
�

q
�Gq

z �z��q,�N�
�N

+ Gq
���� �q,�N�

�N
� .

�5�

As for the geometrical factor, the numerical evaluation is
difficult in the present case because the direction of the ap-
plied field, that is, the nuclear quantization axis, is random
with respect to the chain directions in the powder sample, in
addition to the fact that the proton position in the �CH3�4N
ion is not definite. Then in the followings we assume an
average constant value for the geometrical factor.

If the paramagnetic fluctuations with q=0 is dominant at
high temperatures, Eq. �5� is expressed in terms of the static
susceptibility �0 as

1

T1
� T�0. �6�

Figure 4 shows the experimental results for T1
−1 at low fields

of 1.0 and 1.2 T together with the theoretical curve of Eq.
�6�. This curve, which was normalized at T=20 K, was
evaluated using the experimental values of �0 given in Ref.
13. Good agreement is found in the high temperatures above
4 K. Thus, it is concluded that the q=0 mode of the para-
magnetic fluctuation dominates the relaxation rate at high
temperatures in the low field range. In the following, we
shall proceed with the low-temperature results.

A. Gapless state

First, we examine the divergent behaviors of T1
−1 for H

�HC1. Sakai and Takahashi studied, numerically, for the S
=1 HALC the critical exponents in the following most domi-
nant longitudinal and transverse correlation functions at T
=0 K, which correspond to the incommensurate and stag-
gered modes, respectively;4


Sz�r�Sz�0� − m2 = cos�2kFr�r−�z, �7a�


Sx�r�Sx�0� = �− �rr−�, �7b�

where m �=M /N� is magnetization per one site, and 2kF

=2�m or �−2�m for even or odd N, respectively. As men-
tioned in Sec. I, it has been proved numerically that the
exponents � and �z well satisfy the relation such as ��z=1,
which certifies the realization of the TL phase.

As given by Eq. �2�, the problem for calculating the re-
laxation rate is reduced to finding the expressions for the
time correlation functions 
�S−q

z�+��t� ,Sq
z�−��. In the cases of the

FIG. 3. Examples of NMR spectra for �a� the gapped phase
�H�HC1� obtained at the operating frequency of N=101.1 MHz
and �b� the gapless phase �H�HC1� obtained at N=286.7 MHz.
The spectra were obtained by plotting the spin-echo height by
changing the applied field H. The solid line in �b� represents the
NMR spectra calculated by assuming field-induced uniform mo-
ments �see Sec. V�.
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S=1/2 dimerized chain and the S=1/2 ladder, the corre-
sponding Hamiltonians are mapped onto the S=1/2 XXZ
model. Then the time correlation functions at T=0 K are
given by the equations that are obtained by replacing r in the
power-decay terms in Eqs. �7a� and �7b� by the distance r
=�x2+ �v��2 defined in the space-time plane, where x is the
real distance along the chain and the ladder, � is time, and v
is the velocity of the elementary excitation at T=0.6,7 These
correlation functions are then extended to the finite tempera-
ture by the following conformal mapping:

v� ± ix =
v

�T
sin

�T

v
�v� ± ix� . �8�

In the case of S=1 HALC, on the other hand, it is difficult
to map the corresponding Hamiltonian onto the S=1/2 XXZ
model. However, according to Haga and Suga, by treating
the power-decay terms as in the case of the S=1/2 dimerized
chain and the S=1/2 ladder, and using the above conformal
mapping, the temperature dependence of T1

−1 in this system is
described in terms of the exponents � and �z, apart from the
geometrical factor, as follows;10

1

T1
� C�T�z−1 + D�T�−1, �9�

where the first and second terms result from the longitudinal
incommensurate mode and the transverse staggered mode,
respectively, and the coefficients C� and D� are considered to
be dependent only on the external field.

According to the numerical calculation for the field de-
pendence of the exponents � and �z given in Ref. 4, we find
�=1/2 and �z=2 at the vicinity of HC1 and HC2, and �
�1/2 and �z�2 for HC1�H�HC2. Thus, we may owe the
experimental divergent behavior of T1

−1 to the second term in
Eq. �9�, that is, the transverse staggered mode. Thus, we have

1

T1
� D�T−�, �10�

where �=1−�.
Figure 5 shows the result for the recent numerical calcu-

lation for the field dependence of the exponent � performed
for N=20 by Sakai by putting HC1=2.7 T and HC2=27 T so
as to adopt to TMNIN.16 As is seen, the power �=1−� in-
creases, with increasing field, from 0.5 at HC1 up to the
maximum value of 0.66 around the middle point H= �HC1

+HC2� /2.
Figure 6 shows the result of the fitting of the theoretical

curves of Eq. �10�, which were calculated using the values of
� given in Fig. 5, to the experimental temperature depen-
dence of T1

−1 for H�HC1. The experimental results include
the points presented in Fig. 2 and new results obtained for
H=6.8 T. As is seen, the experimental results are compatible

FIG. 4. The temperature dependence of T1
−1 for H=1.0 and

1.2 T, and T�1.5 K. The solid line represents the best fit of Eq. �6�
to the experimental results obtained using the experimental values
of �0 and normalized at T=20 K.

FIG. 5. Numerical calculation for the field dependence of � for
the staggered mode and the exponent � of the relaxation rate with
the relation of �=1−�.16

FIG. 6. Temperature dependence of T1
−1 for H�HC1. The solid

lines represent the curve of T1
−1�T−� for the TL phase, where the

values of � are taken from Fig. 5.
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with the expected values of the power � in Eq. �10� in the
temperature range between the appearances of the round
minimum and the round peak in T1

−1. In view of this, we
believe that our experimental result yields evidence for the
realization of the TL liquid phase in the Haldane-gap system
TMNIN. However, as for the results at H=2.8 T, the agree-
ment between the experiment and the theoretical curve with
a constant value of ��0.5 holds only down to about 1.2 K,
and at lower temperatures T1

−1 has a trend to become some-
what remarkable. Though it is supposed that such a discrep-
ancy may be related to the fact that the relevant field is just
above HC1, any further theoretical consideration is difficult at
the moment. Furthermore, it is not certain how we find the
consistency with the fact that the presence of a finite energy
gap has been observed in the heat capacity measurement
even for H�HC1.21

As mentioned in Sec. I, the first experimental evidence for
the TL liquid phase in the gapped system was found in the
temperature dependence of T1

−1 of proton given by Eq. �10�
in S=1/2 two-leg ladder system CuHpCl.9 According to the
numerical calculation for the power � in Eq. �10� for the
exchange interactions in CuHpCl such that J� along the
rung, which is antiferromagnetic, is much larger than J�

along the leg, the value of � takes the maximum of 0.5 at
HC1 and HC2, and decreases to 0.35 as the field departs from
the critical fields.11 However, the experimentally observed
temperature dependence of T1

−1 seems, instead, to exhibit the
qualitatively opposite behavior.9 In the present case for S
=1 HALC, the experimental results are consistent with the
numerical evaluation for the S=1 HALC,16 and S=1/2 two-
leg ladder with ferromagnetic exchange interaction along the
rung.11

With decreasing temperature, the relaxation rate T1
−1

changes into a remarkable decrease after taking a round
peak. There appears a distinguished difference in the NMR
spectrum at the temperatures above and below the peak of
T1

−1, and the peak temperature has a trend to increase with
increasing field.

B. Gapped state

Next we look at the result for the gapped phase according
to the theory presented by Sagi and Affleck.17 For the first
excited triplet state with three branches of Sz= �1 and 0 for
TMNIN, we assume the following dispersion relation for
magnon as given in Ref. 17;

�0�k� = ��2 + �vk�2 � � +
1

2�
�vk�2, �11�

where k is wave vector with respect to twice of the lattice
spacing along the c axis, and � is the energy gap at k=0, and
v=2JS with S=1. Here the single-ion anisotropy term D has
been reasonably neglected. In the presence of the external
field H, three branches are separated as

�H�k� = �0�k� + c���g
BH , �12�

where c���=−1, +1, or 0, corresponding to Sz=−1, 1, or 0,
respectively �see Fig. 7�.

Three types of relaxation processes are possible. These
are intrabranch, interbranch, and staggered processes.17 The
intrabranch process occurs due to the magnon scattering
within each of the Sz=−1 and 1 branches, which are referred
to as lower and upper branches, respectively. The nuclear
spin can relax by spin fluctuation accompanied by the mag-
non scattering between the states of wave vectors k and k
+q, and −k and k+q with respect to fluctuating wave vector
q. Then, the effective matrix elements in Eq. �3� are given by

k+q �Sq

z �k and 
k+q �Sq+2k
z �−k, where q�0 because of the

energy-conservation requirement. Unless the external field is
low, the excitations with small values of k in the lower
branch of Sz=−1 are effective because of the Boltzmann fac-
tor. However, as we see below, the effect of the upper branch
of Sz�1 appears when the external field is low.

The relaxation process corresponding to the latter is sche-
matically shown by the thick arrows in Fig. 7. There is no
contribution from the Sz=0 branch, since the corresponding
matrix element is 0. The use of the approximate dispersion
relation of Eq. �12� yields, for the temperature range such
that ��N�kBT��, the following expression for T1

−1:17

� 1

T1
�

low�upp�
= A ln�4kBT

��N
− ��exp�−

� � g
BH

kBT
� ,

�13�

where the suffixes low and upp, and � refer to the branches
Sz=−1 and Sz=1, respectively, A is a prefactor corresponding
to the coupling constant, and � �=0.577. . . � is Euler constant.
Then the total relaxation rate T1

−1 is given by the sum of
contributions from the lower and upper branches. In high
field region where �T1

−1�low� �T1
−1�upp, we find T1

−1

��T1
−1�low. In low field region, on the other hand, the contri-

bution from the upper branch with the energy gap of �
+g
BH becomes effective, too, and then it is expected that
the field dependence in T1

−1 diminishes because of the oppo-
site contributions from the lower and upper branches with
respect to the change in the external field.

The staggered process due to the transverse dynamical
structure factor S��q ,�N� is associated with magnon interac-
tions. In the lowest process, three magnons are involved in
each of the lower and upper branches in such a way that two

FIG. 7. Excitation spectrum for the S=1 HALC in the presence
of the external field, which is expressed in terms of wave vector k
with respect to twice of the lattice spacing along the c axis. The
thick, dotted, and solid arrows indicate intrabranch, interbranch, and
staggered processes, respectively.
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magnons are created �annihilated� and one magnon is anni-
hilated �created� simultaneously. This gives rise to S��q ,�N�,
where the relevant value of q is much larger than q�0, as
shown by the solid arrows in Fig. 7. The requirement for the
energy conservation imposes the condition such that twice
the minimum energy has to be smaller than the maximum
energy. Then the relaxation rate is governed mainly by the
square of the Boltzmann factor for the lowest branch, as
expressed as

1

T1
� exp�− 2�� − g
BH�

kBT
� . �14�

The interbranch process, on the other hand, occurs involv-
ing the magnon scattering between the different branches
Sz=0 and Sz=−1, or 1, which is associated with the trans-
verse components Sx and Sy via the interacting term, like
I+Sj

−�t� in the perturbing Hamiltonian 	Hdip, as shown by the
dotted arrows in Fig. 7. Because of the energy-conservation
requirement, the gap energies that govern the relaxation pro-
cess are � for Sz=0 branch and �+g
BH for Sz= +1 branch.
The suppression by Boltzmann factor is more pronounced
than that in the intrabranch process.

Now we examine our experimental results. The solid,
dashed, and dotted lines in Fig. 8 represent the theoretical
curves obtained from Eq. �13� by choosing a common pref-
actor so as to obtain the best fit to the experimental results
for H=0.17�2.4 T at low temperatures below about 4 K.
The qualitative agreement between the experiment and the
calculation is satisfactory. As is seen in Fig. 8, the tempera-
ture dependence of T1 becomes almost field independent for
H�1 T. That is, the sum of contributions to T1

−1 from the
upper and lower branches, remains almost the same regard-
less of the change in the external field. This is well under-

stood by considering that the field-dependent terms are given
from Eq. �13� as �T1

−1�low�up��exp�±g
BH /kBT�, where ± re-
fer to the lower and upper branches, respectively. Note that
such a situation is realized only when the single-ion aniso-
tropy term D /kB is negligibly small; thus, the zero-field split-
ting between the lower and upper branches is being ne-
glected. Our result is consistent with other experimental
results that give a very small value for the single-ion aniso-
tropy. It is easily found that other two relaxation processes
do not explain the experimental results because the relevant
gap energies 2��−g
BH� and � result in more remarkable
temperature dependence of T1

−1.
As we see in Sec. V, we may ascribe the hump of T1

−1

observed at H=1 T to the fractional-spin effect in the S=1
HALC. This is associated with effective end spin of S=1/2,
which cannot participate in the singlet pair called valence-
bond-solid �abbreviated as VBS� in the finite chain. Then, as
the resonance frequency increases, the peak of T1

−1 should
move to the higher temperature and the corresponding peak
value of T1

−1 becomes smaller. Thus, such a fractional-spin
effect is not expected to appear for the higher fields, where
the intrabranch relaxation process for the lower branch be-
comes more predominant because of reduction of the gap
energy.

V. DISCUSSION

First we summarize various features obtained in the pre-
vious two sections in the temperature-field diagram of Fig. 9.
We plotted the temperature for the round minimum in T1

−1 by
a closed circle, which corresponds to the change from the
T�0 behavior to the T−� behavior as given by Eqs. �6� and
�10�, respectively. The temperature range below the bound-
ary obtained by connecting these points may be ascribed to
the TL liquid phase in TMNIN. The open square in the figure
represents the temperature where the round maximum in T1

−1

appears, and the plus sign represents the temperature where
the broadening of the NMR spectrum and the change of its
shape begin.

Here we refer briefly to the expected field-induced long-
range order in the gapless phase of TMNIN. Sakai has re-
vealed in his numerical study that the long-range order is
caused by the presence of relatively weak inter-chain inter-
action J�.22 The light solid line in Fig. 9 shows the phase
boundary for the long-range order in the gapless phase of
TMNIN, which is obtained by the calculation for lattice
points of N�20 assuming the interchain interaction J�
=0.01J and two critical-field values.23 As is seen, the tem-
perature for the boundary, which is of the order of 0.01 K, is
much lower as compared to the temperature where the
change in the NMR spectrum and the round peak of T1

−1

appear. Thus, we may suppose that the experimental features
as above are not related to the field-induced long-range or-
der. However, at present, the reason for this is not clear. On
the other hand, in the case of proton NMR in the gapless
phase of CuHpCl, appreciable shift in the spectrum and simi-
lar drastic change in the temperature dependence of T1

−1 have
been observed, and the reason has been ascribed to the oc-
currence of the long-range order.24 Probably, there is essen-

FIG. 8. Comparison between the experiment and the calculation
for the intra branch process �Eq. �13� in the text	 below H�HC1.
The value of the prefactor A is chosen so as to obtain the best
fitting.
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tially different situations between the gapless phases of
CuHpCl and TMNIN at low temperatures.

The heavy lines in Fig. 9 represent the temperature range
where the relaxation mechanism due to the magnon scatter-
ing occurs. The dotted lines represent the temperature range
where the fractional-spin effect in the nuclear magnetic re-
laxation emerges, on which we discuss below in some detail.

Next we shall look at the anomalous hump of T1
−1 ob-

served at the low temperatures in low field region of the
gapped phase below 1 T. In Fig. 10, we show typical ex-
amples of the recovery of normalized nuclear magnetization
m�t�, which is defined in Sec. III. As is seen in Fig. 10�a�,
m�t� does not exhibit single-exponential recovery as a whole
in the low fields below about 1 T and at the low temperatures
below 1 K. This is in contrast to normal single-exponential
recovery of m�t� observed over more than one decade for the
other conditions as shown as a typical case in Fig. 10�b�.

Previously, one of the present authors �T.G.� studied the
same problem for the proton spin-lattice relaxation in pure
Haldane-gap system Ni�C2H8N2�2NO2�ClO4� �abbreviated
as NENP� and Mg2+-doped NENP,25 and in Zn2+-doped
TMNIN.26 Let us assume that there exist the fractional spins
that do not participate in the constitution of the singlet-pair
in the S=1 HALC. Then, as explained in Ref. 25, there ap-
pear two characteristic time constants T1 and �1 in the recov-
ery of normalized nuclear magnetization m�t�: During the
initial short time after the saturation of the nuclear magneti-
zation, m�t� exhibits single exponential recovery as m�t�
=exp�−t /T1�, and subsequently it follows �t behavior as
m�t�=exp�−�t /�1�. These two time constants are given, re-
spectively, as

1

T1
=

4�N0ceC

3b0
3 �t � t0� , �15�

and

1

�1
= �4N0ce

3
�2

�3C �t � t0� , �16�

with t0=b0
6 /C, where

C =
2

5
�g
B�N�2S�S + 1�

�e

1 + �N
2 �e

2 . �17�

Here �e is the longitudinal relaxation time of the fractional
spin defined in the time-correlation given by 
Sz�t�Sz�0�
=S2exp�−t /�e�, and ce, N0 and b0 are concentration of the
fractional spin, density of the Ni2+ spins, and the exclusion
radius, respectively. The exclusion radius is defined to be a
radius of the sphere around one fractional spin, the nuclei
within which are away from the resonance condition because
of an appreciable internal field due to the corresponding
magnetic moment. Thus m�t� changes from single exponen-
tial into �t behaviors around the time defined by t0.

In view of this, we determined T1 from the single-
exponential recovery of m�t� as indicated by the straight line
given in Fig. 10�a�, and �1 by plotting m�t� as a function of
�t as given by the dashed lines in the figure.

In Fig. 11 the temperature dependence of T1
−1 and �1

−1

below 1.7 K are plotted together with the normal relaxation
rate at higher temperatures. As is seen, both of the two time

FIG. 9. The temperature-field diagram for various features in
TMNIN revealed from the present relaxation measurements. The
closed circles and the open squares indicate, respectively, the tem-
peratures for the round minimum and the maximum of T1

−1 for the
applied external fields. The light solid line represents the phase
boundary for the 3D long-range order evaluated numerically by
Sakai.23 The plus sign represents the temperature where the increase
and the change of the NMR spectrum begins.

FIG. 10. Examples of the recoveries of the normalized nuclear
magnetization m�t� as functions of time t after the saturation the
nuclear magnetization: �a� anomalous recovery for low fields below
1 T and the low temperatures below about 2 K, and �b� normal
recovery. Straight lines in �a� and �b� correspond to the single ex-
ponential recoveries, which yield the time constants T1, and the
dotted lines in �a� represent the curve m�t�=exp�−�t /�1� with an-
other time constant �1.
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constants exhibit round humps at the same temperature.
By looking at the factor C in Eqs. �15� and �16�, which is

given by Eq. �17�, it turns out that the humps of T1
−1 and �1

−1

are realized when �N�e=1. The relaxation time �e of the
fractional spin is considered to be due to collision with the
thermal Haldane excitations propagating on the linear
chain.27 Then we may tentatively put �e=�0exp��� / �kBT�	,
where �� /kB represents the effective activation energy, and
�0 is a prefactor. As the resonance frequency �N �or the ap-
plied field� increases, the value of �e for the hump decreases,
the corresponding temperature increases, and the maximum
value of T1

−1 becomes smaller. Since the relaxation rate for
the intrinsic mechanism becomes more pronounced, it is not
likely that the fractional spin effect appears at higher fields
than about 1 T, as explained in Sec. IV. We can evaluate the
concentration of the fractional spin ce in the present TMNIN.
Using the lattice constants, we obtain N0=3.94�1021/cm3.
As for the exclusion radius, we apply b0=1.1�10−7 cm de-
termined in the case of NENP.25 Then by comparing the ex-
perimental temperature dependence of T1

−1 to the above the-
oretical equation, we find �� /kB=1.5 K, and ce=2.2�10−3.
The temperature dependence of the two relaxation rates T1

−1

and �1
−1 were evaluated using the above numerical values.

The calculated results are represented in Fig. 11 by the
dotted-dashed and dotted lines, respectively, together with
the theoretical curves for the normal relaxation rates which
have been already given in Sec. IV. The present value of ce is
reasonable in view of the value of ce=1.0�10−3 evaluated in

pure NENP.25 It is noted that the experimental results for T1
−1

below about 2 K at 0.17 T suggest the appearance of the
fractional-spin effect.

Finally, we comment on the NMR spectrum in the gapless
phase. The proton nuclei is coupled with the surrounding
average magnetic moments g
B
Sz of the Ni2+ ions directed
along the external field via the dipolar interaction. According
to the point-dipole model, the internal field is calculated by
taking the sum of contributions over the appropriate number
of the Ni2+-ion sites. The present measurement was done
using the polycrystalline sample, which involves many tiny
pieces of the single crystal. Thus, the NMR spectrum should
exhibit essentially a powder pattern associated with the
dipolar-interaction tensor.

In order to obtain the shape of the NMR spectrum, we
need knowledges of the value of g
B
Sz and position of the
protons in the chemical unit cell. In the gapless phase, we
can evaluate g
B
Sz from the total magnetization at low
temperatures given in Ref. 15. For instance, for the measure-
ment at N=286.7 MHz in the gapless phase, which corre-
sponds to the magnetic field of H=6.734 T for the free pro-
ton nucleus, we obtained the value of g
B
Sz=0.3
B. As for
the position of the proton, since it is not definite in the crystal
structure, the positions of the carbon sites in �CH3�4N ion
were used instead.

Considering the present experimental situation for the
polycrystalline sample, we randomly assumed 2000 kinds of
orientations of the linear chain along the b axis with respect
to the direction of the field-induced magnetic moments or the
applied field. The calculation of the internal field was per-
formed for each of the 2000 cases with respect to nonequiva-
lent carbon sites in the unit cell by taking into account con-
tributions including the neighboring unit cells, that is, 3�3
�3 unit cells as a whole. Then the intensity of the NMR
signal was obtained by counting the number of carbon sites
that feel the specified value of the internal field Hint within
±0.0006 T, and the spectrum was obtained by plotting the
intensity as a function of Hint.

The solid line in Fig. 3�b� represents the calculated NMR
spectrum smoothed somewhat by the technique of convolu-
tion. This curve is shifted by about 0.01 T to the higher side
so as to fit the peak position to the experimental value. The
spectrum has a sharp peak, and there appear a round shoulder
and another small shoulder on the left side of the line and a
much smaller shoulder on the right side. The appearance of
these shoulders corresponds to the two inequivalent carbon
sites in the unit cell as shown in Fig. 1, which yield slightly
different principal values of the dipolar tensor. As we see in
Fig. 3�b�, the calculated spectrum agrees qualitatively with
the experimental spectrum taken at 0.68 K. However, the
latter is much broader as compared to the former. Such a
quantitative difference may be due to the crudeness of the
calculation based on the point dipole model. In addition,
since there are a larger number of inequivalent proton sites in
the unit cell, it is probable that the experimental NMR spec-
trum actually becomes broader as compared to the above
evaluation.

On the other hand, at lower temperatures where T1
−1

changes into a rapid decrease after taking the round peak, the

FIG. 11. Comparison between the experimental results at H
=1 T and the theoretical treatment for the fractional-spin effect. The
closed and open circles below 1.7 K indicate the inverses of the
time constants T1 and �1, which characterize the recovery of nuclear
magnetization for the initial short-time and long-time durations, re-
spectively. The dotted-dashed and dotted lines represent the theo-
retical curves for T1

−1 and �1
−1 characterizing the fractional-spin ef-

fect, which were calculated respectively from Eqs. �15� and �16�
using relevant numerical values given in the text. The closed circles
above 1.7 K indicate usual relaxation rate. The solid and dashed
lines represent the theoretical curves for the usual paramagnetic
fluctuation and intrabranch process expressed by Eqs. �6� and �13�,
which have already been given in Figs. 4 and 8, respectively.

QUANTUM SPIN DYNAMICS STUDIED BY THE¼ PHYSICAL REVIEW B 73, 214406 �2006�

214406-9



linewidth of the NMR spectrum exhibits appreciable in-
crease. Such a change seems to be associated with the ap-
pearance of an alignment of the average magnetic moments
at the Ni2+ sites, which may differ largely from the field-
induced magnetic moments. The lack of the sharp anomaly
in T1

−1 suggests that the change in the shape of the spectrum
will not be due to occurrence of the long-range order. In fact,
as indicated in Fig. 9, numerical calculation predicts the
much lower ordering temperature, and there has not been
observed any experimental evidence for the long-range or-
der, for instance, in the heat capacity measurement.21 One
probable reason for the change in the NMR spectrum might
be due to the appearance of staggered moments in the linear
chain of TMNIN, as treated by Chiba et al. for the Haldane-
gap system NENP, where the individual linear chain consists
of two crystallographically inequivalent Ni2+ ions.28 How-
ever, we do not have any clear knowledge for the reason at
the moment.

VI. CONCLUSION

The proton spin-lattice relaxation in the S�1 Haldane-gap
system �CH3�4NNi�NO2�3 �TMNIN� has been investigated in
the gapless and gapped phases above and below the first
critical field HC1 �=2.7 T�. In the gapless phase, T1

−1 exhib-
ited an appreciable increase with decreasing temperature be-
low 3 K following to the equation T1

−1�T−�, where the ex-
ponent � takes the value around 0.6. Such a feature was
satisfactorily interpreted by the theoretical equation of T1

−1

�T�−1, which is due to the staggered mode of the transverse

correlation with the power-law decay with respect to distance
in a one-dimensional chain with exponent �. This yields an
evidence for the realization of the Tomonaga-Luttinger liquid
phase. At low temperatures below 1 K for the gapless
phases, there appears a peak of T1

−1 and the change in the
NMR spectrum. The reason for this is not clear at the
present. In the gapped phase where T1

−1 decreases with de-
creasing temperature, the experimental features were well
explained in terms of the intrabranch process associated with
the scattering of the magnons within each of the Sz=−1 and
Sz= +1 excited states. In relation to the relaxation rate at low
fields below 1 T and low temperatures below about 2 K, the
effect of the fractional spin has been observed. The concen-
tration of the fractional spin in the present pure TMNIN was
estimated to be 2.2�10−3 from the comparison between the
experiment and the calculation.
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