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The elastic tensor of monocrystalline ZrW2O8 was determined near 300 K as a function of pressure, using
pulse-echo ultrasound in a large-volume moissanite anvil cell. An unusual decrease in bulk modulus with
increased pressure was observed. A framework-solid-based nonlinear model with many degrees of freedom
predicts the observed behavior. We also observe that ReO3, a similar framework solid but lacking the necessary
degrees of freedom, fails to display softening. Additionally, the pressure-induced phase transition from �-
ZrW2O8 �cubic� to �-ZrW2O8 �orthorhombic� is found to take place at �0.5 GPa, a result confirmed by Raman
spectroscopy.
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The negative-thermal-expansion �NTE� compound
ZrW2O8 has been well studied because it remains cubic with
a nearly constant NTE coefficient throughout its region of
existence.1 Despite the NTE, but like most solids, its elastic
moduli soften on warming.2 This observation goes against
conventional thought because as ZrW2O8 is warmed, its vol-
ume decreases just as if pressure were applied, and most
solids stiffen when compressed. Using pulse-echo ultrasound
in a large-volume moissanite anvil cell,3 we have determined
the complete elastic tensor of monocrystalline ZrW2O8 near
300 K as a function of pressure and found that ZrW2O8 soft-
ens when compressed, then undergoes a phase transition at
0.5 GPa, a much higher pressure than previously reported for
powdered or unoriented-fragment material.

The pressure-induced phase transition from �-ZrW2O8
�cubic� to �-ZrW2O8 �orthorhombic� was determined previ-
ously in powder samples1,4,5 and a monocrystal in a
diamond-anvil cell.6 For this work, several monocrystals of
ZrW2O8, made using a nonequilibrium technique7 were used
for the measurements reported here. The crystals were color-
less, perfectly transparent, and visually defect-free. Optically
flat �100� faces were used to measure C11 and C44, and �110�
faces for C�= �C11−C12� /2 and CL= �C11+C12+2C44� /2 for a
total of four separate measurements, providing some redun-
dancy because cubic materials possess only three indepen-
dent elastic moduli. Monocrystals of ReO3 were prepared by
vapor transport in a Bridgman furnace. The crystals were
dark red and were parallelepiped shaped. Back-reflection
Laue diffraction showed sharp spots on the faces of the par-
allelepiped which were determined to be �100� with a lattice
constant of 3.752 Å. Sound speed was determined at mul-
tiple pressures using an all-digital ultrasonic pulse-echo-
overlap method, described elsewhere.8 The size of the
monocrystals was 1–1.5 mm on one side. Specimen length
changes were corrected using the low-pressure elastic
moduli. The sample was mounted in the 3 mm hole of an Al
gasket, with about 3 mm of space between anvils. Pressure
was applied with opposing monocrystal SiC �moissanite� an-

vils �Fig. 1�, in a pressure cell designed by one of us �Y.Z.�.
The pressure-transmitting medium consisted of a mixture of
hexagonal boron nitride9 and fluorinert.10 A thin acoustically
transparent bond between anvil and sample was achieved
with cyanoacrylate adhesive, a low-bulk-modulus material.
Pressure was determined using ruby fluorescence.11 We used

FIG. 1. Schematic of the high-pressure SiC anvil cell used for
determination of elastic moduli at high pressure.
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a high-resolution Raman setup consisting of an Ar laser
�INNOVA 70C�, equipped with an Acton Research Corpora-
tion SpectraPro 500i spectrometer �0.500 mm imaging triple-
grating monochromator/spectrograph�, with a grating of
2400 lines/mm. All elastic moduli were measured in the
adiabatic limit. X-ray diffraction measurements by others are
in the isothermal limit. The difference between the limits
depends on the thermal expansion coefficient, sound speed,
and specific heat and is expected to be only a few percent.

Measurements were made from ambient to about
0.71 GPa, spanning the cubic-to-orthorhombic phase transi-
tion �0.5 GPa�. An example of the quality of the acoustic
signal in our system in shown in Fig. 2. Elastic moduli ob-
tained in the pressure cell at atmospheric pressure agree well
with previous resonant ultrasound12 results.2 In the present
study we obtained �all units are in GPa� C11=127.6 �Ref. 2,
128.4�, C44=26.2 �Ref. 2, 27.4�, C�=38.6 �Ref. 2, 40.4�,

CL=114.3 �Ref. 2, 115.4�, and B=75.5 �Ref. 2, 74.5�. The
changes with pressure in elastic moduli Cij�P� are shown in
Fig. 3. We determine the critical pressure for the �-� transi-
tion in ZrW2O8, to be 0.5±0.05 GPa, not consistent with
previous studies.1,4–6 Depending on details of the measure-
ment, when pressure is applied to powdered or fragmented
material as in all previous work, it can sometimes cause
stress risers13 where, say, the sharp edge of one grain touches
the face of another. If this occurs, then the local pressure at
the contact point is always higher than the applied hydro-
static pressure, making the onset of a pressure-induced phase
transition appear lower and the extent broader. From the de-
tails of previously published work, we could not determine if
this effect was present.

We observe a sharp phase transition consistent with that
expected for high-quality monocrystals. The width of the
phase transition is estimated to about 0.1 GPa. Nevertheless,
to confirm the critical pressure from elastic moduli, we also
measured the Raman spectrum of monocrystal ZrW2O8 �Fig.
4� as a function of pressure in the same pressure cell used to
measure elastic moduli. We observe only �-ZrW2O8 from 0
to 0.46 GPa, with no sign of a second phase appearing. At
pressures higher than the critical pressure determined from
elastic moduli �0.5 GPa�, only �-ZrW2O8 appears. This con-
firmation is important in establishing that the pronounced
softening of C11 and the behavior of the other elastic moduli
is caused by the underlying physics, and not by a phase
transition broadened by a nonideal experiment.

The pressure dependence of C11 differs substantially from
that of C44, and C�. Because the elastic moduli were deter-
mined in four separate runs, small errors in pressure deter-
mination for each loading of the pressure cell, especially at
the phase transition where the elastic moduli change more
rapidly, affect the computed bulk modulus B. To obtain a
consistent result, C12 was calculated from both C� and CL,
and then the fits for each were forced to extrapolate to a
single critical pressure. Remarkably, C� �shear propagation

along �110�, polarization along �11̄0�� and C44 �shear propa-
gation along �100�, polarization along �010��, vary weakly
and continuously below the critical pressure, consistent with
a cubic solid that should exhibit only small changes in the
shear moduli as it changes volume because bond angles
hardly change. In contrast, all the propagation speeds mea-
sured in the high-pressure phase ��-ZrW2O8� were lower
than in �-ZrW2O8, and increase with pressure, in agreement
with results by others5 �note that the �-ZrW2O8 elastic
moduli do not exhibit a simple correspondence to those in
�-ZrW2O8 because the � �orthorhombic� phase possesses
nine independent elastic moduli in a tripled unit cell; how-
ever, propagation speeds remain a good measurement�.

One feature of our study seems especially noteworthy in
terms of crystal chemistry �structure, bonding, properties�:
C11 �longitudinal propagation along �100�, polarization along
�100�� and the bulk modulus change excessively, nearly ab-
normally, as volume decreases, either by pressure or by tem-
perature. To understand these effects, we consider the
ZrW2O8 crystal structure consisting of a three-dimensional
network of corner-linked WO4 tetrahedra and ZrO6 octahe-
dra, a 44-atom unit cell. A complete framework-solid analy-

FIG. 2. Acoustic signal at two pressures in the high-pressure
system for determination of C�. �a� Atmospheric pressure �0.7 bar�;
�b� 0.46 GPa. E excitation signal; BR1, first buffer-rod �in our case
a SiC anvil� reflection; Si �i=1–3�, ith reflection from the sample;
BR2, second buffer-rod reflection.
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sis where the tetrahedra and octahedra are considered rigid,
and the bond angles perfectly soft, of ZrW2O8 by Pryde
et al.14 finds that the number of zero-frequency rigid unit
modes �RUMs� depends on the 2/3 power of the number of
atoms �it is a surface in the first Brillouin zone�. Introducing
small, linear bond bending stiffness changes the surface to a
volume with, therefore, a “thermodynamic” number of qua-
sirigid unit modes �QRUMs�, albeit only in the limit of zero
amplitude, a problem because NTE requires “large” ampli-
tudes. A similar “constrained lattice” �CL� model with all the
essential features �Fig. 5, top right�, by Simon and Varma,15

like the FS analysis of Pryde, is different in an important way
from previous work14 because the “open space” produces
many zero-frequency degrees of freedom. Simon and
Varma15 analyze this generalized RUM problem to show that
zero-frequency degrees of freedom �RUMs� can exist with
large amplitudes of motion, a crucial point for explaining
NTE.

Structures with open space, like ZrW2O8
5, are intrinsi-

cally different from materials like ReO3,16 La2CuO4
17 or

Lu5Ir4Si10,
18 where effects of the phase transition also extend

above and below a critical temperature. Of importance here
is that the open lattice structure �lacking in ReO3, La2CuO4,
or Lu5Ir4Si10� combined with an anharmonic bond bending
stiffness �lacking in FS and CL models�, not the phase tran-
sition itself, induces a special pressure signature in ZrW2O8.
In Fig. 6, we show, as an example, our measurements in the
same system described above, of C11 for a 0.6-mm-thick
monocrystal of ReO3 as a function of pressure through its
phase transition. This framework solid lacks open space and,
while it still has a mechanical “buckling transition,” fails to
display the signature softening of ZrW2O8, and has conven-
tional thermal expansion.

To understand the effect of an anharmonic bond bending
stiffness, first consider the lattice �Fig. 5, top left� that cor-
responds to zero tilting, low temperature, high volume, and
high bulk modulus B. The right side corresponds to alter-
nately tilted polyhedra, higher temperature, lower volume,
and much lower bulk modulus. The key difference between

FIG. 3. Elastic moduli of ZrW2O8 at 295 K vs pressure. �a� C11

and CL vs pressure. Solid lines, fit of the elastic constants; dotted
line, bulk modulus B computed from a smooth fit to the measured
elastic moduli �symbols�. �b� C� and C44 vs pressure. Solid lines, fit
of the elastic constants; dotted line, computed shear modulus G. �c�
Solid line, fit of C11 to Eq. �2�. Observations: crosses, measure-
ments in the � phase of ZrW2O8. The acoustic transit times do not
correspond to �-ZrW2O8 elastic moduli because the � �orthorhom-
bic� phase possesses nine independent elastic moduli in a tripled
unit cell. However, �v2 values for �-ZrW2O8 are shown only to
better illustrate the phase transition. The vertical dashed line in �a�,
�b�, and �c� represents the phase-transition pressure.

FIG. 4. Raman spectra of ZrW2O8 as function of pressure for a
600–1150 cm−1 interval.
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the two is that, as Simon15 and Pryde14 show, the missing
rigid unit for the lattice on the right makes many thermal
distortions possible, while on the left there is only one be-
cause once one rigid unit on the left twists, the positions of
all the others are determined. Clearly “large” amplitudes and
many modes are necessary for NTE. For these pictures, there
are two apparent sources of volume-reducing strain. One is

the ordinary stiffness of an isolated octahedron �assumed in-
finite in the CL model�; the other arises from tilting and
flexing of semirigid structures and near-zero-stiffness linear
bonds �QRUMs�. However, low-frequency linear modes are
not consistent with our observed pressure dependence of the
elastic moduli. A purely nonlinear bond bending stiffness,
described below, for this second strain mechanism suggests a
source for the pressure-induced softening of the bulk modu-
lus B, the monocrystal stiffness C11, and indeed all the
dilatation-related elastic moduli while predicting that the
magnitude of the thermal expansivity � will increase with
pressure, in contrast to the usual decrease that follows from
thermodynamics.

It remains to determine the expected pressure dependence
of C11 based on the modifications to the CL and FS models.
We use the framework solid of Fig. 5 �top right� to construct
a local energy E that has as the order parameter � the octa-
hedral tilt angle such that

E = �
i

�p�1 − cos �i� + K�i
2/2 + ��i

4/4 + ��i
6/6 + ¯ � .

�1�

Here K is the bond-angle stiffness, and p is pressure, and the
subscript represents the �extensive� independent degrees of
freedom. At zero temperature, the minima for this free en-
ergy are zero bond angles below a critical pressure, nonzero
above. Using this energy to construct a partition function
from which we compute ��2�, and noting that the framework
solid makes ��2� proportional to the decrease in volume �V,
we may compute the bulk modulus, here adding in parallel a
constant term from the bond-length stiffness. A schematic of
the results is shown in Fig. 5 �bottom�, at three different
temperatures, chosen for this model to showcase the qualita-
tive effect of temperature. At T=0, the result is just that from
a mechanical instability—the Euler strut—where the modu-
lus jumps down at the critical pressure, and recovers slowly
�in a way determined by the form of the local potential�. This
is the result that we expect for any overconstrained model of
coupled octahedra. At a nonzero temperature and small pres-
sures, the fluctuations near the instability lead to additional
modulus softening at low pressures and a volume decrease
near zero pressure of the form

�C11

C11
�

C11

Pc

�V

V
� C11

AkBT

Pc
2 �2�

well below the critical pressure Pc, where A is a fitting con-
stant. We also show a fit of Eq. �2� in Fig. 3�c�. This model
not only predicts strong softening of the elastic moduli, but
also predicts NTE of the same order as observed and with
linear proportionality to temperature.

The results obtained above cannot be obtained in any
limit of the parameters of a harmonic model as a perturbative
expansion about them. The constraints lead to a qualitatively
new class of properties. These properties are preserved if we
generalize the rigid units in Fig. 5 to a polymer, i.e., to chains
formed of fixed-length sticks which are deformable in the
mutual orientation at the connecting points.

FIG. 5. Top left, a rigid solid like ReO3, that does not display
NTE. Top right, a simple picture of a framework solid showing how
approximately rigid structures that twist can reduce volume because
the open space is reduced when twisting occurs. The twisting can be
either thermal-motion induced or pressure induced. Bottom, varia-
tion of bulk modulus with pressure at different temperatures for a
nonlinear modified CL model Eq. �2�. The three fitting parameters
and temperature are arbitrary and chosen to illustrate the character-
istic pressure signature that we observe in Fig. 2.

FIG. 6. C11 for ReO3 versus pressure at 295 K. The sample was
a monocrystal 0.6 mm thick. Measurements were performed in the
same system as for ZrW2O8.
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The constrained-lattice model, therefore, explains NTE
directly, but also predicts quantitatively why ZrW2O8 softens
when its volume is decreased via either NTE and warming,
or application of pressure, and why ReO3 �Fig. 5, top left�

does not. Essential features of the model include rigid or
constrained structures, weak anharmonic bending stiffness
between the structures, and open space that permits a “ther-
modynamic number” of degrees of freedom.

*Present address: Department of Chemistry, The City College of
New York, The City University of New York, 138th St. and Cov-
ent Ave., New York, NY 10031, USA.
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