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Ferroelectric and dielectric properties of polydomain �twinned� single-crystalline Pb�Zr1−xTix�O3 thin films
are described with the aid of a nonlinear thermodynamic theory, which has been developed recently for
epitaxial ferroelectric films with dense laminar domain structures. For Pb�Zr1−xTix�O3 �PZT� films with com-
positions x=0.9, 0.8, 0.7, 0.6, 0.5, and 0.4, the “misfit strain-temperature” phase diagrams are calculated and
compared with each other. It is found that the equilibrium diagrams of PZT films with x�0.7 are similar to the
diagram of PbTiO3 films. They consist of only four different stability ranges, which correspond to the paraelec-
tric phase, single-domain tetragonal ferroelectric phase, and two pseudotetragonal domain patterns. In contrast,
at x=0.4, 0.5, and 0.6, the equilibrium diagram displays a rich variety of stable polarization states, involving
at least one monoclinic polydomain state. Using the developed phase diagrams, the mean out-of-plane polar-
ization of a poled PZT film is calculated as a function of the misfit strain and composition. Theoretical results
are compared with the measured remanent polarizations of PZT films grown on SrTiO3. Dependence of the
out-of-plane dielectric response of PZT films on the misfit strain in the heterostructure is also reported.
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I. INTRODUCTION

Among the broad range of ferroelectric materials, solid
solutions like Pb�Zr1−xTix�O3 and �BaxSr1−x�TiO3 represent
an object of special interest because their physical properties
can be tuned by changing the chemical composition. Nowa-
days, these ferroelectrics are mostly studied in a thin-film
form, which is favorable for various device applications. In
particular, thin films of Pb�Zr1−xTix�O3 �PZT� have been fab-
ricated in many laboratories worldwide, and even epitaxial
PZT films were grown on many different substrates.1–13 The
experimental results demonstrated several important distinc-
tions between the properties of PZT in a thin film and bulk
forms, which triggered the first theoretical studies of PZT
thin films.14–17 Two approaches were employed in these stud-
ies, namely, the thermodynamic calculations and the phase-
field simulations. Although the latter approach has some ad-
vantages in the description of equilibrium polarization states
of ferroelectric films,17,18 the thermodynamic calculations
still represent the only way to determine the dielectric and
piezoelectric properties of these films.15,19,20

In our preceding paper,15 we developed the thermody-
namic theory of epitaxial PZT thin films under the assump-
tion that only single-domain ferroelectric states form in these
films. The “misfit strain-temperature” phase diagrams of
single-domain PZT films were constructed, and their small-
signal dielectric and piezoelectric responses calculated as a
function of the misfit strain in the film-substrate system.15

Since in epitaxial ferroelectric films the polydomain
�twinned� states are often energetically favored over single-
domain states,21–24 further development of our thermody-
namic theory calls for a description of the domain formation

in PZT films. In this paper, we focus on dense laminar do-
main structures, where the domain widths are much smaller
than the film thickness �but large enough to neglect self-
energies of domain walls in comparison with the energy
stored inside domains�. Such polydomain states are expected
to form in PZT films with a conventional thickness
��100 nm and larger� and can be described with the aid of a
Landau-Ginsburg-Devonshire-type nonlinear theory.20 In
Sec. II, we briefly discuss the method of thermodynamic
calculations proposed in Ref. 20, which makes it possible to
determine the polarization configuration in a ferroelectric
film with a dense domain structure and to evaluate the film
free energy. Section III reports the equilibrium misfit strain-
temperature phase diagrams of PZT films �with the Ti con-
tent x=0.9, 0.8, 0.7, 0.6, 0.5, and 0.4�, which were con-
structed by numerically calculating the energies of various
polydomain and single-domain states and comparing them
with each other. The lattice strains and unit-cell distortions
in ferroelastic domains of different types are discussed in
Sec. IV. In Sec. V we describe the small-signal dielectric
response of epitaxial PZT films. The most important conclu-
sions, which follow from the performed theoretical investi-
gations, are formulated in Sec. VI.

II. THERMODYNAMICS OF PZT FILMS WITH DENSE
DOMAIN STRUCTURES

When the domain structure has the form of an array of flat
domain walls parallel to each other and separated by dis-
tances much smaller than the film thickness, the polarization
and lattice strains become nearly uniform within each do-
main in the major part of the film volume.20 The distribution
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of the energy density in this inner region of a polydomain
film is, therefore, practically piecewise homogeneous. The
theoretical analysis shows that the total free energy of the
film/substrate system may be approximately set equal to the
energy stored inside the region of “piecewise
homogeneity.”20 Moreover, the self-energy of domain walls
may be neglected in comparison with the energy of domains,
if there is no need to calculate the density of domain walls in
the film. �The equilibrium density can be evaluated in the
linear elastic approximation by assuming the laminar domain
structure to be periodic.24 The calculation shows that this
density is small enough to neglect the domain-wall energies
even at the minimum film thickness �100 nm considered in
this paper.�

Since the polarization and lattice strains vary from one
domain to another in a polydomain film, we cannot use the
thin-film thermodynamic potential19,15 for the determination
of equilibrium multidomain states. Instead, we shall employ
the general thermodynamic approach based on the calcula-
tion of the total Helmholtz free energy of the system and the
work done by external forces. In the usual case of a film-
substrate system with a mechanically free outer surface, the
external mechanical forces are zero so that the total energy
can be evaluated by integrating the Helmholtz free-energy

density F̃ over the volume of this system.20 For a film with a
dense laminar domain structure, the total energy is deter-

mined by the product of the mean energy density �F̃� in the
inner region of a polydomain layer and the film volume. The

density �F̃� can be written as �F̃�=�F̃�+ �1−��F̃�, where F̃�

and F̃� are the characteristic energy densities inside domains
of the first and second type, and ��=� and ��=1−� are
their volume fractions in the film.

The energy density F̃ is defined by the relation F̃=F
−Ei��0Ei+ Pi�, where F is the usual Helmholtz energy den-
sity, Ei �i=1,2 ,3� are the components of internal electric
field in the film, Pi are the polarization components, �0 is the
permittivity of the vacuum, and the summation over the re-
peated index i is implied. Since only the Gibbs free energy
function G is known for PZT,25 we shall derive the energy F
via the inverse Legendre transformation of G. This procedure
yields F=G+�ijSij =G0+�ijSij −

1
2sijkl�ij�kl−Qijkl�ijPkPl,

where G0 is the six-degree polynomial in Pi,
25�ij are the

mechanical stresses, Sij are the lattice strains, sijkl are the
elastic compliances at constant polarization, and Qijkl are the
electrostrictive constants in the full polarization notation.
The equations of state Sij =−�G /��ij enable us to eliminate
the strains from the above formula. Using the Voigt matrix
notation and the reference frame �x1, x2, x3� of the prototypic
cubic phase, we then obtain the following expression for the

energy density F̃:

F̃ = �1�P1
2 + P2

2 + P3
2� + �11�P1

4 + P2
4 + P3

4� + �12�P1
2P2

2 + P1
2P3

2

+ P2
2P3

2� + �111�P1
6 + P2

6 + P3
6� + �112�P1

4�P2
2 + P3

2� + P2
4�P1

2

+ P3
2� + P3

4�P1
2 + P2

2�� + �123P1
2P2

2P3
2 +

1

2
s11��1

2 + �2
2 + �3

2�

+ s12��1�2 + �1�3 + �2�3� +
1

2
s44��4

2 + �5
2 + �6

2�

−
1

2
�0�E1

2 + E2
2 + E3

2� − E1P1 − E2P2 − E3P3, �1�

where �1, �ij, and �ijk are the dielectric stiffness and higher-
order stiffness coefficients at constant stress. It should be
emphasized that the stresses �n in Eq. �1� are not regarded as
independent parameters; these internal stresses are coupled
to the polarization components and lattice strains by the
equations of state involving electrostrictive terms �see be-
low�. We also note that the eighth-order polarization terms,
which are required for the description of unusual monoclinic
phase in bulk PZT,26 are neglected here because the sixth-
order theory is expected to be sufficient in the case of epi-
taxial thin films.15 The energy contributions associated with
the tilting of the oxygen octahedra and the antiferroelectric-
type polarization were also ignored in Eq. �1�. This approxi-
mation is fairly good in the range of compositions �x�0.4�
and temperatures �T�0 °C�, which are considered in this
paper.15

The equilibrium polarization state of a polydomain film
can be found via the minimization of the mean energy den-

sity �F̃�. If the orientation of domain walls is assumed to be
predetermined, the minimization procedure enables us to cal-
culate the polarization components Pi� and Pi� in the domains
of two types and the equilibrium domain population �. In
order to make this calculation possible, it is necessary to
eliminate internal stresses �n�, �n� and electric fields Ei�, Ei�

from the general expression for �F̃�, which results from
Eq. �1�. This problem can be solved by using the mechanical
and electric boundary conditions imposed on a polydomain
epitaxial layer. Restricting our analysis to PZT films grown
in the �001�-oriented paraelectric state on the �001� face of a
thick cubic substrate, from the epitaxial relationship we ob-
tain the mean in-plane film strains to be �S1�= �S2�=Sm and
�S6�=0, where Sm is the misfit strain in the film-substrate
system �see Ref. 15�. The elastic equation of state of a ferro-
electric crystal makes it possible to express the relevant
strains as

S1 = s11�1 + s12��2 + �3� + Q11P1
2 + Q12�P2

2 + P3
2� , �2�

S2 = s11�2 + s12��1 + �3� + Q11P2
2 + Q12�P1

2 + P3
2� , �3�

S6 = s44�6 + Q44P1P2, �4�

where Qmn are the electrostrictive constants in the matrix
notation. Accordingly, the epitaxial relationship gives us
three equations for the stresses �n�, �n� in a polydomain film.
The absence of tractions acting on the upper surface of the
film yields three additional equations, i.e., ��3�= ��4�= ��5�
=0. Besides, the mean electric field �E� in the ferroelectric
layer may be set equal to the field E0 induced between me-
tallic electrodes, because the effects due to imperfect com-
pensation of polarization charges by free charge carriers at
the ferroelectric/metal interfaces27 are certainly negligible in
the considered range of film thicknesses. �Since the mean
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depolarizing field in the film is set to zero, there is no driving
force for the formation of purely ferroelectric 180° stripe
domains28 in our case.�

The introduced macroscopic boundary conditions may be
supplemented with the microscopic conditions which must
be fulfilled on the domain walls. In the rotated reference
frame �x1� ,x2� ,x3�� with the x3� axis orthogonal to these walls,
the condition of strain compatibility in the neighboring do-
mains takes the form S1�

� =S1�
� , S2�

� =S2�
� , and S6�

� =S6�
� . The

mechanical equilibrium of the polydomain layer implies that
the mechanical stresses in these domains are interrelated as
�3�

� =�3�
� , �4�

� =�4�
� , and �5�

� =�5�
� . Finally, the continuity of

the tangential components of the internal electric field and
the normal component of the electric displacement yields
E1�

� =E1�
� , E2�

� =E2�
� , and �0E3�

� + P3�
� =�0E3�

� + P3�
� . Thus, in total

we have eighteen relationships, which enable us to calculate
the internal stresses �n�, �n� and electric fields Ei�, Ei� in do-
mains of two types as functions of the polarization compo-
nents Pi�, Pi� and the relative domain population �.

The resulting expression for the mean energy density �F̃�
in a polydomain film makes it possible to perform the nu-

merical minimization of �F̃� with respect to the remaining
seven variables, Pi�, Pi��i=1,2 ,3�, and �. This procedure
specifies the equilibrium polarizations inside the domains of
the first and second type and their equilibrium volume frac-
tions for a given orientation of the domain walls. Evidently,
the calculated energetically favorable polarization configura-
tion depends on the misfit strain Sm in the film-substrate sys-
tem, temperature T, and the external electric field E0. How-
ever, in the approximation of a dense domain structure, the
polarization state appears to be independent of the film thick-
ness.

Using the described thermodynamic approach, the misfit
strain-temperature phase diagrams of short-circuited �E0

=0� PZT films can be developed, which show the stability
ranges of different equilibrium states in the �Sm, T� plane. To

this end, the minimum energies �F̃�*�Sm ,T ,E0=0� of various
possible polydomain states should be calculated numerically
and compared with each other in order to determine the en-
ergetically most favorable one. The comparison with the en-
ergies of single-domain PZT films, which were calculated in
Ref. 15, must be done in the course of these calculations as
well. We recall that only the paraelectric phase �P1= P2

= P3=0�, the c phase �P1= P2=0, P3�0�, the aa phase
��P1 � = �P2 � �0, P3=0�, and the r phase ��P1 � = �P2 � �0, P3
�0� may be stable in single-domain PZT films in the dis-
cussed range of compositions and temperatures.

III. EQUILIBRIUM PHASE DIAGRAMS OF EPITAXIAL
PZT FILMS

The thermodynamic calculations of the misfit strain-
temperature phase diagrams have been performed for PZT
films with the Ti content x=0.9, 0.8, 0.7, 0.6, 0.5, and 0.4.
Numerical values of the dielectric stiffnesses �1, �ij, �ijk,
and electrostrictive constants Qln of the corresponding PZT
solid solutions were taken from Ref. 25. The elastic compli-

ances sln of the paraelectric phase, which are also necessary
for the numerical calculations, were evaluated as described
in our preceding paper.15 Three variants of permissible
domain-wall orientations in a single-crystalline PZT film
have been considered,20 i.e., the walls parallel to the 	101
,
	110
, or 	100
 crystallographic planes of the prototypic cu-
bic phase. Such orientations along the close-packed crystal
planes are expected to be energetically favorable due to the
interaction of the domain walls with the underlying crystal
lattice.29 It should also be noted that the domain walls with
the first orientation are inclined at about 45° to the film-
substrate interface, whereas the other two orientations corre-
spond to walls orthogonal to this interface.

Selecting the energetically most favorable thermodynamic
state among the polarization configurations allowed for the
introduced three domain-wall orientations, we constructed
the �Sm ,T� phase diagrams of epitaxial PZT films. The de-
veloped six diagrams, which correspond to the aforemen-
tioned values of the Ti content x in the PZT solid solution,
are shown in Fig. 1. We shall discuss below this set of phase
diagrams, focusing on the effect of composition on the sta-
bility ranges of various possible ferroelectric states.

The inspection of Figs. 1�a�–1�c� shows that the equilib-
rium diagrams of PZT films with x�0.7 are similar to the
diagram of PbTiO3 films reported in Ref. 20. They contain
only four different stability ranges, which correspond to the
paraelectric phase, single-domain ferroelectric c phase, and
two polydomain states—pseudotetragonal c /a /c /a and
a1 /a2 /a1 /a2 structures �see Fig. 1 in Ref. 20�. With the in-
crease of the Zr content, the stability range of the “interme-
diate” c /a /c /a domain pattern narrows along the misfit-
strain axis. The region near Sm=0, where the direct
transformation of the paraelectric phase into the c /a /c /a
state takes place,20 becomes very narrow already at x=0.9. In
PZT films with x=0.7, this structural transformation occurs
only at Sm=0. The stability range of the c /a /c /a pattern is
restricted at positive misfit strains by the competition with
the a1 /a2 /a1 /a2 polydomain state, which results in a first-
order phase transition. At negative misfit strains, this range is
bounded by a transition line, where the c /a /c /a state trans-
forms into the homogeneous c phase owing to the complete
disappearance of the a domains. This transition is of the
second-order in our approximation, but it becomes discon-
tinuous when the self-energies of the domain walls are taken
into account.20

In contrast, at x=0.4, 0.5, and 0.6, the equilibrium dia-
gram displays a rich variety of stable polarization states. The
most remarkable common feature of the �Sm ,T� diagrams
calculated for these compositions is the presence of at least
one monoclinic polydomain state. The r1 /r2 /r1 /r2 structure,
which represents a polydomain analogue of the monoclinic r
phase forming in single-domain PZT films,15 is common for
all three compositions. The field of the r1 /r2 /r1 /r2 pattern
grows with the increase of the Zr content in the solid solution
�see Figs. 1�d�–1�f��. In PZT 40/60 and 50/50 thin films, an
additional polydomain monoclinic state becomes stable in a
narrow range of positive misfit strains. This ca1 /ca2 /ca1 /ca2
state differs from the r1 /r2 /r1 /r2 one by the orientation of
the in-plane polarization with respect to the crystal lattice
�see Fig. 1 in Ref. 20�. Since here the in-plane polarization is
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parallel to the edge of the prototypic cubic cell, the existence
of the ca1 /ca2 /ca1 /ca2 state at x=0.5 and 0.6 may be attrib-
uted to the fact that these compositions are on the tetragonal
side of the bulk morphotropic phase boundary �MPB�.30 It
should be noted that the existence of the ca phase in PZT

50/50 films at tensile misfit strains is supported by the results
of the first-principles-based simulations.31

The equilibrium diagrams of PZT 40/60 and 50/50
films also contain a stability range of the heterophase
ca* /aa* /ca* /aa* state. The formation of this polarization

FIG. 1. Phase diagrams of �001�-oriented single-crystalline Pb�Zr1−xTix�O3 films epitaxially grown on dissimilar cubic substrates. The
composition x of the solid solution equals 0.9 �a�, 0.8 �b�, 0.7 �c�, 0.6 �d�, 0.5 �e�, and 0.4 �f�. The second- and first-order phase transitions
are shown by thin and thick lines, respectively.

KUKHAR et al. PHYSICAL REVIEW B 73, 214103 �2006�

214103-4



configuration is caused by the so-called P2-instability of the
c /a /c /a structure, which leads to the appearance of the in-
plane polarization parallel to the domain walls in both c and
a domains.29 The calculations show that the
ca* /aa* /ca* /aa* state formed in PZT films is similar to a
heterophase state in the equilibrium diagram of epitaxial
BaTiO3 films.20 The formation of monoclinic and het-
erophase states in PZT films greatly reduces the stability
range of the c /a /c /a structure near the bulk MPB composi-
tion �see Fig. 1�e��.

At x=0.4, when the Zr content exceeds the threshold
composition corresponding to that of the bulk MPB �x
=0.45–0.50�, additional qualitative changes of the phase dia-
gram take place. Namely, the field of polydomain states
with the in-plane polarization orientation splits into
two parts, which correspond to the a1 /a2 /a1 /a2 and
aa1 /aa2 /aa1 /aa2 domain configurations. Remarkably, the
PZT 60/40 films, unlike epitaxial films of BaTiO3, PbTiO3,
and other studied PZT solid solutions, exhibit the direct
transformation of the paraelectric phase into the orthorhom-
bic aa1 /aa2 /aa1 /aa2 structure at positive misfit strains. At
temperatures well below the ferroelectric transition tempera-
ture Tc�Sm�, however, the aa1 /aa2 /aa1 /aa2 state is replaced
by the pseudotetragonal a1 /a2 /a1 /a2 one �Fig. 1�f��. On the
other hand, the stability range of the c /a /c /a structure al-
most disappears at x=0.4. Finally, it should be noted that, at
Sm=0, the direct transformation of the paraelectric phase into
the monoclinic r1 /r2 /r1 /r2 polydomain state takes place.

The developed phase diagrams may be used to calculate
the misfit-strain and temperature dependences of the average
polarization �P�=�*P�+ �1−�*�P� in a PZT film and to in-
vestigate the influence of composition on the film macro-

scopic polarization state. We determined the effect of the Zr
content on the mean out-of-plane polarization �P3� of poled
PZT films grown on SrTiO3, assuming that the misfit strain
in this epitaxial system equals −3�10−3, irrespective of the
composition.15 Figure 2 shows the results of our calculations
in comparison with the out-of-plane polarizations P3 of
single-domain PZT films given in Ref. 15. It can be seen
that, when the Zr content is less than 0.5, the mean polariza-
tion �P3� of a polydomain film is considerably smaller than
the polarization P3 calculated in the single-domain approxi-
mation. This difference is caused by the formation of the
c /a /c /a domain structure at Sm=−3�10−3, which involves
a domains having the in-plane orientation of the spontaneous
polarization. In contrast, when the Zr content equals 0.5 or
0.6, �P3� coincides with the polarization of a single-domain
film because the initial r1 /r2 /r1 /r2 state transforms into the
homogeneous r phase during the poling.

Our theoretical results may be compared with the compo-
sitional variation of the ferroelectric properties, which was
observed in submicron-thick PZT films deposited on SrRuO3
buffered SrTiO3 crystals.6 The remanent polarizations of
these single-crystalline films, which were measured in a
plate-capacitor setup, are also shown in Fig. 2. Evidently, the
agreement between theoretical predictions and the experi-
mental data is fairly good. It should be noted, when the Zr
content is below 0.4, the experimental points lie between the
polarization values predicted for single-domain and polydo-
main films. This feature probably indicates that the equilib-
rium volume fraction of c domains in the c /a /c /a structure
was not attained in these PZT films due to a finite cooling
rate from the deposition temperature.

IV. LATTICE STRAINS AND UNIT-CELL DISTORTIONS
IN POLYDOMAIN FILMS

For the better understanding of the microstructure of poly-
domain ferroelectric films, in this section we consider lattice
strains and unit-cell distortions inside domains of the most
important types. The in-plane film strains S1, S2, S6 can be
calculated from Eqs. �2�–�4�, whereas the out-of plane strains
are given by15

S3 = s11�3 + s12��1 + �2� + Q11P3
2 + Q12�P1

2 + P2
2� , �5�

S4 = s44�4 + Q44P2P3, �6�

S5 = s44�5 + Q44P1P3. �7�

For the c /a /c /a state, the stresses involved in Eqs. �2�–�7�
can be evaluated as follows. Since the in-plane polarization
parallel to the domain walls is absent here �P2

a= P2
c =0�, the

electrostrictive terms Q44P1P2 and Q44P2P3 in the equations
of state are zero. Therefore, from the macroscopic boundary
conditions ��4�=0 and �S6�=0 combined with the mechani-
cal conditions fulfilled on the domain walls we obtain �4

a

=�4
c =�6

a=�6
c =0. When the volume fraction of c domains in

the film is equal to the equilibrium fraction �c
*, the polariza-

tion vectors inside the c and a domains satisfy additional
relationships �P1

a � = �P3
c � = Ps and P3

a= P1
c =0.20 Using these

FIG. 2. Mean out-of-plane polarization �P3� of poled
Pb�Zr1−xTix�O3 films at T=25 °C as a function of the Zr content.
The misfit strain Sm in the epitaxial system is taken to be −3
�10−3, which corresponds to thick PZT films grown on SrTiO3.
Circles and triangles �connected by continuous lines� show the the-
oretical values calculated for polydomain and single-domain films,
respectively. Squares denote the remanent polarization measured by
Foster et al. �Ref. 6� in submicron-thick PZT films deposited on
SrTiO3 at Tg=600 °C. For the PZT 65/35 film, the remanent po-
larization is taken from Ref. 31.
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equalities, we find that �3
a=�3

c =�5
a=�5

c =0, �1
a=�1

c = ��s11

−s12�Sm− �s11Q11−s12Q12�Ps
2+s11�Q11−Q12�Ps

2�c
*� / �s11

2 −s12
2 �,

and �2
a=�2

c = �Sm−Q12Ps
2−s12�1

a� /s11. The substitution of the

explicit expression for the equilibrium volume fraction �c
*,

which was derived in Ref. 20, further shows that �1
a=�1

c =0,
i.e., the stress �1 completely relaxes due to displacements of
ferroelastic domain walls. Hence all internal stresses �n are
absent in the c /a /c /a structure, except for the stress �2
which has the same nonzero value in both domains. Accord-
ingly, the lattice strains can be found from Eqs. �2�–�7� as

S1
a = S3

c =
s12

s11
Sm + �Q11 −

s12

s11
Q12�Ps

2, �8�

S2
a = S2

c = Sm, �9�

S3
a = S1

c =
s12

s11
Sm + �1 −

s12

s11
�Q12Ps

2, �10�

S4
a = S4

c = S5
a = S5

c = S6
a = S6

c = 0. �11�

It can be seen that there are no shear strains in the film.
Besides, the normal strains measured in the directions paral-
lel or orthogonal to the polarization vector coincide in the c
and a domains. Therefore, the unit cells inside these domains
have the same shape and size, differing by the cell orienta-
tion with respect to the film surfaces only. Variations of the
lattice constants ai �i=1,2 ,3� with the misfit strain Sm in an
epitaxial system are plotted in Fig. 3 for PZT films of three
representative compositions. Remarkably, the lattice param-
eters measured along the �100� and �010� crystallographic
axes, which are perpendicular to the spontaneous polariza-
tion, differ from each other in the whole stability range of the
c /a /c /a pattern. The crystal lattice in the c and a domains,
therefore, is always orthorhombic �S1

c �S2
c and S2

a�S3
a�, but

not tetragonal, as assumed in some former papers.23,24 The
c /a /c /a state might be also termed pseudotetragonal in view
of its relation to the tetragonal phase of a bulk material.

The a1 /a2 /a1 /a2 domain configuration is characterized by
the polarization patterning along the in-plane edges of the
prototypic unit cell. As shown in Ref. 20, only the stresses �1
and �2 differ from zero in this polydomain state, where the
spontaneous polarization has the same magnitude Ps in the
a1 ��P1

a1 � = Ps, P2
a1 =0� and a2 �P1

a2	 0, �P2
a2 � = Ps� domains.

For the lattice strains inside these domains, the calculation
gives

S1
a1 = S2

a2 = Sm +
1

2
�Q11 − Q12�Ps

2, �12�

S2
a1 = S1

a2 = Sm −
1

2
�Q11 − Q12�Ps

2, �13�

S3
a1 = S3

a2 =
2s12

s11 + s12
Sm +

Q12s11 − Q11s12

s11 + s12
Ps

2, �14�

S4
a1 = S4

a2 = S5
a1 = S5

a2 = S6
a1 = S6

a2 = 0. �15�

Equations �12�–�14� show that the in-plane strains S1 and S2
are distributed inhomogeneously in the a1 /a2 /a1 /a2 polydo-
main state, whereas the out-of-plane strain S3 is uniform. The
unit cell has the same shape and size inside the a1 and a2

FIG. 3. Out-of-plane �a3� and in-plane �a1, a2� lattice constants
in Pb�Zr1−xTix�O3 films grown on cubic substrates providing differ-
ent misfit strains Sm in the epitaxial system. The temperature equals
25 °C. For the c /a /c /a and ca* /aa* /ca* /aa* states, only the lat-
tice parameters in the c and ca* domains are shown. In the case of
the a1 /a2 /a1 /a2 and ca1 /ca2 /ca1 /ca2 structures, the in-plane lat-
tice constants correspond to the a1 and ca1 domains, respectively.
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domains, but its in-plane orientation in these domains differs
by 90°. From the misfit-strain dependence of the lattice con-
stants ai �see Fig. 3� it follows that, in general, the crystal
lattice in the a1 and a2 domains has an orthorhombic sym-
metry. However, at some specific value of Sm, the unit-cell
sizes in the crystallographic directions orthogonal to the
spontaneous polarization acquire the same value so that the
a1 /a2 /a1 /a2 state becomes a tetragonal one. This situation
takes place in the PZT 40/60 films at Sm8.45�10−3 and in
the PZT 50/50 films at Sm6.3�10−3, but it does not occur
in the PZT 60/40 films within the stability range of the
a1 /a2 /a1 /a2 structure �see Fig. 3�.

The monoclinic r1 /r2 /r1 /r2 state is distinguished from the
c /a /c /a and a1 /a2 /a1 /a2 domain configurations by the pres-
ence of nonzero shear strains in the film. This feature stems
from the fact that here all three polarization components Pi
differ from zero in the crystallographic reference frame �see
Eqs. �4�, �6�, and �7��. In the equilibrium, out-of-plane polar-
ization components in the r1 and r2 domains are related as
P3

r1 =−P3
r2, and the shear stresses �4 and �5 are absent. There-

fore, the shear strain S4 is uniform in polydomain films,
where the r1 /r2 domain walls are parallel to the 	100
 crys-
tallographic planes so that P1

r1 = P1
r2 and P2

r1 =−P2
r2. At the

same time, the strain S5 changes the sign on crossing the
domain walls. Taking into account other results of our nu-
merical calculations, we can describe the strain state of a film
with the r1 /r2 /r1 /r2 structure by the following set of equali-
ties:

S1
r1 = S2

r1 = S1
r2 = S2

r2 = Sm, �16�

S3
r1 = S3

r2, �17�

S4
r1 = − S5

r1 = S4
r2 = S5

r2, �18�

S6
r1 = − S6

r2. �19�

Variations of the lattice constants ai in the r1 and r2 do-
mains with the misfit strain at room temperature are shown
in Fig. 3. The in-plane lattice parameters a1 and a2 have the
same magnitude in these domains, whereas the out-of-plane
parameter a3 generally differs from a1=a2. This result
clearly shows that the crystal lattice in the r1 /r2 /r1 /r2 state is
not normally rhombohedral, in contrast to the assumption
made in the linear theory.32,33 The lattice in the r1 and r2
domains becomes rhombohedral only at a special value of
the misfit strain, which depends on the composition and
equals Sm2.12�10−3, 4�10−4, and 1.5�10−3 for the PZT
40/60, 50/50, and 60/40 films, respectively. It should be
noted that in the linear theory the spontaneous polarization
Ps was supposed to be oriented along the cube diagonal of
the prototypic unit cell,32 whereas actually the orientation of
Ps in the r1 /r2 /r1 /r2 structure varies with the misfit strain.20

V. DIELECTRIC RESPONSE OF EPITAXIAL
PZT FILMS

Determination of the dielectric and piezoelectric re-
sponses of polydomain films to the application of an external

field is generally complicated by the presence of an extrinsic
contribution caused by field-induced displacements of do-
main walls.20 When this contribution differs from zero, the
film material constants can be calculated only numerically,
because the wall displacements alter not only volumes of
adjacent domains, but also polarizations and lattice strains
inside them. In order to evaluate the dielectric response, for

FIG. 4. Out-of-plane dielectric response �33 of epitaxial
Pb�Zr1−xTix�O3 films calculated as a function of the misfit strain at
T=25 °C. The composition x of the solid solution equals 0.6 �a�,
0.5 �b�, and 0.4 �c�.
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instance, the film average polarization �P� should be com-
puted as a function of the external electric field E0. The
small-signal dielectric constants �ij�E0→0� can be found
then from the formula

�ij =
�Pi��E0j = E0� − �Pi��E0j = 0�

E0
, �20�

where the field intensity E0 must correspond to the linear part
of the dependence �P��E0�.

Using Eq. �20�, we have performed numerical calcula-
tions of the out-of-plane permittivity �33, which is measured
in a conventional plate-capacitor setup. Figure 4 shows the
misfit-strain dependence of �33 at room temperature for PZT
films with the Ti content x=0.6, 0.5, and 0.4. The most re-
markable theoretical result relates to the behavior of the
monoclinic r1 /r2 /r1 /r2 state. For all studied compositions,
the film dielectric response �33�Sm� reaches its maximum
value within the stability range of this polydomain state,
where the relative permittivity may exceed 104. It should be
noted, however, that in the case of the r1 /r2 /r1 /r2 structure
the domain-wall contribution to the permittivity is large.
�Since the out-of-plane polarization component P3 differs in
sign in the r1 and r2 domains, the electric field in a plate-
capacitor setup creates considerable driving force acting on
the r1 /r2 walls.� Therefore, our theory probably overesti-
mates the dielectric response of conventional �imperfect�
PZT films, where crystal defects may create additional re-
storing forces hindering the motion of the domain walls.

A steplike increase of the permittivity at the transforma-
tion of the c phase into the c /a /c /a state, which is clearly
seen in Fig. 4, is also associated with the domain-wall con-
tribution. This contribution to the out-of-plane dielectric re-
sponse �33 equals zero in a polydomain single-crystalline
film only when the domain structure is of the a1 /a2 /a1 /a2
type. The characteristic feature of the a1 /a2 /a1 /a2 state is
the increase of the dielectric response with a decreasing posi-
tive misfit strain Sm �Fig. 4�, which is caused by the P3
instability of this polarization configuration.34 The analysis
shows that the inverse of the film permittivity, 1 /�33, varies
with Sm almost linearly in the stability range of the
a1 /a2 /a1 /a2 structure. This Curie-Weiss-type law for the
strain effect on the out-of-plane dielectric response of ferro-
electric films, which was formulated in Ref. 35, also holds
within the stability range of the c phase.

In conclusion of this section we recall that the field-
induced displacements 
l of the domain walls are addition-
ally hindered by the lattice potential barriers.36 For ferroelas-
tic domain walls considered in the present paper, these so-
called Peierls barriers are expected to be small since the
thickness of a ferroelastic wall is usually much larger than
the lattice period a.37 Nevertheless, the Peierls potential re-
lief will limit the increase of the domain-wall contribution in
the situations, where other restoring forces acting on the
walls become negligible. Approximating the lattice potential
relief U�
l� by the relation U=U0�1−cos�2�
l /a�� /2, we
can evaluate the maximum domain-wall contribution as


�33
max 

�P3
2a2

�2U0D
, �21�

where �P3 is the change of the polarization component P3 in
the volume swept by the wall, and D is the period of the
laminar domain structure. �In accordance with the numerical
estimates, the wall displacement 
l�P3E3a2 / �2�2U0� in a
weak electric field E3�103 V/m used in the dielectric mea-
surements is taken to be much smaller than the lattice pe-
riod.� Unfortunately, the Peierls barrier U0 is unknown for
the domain walls in PZT. At the same time, the results of a
first-principles study36 of the energetics of 90° domain walls
in PbTiO3 indicate that, at low temperatures, the interaction
with the crystal lattice may reduce the domain-wall contri-
bution considerably. Indeed, taking U0=1.6 mJ/m2 �Ref.
36�, �P3= Ps=0.75 C/m2, a=0.4 nm and assuming D
�10 nm, from Eq. �21� we obtain 
�33

max/�0�50. Further-
more, the Peierls barrier for purely ferroelectric 180° domain
walls was found to be much larger than for ferroelastic/
ferroelectric 90° walls.36 For the 180° walls in PbTiO3 �U0
=37 mJ/m2, �P3=2Ps=1.5 C/m2� and BaTiO3 �U0
=9.3 mJ/m2, �P3=2Ps=0.52 C/m2�, Eq. �21� gives

�33

max/�0�10 and 5, respectively. These small values dem-
onstrate that a very large dielectric response of ferroelectric
films with thin dead layers, which was predicted in Ref. 38,
cannot be observed in PbTiO3 and BaTiO3 films.

VI. CONCLUSIONS

Our thermodynamic calculations demonstrate that the
composition of the solid solution has a strong impact on the
phase diagrams of epitaxial PZT films. At the Zr content less
than 0.4, the misfit strain-temperature diagrams of PZT films
are characterized by the presence of a large stability range of
the c /a /c /a state near Sm=0 at room temperature. In con-
trast, in PZT 50/50 and 60/40 films, the field of this state is
replaced to a great extent by the stability range of the
r1 /r2 /r1 /r2 domain pattern. Besides, the paraelectric to ferro-
electric phase transition, at positive misfit strains, leads to the
appearance of the orthorhombic aa1 /aa2 /aa1 /aa2 state in
PZT 60/40 films, whereas in the other studied PZT solid
solutions it results in the formation of the pseudo-tetragonal
a1 /a2 /a1 /a2 configuration.

Comparison of the phase diagrams shown in Fig. 1 with
the diagrams of single-domain PZT films15 also demonstrates
that the strain relaxation caused by the twinning of an epi-
taxial layer may change the polarization state of a PZT film
considerably. For instance, the orthorhombic aa phase form-
ing in single-domain films at large positive misfit strains15 is
replaced by the a1 /a2 /a1 /a2 domain structure so that the
polarization becomes oriented along the in-plane edges of
the unit cell instead of its face diagonal. At the Zr content
less than 0.4, the twinning also removes the monoclinic
phase from the �Sm, T� diagram of PZT films. However, the
prediction concerning the formation of a monoclinic state15

remains valid for PZT films with the Zr content equal or
larger than 0.4. The monoclinic r1 /r2 /r1 /r2 domain pattern is
expected to form, for instance, in thick PZT films that are
grown on SrTiO3 �Sm�−3�10−3� and have x0.5 �see Fig.
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1�e� and 1�f��. This prediction is supported by the experimen-
tal results obtained by Streiffer et al.32 for the PZT 65/35
film deposited on SrTiO3. Indeed, the twin walls observed in
this film are parallel to the crystallographic �100� or �010�
planes, as characteristic of the r1 /r2 walls, and the measured
remanent polarization is rather close to the theoretical value
calculated for PZT 60/30 film �see Fig. 2�.

The dielectric properties of epitaxial PZT films are sensi-
tive to the strain relaxation as well. The dielectric anomaly,
which is displayed by single-domain PZT films at Sm
�10−2, disappears in polydomain �twinned� films. Neverthe-
less, the out-of-plane permittivity �33 of a polydomain PZT
film may reach very large values exceeding 104. This dielec-
tric anomaly may be observed in PZT films with the

r1 /r2 /r1 /r2 domain structure in the absence of the domain-
wall pinning by crystallographic defects.
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