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The atomic interaction potential between different alloy components is encoded in the diffuse scattering
caused by configurational short-range order and lattice distortions in the disordered phase. We performed
in situ measurements of the x-ray diffuse scattering on macroscopic Ni55Pd45 and Ni25Pd75 single crystals in
the temperature range from 20 °C up to 920 °C. We describe in detail the experiments and the data analysis
where we use a formalism based on the spherical model and the Kanzaki-force concept in combination with a
simulated annealing algorithm. We demonstrate that one single measurement is sufficient to retrieve the
effective pair interaction potentials as well as thermal and elastic properties of the system. With only seven
independent and physically motivated parameters we are able to describe short-range-order correlations, lattice
distortions, and thermal parameters in a large temperature and concentration range.
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I. INTRODUCTION

Effective interaction potentials are most important quan-
tities in order to describe the structure of multicomponent
systems.1 Since local deviations of the system from the av-
erage structure are determined by the balance of the thermal
energy and the free energy of the system, detailed knowledge
of the fluctuation spectrum allows one to reconstruct the un-
derlying effective interaction potential.2,3 Diffuse x-ray and
neutron scattering measurements are ideal tools to sample
these fluctuations and their dispersion.

With the fast increase in computing resources, first-
principles calculations of the structure of alloys are now per-
formed routinely.4 A critical testbed for the resulting alloy
models is then the diffuse scattering of x rays and neutrons.5

In particular, calculated short-range-order �SRO� maps are
compared with measurements of the diffuse scattering from
the real alloy systems.6,7 On the other hand, collecting and
analyzing diffuse scattering data still remains a tedious task
despite the explosive development of x-ray sources during
the last two decades. Therefore, the number of available ex-
perimental data sets is limited. In this work we demonstrate
that new approaches based on the use of high-energy x rays8

and a reciprocal-space description of diffuse scattering9 now
enable us to determine interaction parameters of real systems
very efficiently.

Traditionally, diffuse scattering distributions have been
measured in reflection geometry with point detectors em-
ploying x rays at moderate energies �E�10 keV�.10 By us-
ing high-energy x rays �E�100 keV� from third-generation
synchrotron sources in transmission geometry and in combi-
nation with two-dimensional �2D� area detectors, we now
gain orders of magnitude in data quality and time
resolution.7,8 Similar to transmission electron microscopy the
large radius of the Ewald sphere allows one to map planes in
reciprocal space in high-energy x-ray diffraction experiments
with a single exposure. Due to the large penetration depth of

high-energy x rays, large sample volumes can be illuminated
to produce large diffuse scattering signals, even though the
underlying diffuse scattering cross section is very small.

In parallel, we have also developed a reciprocal-space de-
scription for local compositional fluctuations in a single uni-
fied model which allows one to analyze the diffuse scattering
data in terms of a few physically motivated parameters.9 In
this work we demonstrate that the parameters of this model
can be determined with high accuracy from high-energy dif-
fraction data.

The alloy system Ni-Pd is an ideal candidate for a sys-
tematic study of the temperature and concentration depen-
dence of fundamental alloy properties. Ni and Pd form a
continuous solid solution over the entire composition range
without any ordered or intermetallic phases. The large atomic
size mismatch between Ni and Pd of about 10% is indicative
of large internal strain effects with significant distortion-
induced contributions to the diffuse scattering pattern. Since
the average form factor and the contrast between Ni and Pd
are of the same order, it is possible to disentangle the chemi-
cal and strain-induced parts of the interaction potential. To
demonstrate the capabilities of the methods, we have mea-
sured and analyzed the diffuse scattering intensity distribu-
tions in Ni-Pd alloys in order to study the configurational
disorder in the system.

In Sec. II we summarize the theoretical model for the
description of the diffuse scattering. All components of the
diffuse scattering are described within a unified reciprocal-
space model using a single parameter set. The alloy system
Ni-Pd and some of its properties are then introduced in Sec.
III. After summarizing the experimental approach and a
qualitative discussion of the measured data sets in Sec. IV,
we demonstrate the full data analysis from a single diffuse
scattering pattern in Sec. V, before we discuss the final re-
sults of the data analysis for Ni55Pd45 and Ni25Pd75 in Sec.
VI, with particular emphasis on the temperature dependence
of the results. Section VII concludes with a discussion of the
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capabilities of our methods for measuring and analyzing dif-
fuse scattering patterns of binary alloys.

II. THEORY

A. Hamiltonian of binary alloys

The configuration of a binary mixture AcB1−c of A and B
atoms on a periodic lattice is described by the occupation
numbers

cn = cRn
= �1, A atom on site Rn,

0, otherwise,
� �1�

with n=1, . . . ,N �N denotes the number of lattice sites�. In
addition there are continuous degrees of freedom for the lat-
tice distortions un �see Fig. 1�a��. In the quasiharmonic
approximation,3,11 the Hamiltonian Htot��cn ,un	� can be split
into a chemical part Hch��cn	� and a strain-induced part
Hsi��cn ,un	�,

Htot��cn,un	� = Hch��cn	� + Hsi��cn,un	� . �2�

Since the lattice distortions are depending on the local
chemical environment, Hsi is a function of un and cn. In the
following we describe a model with only a few system-
dependent parameters to model the functions Hch and Hsi.

The chemical part of the Hamiltonian Hch��cn	� can be
described in the pair approximation by

Hch��ck	� = H�0� + cNVch�1� +
1

2

k

Vk
ch�2�ckck

*, �3�

with H�0� denoting the configuration-independent part and
Vch�1� the so-called injection energy of atom A into the unre-
laxed matrix. Vk

ch�2� and ck are the Fourier transforms of the
two-body mixing energy and the occupation numbers, re-
spectively. Using Eq. �3� the many-body interactions are pro-
jected onto effective two-body interaction parameters Vch�2�

which in turn become concentration dependent.
In order to develop an efficient model for the strain-

induced part of the Hamiltonian, a Kanzaki force concept is
employed.1,12 In this model the long-range distortions are
caused by Kanzaki forces �s on the s-neighbor shells s

=1,2 , . . . �see Fig. 1�b��, where the forces �1 and �2 act on
the “gray” atoms in the nearest- and next-nearest-neighbor
shells, respectively, producing via superposition the lattice
distortions depicted in Fig. 1�a�. To second order the Fourier
transform of Hsi is then described by

Hsi��ck	� = cNVsi�1� +
1

2

k

Vk
si�2�ckck

*, �4�

where Vsi�1� describes the strain-induced part of the injection
energy.3 The correctly normalized strain-induced pair inter-
action potential Vk

si�2� is given by

Vk�0
si�2� = − �k

+Gk�k +
1

N


k�0

�k
+Gk�k, �5�

with Gk the lattice Green’s function, ck the concentration
waves, and �k the Fourier transform of the Kanzaki force.
The lattice Green’s function and the Kanzaki forces used for
this work are given in the Appendix. Note that the Fourier
transform un is given by9

uk = Gk�kck. �6�

In the continuum limit the change of the lattice constant a is
related to the Kanzaki forces �S on shell s and the elastic
constants cij �Ref. 1�:

L =
1

a

�a

�c
=

1

3v0�c11 + 2c12�


Rs

Rs · �s, �7�

where v0 denotes the volume of the unit cell and Rs the
atomic positions in the interaction shell S.

B. Short-range order of binary alloys

The configurational short-range order in binary systems is
most conveniently characterized by the SRO parameters �k
which are related to the correlation function �k=c�1−c��k.
Within the spherical model approximation �k can be calcu-
lated by13

�k =
1

1 + c�1 − c��Wk
tot . �8�

For a correct normalization of the SRO parameters a La-
grangian multiplier � is introduced:14

Wk = Vk
ch�2� + Vk

si�2� + � . �9�

The parameter � must be determined numerically by inte-
grating �k over the Brillouin zone B and the boundary con-
dition 1=�000=
k�0�k. While in the past a variety of other
normalization procedures have been described in the liter-
ature,15 Eq. �9� provides highly accurate results, in particular
close to phase transformations at lower temperatures.

C. X-ray diffuse scattering

Local deviations from the average lattice caused by con-
centration fluctuations and lattice distortions give rise to dif-
fuse scattering

FIG. 1. Configuration of a binary alloy system. �a� The system is
totally described by N occupation numbers cn=cRn

and N inhomo-
geneous lattice distortions un from the ideal lattice positions Rn. �b�
The lattice distortions are modeled by shell dependent Kanzaki
forces �s.
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Adiff�q� = 

n=1

N

fn�q�eiq·�Rn+un� − f̄�q�

n=1

N

eiq·Rn, �10�

with f̄ =cfA+ �1−c�fB denoting the average x-ray form factor
and q the momentum transfer. Assuming small lattice distor-
tions un, the diffuse scattering intensity is given by

Idiff�q� � e−2Bthq2
�IDS�q� + ITDS�q�� , �11�

with the Debye-Waller factor DW=e−2Bthq2
. Here 2Bth denotes

the well-known thermal Debye parameter.16 The diffuse scat-
tering due to SRO and static lattice distortions IDS is finally
given by1–3

IDS�q� � ���cq + i f̄q · uq�2
 �12a�

� �q��f − f̄q+Gq�q�2, �12b�

where we have used the SRO parameters �q to replace the
static lattice distortions and the correlation function �k. The
thermal diffuse scattering ITDS due to lattice vibrations is
taken into account within the same formalism by

ITDS�q� � f̄2kBTq+Gqq . �13�

Note that Eq. �13� includes first-order thermal diffuse scat-
tering only �single-phonon processes�.

III. Ni-Pd ALLOY SYSTEM

Figure 2 depicts the Ni-Pd phase diagram as compiled
from various sources.17–21 Fraenkel and Stern18 found the
eutectic concentration at approximately 60 wt % palladium
which corresponds to the composition Ni55Pd45. The Ni-Pd
system forms a homogeneous solid fcc solution in the entire
concentration range without any ordered or intermetallic
phases. At low temperatures a ferromagnetic phase is formed
in a large concentration range with a Curie temperature be-
low 627 K. In measurements of the electric conductivity,22

hints for an irregular behavior near the composition Ni25Pd75
were found. Bingham and Brooks23 and Tomiska et al.24

found anomalies in heat capacity measurements close to a

temperature of 700 K and well above the Curie temperature.
These features were especially pronounced for stoichiometric
and palladium-rich alloys and explained by a loss of chemi-
cal short-range order. The vertical lines in Fig. 2 for the
eutectic compositions Ni55Pd45 and Ni25Pd75 represent the
two concentrations and the temperature range where our
measurements were performed.

In order to take full advantage of Eq. �7� for the calcula-
tion of the Kanzaki forces, �a /�c and the bulk modulus K
= 1

3 �c11+2c12� must be known. Figure 3 shows the lattice
parameters of NicPd1−c alloys compiled from data sets by
Pownceby and O’Neil25 and Bidwell and Speiser26 together
with quadratic interpolations. From these parameters the lat-
tice constants a, the parameters L= �a1+a2c� /a, and the lin-
ear thermal expansion �a /�T can be calculated for the com-
positions c=0.25 and c=0.55 used in this work �see Table I�.

Experimentally the bulk modulus K of polycrystalline
Ni-Pd samples was measured by Joshihara and McLellan27

as a function of concentration and temperature. Figure 4
shows interpolated data for c=0.55 and c=0.25 together with
linear interpolations for the temperature dependence in the
range from 350 °C to 900 °C, where we performed quanti-
tative scattering experiments.

IV. EXPERIMENTS

A. Sample preparation and characterization

Single crystals of the Ni25Pd75 and the eutectic concentra-
tion Ni55Pd45 were grown by the Bridgeman technique. The
Ni55Pd45 crystal was additionally refined by zone melting.
Using spark erosion cylindrical crystal rods with 8 mm di-
ameter were cut in slices of 1 mm thickness with the surface

FIG. 2. NicPd1−c phase diagram.

FIG. 3. Lattice parameters of NicPd1−c alloys at 25 °C �open
circles and triangles� and 900 °C �solid triangles� taken from the
literature �Refs. 25 and 26�.

TABLE I. Lattice constant a, L, and linear thermal expansion
�a /�T for c=0.25 and c=0.55.

a �25 °C� �Å� L �25 °C� �a /�T �10−5 Å K−1�

Ni25Pd75 3.822 −0.07908 5.775

Ni55Pd45 3.720 −0.1018 6.033
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normal oriented in the �100� direction. The disk-shaped
samples were polished with diamond paste �grain size 1 	m�
and subsequently etched in hydrochloric acid kept at T
=70 °C with a small amount of nitric acid. Since the experi-
ments were performed on thick bulk samples in transmission
geometry, details of the sample surface morphology are irrel-
evant. The final thickness d0 of the samples is summarized in
Table II.

Prior to the experiments the samples were annealed at
950 °C for 6 h. The crystallinity of the samples was deter-
mined by rocking scans in a 137Cs 
-diffractometer at an
energy of E=661.65 keV. The full width at half maximum
�FWHM� of the �200� Bragg reflection was determined to be
0.3° for Ni25Pd75 and 0.05° for the zone molten Ni55Pd45
sample. The concentrations deduced from the x-ray fluores-
cence analysis are listed in Table III and show good agree-
ment with the nominal values.

B. X-ray measurements

The x-ray diffuse scattering experiments were performed
at the European Synchrotron Radiation Facility �ESRF� at
the high-energy beamline ID15A. The energy of the x rays of
76.5 keV with a resolution of �E /E=2�10−3 was calibrated
at the Au K-edge at 80.7 keV.

The experimental setup used in this work is sketched in
Fig. 5. A monochromatic beam with a cross section of
0.5 mm�0.5 mm transmits a monitor diode before entering
a stationary vacuum chamber with a crystalline Si window.
The parasitic scattering from the Si window was removed by
an adjustable pinhole in front of the sample. During the ex-
periments the sample chamber was evacuated to a pressure
of 10−6 mbar in order to reduce the background from air

scattering and avoid oxidation of the sample at high tempera-
ture. Note that the small oxidation during the experiments
produces only nanometer-sized oxide layers which do not
contribute measurably to the diffuse scattering patterns. The
samples were mounted on a BN heating stage with a central
hole in order to perform in situ scattering experiments in
transmission geometry between room temperature and
1000 °C. The sample temperature was measured using a
NiCr/Ni thermocouple.

The orientation of the sample relative to the incoming
x-ray beam was adjusted by two motorized tilt angles � and
�. In addition, the sample assembly could be rotated in the
beam by 
= ±52°. The scattered intensity was recorded with
a two-dimensional online image plate reader �mar345� with
2300�2300 pixels at a pixel size of 150 	m. Using a 2-
mm-thick Al exit window enabled us to remove low-energy
fluorescence background scattering from the sample. This
setup allows us to record high-quality diffuse scattering data
with approximately 100 s counting time for each orientation
of the Ni-Pd samples. The exact sample to detector distance
D=845 mm was determined from the radii of Fe powder
rings recorded from a standard Fe powder sample. Using
high-energy x rays and a two-dimensional detector in this
configuration we could map diffuse scattering patterns up to
4.5 reciprocal lattice units from our Ni-Pd alloy crystals.

Each recorded pixel �i , j� on the 2D detector corresponds
to a distinct scattering vector q= �qx ,qy ,qz� which can be
calculated by

qx
ij = R�cos�
�
iji − sin�
��1 − 
ij��� , �14a�

qy
ij = R
ij j , �14b�

qz
ij = R�sin�
�
iji + cos�
��1 − 
ij��� , �14c�

R =
a

�
, � =

D

�
, 
ij = ��2 + i2 + j2�−1/2. �14d�

� denotes the pixel size, a the lattice constant, � the x-ray
wavelength, and i , j the pixel coordinates on the detector
relative to the point were the primary beam hits the detector.
Due to the short x-ray wavelength ��a, the qx and qy com-
ponents are almost straight lines, which allows a straightfor-
ward qualitative interpretation of the diffraction pattern. Fig-
ure 6 shows the indexation diagram for the sample
orientation 
=0 and the �001� sample surface normal paral-
lel to the incoming beam. For this orientation the concentric
lines denote lines of constant l in reciprocal space, while the
slightly distorted mesh depicts the in-plane indices h and k in
the �h ,k� plane.

In situ scattering experiments were performed at different

TABLE III. Results of the chemical analysis �XRF�.

Mass % Ni Mass % Pd at. % Ni at. % Pd

Ni55Pd45 39.85±0.20 59.99±0.30 54.7 45.3

Ni25Pd75 15.61±0.07 84.55±0.40 25.0 75.0

FIG. 4. Bulk modulus K of Ni55Pd45 �solid circles� and Ni25Pd75

�open circles� alloys for various temperatures extracted from Yoshi-
hara and McLellan �Ref. 27� and linear interpolation �straight lines�.

TABLE II. Thickness d0, transmission T, and optimal thickness
dopt calculated for the x-ray energy E=76.5 keV. The effective
thickness def f has been determined using Eq. �15�.

d0 dopt def f ��=0� T

Ni25Pd75 420 	m 358 	m 130 	m 0.31

Ni55Pd45 480 	m 484 	m 180 	m 0.37
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temperatures between room temperature and 920 °C. Due to
the large dynamic range of the x-ray diffuse scattering, the
intensity patterns were determined with two exposures,
where during the second exposure additional Pb absorbers
were mounted on the image plate near the positions where
large intensities occur. Combining the data sets measured
with and without the Pb absorbers results in diffuse scatter-
ing maps with superior statistics over the entire intensity
range.

In addition we have explored the diffuse scattering distri-
bution in 3D reciprocal space at room temperature by record-
ing individual scattering patterns while rotating the samples
around 
 in steps of �
=1°. A qualitative analysis con-
firmed that the most prominent diffuse scattering features
appear in high-symmetry planes.

Figure 7 shows experimentally measured scattering pat-

terns with the �100� sample surface normal �
=0° � oriented
along the incident beam. At high temperatures �right� the
intensity distribution is dominated by thermal diffuse scatter-
ing �TDS� which is mainly concentrated around the positions
of bulk Bragg reflections and along the �1,1,0	 soft-phonon
high-symmetry directions. At room temperature, where the
TDS is strongly reduced, diffuse peaks at the superstructure
positions �110	 and �310	 are clearly visible. In addition, pro-
nounced shoulders appear on the low-q side of bulk Bragg
reflections along h and k directions.

FIG. 5. �Color� Setup for the high-energy x-ray scattering ex-
periments in Laue geometry.

FIG. 6. Indexation diagram for the Ni55Pd45 sample and the
setup used in this work �lattice constant a=3.72 Å, x-ray energy
E=76.5 keV, detector distance D=845 mm�. The sample orienta-
tion is 
=0.

FIG. 7. �Color� Diffuse x-ray intensities from Ni55Pd45 �upper row� and Ni25Pd75 �lower row� alloys at room temperature �left column�,
410 °C �center column�, and 850 °C �right column�.
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Figure 8 shows in more detail symmetry-averaged
line scans through the prominent diffuse scattering features
in Fig. 7. The diffuse scattering maximum centered at
�1,1,0.044� and its temperature dependence are displayed in
Fig. 8�b� along the line (1+h ,1−h , l�h�). At higher tempera-
tures the peak is decreasing and buried by the increasing
TDS. The temperature dependence of the pronounced shoul-
der at h=1.4, close to the �200� Bragg reflection, is shown in
Fig. 8�c� along the line (h ,0 , l�h�). Since the diffraction pat-
tern is recorded on a curved Ewald sphere with l�0 except
for the origin, the scattered intensity does not directly inter-
sect the fcc Bragg peaks. The TDS streaks along the high-
symmetry directions emanating from the Bragg reflections
appear as split asymmetric peaks around the positions �h
=2,0 ,0.087� and �h=4,0 ,0.35�.

The principal features in the diffuse scattering patterns for
both concentrations are very similar. This is shown in Fig. 9
where the line scans along (h ,0 , l�h�) are shown for both
concentrations at room temperature.

After each temperature change, the scattered intensity was
monitored to determine when the system equilibrated. Be-
cause the diffusion of Ni and Pd atoms is strongly tempera-
ture dependent, it is the rate limiting process for configura-
tional changes in the alloy samples and prevents equilibrium
states from being reached at low temperatures. In order to
estimate the temperature where the samples did not reach

equilibrium at time scales accessible in in situ synchrotron
radiation experiments, we have monitored the diffuse super-
structure intensities as a function of temperature. Figure 10
shows the integrated intensity of the diffuse scattering maxi-
mum centered at �1,1,0.045� for the two different samples.
Surprisingly, a sharp kink with a distinct change in slope is
clearly visible for Ni55Pd45 at 350 °C with the diffuse scat-
tering remaining almost constant below this temperature.
Since the diffuse scattering peak centered at �1,1,0.045� is a
clear signature of ordering fluctuations in the system, the
chemical SRO appears to be frozen below T=350 °C which
is very close to the magnetic phase transformation. This be-
havior suggests that the chemical and magnetic structures are
intimately related in the Ni-Pd system. The kink at 350 °C is
weaker for Ni25Pd75 but still present. Since the origin of this
phenomenon is presently unclear, we have limited the quan-
titative analysis of the diffuse scattering patterns to tempera-
tures above 350 °C.

V. DATA ANALYSIS

A. Raw data correction

The raw intensity patterns were first scaled to the intensity
of the incident beam recorded by the diode. Subsequently,
background intensity patterns measured without a sample in

FIG. 8. �Color� Line scans of the diffuse intensity of Ni55Pd45

along �b� the �1+h ,1−h , l�h�
 and �c� the �h ,0 , l�h�
 direction as a
function of temperature T. The temperatures are indicated on the
scale bar �a�. The inset in �c� sketches the line scan in the �h ,0 , l�
plane.

FIG. 9. Diffuse x-ray intensity from Ni55Pd45 �solid line� and
Ni25Pd75 �dashed line� along �h ,0 , l�h�� at room temperature.

FIG. 10. Integrated intensity of the diffuse �110	 superlattice
peak for Ni55Pd45 �solid circles� and Ni25Pd75 �open circles�.
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the beam were subtracted from the raw images. In the next
step the intensity patterns were corrected for absorption ef-
fects. This is taken into account by the effective sample
thickness def f, which depends on the scattering angle 2�,

def f = d0e−	d0
�e	d0�1−1/�
ij� − 1�
	d0�1 − 1/�
ij�

, �15�

with 	 denoting the absorption coefficient. The highest in-
tensity can be achieved for a scattering angle of 2�=0 at an
optimum sample thickness of dopt=	−1. For the samples used
in this work the sample thicknesses d, dopt, and def f and the
transmission at the actual sample thickness T are summa-
rized in Table II. The measured intensity patterns were fi-
nally normalized to the optimum sample thickness dopt.

For a quantitative analysis of the diffuse scattering pat-
terns several geometrical correction factors have to be taken
into account. The first correction takes into account the dif-
ferent solid angles ��ij recorded at each detector pixel co-
ordinate i , j. The corresponding solid angle can be calculated
by integrating the angular range ��2� ,��� covered by each
detector pixel. In spherical coordinates ��ij is given by

�2� =
� cos2 2�

D
, �16a�

�� =
� cos 2�

sin 2�D
, �16b�

��ij � �5
ij
3 . �16c�

The second geometrical correction factor is induced by linear
polarization of the synchrotron radiation in the horizontal
plane. The corresponding correction factor in sperical coor-
dinates is given by

P = sin2 � + cos2 � cos2 2� . �17�

All the correction factors are very small owing to the high
energy of the x-ray beam, which keeps the scattered intensity
in a narrow angular range in the forward direction. Applying
all the correction factors alters a measured intensity map by
less than 4% across the entire image. Thus, just the raw
diffuse scattering patterns give an excellent qualitative pic-
ture of the scattering cross section in reciprocal space.

B. Fitting procedure

For a quantitative comparison of the measured intensity
distribution Iexp with the calculated intensities Ical a cost
function � has to be defined. Since the dynamic range of the
measured diffuse scattering patterns exceeds two orders of
magnitude, we have applied logarithmic scaling to the data.
The overall cost function is then given by

� = ���2
 − ��
2 with �ij = ln
Iij

cal

Iij
exp . �18�

The data evaluation process can be divided in two steps.
In the first step, a diffuse scattering pattern is calculated us-
ing the reciprocal-space formalism introduced in Sec. II and

input parameters characterizing the specific alloy under con-
sideration. In order to reproduce the measured diffuse scat-
tering patterns, we have used nine independent physical pa-
rameters according to the model described in Sec. II.

�i� Three chemical interaction pair parameters Vs
ch�2�.

�ii� One free coefficient � for the ratio of the modulus of
the Kanzaki forces in the first two neighboring shells; the
two Kanzaki force parameters are then determined by the
boundary condition defined in Eq. �7� �see the Appendix�.

�iii� Two ratios of the elastic constants c12/c11 and c44/c11;
the absolute values of c11, c12, and c44 were then fixed by the
bulk modulus K �see Fig. 4�.

�iv� One thermal Debye parameter Bth for calculation of
the thermal Debye-Waller factor DW.

�v� Two parameters for an additional smooth background
of parabolic shape.

This allows us to calculate the correlation function �k via
the correctly normalized interaction parameters Vk including
chemical and strain-induced components. The same set of
parameters is used to calculate the distortion-induced part of
the diffuse scattering pattern as well as the thermal diffuse
scattering. In the second step a fitting routine is used to refine
the independent model parameters of the alloy in order to
reproduce the measured intensity distribution. For this pur-
pose we have employed the adaptive simulated annealing
�ASA� algorithm developed by Ingber.28 Since the experi-
mentally measured intensity maps contain redundant infor-
mation due to the symmetry of the pattern, symmetry-
averaged data sets have been used in the fitting procedure.

The use of a physically motivated model �see Sec. II�
allows us to reduce the number of free fitting parameters by
taking into account additional information, such as the de-
rivative of the lattice constant a with respect to the alloy
concentration c, which is related to the Kanzaki coefficients
via Eq. �7� and the bulk modulus K= 1

3 �c11+2c12�. This al-
lows us to fix the absolute value of the elastic constants,
which is especially important at high temperatures, where the
scattered intensity is proportional to cij

−1 for vanishing �q.

C. Pattern analysis

By way of example we show the fitting results for
Ni55Pd45 at the experimentally measured temperatures
410 °C and 900 °C. The pattern recorded at 410 °C is domi-
nated by SRO and static lattice distortions, while the diffuse
scattering pattern recorded at 900 °C is mainly caused by
dynamic effects �TDS�. The data points around the Bragg
peaks �black� were not used for fitting in order to enhance
sensitivity to the combined diffuse scattering from configu-
rational SRO and distortion-induced scattering. Figure 11
shows that for both low and high temperatures, the calcu-
lated Ical and measured Iexp intensities agree very well. This
is a clear demonstration that the alloy model developed in
Sec. II is capable of reproducing equally well configurational
SRO, static, and dynamic lattice distortions by a single uni-
fied description.

Using the parameters determined in the fitting process the
diffraction pattern can be calculated taking into account only
the contribution of a certain part of Eq. �11�. This serves as a
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tool to identify the source of individual components of the
diffuse scattering. Figure 12 shows the calculated intensity
contributions from thermal diffuse scattering TDS �left�, dis-
tortion scattering �middle�, and configurational SRO �left�.
The calculation was performed using all the parameters re-
producing the experimental conditions and corresponds to a
spherical cut through reciprocal space on the Ewald sphere.
The individual components have been calculated by setting

�f =0 or f̄ =0, respectively.
Experimentally measured and calculated intensity patterns

can now be compared and analyzed quantitatively. Figure 13
shows line scans along different directions in reciprocal
space. The principal features of the diffuse scattering inten-

sity distribution are very well reproduced. The unified
description of the entire scattering pattern in a closed
reciprocal-space formalism enables us to identify the origin
of individual features. The diffuse scattering maxima located
at �1,1 , l	 and �3,1 , l	 positions are caused by configura-
tional SRO, while the pronounced shoulders on the low-q
side of the �2,0,0� and �4,0,0� Bragg reflections are induced
by static lattice distortions due to the size mismatch between
Ni and Pd. The strongly peaking intensities close to the
Bragg reflections are due to TDS.

In order to check the uniqueness of the results obtained by
the procedure described above we have performed many
tests of varying the total number of independent model pa-
rameters and starting values. Starting values were chosen
within a range of one order of magnitude around the final
values in order to check the stability of the results. By way of
example, Fig. 14 shows the evolution of the chemical inter-
action parameter V1 in the ASA process for ten independent
runs using different starting values. Independent of the start-
ing values, V2 converges always to the same final value. The
same excellent convergence is found for all of the other fit-
ting parameters. This test provides strong evidence for the
existence of a unique global minimum for this problem
which can be found reproducibly by the ASA algorithm. Fur-
ther tests, expanding and reducing the number of free model
parameters, have been performed in order to confirm that the
optimum number of independent model parameters have
been chosen. The error bars for the individual model param-
eters were determined from many independent fitting cycles
and define the lower boundary for error bars of the model
parameters. Additional systematic errors are introduced by
input parameters such as the bulk modulus K or experimental
errors.

The model parameters were determined from experimen-
tal data recorded in a single high-symmetry pattern with the
�100� axis parallel to the incident beam �
=0�. For Ni55Pd45

we have recorded additional diffuse scattering patterns for a
series of angles −45° �
�45° with �
=1° at room tem-
perature. In Fig. 15 the measured room-temperature diffuse
scattering pattern �top� in �110� orientation is compared with
a calculated intensity map �bottom� using the fitting param-
eters �VS ,� ,cij ,a ,b� obtained from the �100� diffuse scatter-
ing pattern measured at 350 °C, which is the temperature
where the SRO is kinetically frozen. Although we did not use
experimental data from the �110� orientation for the determi-
nation of the interaction parameters, all the important fea-
tures of the diffuse intensity distribution coincide very well
in the experimental and the calculated pattern. This surpris-
ing result originates from the fact that the two-dimensional
diffuse scattering pattern was not recorded on a plane in

FIG. 11. �Color� Comparison of the calculated �cal� and the
experimentally recorded �exp� diffraction pattern from Ni55Pd45 at
410 °C �top� and 900 °C �bottom�. The differences �ij calculated
according to Eq. �18� are magnified in the upper left part of each
pattern. Black areas have been masked and were not used for fitting.

FIG. 12. �Color� Components of the diffuse
scattering from Ni55Pd45 at 410 °C: TDS �left�,
distortion scattering �middle�, and configurational
SRO �left�.
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reciprocal space but on a sphere cutting through reciprocal
space. The sphere cuts neighboring Brillouin zones in recip-
rocal space at different values of l �see Eq. �14��. In this way,
a single 2D data set contains 3D information which can be
extracted with a suitable model such as the physically moti-
vated reciprocal-space model introduced in Sec. II.

Using the procedures described above, we have analyzed
a total of 23 experimentally measured data sets for Ni55Pd45
and Ni25Pd75 for a temperature range of 350 °C�T
�920°C. In this temperature region the sample could be
equilibrated on time scales accessible to in situ x-ray scatter-
ing experiments at synchrotron radiation facilities.

VI. RESULTS

The analysis of the diffuse scattering patterns has been
performed completely independent for each temperature. In

the following we discuss the resulting model parameters and
their temperature dependence for both Ni55Pd45 and
Ni25Pd75.

Figure 16 shows the chemical pair interaction parameters
VS as a function of temperature T. Although the diffuse in-
tensity patterns change significantly from low to high tem-
perature �see Fig. 7�, the resulting chemical interaction pa-

FIG. 13. Comparison of the calculated diffuse scattering inten-
sities along selected lines in reciprocal space with measured data at
T=410 °C for Ni55Pd45.

FIG. 14. �Color� Evolution of the chemical pair interaction pa-
rameter V1 for different starting values in ten different ASA runs.

FIG. 15. �Color� Comparison of the calculated �top� and the
experimental �bottom� diffuse scattering pattern from Ni55Pd45 at
25 °C in the �110� orientation.
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rameters VS vary only slightly. Since we have employed an
effective interaction model, the resulting model parameters
are expected to be temperature and concentration dependent.
The weak temperature dependence originates mainly from
the thermal lattice expansion, which produces smaller effec-
tive interaction parameters for higher temperatures due to the
larger distance between the atoms interacting with each
other. The effect is slightly more pronounced in the case of
Ni55Pd45 than for Ni25Pd75.

The chemical interaction is short ranged and oscillatory
with a positive nearest-neighbor interaction and a negative
second-nearest-neighbor interaction. This clearly confirms
the existence of ordering fluctuations in the system as it is
manifested in the diffuse scattering maxima at �1,1,0	 and
�3,1,0	 positions. Adding additional chemical interaction pa-
rameters to the model confirms that longer-ranged chemical
interactions are insignificant and do not improve the quality
of the fit. The main difference for both temperature series is
found in the concentration dependence of the effective inter-
action parameters. The significant difference for the two con-
centrations is caused by many-body effects which are not yet
explicitly included in our model. In the current model higher-
order terms in the cluster expansion are projected onto
concentration-dependent effective two-body interactions.
The comparison of calculated phonon dispersion rela-
tions29,30 with experimental data from Kamitakahara and
Brockhouse31 also demonstrates that many-body interactions
play an important role in the Ni-Pd alloy system.

The long-range tail of the interaction parameters is gov-
erned by the contribution from the strain-induced interac-
tions. The strain-induced interactions are determined by the
elastic constants and the Kanzaki forces, which are related by
Eq. �7�. Employing the bulk modulus K, only three indepen-
dent fit parameters are left in order to describe the strain-
induced properties of our samples: �, c12/c11, and c44/c11.
Figure 17 shows the elastic constants c11, c12, and c44 for
Ni55Pd45 and Ni25Pd75 determined from the fitting param-
eters. Analogous to the chemical interaction parameters, the
values at different temperatures and different concentrations
were determined completely independent from each other
using separate experimental data sets. The elastic constants
of both alloys display a monotonic decrease with tempera-

ture for both concentrations, similar to the pure elements Ni
and Pd. The elastic constants determined from the diffuse
scattering patterns can be directly compared with values ex-
tracted by independent experimental techniques, such as
speed-of-sound measurements or inelastic neutron scattering.
Unfortunately, for Ni-Pd alloys experimental data are not
available in the literature. For comparison we show the re-
sults of calculations by Upadhyaya et al.29 for Ni55Pd45 at
room temperature �symbols with dashed lines in the left
panel of Fig. 17�. We found excellent agreement for all three
elastic constants.

Using the values for the elastic constants displayed in Fig.
17 and Eq. �7� the Kanzaki force parameters �1 and �2 can
be determined from the fit results as a function of tempera-
ture for both concentrations �see Fig. 18�. The Kanzaki force
in the first shell, �1, shows the same temperature trend for
both concentrations with a difference mainly in the magni-
tude. The absolute value of the Kanzaki force parameters in

FIG. 16. Chemical pair interaction parameters V1 �circles�, V2

�triangles�, and V3 �squares� obtained from fitting for the diffuse
scattering patterns from Ni55Pd45 �left� and Ni25Pd75 �right�. The
lines are a guide for the eye.

FIG. 17. Temperature-dependent elastic constants c11 �circles�,
c12 �triangles�, and c44 �squares� for Ni55Pd45 �left� and Ni25Pd75

�right�. The lines are a guide for the eye. Calclated room-temper-
ature �RT� values are shown in the left panel for comparison �Ref.
29�.

FIG. 18. Temperature dependence of the modulus of the Kan-
zaki forces �1 and �2 �circles� for Ni55Pd45 �solid symbols� and
Ni25Pd75 �open symbols�. The lines are a guide for the eye.
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the second shell, �2, is generally an order of magnitude
smaller than �1. This demonstrates that the forces decay rap-
idly, providing a very compact description of the effects of
the size mismatch.

The results for the chemical interaction parameters, the
Kanzaki forces, and the elastic constants can now be com-
bined to calculate the chemical, the strain-induced, and the
total interaction potential Vk

tot. Figure 19 shows the effective
interaction parameters in reciprocal space in a reduced Bril-
louin zone scheme along high-symmetry directions for both
concentrations at a temperature of 410 °C. Although both
plots exhibit differences in detail, the principal features are
very similar. The chemical interactions assume their mini-
mum values at finite wave vectors within the Brillouin zone.
This indicates an ordering tendency in the Ni-Pd system. The
strain-induced interactions display the opposite behavior
with the minimum value at the � point indicating a tendency
towards phase separation. The sum of both interactions,
which constitutes the total effective interaction, is then re-
flecting the competition between ordering and phase separa-
tion. The minimum of Vk

tot lies within the Brillouin zone at
kmin= �1,0 ,0�, while it is very shallow due to the compen-
sating effect of the strain-induced interaction. This may point
to the existence of an ordered ground state, which cannot be
reached in the experiment since the system is kinetically fro-
zen at temperatures well above the phase transition tempera-
ture. On the other hand, the analysis does not allow one to
determine the full Hamiltonian as given by Eq. �3� including
H�0� and Vch�1�. The large size mismatch is also producing a
pronounced nonanalyticity of Vk

si at the � point, reflecting the
elastic anisotropy of the system. Since the chemical interac-
tion exhibits a pronounced maximum in the �-point region,

the phase-separating strain-induced interactions are over-
compensated.

All the features of the interactions discussed above are
encoded in the diffuse scattering pattern via Eq. �8�, which
relates the effective interaction potentials in k space, Vk

tot,
with the SRO parameters �k. In general, large values of Vk

tot

correspond to low diffuse scattering intensities. The mini-
mum of Vk

tot produces the peak �1,1,0.045� in the measured
diffuse intensity distribution in Fig. 7. Due to the maximum
of Vk

tot at the � point, the nonanalyticity caused by the strain-
induced part Vk

si of the interactions is not reflected by a cor-
respondingly nonanalytic diffuse scattering pattern �see Fig.
7�. This contrasts with the behavior of alloy systems with a
stronger tendency towards phase separation and a large size
mismatch, such as Cu-Mn �Ref. 8� or Au-Ni �Ref. 7�.

We have also calculated the effective real-space interac-
tion parameters VR

tot, which is the more conventional repre-
sentation of the interaction parameters, using the relation

VR
tot = N−1 


k�B
Vk

toteik·R. �19�

By way of example we show in Fig. 20 the result for
Ni55Pd45 and Ni25Pd75 at 410 °C. Starting with a positive
nearest-neighbor interaction V�1,1,0�

tot , the interaction param-
eters display an oscillatory behavior which is typical for sys-
tems with an ordering tendency. The effective interaction po-
tential is very similar for both concentrations with the main
difference in the nearest-neighbor interaction V1

tot. The long-
range tail of the total interactions, which is magnified in the

FIG. 19. Effective interaction parameters Vk
tot �solid line�, Vk

ch

�dashed line�, and Vk
si �dotted line� in reciprocal space for Ni55Pd45

�top� and Ni25Pd75 �bottom� at 410 °C.
FIG. 20. Effective real-space interaction parameters VR

tot

�squares�, VR
ch �circles�, and VR

si �triangles� for Ni55Pd45 �top� and
Ni25Pd75 �bottom� at 410 °C. The insets magnify the long-range tail
of the strain-induced interactions.
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insets of Fig. 20, is entirely determined by the elastic prop-
erties of the system. Due to the nonanalyticity of the strain-
induced interactions Vk

si, the total interaction potential VR
tot

does not converge in real space, producing a large set of
small, but nonvanishing interaction parameters. By employ-
ing the Kanzaki force formalism in reciprocal space this tail
can be fully described by two Kanzaki coefficients with only
the ratio between the Kanzaki force parameters as a free
model parameter. The procedure introduced in this work for
the analysis of diffuse scattering data from fcc systems dem-
onstrates that the k-space approach in combination with a
physically motivated interaction model provides a powerful
description of binary alloy systems. The values of the inter-
action energies deduced from our analysis are in good agree-
ment with results from ab initio calculations by Paudyal and
Mookerjee.32 In this work the effective nearest-neighbor pair
energy was found to be 70.2 meV for Ni50Pd50. In addition,
their interaction parameters exhibit oscillatory behavior.
From the topology of the effective total k-space interactions,
it is possible to estimate the �coherent� spinodal temperature

T0 � −
c�1 − c�

kB
min
k�B

Vk
tot, �20�

where the system undergoes a phase transition from the dis-
ordered high-temperature state into a structure characterized
by kmin. Using the parameters determined at 410 °C we can
estimate T0 for the systems Ni55Pd45 and Ni25Pd75 and find
180 °C and 50 °C, respectively. Both temperatures fall into
a regime where the systems are kinetically frozen.

The last model parameter which can be determined di-
rectly from the experimentally measured diffuse scattering
patterns is the thermal Debye parameter 2Bth. Figure 21 dis-
plays the Debye parameter which exhibits an almost linear
increase as a function of temperature. The Debye tempera-
ture �D can then be determined from a fit of the thermal
Debye parameter 2Bth �lines in Fig. 21�.16 We find �D
=285 K for Ni55Pd45 and �D=275 K for Ni25Pd75, respec-
tively. As expected the Debye temperature is larger for the
alloy with the higher concentration of heavier Pd atoms. The

value for Ni55Pd45 can be compared with the value of �D
=335 K found by Upadhyaya et al.29

VII. DISCUSSION

Employing our scheme for evaluating diffuse scattering
data we have successfully extracted effective interaction po-
tentials as well as thermal and elastic properties for the alloy
system Ni-Pd. We have derived a consistent set of param-
eters such as the thermal Debye parameters, the elastic con-
stants, and the Kanzaki forces induced by the size mismatch
between Ni and Pd. Our results can be compared with results
from earlier diffuse x-ray scattering experiments by Lin and
Spruiell on quenched Ni1−cPdc samples33 performed at a Cu
K� source, where the individual components of the diffuse
scattering were analyzed by a linear separation technique
�see Fig. 22�. While we find qualitative agreement in the
principal features of the diffuse intensity distributions, it is
not possible to compare the results more quantitavely as the
samples used by Lin and Spruiell have not been measured in
an equilibrium state. In addition, the large value �000
=1.533 in their analysis indicates that the data set is not
consistent. Table IV lists our results for the real-space SRO

FIG. 21. Temperature dependence of the thermal Debye param-
eter 2Bth for Ni55Pd45 �solid circles� and Ni25Pd75 �open circles�.
The lines are calculated using Debye temperatures of �D=285 K
and �D=275 K, respectively.

FIG. 22. Diffuse diffraction pattern of �a� Ni50Pd50 and �b�
Ni25Pd75 at room temperature taken from Lin and Spruiell �Ref. 33�.
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parameters for Ni50Pd50 and Ni25Pd75 at two temperatures
together with earlier results for Ni50Pd50.

33

The positive value of the nearest-neighbor effective pair
interaction parameter and the location of the absolute mini-
mum of Vk

tot at k�0 �see Fig. 19� clearly indicates dominat-
ing ordering fluctuations in the Ni-Pd alloy system. Since it
is not possible to determine the full Hamiltonian including
the dispersion-free interaction parameters H�0� and Vch�1�

from diffuse scattering maps �see Eq. �3��, the phase stability
cannot be further evaluated at this point.5 Recent first-
principles calculations34 have shown that the tendency to-
wards phase separation, indicated by a positive formation
enthalpy in the Ni-Pd system, is explained by only a small
reduction of the size mismatch by relativistic effects as com-
pared to 3d-5d compounds such as Ni-Pt.

In this work we have combined an experimental technique
with methods for quantitative data analysis. The biggest ad-
vantage of the high-energy transmission measurement of dif-
fuse intensity distributions is that the resulting data sets are
intrinsically consistent. One of the major problems of con-
ventional experimental strategies employing point detectors
and reflection geometry with lower-energy x rays is that the
experimental conditions are often not stable over the time
scales required for diffuse scattering measurements. In addi-
tion a number of significant corrections are necessary to pro-
duce data sets normalized in absolute units which are self-
consistent.

These problems do not arise in high-energy transmission

measurements. All data points are measured with the same
primary beam from the same sample volume at the same
time. Therefore, it is not necessarry to normalize the mea-
sured data sets in absolute units in order to retrieve interac-
tion energies which are self-consistent. Another important
point is that the measurement of a single 2D diffuse scatter-
ing pattern in a single orientation allows us to retrieve 3D
information due to the residual curvature of the Ewald
sphere. Prior to working with single diffuse scattering pat-
terns for the analysis described in this work, it is therefore
mandatory to exploit reciprocal space especially in the high-
symmetry planes in order to chose a plane containing the
relevant information.

X-ray energies of approximately 100 keV are an ideal
probe for most alloy samples. On the other hand, the high
energy of the primary beam does not allow one to tune the
x-ray energy such as to exploit the anomalous dispersion of
the form factors. It is, therefore, not possible to change the
ratio between TDS, SRO scattering, and distortion-induced
scattering. This has been successfully achieved by the so-
called 3� method for the determination of individual atomic
displacements.35,36

The results of this work demonstrate that high-quality dif-
fuse scattering data sets can be quantitatively measured on
drastically reduced time scales. This enables us to investigate
entire phase diagrams as a function of concentration and
temperature.

TABLE IV. SRO parameters �hkl for Ni55Pd45 and Ni55Pd45 at two different temperatures. For comparison
the results from Lin and Spruiell �Ref. 33� are listed.

Ni25Pd75 Ni55Pd45 Lin71

h k l 410 °C 790 °C 410 °C 780 °C 25 °C

0 0 0 1.0000 1.0000 1.0000 1.0000 1.533

1 1 0 −0.0250 −0.0202 −0.0643 −0.0478 0.005

2 0 0 0.0574 0.0299 0.0954 0.0545 0.184

2 1 1 −0.0231 −0.0070 −0.0259 −0.0104 −0.069

2 2 0 −0.0024 −0.0074 0.0042 −0.0042 −0.012

3 1 0 0.0107 0.0067 0.0117 0.0070 0.021

2 2 2 −0.0043 −0.0023 −0.0011 −0.0016 −0.030

3 2 1 −0.0015 −0.0012 −0.0013 −0.0009 −0.010

4 0 0 0.0044 0.0012 0.0064 0.0014 0.013

3 3 0 0.0004 −0.0026 0.0004 −0.0022 −0.005

4 1 1 −0.0002 0.0017 −0.0029 0.0007 −0.006

4 2 0 0.0020 0.0015 0.0026 0.0015 −0.009

3 3 2 −0.0004 −0.0009 −0.0006 −0.0008 −0.005

4 2 2 −0.0004 −0.0004 −0.0003 −0.0003 −0.003

4 3 1 −0.0006 −0.0005 −0.0010 −0.0005 −0.002

5 1 0 0.0006 0.0007 0.0012 0.0007

5 2 1 0.0003 0.0006 0.0003 0.0005

4 4 0 −0.0005 −0.0010 −0.0006 −0.0008 −0.015

4 3 3 −0.0004 −0.0005 −0.0006 −0.0004 0.000

5 3 0 0.0004 0.0003 0.0006 0.0003

4 4 2 −0.0005 −0.0004 −0.0007 −0.0004 0.007
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APPENDIX: GREEN’S TENSOR AND KANZAKI FORCES

The components of the Green’s tensor can be represented
as3

Gk
ij = 


�=1

3
e�k

i e�k
j*

m
�k
2 �k � 0� , �A1�

where m is the mass of a host atom, 
�k is a frequency of the
vibration mode ��k�, and e�k the polarization vector of the
branch �. The dispersion 
�k for the high-symmetry direc-
tions in reciprocal space can be determined, e.g., by inelastic
neutron diffraction. Then the Green’s tensor can be described
in terms of the Born–von-Karman constants derived from a
model of the lattice dynamics. In its simplest form1 Gk
=Ak

−1 is represented in terms of the elastic constants cij. The
individual components are then given by

Ak
xx = ac11�2 − cos

a

2
kx�cos

a

2
ky + cos

a

2
kz��

+ a�2c44 − c11��1 − cos
a

2
ky cos

a

2
kz� ,

Ak
xy = a�c12 + c44�sin

a

2
kx sin

a

2
ky . �A2�

The other components of the Green’s tensor can be deduced
from Eq. �A2� by cyclic permutation. The Fourier compo-
nents of the Kanzaki forces are given by

�k = ak
�1��1 + ak

�2��2, �A3�

with the geometry factors

ak
�1� = 2�2�

sin
a

2
kx�cos

a

2
ky + cos

a

2
kz�

sin
a

2
ky�cos

a

2
kz + cos

a

2
kx�

sin
a

2
kz�cos

a

2
kx + cos

a

2
ky�� , �A4a�

ak
�2� = 2�sin akx

sin aky

sin akz
� . �A4b�

The moduli of the Kanzaki forces �i in the first two coordi-
nation shells are given by �see Fig. 18�

�1 =
La2�c11 + 2c12�

8��2 + ��
, �A5a�

�2 = �1� , �A5b�

where �=�2 /�1 denotes the constant used for fitting the
ratio of the Kanzaki coefficients.
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