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Explosive crystallization in the presence of melting
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An experimental investigation of explosive crystallization �EC� of thin amorphous Ge films deposited on a
solid substrate is performed, and a theory of EC front propagation accompanied by melting in a class of films
that includes Ge films is developed. The experiments show that the propagation of a planar EC front is possible
for a certain range of substrate temperatures and film thicknesses. It is found that for substrate temperatures
larger than a certain threshold, the macroscopically planar front leaves behind a columnar microstructure in the
crystal. The theory of EC front propagation is based on the experimental observation that the propagating front
exhibits a thin layer of Ge melt between the amorphous and crystalline phases. A uniformly propagating planar
front solution is determined, whose propagation speed is found as a function of the substrate temperature and
the heat loss parameter that, in turn, depends on the film thickness. A linear stability analysis of the uniformly
propagating EC front with a melting layer is performed. It is found that in a certain interval of substrate
temperatures the EC front undergoes a monotonic morphological instability with a preferred wave number that
explains the formation of the columnar structures observed in experiments. We also perform a nonlinear
analysis describing the evolution of the morphological instability. The interval of substrate temperatures for
which the instability is observed, as well as the wavelength of the columnar structure, are found to be in good
agreement with experimental observations.
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I. INTRODUCTION

Laser processing of thin amorphous semiconductor films
of Si and Ge deposited on insulator substrates �glass, quartz,
etc.� is important for fabricating, e.g., solar cells, flat panel
displays, and infrared detectors. This process has recently
received renewed attention.1–4 During the processing, an
amorphous film �formed on the substrate by rapid vapor
cooling� is transformed into a crystalline film. One of the
principal mechanisms of this transformation is explosive
crystallization �EC�5 which usually occurs as a self-
propagating front of phase transformation from an amor-
phous to a crystalline phase driven by the large heat release
accompanying the phase transition. A better understanding of
underlying physics of explosive crystallization may enable
efficient creation of ultralarge crystalline films deposited on
the insulating substrates and improvements in crystal quality.
Geiler has classified four types of explosive crystallization:
explosive solid-phase nucleation, explosive solid-phase epi-
taxy, explosive liquid-phase nucleation, and explosive liquid-
phase epitaxy �ELPE�.6 Two of these types are characterized
by a liquid zone that mediates the phase change phenom-
enon. One of these types, specifically ELPE, is of particular
interest here. When the front in a thin film exhibits a narrow
melt zone between the amorphous and crystalline phases,
extremely large crystallization velocities and crystallization
distances can be achieved. This regime is typical of materials
with large differences between the crystalline and amorphous
melting temperatures and enthalpies. During explosive crys-
tallization of such materials, the heat released due to crystal-
lization of the melt induces melting of the adjacent amor-
phous phase. This leads to the self-sustained propagation of
the two phase transition fronts, the melt-crystal and

amorphous-melt fronts �see Fig. 1�, moving with the same
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speed with a constant distance between them. That is, propa-
gation is driven by the heat released in crystallization which
diffuses into the melt and amorphous regions, raising their
temperature to a value sufficiently high to melt the adjacent
amorphous layer. Crystallization of the undercooled melt is
again initiated and the process repeats. This process can con-
tinue over very large distances.

Typical frontal propagation speeds are about 10 m/s. The
thickness of the mediating liquid layer estimated by atomis-
tic computer simulations ranges from 27 to 117 Å, depend-

FIG. 1. �Color online� Schematic representation of explosive

crystallization in the ELPE mode.
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ing on heat loss.9 Experimental electrical conductivity calcu-
lations on 3 micron thick germanium film estimate the liquid
layer to be less than 10 nm thick.7 The self-sustaining nature
of explosive crystallization is dependent upon heat conduc-
tion losses to the substrate. Explosive crystallization will
continue as long as the latent heat released upon crystalliza-
tion exceeds the heat losses from the sample, by an amount
sufficient to melt the adjacent amorphous solid. The two
competing factors, heat release and heat loss, result in vari-
able crystal growth characteristics that can yield different
crystal morphologies. Investigation of the effects of heat loss
during explosive crystallization revealed three distinct mor-
phological regimes.7,8 High heat losses and relatively low
propagation speeds resulted in a so-called scalloped struc-
ture, in which the resulting crystalline film exhibits a striped
structure with the stripes parallel to the front, i.e., normal to
the front propagation direction. Such a structure is most
likely produced by an oscillatory instability of the propagat-
ing explosive crystallization front that leads to oscillations of
the frontal speed.10,11 Another regime, characterized by low
heat losses and frontal speeds relatively independent of tem-
perature, produced a so-called “columnar structure” which is
a striped structure with stripes normal to the front, i.e., par-
allel to the front propagation direction. Such a structure can
arise due to a cellular morphological �Mullins-Sekerka� in-
stability of the crystallization front.11,12 Last, a mixed or tran-
sitional morphology was observed between these two re-
gimes.

Since the melt layer propagating through an amorphous
film in ELPE explosive crystallization is so thin, it is difficult
to directly characterize the shape and growth characteristics
of the two traveling interfaces. In this paper we present a
combined experimental and theoretical investigation of ex-
plosive crystallization of Ge films in the ELPE mode. We
perform experiments on samples of Ge films of different
thickness and observe planar EC fronts propagating over
long distances through the samples, leaving behind crystal-
line structures which are either spatially uniform or have one
of a number of morphologies �scalloped, columnar, or tran-
sitional�. Our theoretical computations of the frontal speed of
the uniformly propagating planar front as a function of the
substrate temperature and the film thickness show good
agreement with the experimental observations. In addition,
we perform a linear stability analysis of the propagating pla-
nar EC front and show that the columnar structure can be
explained by the cellular instability of the front, which is
similar to the Mullins-Sekerka instability. Finally, we also
perform a nonlinear analysis describing the evolution of the
morphological instability.

In Sec. II we describe the experimental setup and in Sec.
III the experimental results. In Sec. IV we present the math-
ematical model of EC front propagation. A uniformly propa-
gating front solution of the model is presented in Sec. V and
its linear stability is considered in Sec. VI. In Sec. VII we
describe the nonlinear evolution of the morphological insta-
bility. Finally, a summary appears in Sec. VIII.

II. EXPERIMENTAL SETUP

Amorphous germanium was deposited on quartz wafers

via sputtering. Two types of samples were prepared, with the
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film thickness of 0.89 and 1.8 microns. The thickness was
verified by Rutherford backscattering. The deposition rate
was 44.5 nm/min and 36.0 nm/min, respectively. The wa-
fers were cleaved using a dicing saw, creating square
samples with a side length of a half a centimeter. After cre-
ation, these samples were investigated using an atomic force
microscope �AFM�. The RMS roughness was determined to
be less then 3.8 and 2.3 nm for the 0.89 and 1.8 micron
samples, respectively.

Figure 2 schematically displays the complete experimen-
tal arrangement used to induce and record in situ images of
explosive crystallization in germanium. A heater capable of a
maximum temperature of 873 K controls the heat loss to the
substrate. A higher temperature corresponds to a lower heat
loss, which may result in columnar crystal growth. A fre-
quency tripled Nd:YAG laser �tpulse=4 ns, �=355 nm� was
focused to a line using a cylindrical lens of focal length
80 mm and a spherical lens of focal length 100 mm. Ap-
proximately 151 �J was supplied in the initiation pulse of
roughly 5 mm by 35 microns in dimension. The pulse was
incident at 45° to the sample. A frequency doubled, double-
cavity Nd:YAG laser �tpulse=5 ns, �=532 nm� was used as
an illumination source. Also incident at 45° to the sample,
this laser provided two off-axis illumination flashes sepa-
rated by varying times. The images were captured using a
12 bit CCD by Sensicam. Two 1280�1024 black and white
images could be captured with as short a separation as
200 ns. Two four-channel Stanford Research Systems Delay
Generator 535 and an eight-channel BNC 555 Digital Delay/
Pulse Generator were used to precisely control the timing of
the setup. A photo detector and 500 MHz HP Infinium Os-
cilloscope were used to detect and record a reflected portion
of the Nd:YAG 355 nm initiation pulse and both Nd:YAG
532 nm illumination pulses. The velocity of the crystalliza-
tion front is calculated from the distance traveled between
pictures and the known time between Nd:YAG illumination
pulses. A dark field filter was used to capture the higher order
reflections for in situ images. Orientation of the illumination
laser relative to the crystal growth direction is paramount for
clear images of the 0.89 micron sample. AFM scans of the
0.89 micron sample after crystallization reveal grain heights

FIG. 2. Experimental setup used to induce and record in situ
images of explosive crystallization. The spherical lens has a focal
length of 100 mm and the cylindrical lens has a focal length of
80 mm. 10�, 20�, and 50� objective lenses were used.
of only a few nanometers, with the exception of grain colli-
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sions resulting in 30 nm high ridges. This small increase in
surface roughness coupled with a reflectivity change of less
than 10%13 was not sufficient for imaging purposes, but the
diffraction caused by the grains provides a clear image �see
Fig. 3�. Figure 3 shows two dark field images of a crystal-
lized sample, with the bottom image rotated counterclock-
wise by approximately 120°. The entire sample is crystal-
lized; however, only the grains oriented orthogonally to the
incoming Nd:YAG laser illumination pulse diffract light suf-
ficiently for imaging with the Sensicam CCD camera. This
effect was less critical for the 1.8 micron sample which was
much rougher after crystallization. AFM scans of the
1.8 micron sample revealed grain heights to be around
100 nm with up to 300 nm ridges caused by grain collisions.

Initial tests were run to determine a range of temperatures
in which explosive crystallization would occur for this film
preparation and thickness. The sample was placed on the
heater for times ranging from 1 s to 5 min prior to initiation.
This range was tested to evaluate the time at which appre-
ciable solid phase crystallization occurred. Setting a heater
temperature and delaying the start time of the experiment
until explosive crystallization was inhibited revealed infor-
mation on this time. The 0.89 micron sample was found to
no longer explosively crystallize in slightly under 30 s at
773 K. The 1.8 micron sample remained unaffected at times
up to 5 min. Initiation was induced approximately 15 s after
placement on the heater for the 0.89 micron sample, and 30 s
for the 1.8 micron sample to ensure that thermal equilibrium
was reached while minimizing solid phase crystallization.

III. EXPERIMENTAL RESULTS

Dozens of samples were tested at various temperatures.

FIG. 3. Crystal grain resolution depends upon illumination ori-
entation relative to crystal growth. A completely crystallized
0.89 micron sample is illuminated from the right in both images.
The bottom image differs from the top image by approximately
120°.
The time separation between pictures was varied between 1
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and 40 ms. Velocity calculations were performed on the
longer delay times to minimize uncertainty errors. Three re-
gimes, characterized by three different morphologies of the
crystalline film resulting from EC were observed. The co-
lumnar growth regime revealed a stable 8.75±0.15 m/s
crystallization speed. The scalloped and transitional regimes
showed a temperature-dependent crystallization velocity, as
seen in Fig. 4. No difference was found in the speed of
propagation between the 1.8 micron and 0.89 micron
samples; however, the range of temperatures at which crys-
tallization could be induced was found to vary drastically.
Explosive crystallization was observed between 753 and
803 K for the 0.89 micron sample. The columnar regime was
the only one observed. The 1.8 micron sample explosively
crystallized at a temperature between 613 and 803 K. EC at
lower temperatures exhibited the transitional and scalloped
regimes. The ability of the 1.8 micron sample to explosively
crystallize at lower temperatures is due to the increase in
latent heat released from the thicker film during crystalliza-
tion of the melt. The dependence of the front velocity on
temperature is very similar to that found in Ref. 8. The tran-
sition temperature between the scalloped and transitional,
and transitional and columnar growth regions are approxi-
mately 50 K above that found in Ref. 8. This discrepancy
can be explained by the difference in heat loss parameters.
The silicon wafer used in Ref. 8 leads to a higher heat loss
parameter than for our quartz substrate. Hence at any given
temperature the heat loss is lower in our experiments, effec-
tively shifting the curve to higher temperatures. The calcu-
lated speed is slightly slower in our experiments. The frontal
speeds reported in Ref. 8 for low heat losses are generally
around 12 m/s. This may be due to a difference in film
preparation.

Experiments carried out in the columnar regime revealed

FIG. 4. Explosive crystallization velocity as a function of sub-
strate temperature. Micrographs 40 microns in width are shown of
the scalloped, mixed, and columnar regimes explosively crystal-
lized on the 1.8 micron sample.
repeatable and predictable results. As can be seen in Fig. 4,
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the speed of propagation was almost constant. Figure 5
shows that the front propagation is very stable. Figure 5 was
created from five different experiments done by explosively
crystallizing the 0.89 micron sample with a substrate tem-
perature of 776 K. The time of the picture acquisition with
respect to the initiation pulse is shown at the top of each
picture. The horizontal initiation line can be seen toward the
bottom of each picture. At early times �upper left of figure�
the crystallization front has not traveled far. The black to-
ward the top of the photo is amorphous germanium, still
unaffected by the explosive crystallization. The linearity of
the crystallization front remains throughout the entire field of
view, a crystal growth of 425 microns in length. Use of a
10� objective lens allowed the front to be viewed in situ at
a distance of up to 936 microns. Even over this substantial
crystal length the front remained very linear. Use of a 50�
objective lens gives resolution of 0.5 microns. At these high
resolutions the front appeared linear. Though Fig. 5 is shown
for the 0.89 micron sample, the results for the 1.8 micron
sample were very similar.

Although substrate temperature variations did not affect
crystal growth velocity in the columnar regime, there was an
observable effect on the average width of the resulting crys-
tal “columns,” i.e., the average wavelength of the columnar
structure. It decreased with temperature as can be seen in
Table I. The average columnar structure wavelength was
measured after the crystal “columns” had grown to approxi-
mately 100 microns in length. We note also that the average
width of the “columns” �the columnar structure wavelength�
in the beginning of the front propagation, in close proximity
to the initiation site, was smaller but was very difficult to
quantify. A steady state width was reached after the front
propagated approximately 50 microns.

Investigation of the transitional and scalloped regime

FIG. 5. A series of dark field in situ images taken on the
0.89 �m germanium sample. Time after the initiation pulse is
shown at the top of each picture. The horizontal line toward the
bottom of each picture was caused by the initiation pulse. The white
region is the growing crystal, and the black is amorphous germa-
nium. Each picture is 650 microns�520 microns �length�height�.
gives very different results for the explosive crystallization

184125
interface shape. These regimes are plagued by collisions be-
tween grains growing in different directions. The same line
melt which initiated a uniform crystallization front at higher
temperatures ceases to do so at lower temperatures. Increas-
ing the laser energy to compensate for the lower substrate
temperature does not solve the problem. Discrete initiation
points are formed in the transitional regime. These initiation
points become sparser as the temperature drops and eventu-
ally disappear altogether below 613 K for the 1.8 micron
sample. This can be seen in the in situ dark field images in
Fig. 6. These images are especially informative as other tech-
niques would not detect a nonuniform initiation. Although
crystallization was initiated at discrete points, the entire
sample crystallizes as the heat loss is not sufficiently large to
quench the traveling phase change.

Figure 7 shows the effects of multiple initiation sites on
the front shape. This figure is an in situ image taken 50 �s
after the initiation pulse. Massive collisions between grow-
ing grains result in large raised bumps. AFM scans revealed
these bumps to be up to 300 nm. The crystal collisions occur
due to the lack of uniformity in initiation. This is revealed in
the first image �upper left� of Fig. 6, which displays the same
crystal growth as Fig. 7 at 6 �s after initiation. Figure 8 is an
image collected on a sample which has completely crystal-
lized in the transitional regime. This picture shows the indi-
vidual grain boundaries and their termination due to colli-
sions with grains growing in a different direction.

The scalloped regime occurred at the lowest substrate
temperatures where explosive crystallization was observed.
Figure 9 shows the distinct topography of a sample crystal-
lized in this regime. Very few initiation locations were ob-
served and crystallization proceeded radially away from
these locations. Collisions were evident in this regime as

TABLE I. The average wavelength of the columnar structure as
a function of the substrate temperature.

Ts K �m /peak

740 6.0

751 5.9

768 4.8

770 5.2

FIG. 6. In the transitional regime, an increase in temperature
causes an increase in initiation points. Eventually a uniform initia-
tion line is created �756 K�. The time of the image after initiation is
shown in the upper right of each frame. Each frame is 520 microns

in length.
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well. The macroscopic crystal growth direction differed from
the microscopic crystal growth direction due to these colli-
sions. In the next section we present a theory of EC in the
presence of melting that will allow us to explain certain ex-
perimental observations described above.

IV. MATHEMATICAL MODEL

Consider explosive crystallization of a thin, amorphous
film deposited on a solid substrate. We assume that EC oc-
curs via a two-stage process in which the amorphous mate-

FIG. 7. This dark field image taken 50 �s after initiation with a
substrate temperature of 696 K shows clear crystal grain collisions.
The horizontal line at the bottom of the image is the initiation melt.
The macroscopic crystal growth direction is toward the top of the
image. Major collisions of horizontally growing grains can be seen
leading to the two vertical lines highlighted by the arrows.

FIG. 8. Another example of crystal grain collisions is shown in
this dark field image. This image was taken after explosive crystal-
lization of the entire substrate was completed for a sample in the

transitional regime. The scale bar is 35 microns.
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rial first melts and then solidifies into a crystalline phase.
This process leads to the propagation of an EC front that
consists of a thin layer of melt separating the amorphous and
crystalline phases. The melt temperature is lower than the
equilibrium melting temperature of the crystalline phase but
is higher than the equilibrium melting temperature of the
amorphous phase, so that the melt is undercooled with re-
spect to the crystalline phase and overheated with respect to
the amorphous phase. In this configuration, after initiation
the heat released due to crystallization of the undercooled
melt diffuses towards the amorphous phase and raises its
temperature to a value sufficiently high to melt it. Crystalli-
zation of the resulting undercooled melt is again initiated and
the process repeats. This leads to self-propagation of the
front through the film. EC front propagation is governed by
the processes of heat transfer through the amorphous, liquid,
and crystalline phases, melting of the amorphous phase, and
solidification of the melt to form the crystalline phase. The
propagation velocity depends on the interfacial temperatures
�interface response functions�.

Since the film is thin, temperature variations across film
can be neglected, and EC in the film can be described by a
two-dimensional model with the z coordinate along the di-
rection of planar front propagation �normal to the planar
front� and the x coordinate along the planar front. The gov-
erning equations and boundary conditions for the tempera-
ture field T�z ,x , t� and the shapes of the crystal-melt and
melt-amorphous interfaces �1�x , t� and �2�x , t�, respectively,
are

�cf
�T

�t
= �c�

2T − ��T − Ts�, z � �1�x,t� , �1�

�cf
�T

= �m�2T − ��T − Ts�, �1�x,t� � z � �2�x,t� , �2�

FIG. 9. A dark field image of a 1.8 micron sample crystallized
sample in the scalloped regime. The width of the melt line is
35 microns.
�t
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�cf
�T

�t
= �a�

2T − ��T − Ts�, z � �2�x,t� , �3�

z = �1�x,t�: Tc = Tm, �4�

vn
mcLmc = n1 · ��c � Tc − �m � Tm� , �5�

z = �2�x,t�: Tm = Ta, �6�

− vn
maLma = n2 · ��m � Tm − �a � Ta� , �7�

z → ± 	: T → Ts, �8�

where Tc, Tm, and Ta are the temperatures in the crystalline,
melt, and amorphous phases corresponding to z��1, �1�z
��2, and z��2, respectively, Ts is the substrate temperature
n1,2= �−�x�1,2 ,1� /�1+ ��x�1,2�2 are the normal vectors at the
respective interfaces, � is the thermal conductivity, Lma and
Lmc are the latent heats of melting per unit volume of the
amorphous and crystalline phases, respectively, �, cf, and �
are the density, specific heat, and the heat-loss parameter,
each assumed to be the same constant in all three phases. The
boundary conditions �4� and �6� describe the continuity of
the temperature distribution at the melt-crystal and melt-
amorphous interfaces, while the boundary conditions �5� and
�7� describe the heat flux balances at the moving interfaces.
The normal velocities of the melt-crystal and melt-
amorphous interfaces

vn
mc =

�t�1

�1 + ��x�1�2
, vn

ma =
�t�2

�1 + ��x�2�2
, �9�

depend on the interfacial temperatures Tci and Tai according
to the Frenkel-Wilson kinetic law6,9,14 that describes the mo-
tion of a nonequilibrium phase boundary as the result of
thermally activated jumps of atoms with the activation bar-
rier proportional to the difference in the free energies of the
two phases

vn
mc = Fc�Tci� � Amc exp�−

Emc

kBTci
�

� �1 − exp� Lmc

kBNm
� 1

Tmc
−

1

Tci
	�
 , �10�

vn
ma = Fa�Tai� � Ama exp�−

Ema

kBTai
�

� �exp� Lma

kBNa
� 1

Tma
−

1

Tai
	� − 1
 . �11�

Here Fc�Tci� and Fa�Tai� are the so-called interfacial re-
sponse functions in which the constants Amc and Ama are
pre-exponential factors, Emc and Ema are activation energies,
Nm,a are the number densities of the respective phases, kB is
the Boltzmann constant, and Tmc and Tma are the equilibrium
melting temperatures of the crystalline and amorphous mate-
rials, respectively, that depend on the curvature of the inter-

face according to the Gibbs-Thomson relation

184125
Tmc = Tmc
0 �1 − dmcK1�, Tma = Tma

0 �1 − dmaK2� , �12�

where Tmc
0 and Tma

0 are the equilibrium melting temperatures
at the planar interfaces

dmc =

mc

Lmc
, dma =


ma

Lma

are the respective capillary lengths, with 
mc and 
ma being
the respective surface energies, and K1 ,K2 are the interfacial
curvatures

K1,2 = −
�2�1,2/�x2

�1 + ���1,2/�x�2�3/2 .

Typical plots of the interfacial response functions Fc�Ti�
and Fa�Ti� are shown in Fig. 10 by the solid lines. The curve
“mc” corresponds to Fc�Ti� and the line “am” corresponds to
Fa�Ti�. Note that the line “am” �the so-called “melting
branch�� is the reflection of the negative part of the curve
shown by the dashed line which corresponds to the solidifi-
cation of the melt into the amorphous phase and is similar to
the “mc” curve for the undercooled melt crystallization. The
mathematical model formulated above is similar to the one
considered in Ref. 6 for EC of a thin film of silicon in ELPE
mode.

We choose v0=Amc exp�−Emc/kBTs� as the velocity scale,
l0=�c / ��cfv0� as the length scale, and t0= l0 /v0 as the time
scale, and introduce the dimensionless temperature, �= �T
−Ts� /T*, where T*=Lmc/ ��cf�. Then, in dimensionless form
the system �1�–�11� reads

FIG. 10. Solid lines: interface response functions Fc�Ti� and
Fa�Ti� defined by Eqs. �10� and �11� that determine the dependence
of the interface speed on the interfacial temperature Ti for germa-
nium: mc: speed of Ge melt crystallization front; am: speed of
amorphous Ge melting front. Dashed line: speed of Ge melt solidi-
fication into amorphous phase. The parameters are Emc=0.5 eV
=8.0�10−20 J, Ema=0.52 eV=8.32�10−20 J, Amc=0.53
�104 m/s, Ama=1.9�104 m/s, Lmc=2.703�109 J m−3, Lma=1.7
�109 J m−3, Tmc=1210 K, Tma=969 K, Na=4.15�1028, Nm

=4.56�1028.
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��c

�t
= �2�c − ��c, z � �1�x,t� �13�

��m

�t
= m�2�m − ��m, �1�x,t� � z � �2�x,t� , �14�

��a

�t
= a�

2�a − ��a, z � �2�x,t� , �15�

z = �1�x,t�: �c = �m, �16�

�t�1

�1 + ��x�1�2
= fc��� = n1���c − m � �m� , �17�

z = �2�x,t�: �m = �a, �18�

− q
�t�2

�1 + ��x�2�2
= − qfa��� = n2�m � �m − a � �a� ,

�19�

z → ± 	: � → 0, �20�

where �=��c / ��cfv0
2� is the dimensionless heat-loss param-

eter, m,a=�m,a /�c, q=Lma/Lmc, and for simplicity, the di-
mensionless space and time coordinates have the same nota-
tion as the dimensional coordinates. The dimensionless
interface response functions are

fc��� = exp�ec
��

1 + ��
�

� �1 − exp��c� 1

1 − �ck1
−

�c

1 + ��
	�
 , �21�

fa��� = w exp�ea
��

1 + ��
�

� �exp��a� 1

1 − �ak2
−

�a

1 + ��
	� − 1
 , �22�

where

� =
T*

Ts
, �c =

Tmc

Ts
, �a =

Tma

Ts
, ec =

Emc

kBTs
, ea =

Ema

kBTs
,

�c =
Lmc

kBNmTmc
, �a =

Lma

kBNaTma
,

w =
Ama

Amc
exp�Emc − Ema

kBTs
� ,

�c = dmc/l0, �a = dma/l0, �k1,k2� = �K1,K2�l0.

V. UNIFORMLY PROPAGATING EC FRONT

We seek a solution of the system �13�–�22� in the form of

a uniformly propagating EC front that consists of planar,
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crystal-melt, and melt-amorphous interfaces, moving with
the same speed V and separated by a distance l,

�c,m,a = �c,m,a
�0� �z − Vt�, �1 = Vt, �2 = l + Vt . �23�

We substitute Eq. �23� into Eqs. �13�–�22� to obtain

�c
�0� = A0e�r+,

r+ =
1

2
�− V + �V2 + 4��, � � 0, �24�

�m
�0� = B0e�s+ + C0e�s−,

s± =
1

2m
�− V ± �V2 + 4�m�, 0 � � � l , �25�

�a
�0� = D0e�p−,

p− =
1

2a
�− V + �V2 + 4�a�, � � l , �26�

where �=z−Vt, and

A0 =
V

�0
�els−�ap− − ms−� + els+�ms+ − ap−�

− mq�s+ − s−�� ,

B0 =
V

�0
�els−�ap− − ms−� + q�ms− − r+�� ,

C0 = −
V

�0
�els+�ap− − ms+� + q�ms+ − r+�� ,

D0 =
V

�0
e−lp−�els+q�ms− − r+� + mel�s++s−� − els−q�ms+ − r+�� ,

�0 = els−�r+ − ms+��ap− − ms−�

− els+�r+ − ms−��ap− − ms+� . �27�

In the special case when the thermal conductivities of all
three phases are equal �a=m=1�, these expressions sim-
plify to

A0
e =

V

�0
�1 − qe−lr+�, B0

e = −
V

�0
qe−lr+, C0

e =
V

�0
,

D0
e =

V

�0
�1 − qe−lr−�, �0 = �V2 + 4� ,

r± = �− V ± �0�/2, s± = r±, p− = r−. �28�

We will consider this special case in the stability analysis in
the next section.

The velocity of the two interfaces V and the distance be-
tween them l are found from the solution of the following

system of nonlinear transcendental equations:
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V = fc��c
�0��0�� = fa��a

�0��l�� , �29�

where �c
�0� and �a

�l� are defined in Eqs. �24�–�27� and the
interfacial response functions fa,c��� are defined in Eqs. �21�
and �22�.

Thus, the velocity of a uniformly propagating EC front
and the thickness of the melt layer are complicated functions
of the substrate temperature, the heat-loss coefficient, the la-
tent heats of melting of the amorphous and crystalline
phases, the kinetic parameters of the interface response func-
tions, as well as the thermophysical parameters. i.e., the ther-
mal conductivities and specific heat. In experiments, when a
particular material is used, the most common control param-
eters are the substrate temperature Ts and the film thickness h
that determines the heat-loss parameter �. The latter can be
estimated in the following way. The heat flux from the film
into the substrate is j=�s�T−Ts� /�s, where T is the film tem-
perature, �s is the substrate thermal conductivity, and �s is
the thickness of the thermal boundary layer in the substrate,
near the film-substrate interface. For �s one obtains �s

��s�, where �s is the substrate thermal diffusivity and � is
the characteristic time of heat transfer. For a front moving
with the speed v, one can estimate �� f /v, where � f is the
thickness of the thermal boundary layer in the film near
the moving front. For � f one obtains � f � f /v, where � f
is the thermal diffusivity of the film. Thus, one obtains for
the heat flux into the substrate j=

�sv
��s� f

�T−Ts�. Under the
assumption that the temperature is constant across the thin
film with thickness h, the differential heat balance for a
piece of film having contact area dA=dxdz with the sub-
strate, yields � fcfhdA��T /�t�=� f���T /�z�z+dz− ��T /�z�z�hdx
+� f���T /�x�x+dx− ��T /�x�x�hdz− jdA. Therefore, for the heat-
loss parameter in Eqs. �1�–�3� one obtains

� =
�s

�s� fcfh
=��s

� f

�scs

� fcf

v
h

. �30�

One can see that the heat-loss parameter is inversely propor-
tional to the film thickness: the thinner the film the greater
the heat losses.

We have computed the characteristics of steady-
state propagation of a planar EC front, using parameter
values corresponding to a film of amorphous germanium:
Lma=1.7�109 J m−3, Lmc=2.703�109 J m−3, Tma=969 K,
Tmc=1210 K, �a=25.15 W m−1 K−1, �m=49.43 W m−1 K−1,
�c=17.40 W m−1 K−1, �a=6.32�10−6 m2 s−1, �m=2.36
�10−5 m2 s−1, �c=8.28�10−6 m2 s−1, � fcf =2.73
�106 J m−3 K−1, �scs=2.31�106 J m−3 K−1, Ema=0.52 eV
=8.32�10−20 J, Emc=0.5 eV=8.0�10−20 J, Amc=0.53
�104 m/s, Ama=1.9�104 m/s, Na=4.15�1028, Nm=4.56
�1028. Since the precise values of the kinetic parameters for
the interfacial response functions: the pre-exponential factors
Ama and Amc, and the activation energies Ema and Emc for
germanium could not be found in the experimental literature,
we have taken them of the correct order of magnitude and
such that they yield the average �over various values of Ts�
of the EC front propagation speeds observed in our experi-
ments. The heat-loss parameter � was estimated using Eq.
�30�, taking =8.75 m/s which was observed in the experi-
v
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ments described above. For example, for a 1.8-micron-thick
germanium film �h=1.8�10−6 m� on a quartz substrate, we
estimate �=1.06�106 s−1.

The results of the computations are shown in Fig. 11 for
films with different thicknesses �corresponding to different
heat-loss parameters ��. In Fig. 11 one can see that EC fronts
mediated by a melt layer can occur only if the substrate
temperature Ts exceeds a certain threshold value, Ts

0, corre-
sponding to the left ends of the curves shown in Fig. 11�a�. If
Ts�Ts

0 the melt layer collapses �its thickness l tends to zero,
see Fig. 11�b��. For Ts�Ts

0, the frontal speed first slightly
grows, reaches a maximum value vmax and then decreases.
The value of vmax corresponds to the maximum point of the
interface velocity response function Fc�Ti� �see Fig. 10� and
does not depend on the heat loss parameter �therefore, it does
not depend on the film thickness�. Moreover, the maxima on
all the curves in Fig. 11 are quite shallow: the difference
between the frontal speed corresponding to the threshold
substrate temperature Ts

0 and the maximum value vmax is less
than 1%. This explains our experimental observations ac-
cording to which the frontal speed was observed to be prac-
tically constant in a wide temperature range and did not de-
pend on the film thickness. For a 1.8 micron film, our
computations predict an average frontal speed 8.7 m/s for
substrate temperatures in the range 711 K�Ts�800 K. For
a 0.89 micron film our computations give an average frontal
speed 8.8 m/s for substrate temperatures in the range
749 K�Ts�800 K. This compares very well with our ex-
perimental results described above.

Note that although for Ts�Ts
0 sustained uniform propaga-

tion of an EC front mediated by a melt layer cannot occur,
EC in which the amorphous material is transformed directly
into the crystalline phase, without a melt layer, is still pos-
sible. This, however, is not described by our model, but is
described by the model in Refs. 10 and 11. The characteristic
feature of this regime is the increase of the frontal speed with
temperature �see Refs. 5, 10, and 11 for details� which ex-
plains our experimental observations for EC of a 1.8 micron
film for low substrate temperatures 613 K�Ts�700 K �see
Fig. 4�. Thus, the experimentally observed dependence of the
EC frontal speed on the substrate temperature that consists of

FIG. 11. Speed of a uniformly propagating EC front �a� and melt
layer thickness �b� as functions of the substrate temperature Ts for
films with different thicknesses: 1−h=3.6 �m ��=0.53�106 s−1�,
2−h=1.8 �m ��=1.06�106 s−1�, 3−h=0.89 �m ��=2.15
�106 s−1�, 4−h=0.45 �m ��=4.26�106 s−1�.
two branches—the one where the EC front speed increases
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with temperature and the other where it remains essentially
constant—can be explained by the two different regimes of
EC front propagation: the increasing branch corresponds to
EC without melting, governed by a direct amorphous-
crystalline transition, and the constant branch corresponds to
the melt-mediated EC described by our model. In addition,
the transition between the two regimes of explosive crystal-
lization could be a possible cause of the jump in the EC
frontal speed observed around Ts=700−710 K �see Fig. 4
and also Ref. 8�. We plan to investigate the transition be-
tween two EC regimes in greater detail elsewhere.

In the EC regime accompanied by melting, after the sub-
strate temperature exceeds that corresponding to the maximal
frontal speed, the latter decreases with a further temperature
increase since the melt undercooling decreases. However,
this regime was not accessible in our experiments due to
multiple nucleation sites that appeared in the film at higher
substrate temperatures and prevented the propagation of a
planar EC front. Also, obviously, the substrate temperature
cannot exceed the melting temperature of the amorphous
film Tma that corresponds to the right ends of the curves
shown in Fig. 11 and is indicated by the dotted lines.

Figure 11�b� shows the dependence of the melt layer
thickness l on the substrate temperature for films with differ-
ent thicknesses �different heat-loss parameters�. One can see
that the melt layer thickness increases with the increase of
the substrate temperature, and there is a lower threshold for
Ts, Ts=Ts

0, at which l→0. This threshold temperature de-
creases with the decrease of the heat-loss parameter �increase
of the film thickness�. For the range of Ts used in our experi-
ments described above, the melt layer thickness is in the
range from 10 to 100 nm. Such a thickness could not be
measured in our experiments but is consistent with other
experimental observations.15 At a fixed substrate tempera-
ture, the melt layer thickness increases with the decrease of
the heat losses �increase of the film thickness�. As one can
also see from Fig. 11�a�, in the regime where the frontal
speed decreases with Ts, the speed is higher for larger heat
losses due to the larger melt undercooling �again, this regime
was inaccessible in our experiments due to multiple nucle-
ation sites�.

Figure 12 shows the dependence of the speed and the melt

FIG. 12. Speed of a uniformly propagating EC front �a� and
melt layer thickness �b� for germanium as functions of the heat loss
parameter � for different substrate temperatures Ts: 1—750 K, 2—
800 K, 3—850 K. The parameters are the same as in Fig. 11.
layer thickness of a uniformly propagating EC front in ger-

184125
manium film as a function of the heat loss parameter � for
three different values of the substrate temperature. One can
see that for a given substrate temperature there exists a criti-
cal value of the heat loss parameter, �0, above which the
melt-mediated EC front cannot occur. This corresponds to
the right ends of the curves shown in Figs. 12�a� and 12�b�.
For �→�0 the melt layer thickness tends to zero, l→0.
However, as discussed above, an EC regime characterized by
a direct amorphous-crystalline transformation, not described
by our model, is still possible. As one can see from Fig.
12�a�, for ���0, the EC frontal speed exhibits a shallow
maximum �i.e., stays almost constant for a certain range of
�� and then decreases with the decrease of �. Indeed, the
decrease of the heat loss coefficient increases the film tem-
perature and decreases the melt undercooling, thus leading to
the decrease of the front speed. For the same reason the
speed of the front corresponding to a larger substrate tem-
perature is smaller. The melt layer thickness increases mono-
tonically with the decrease of the heat loss parameter �see
Fig. 12�b�� and with the increase of the substrate tempera-
ture. Note that the dependencies of the frontal speed and the
melt layer thickness on temperature shown in Fig. 11 are
similar to those obtained in Ref. 6 for explosive crystalliza-
tion of silicon in ELPE mode.

Figure 13�a� shows a typical temperature profile in a film
along which the EC front propagates. It corresponds to the
steady state solution �24�–�27� describing a uniformly propa-
gating EC front in a 1.8-micron-thick Ge film. Note that in
the particular case shown in Fig. 13 the temperature gradi-
ents on the two sides of the interface between the amorphous
and melt phases are almost equal: the heat flux difference
due to the latent heat of melting is mainly caused by the

FIG. 13. �a� Temperature profile corresponding to a uniformly
propagating EC front in a 1.8-micron germanium film with Ts

=800 K. �b� Temperatures at the melt-crystal �mc� and melt-
amorphous �ma� interfaces as functions of the substrate tempera-
ture, Ts, for films with different thicknesses. Solid line: h=1.8 �m
��=1.06�106 s−1�, dashed line: h=0.89 �m ��=2.15�106 s−1�,
dashed-dotted line: h=0.45 �m ��=4.26�106 s−1�.
difference in the thermal conductivities of the two phases.
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Figure 13�b� shows the dependence of the interfacial tem-
peratures at the melt-crystal and melt-amorphous interfaces
on the substrate temperature for different values of the heat-
loss parameter �different values of the film thickness�.
Clearly, the temperature at the crystal-melt interface is lower
than the equilibrium melting temperature of the crystalline
phase while the temperature at the amorphous-melt interface
is greater than the equilibrium melting temperature of the
amorphous-melt interface. One can see that when the sub-
strate temperature tends to the threshold value Ts

0 corre-
sponding to the collapse of the melt layer, the temperatures
of the two interfaces tend to the same constant value. With an
increase of the heat-loss parameter, the temperature differ-
ence between the two interfaces decreases, corresponding to
the decrease of the melt layer thickness.

From the above analysis one can see that EC mediated by
a melt layer can occur only if the substrate temperature ex-
ceeds a critical value and the heat loss parameter is below a
critical value. This allows us to find the boundary in the
parameter plane �� ,Ts�, as well as in the parameter plane
�h ,Ts�, corresponding to the threshold of melt-mediated EC
in germanium. These boundaries are shown in Fig. 14 by the
solid lines. Dashed lines show the stability boundaries �see
next section�.

VI. STABILITY OF THE UNIFORMLY PROPAGATING
EC FRONT

A uniformly propagating EC front can become unstable,
leading either to oscillations �resulting in a banded structure�
or to the formation of cellular or dendritic morphologies. The
oscillatory and monotonic instabilities of a uniformly propa-
gating EC front in the absence of a melt layer, when the
amorphous phase is transformed directly into the crystalline
phase, were studied theoretically in Refs. 10 and 11. In Refs.
7 and 8 morphological instabilities of an EC front in Ge film,
that is accompanied by melting of the amorphous phase,
were systematically studied experimentally. It was shown

FIG. 14. Regions in the parameter planes, separated by the solid
lines, where EC mediated by a melting layer can occur in a germa-
nium film. �a� Substrate temperature: heat loss coefficient, �b� sub-
strate temperature: film thickness �for quartz substrate�. Dashed
lines: stability boundaries: uniformly propagating planar EC front
with melting layer is stable in region 1 and develops the morpho-
logical instability in region 2.
that, depending on the substrate temperature and the thick-

184125-
ness of the film, the EC front leaves behind various micro-
structures that can be associated with different kinds of in-
stabilities. One of the observed microstructures consisted of
stripes �bands� parallel to the planar front �normal to the
front propagation direction�, referred to above as a “scal-
loped” structure. The other type consisted of a cellular struc-
ture, i.e., stripes parallel to the front propagation direction
�normal to the planar front�, referred to above as a “colum-
nar” structure. These two types of microstructure result from
two types of EC front instability: the oscillatory instability,
leading to frontal speed oscillations and the monotonic �cel-
lular or morphological� instability, respectively. In this sec-
tion, we shall perform a linear stability analysis of the uni-
formly propagating EC front, employing parameter values
corresponding to Ge films.

Consider perturbations of temperature �c=�c
�0�+ �̃c, �m

=�m
�0�+ �̃m, �a=�a

�0�+ �̃a, and interface shapes �1= �̃1, �2= l

+ �̃2, where �̃c,m,a=gc,m,a���e�t+ikx, �̃1,2=H1,2e�t+ikx, where �
and k are the perturbation growth rate and wave number,
respectively. Linearize Eqs. �13�–�22� about the uniformly
propagating state �24�–�27� to obtain the following equations
for the eigenfunctions gc,m,a��� and the growth rate �:

gc� + Vgc� − �� + � + k2�gc = 0, �31�

mgm� + Vgm� − �� + � + mk2�gm = 0, �32�

aga� + Vga� − �� + � + ak2�ga = 0, �33�

subject to the boundary conditions

� = 0: gc +
d�c

�0�

d�
H1 = gm +

d�m
�0�

d�
H1, �34�

�H1 + m�gm� +
d2�m

�0�

d�2 H1	 = gc� +
d2�c

�0�

d�2 H1, �35�

�H1 = �dfc

d�
	

0
�gc +

d�c
�0�

d�
H1	 − �ck

2H1, �36�

� = l: gm +
d�m

�0�

d�
H2 = ga +

d�a
�0�

d�
H2, �37�

− q�H2 + a�ga� +
d2�a

�0�

d�2 H2	 = m�gm� +
d2�m

�0�

d�2 H2	 ,

�38�

�H2 = �dfa

d�
	

0
�ga +

d�a
�0�

d�
H2	 + �ak2H2, �39�

where the subscript and superscript 0 relate to the uniformly
propagating state and the surface energy parameters � are
c,a

10
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�c = �c�c exp�− ec

��c
�0��0�

1 + ��c
�0��0��

� exp��c�1 −
�c

1 + ��c
�0��0�	� , �40�

�a = �a�a exp�− ea

��a
�0��l�

1 + ��a
�0��l��

� exp��a�1 −
�a

1 + ��a
�0��l�	� . �41�

The solutions of Eqs. �31�–�33� are given by

gc = Ae��, gm = Be��+ + Ce��−, ga = De��, �42�

where

� =
1

2
�− V + �V2 + 4�� + � + k2�� , �43�

�± =
1

2m
�− V ± �V2 + 4m�� + � + mk2�� , �44�

� =
1

2a
�− V − �V2 + 4a�� + � + ak2�� . �45�

Substituting Eq. �42� into the boundary conditions
�34�–�39�, one obtains a homogeneous system of linear equa-
tions for the constants A ,B ,C ,D ,H1 ,H2 that has nontrivial
solutions if and only if its determinant ��� ,k , p� is equal to
zero:

���,k,p� = 0. �46�

Here, p denotes the set of physical parameters in the prob-
lem.

Equation �46� is the dispersion relation that determines
the perturbation growth rate � as a function of the wave
number k and the parameters of the system. Equation �46� is
rather complicated and cannot be analyzed in the general
case. We have computed dispersion curves for the particular
cases of 1.8 and 0.89 micron germanium films, which were
used in the experiments described above. For the estimate of
the surface-energy parameters we have used 
mc=
ma
=0.33 J m−2. We have found that in a 1.8-micron film a uni-
formly propagating EC front is stable for substrate tempera-
tures in the range 711 K�Ts�735 K, while for Ts
�735 K it becomes unstable with respect to monotonic per-
turbations. A uniformly propagating EC front in a
0.89 micron film is stable for 749 K�Ts�773 K and exhib-
its a monotonic instability for Ts�773 K. A typical disper-
sion curve corresponding to this type of instability is shown
in Fig. 15. One can see that there is a preferred wave number
k* corresponding to the maximum growth rate. Such an in-
stability will result in periodic modulations of the frontal
shape along the front with the characteristic wavelength �*
=2� /k*. Since the front moves through the film, this insta-
bility will leave behind a striped pattern, periodic in the di-
rection along the front �normal to the front propagation�

which is the “columnar structure� seen in experiments. We
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have computed the wavelength �* of the columnar structure
and the characteristic time �*=1/�max of the instability de-
velopment in a 1.8 micron film for different substrate tem-
peratures. The results are shown in Table II. One can see that
the typical wavelength of the columnar structure is a few
microns, which is in qualitative agreement with experimental
observations shown in Table I. Also, the theory predicts that
the wavelength of the columnar structure decreases with the
increase of the substrate temperature which is also in agree-
ment with experiment. However, one can see that the com-
puted wavelength is a few times smaller than the average
steady state width of “crystal columns� measured in experi-
ments. This can be explained by the fact that the linear sta-
bility theory predicts the preferred wavelength only at the
beginning of the instability development �initial stage of the
perturbation growth� and does not describe the established
steady-state wavelength during the strongly nonlinear stage
of the instability. At the same time, as mentioned above, the
columnar structure wavelength at the very beginning of the
front propagation was indeed observed to be considerably
smaller than in the steady-state. The characteristic time of the
instability development for T=Ts�738 K is less than 10 ms
and decreases with the increase of Ts. This is much less than
the characteristic time of front propagation through the film
so that the formation of the columnar structure is seen at the
initial stage of front propagation, which is consistent with
experimental observations.

We have also computed the stability boundary for a uni-
formly propagating, melt-mediated EC front in germanium
film as a function of the substrate temperature and the heat
loss coefficient �see dashed line in Fig. 14�a�� and for the

FIG. 15. Dispersion curve ��k� �dimensionless� for a
1.8-micron-thick germanium film with Ts=740 K.

TABLE II. Characteristic wavelength and characteristic time of
morphological instability of a planar EC front in a 1.8-micron-thick
germanium film for different substrate temperatures.

Ts K �*, �m; �*, �s

736 4.0 51

738 2.3 7.0

740 1.8 3.4

750 1.1 0.8
11
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quartz substrate—as a function of the substrate temperature
and the film thickness �see dashed line in Fig. 14�b��. Region
1 corresponds to stable front propagation, region 2 corre-
sponds to the morphologically unstable front. One can see
that the interval of substrate temperatures corresponding to
stable propagation of the EC front is almost the same for
different values of the heat loss coefficient and the film thick-
ness. However, with the increase of Ts, the interval of heat
loss coefficients corresponding to stable front propagation
increases considerably, while the interval of the correspond-
ing film thicknesses considerably decreases.

Note too, that we have not found any oscillatory instabil-
ity in this system, i.e., no complex-conjugate roots of Eq.
�46� with positive real part. This is consistent with the ex-
perimental observations described above in which the scal-
loped structure was observed for parameter values for which
our theory predicts the absence of EC mediated by melting.
Therefore, the scalloped structure observed in our experi-
ments is likely a result of the oscillatory instability of the EC
front without melting, governed by the direct amorphous-
crystalline transition, which is not described by our model.
At the same time, as shown in Refs. 10 and 11 the oscillatory
instability is typical of EC governed by a direct amorphous-
crystal phase transformation. Therefore, the scalloped struc-
ture in EC germanium film observed in Ref. 8 is also likely a
result of the oscillatory instability of an EC front governed
by the direct transition from the amorphous to the crystalline
state.

The dispersion relation �46� is a rather complicated func-
tion of � and k that depends on many parameters, so the
general stability analysis of EC front propagation in the pres-
ence of melting is rather difficult. In a special case, however,
it is possible to significantly simplify the dispersion relation.
Specifically, if the thermal conductivities of the amorphous,
melt, and crystalline phases do not significantly differ from
one another, the interface response functions are assumed to
be linear �which is a reasonable approximation for melt-
mediated EC�, surface energy is neglected, and the dimen-
sionless thickness of the melt layer is small, l�1. Then the
dispersion relation �46� can be greatly simplified by assum-
ing a=m=1 and by taking the limits l→0, and �a,c→0.
The resulting dispersion relation will yield results which may
only be qualitatively, but not quantitatively correct, since the
conditions for the simplification are not necessarily met in
practice. Nevertheless, it is instructive to carry out the analy-
sis, which yields insight into the stability behavior. In this
case, the uniformly propagating EC front is described by
Eqs. �24�–�26� with Eq. �28� so that the dispersion relation
�46� reduces to

��� − fa��a���� − fc��c�� + qfa��� − fc��c���� − V�−�

− fc��� − fa��a���� − V�+� = 0, �47�

where �±= �−V±�� /2, �=�V2+4��+�+k2�, fc�= �dfc /d��
=const, fa�= �dfa /d��=const, �c�=r+Ae, �a�=r−Ae, Ae= �1
−q�V /�0 , �0=�V2+4�.

Equation �47� can be analyzed in the case of long-wave
perturbations, whose wavelength � is much larger than the

characteristic width of the thermal boundary layer l0
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=�c / ��cfv0�. This corresponds to the limit k→0 in Eq. �47�.
In this limit, the dispersion relation �47� yields �
= 1

2 ��2� /�k2�k=0k2+¯, and the EC front is unstable with re-
spect to long-wave perturbations if ��2� /�k2�k=0�0. One ob-
tains

� �2�

�k2 	
k=0

=
2

�
fa�fc��q − 1� � V2�V�1 − q� + �1 + q��0� ,

� = �0
4� fa��1 +

V

�0
	 + qfc��1 −

V

�0
	� + 4�fa�fc���0�q2 − 1�

− V�q − 1�2� . �48�

It is easy to show that ��2� /�k2�k=0�0 for q�1. Thus, in
this approximation the EC front is unstable with respect to
long-wave perturbations if the latent heat of melting of the
amorphous phase is larger than that of the crystalline phase.
This conclusion has a simple qualitative explanation. Indeed,
the mechanism of EC front propagation in the presence of
melting is due to the heat released at the melt-crystal inter-
face which is absorbed at the melt-amorphous interface. If a
protrusion is formed at the crystal-melt interface the heat flux
from the protrusion toward the melt-amorphous interface in-
creases and is absorbed at the melt-amorphous interface due
to the greater latent heat of melting. This cools the melt
further and leads to growth of the protrusion, i.e., to instabil-
ity. In contrast, if the latent heat of melting of the amorphous
phase is smaller than that of the crystal phase �q�1�, the
heat flux from the crystal-melt protrusion cannot be com-
pletely absorbed at the melt-amorphous interface, leading to
heat accumulation in the melt layer and to melting of the
protrusion. Thus, the planar crystal-melt interface is stable in
this case. Germanium corresponds to q�1. We can show
that if the heat loss parameter � is sufficiently small the
expression �48� is negative so that the propagating EC front
is stable, though it may not be stable for larger �. Though the
simplified criterion has a certain appeal due to its simple
physical interpretation, it does not necessarily hold in the
general case.

VII. NONLINEAR EVOLUTION
OF THE MORPHOLOGICAL INSTABILITY

In this section we derive a nonlinear evolution equation
that describes the behavior of a morphologically unstable EC
front near the instability threshold. The derivation is per-
formed by means of a standard multiple scale analysis, the
details of which can be found, e.g., in Ref. 16. Here we
describe the main steps in deriving the weakly nonlinear evo-
lution equation.

We consider the parameters of the system to be such that
the EC front is weakly unstable �near the instability thresh-
old� so that the dispersion relation can be expanded as

� = ak2 − bk4, �49�

where
12



EXPLOSIVE CRYSTALLIZATION IN THE PRESENCE¼ PHYSICAL REVIEW B 73, 184125 �2006�
a =
1

2
� �2�

�k2 	
k=0

= O��2�, b =
1

24
� �4�

�k4 	
k=0

= O�1� .

Here, the small parameter ��1 is proportional to �P− Pc,
where the parameter P stands for any of the parameters in
the problem, e.g., �, and Pc is the critical value of P corre-
sponding to the onset of the instability. Indeed, � may be
defined by �2= �P− Pc� / Pc. In this case the range of the
wavenumbers �k corresponding to the unstable modes ��
�0, see Fig. 12� is small, �k��1, and the maximal
growth rate �max�4.

We introduce the long-scale coordinate along the front
X=�x, and the slow time variable �=�4t, and consider per-
turbations of the temperature field in the three phases and
perturbations of the two planar interfaces of a uniformly
propagating EC front in the form of the expansions

�  ��0���� + �2��1���,X,�� + �4��2���,X,�� + �6��3���,X,��

+ ¯ , �50�

�1  �2�1
�1��X,�� + �4�1

�2��X,�� + �6�1
�3��X,�� + ¯ , �51�

�2  l + �2�2
�1��X,�� + �4�2

�2��X,�� + �6�2
�3��X,�� + ¯ .

�52�

Substituting the expansions �50�–�52� into the problem
�13�–�22�, one obtains a sequence of linear problems in even
orders of the small parameter �. The solvability condition of
the problem at order �2 gives

��1

�2
	 = ��1

�2
	U�X,�� , �53�

where �1 and �2 are the components of the eigenvector of
the linearized problem �13�–�22� as k→0, and U�X ,T� is an
as yet unknown function. The solvability condition for the
problem at order �4 gives the condition for the instability
threshold, 2a=�2� /�k2=0, and is identically satisfied since
the parameters have been chosen such that a=O��2�. The
solvability condition for the problem at order �6 gives the
following evolution equation for the function U�X ,��,

U� + aUXX + bUXXXX −
V

2
�UX�2 = 0. �54�

where a and b are defined in Eq. �49�, and V is the dimen-
sional speed of the propagating planar EC front.

Equation �54� is the well-known Kuramoto-Sivashinsky
�KS� equation that describes weakly nonlinear evolution in
many systems with translation invariance characterized by a
monotonic instability with the long-wave spectrum �49�,17

such as the thermo-diffusive instability of a flame front18 or
the instability of waves on liquid films flowing down an
inclined plane.19 It has been extensively studied �see, e.g.,
Ref. 20� and is known to exhibit cellular structures which
vary slowly in time and space in a chaotic manner. In our
case, it describes the nonlinear evolution of an unstable EC
front near the instability threshold, when the perturbation
wavelength is large compared to the width of the thermal

boundary layer at the moving front. The solution of this
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equation describes the shape of the front, i.e., the shape of
the two interfaces given by Eq. �53�. One can show that the
two components of the eigenvector in Eq. �53� have the same
sign so that the perturbations of the two interfaces are always
in phase. Indeed, when the crystal-melt interface is corru-
gated, the heat flux due to the latent heat of crystallization is
larger at the protrusions of the crystal-melt interface; this
leads to the increased melting of the adjacent parts of the
melt-amorphous interface that, therefore, exhibits the same
corrugated shape. An example of such a shape appears in
Fig. 16�b� which shows the solution of the KS equation at a
particular moment of time. When such a morphologically
unstable EC front propagates along the film, it leaves behind
a microstructure in which the spatiotemporal evolution of the
frontal shape is imprinted. An example of spatiotemporal
evolution described by the �scaled� KS equation is shown in
Fig. 16. One can see that the spatiotemporal pattern de-
scribed by the KS equation is very similar to the columnar
structure observed in our experiments.

VIII. SUMMARY

We have studied explosive crystallization accompanied by
melting �ELPE mode� in a thin film of amorphous material,
both experimentally and theoretically. In this regime, a thin
layer of melt between the amorphous and crystalline phases
is formed. The melt is undercooled with respect to the crys-
talline phase and overheated with respect to the amorphous
phase. Melt crystallization at the crystal-melt interface re-
leases the latent heat that melts the amorphous phase. This
process can lead to self-propagation of the EC front that
consists of two interfaces—crystal-melt and melt-
amorphous, with a melt layer between them. The melt-
mediated EC front propagates through the amorphous film

FIG. 16. Solution of the rescaled KS equation �54� �for a=b
=V=1� describing the shape of the EC front near the morphological
instability threshold. �a� Spatiotemporal diagram which is similar to
the columnar structure. �b� Solution describing the frontal shape at
a particular moment of time.
and transforms it into the crystal �polycrystalline� film.

13
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We have performed experiments using films of amor-
phous germanium. Laser-induced, linear EC fronts, uni-
formly propagating over large distances have been achieved
in films with various thicknesses deposited on a quartz sub-
strate. Depending on the front speed, the film thickness and
the substrate temperature, different types of morphology of
the resulting crystal phase have been observed: columnar,
scalloped, and mixed.

We have developed a theory of explosive crystallization
in thin amorphous films, accompanied by melting. Our
theory predicts the speed of a uniformly propagating EC
front mediated by a layer of melt, the melt layer thickness,
the critical value of the substrate temperature above which
front propagation is possible, as well as the critical value of
the heat loss parameter �film thickness� above �below� which
the melt-mediated EC front cannot propagate. The results of
our analysis and computations are in good agreement with
experimental observations. We have argued that while for
certain ranges of substrate temperatures and film thicknesses,
melt-mediated EC front propagation cannot occur, an EC
front governed by a direct, amorphous-crystal phase transfor-
mation is still possible. This argument is supported by our
experimental observations.

We have performed a linear stability analysis of a uni-
formly propagating EC front in the presence of a melt layer.
We have shown that the front can exhibit a monotonic cellu-
lar instability which is similar to the Mullins-Sekerka insta-
bility of solidification fronts. We have found the range of
substrate temperatures for which the instability occurs and
have computed the wavelength of the most rapidly growing
mode. Our predictions are in good agreement with our ex-
perimental observations. Also in agreement with our experi-
mental observations is our theoretical result that does not
show the presence of an oscillatory instability for a uni-
formly propagating EC front mediated by a melt layer. We
therefore argue that the scalloped microstructure of a crystal
phase observed in experiments results from an oscillatory
instability of the EC front that is governed by a direct
Properties of Surfaces, Thin Films and Self-Organized Struc-
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amorphous-crystal phase transformation, with no melting.
Previous analysis of the stability of EC fronts in this mode
supports our conclusion.

An interesting feature observed in the experiments that
remains unexplained is the transitional regime that leads to
the formation of a mixed microstructure, somewhat between
the scalloped and the columnar microstructures. We conjec-
ture that this regime could result from the coexistence of two
regimes of the EC front propagation: with and without melt-
ing, that can occur simultaneously on different parts of the
front. This, however, requires further investigation.

In conclusion, we note that there are several effects, not
considered in the present paper, that can affect the nature of
the EC front instability and the wavelength selection process.
One is the effect of impurities that might be present in the
amorphous film. The presence of impurities will change the
equilibrium melting and crystallization temperatures, thus af-
fecting the EC front propagation speed and the stability con-
ditions. Also, the concentration of impurities in the melt
layer can provide an additional instability mechanism, simi-
lar to the morphological instability during the crystallization
of binary alloys; the dependence of the melting and crystal-
lization kinetic parameters on the impurity concentration can
yield an oscillatory instability.12 Another effect is associated
with elastic stress generated in a thin film during its explo-
sive crystallization on a solid substrate.21–23 The elastic stress
can change the kinetic parameters of the phase
transformation,24–26 thus changing the EC front stability con-
ditions and possibly leading to a new type of instability. We
plan to investigate these effects in the future.
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