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All-angle left-handed negative refraction in Kagomé and honeycomb lattice photonic crystals

Rado§ Gaji¢,"? Ronald Meisels,? Friedemar Kuchar,> and Kurt Hingerl?
Unstitute of Physics, P.O. Box 68, 11080 Belgrade, Serbia and Montenegro
2Institute of Physics, University of Leoben, Franz Josef Strasse 18, A-8700 Leoben, Austria
3Christian Doppler Lab, Institute for Semiconductors and Solid State Physics, University of Linz,
Altenbergstrasse 69, A-4040 Linz, Austria
(Received 12 August 2005; revised manuscript received 21 February 2006; published 12 April 2006)

Possibilities of all-angle left-handed negative refraction in 2D honeycomb and Kagomé lattices made of
dielectric rods in air are discussed for the refractive indices 3.1 and 3.6. In contrast to triangular lattice photonic
crystals made of rods in air, both the honeycomb and Kagomé lattices show all-angle left-handed negative
refraction in the case of the TM2 band for low normalized frequencies. Certain advantages of the honeycomb
and Kagomé structures over the triangular lattice are emphasized. This especially concerns the honeycomb
lattice with its circlelike equifrequency contours where the effective indices are close to —1 for a wide range of

incident angles and frequencies.
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I. INTRODUCTION

So far, different 2D photonic crystal (PhC) structures have
been analyzed. Mostly the properties of lattices with square
and hexagonal symmetry have been calculated' and have
been used in the negative refraction experiments.*~° Derived
structures have been studied together with the basic geom-
etries. In the case of hexagonal lattice, three fundamental
structures exist: the triangular, honeycomb, and Kagomé lat-
tice (Fig. 1). The Kagomé lattice is well known in solid state
physics. Magnetic materials with the Kagomé lattice and its
isomers produce the most frustrated magnetic systems.'? Re-
garding PhC physics, the Kagomé structure is practically
neglected,!! in spite of its large gap-to-midgap ratio. On the
other hand, the honeycomb or graphite lattice PhC has al-
ready been investigated'>"' to some extent.

Recently, materials exhibiting negative refraction have at-
tracted considerable attention based on the seminal work of
Veselago.'® These structures are periodic and can be either
realized with so-called metamaterials'’~!° or photonic crys-
tals. Depending on the product sign of v, v,,, we distin-
guish the right-handed (RH") and left-handed (LH™) negative
refraction®” (v, and v,, are the phase and group velocities in
PhC). RH™ refraction can be realized in PhCs for round
equifrequency contours (EFCs) with inward gradients. This
takes place around symmetrical points in the Brillouin zone,
away from the I point, i.e., in the vicinity of the M point in
2D square lattice PhCs. In this case, Luo et al.?' proposed
all-angle negative refraction (AANR) for the GaAs dielectric
contrast. The LH™ refraction is also possible in PhCs in
higher bands around the I point.?*?* There, v, and v,, can
be antiparallel like in Veselago’s metamaterials. One of the
tasks is to search for PhC structures with all-angle left-
handed negative refraction (AALNR), particularly with all-
angle Veselago negative refraction where n,,=-1 although
PhCs with n,;=-1 and metamaterials with n,;,=—1 can have
different optical properties.”* In this work we are looking for
an all-angle n,=-1 candidate in the hexagonal PhC family
due to their circular EFCs. We will use two different effec-
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tive indices of refraction, 71,,,(8;,,®) = sin(6,,)/sin(6,) and
st Oins @) Zsgn(v erkepnc)c Ik pncl/ 0= kppc! Ky The
former is obtained from a Snell-like formula*> and repre-
sents an effective index of refraction in the k;, direction, and
the latter is an effective phase index of refraction. The signs
of npeqn and ny, g reflect the positive or negative refraction,
and the right-handed or left-handed behavior in PhCs, re-
spectively. In the case of RH™ or LH* refraction,? n,,,,, and
n,.;r have different signs.

II. CALCULATION

Here, we study Kagomé and honeycomb dielectric rod
PhCs and their TM/TE bands where LH™ refraction takes
place (electric and magnetic fields are parallel to the rods for
TM and TE modes, respectively). We start with a 2D
Kagomé PhC made of dielectric rods in air and analyze the
EFC and propagation properties. As a tool the plane-wave
method (PWM) with BandSOLVE (Ref. 25) and the finite-
difference time-domain (FDTD) calculation with FullWAVE
(Ref. 26) are used. At the beginning, the band structure and
the gap-map are determined. The calculations are performed
for two different dielectric rod materials (n=3.1 and n=3.6).
At microwave frequencies, n=3.1 and 3.6 can be realized
using Al,O; (alumina) and GaAs as the rod material. The
Kagomé lattice has a large gap-to-midgap ratio Aw/w, (an
omni-directional band gap) which is of the same order as in
the triangular lattice. Namely, Aw/w,=35% and =40% for
n=3.1 and n=3.6, respectively. In a GaAs rod PhC AALNR
is studied for r/a=0.27 (r is the rod radius and a the small-
est distance between the rods). The Kagomé unit cell has a
basis with three rods per cell, as shown in Fig. 1. The band
calculations, based on PWM, for the first five TM/TE bands
in the case of the GaAs rods, are presented in Fig. 2. For n
=3.6, r and a are 0.6 and 2.2 mm, respectively. A possible
candidate for AALNR is the TM2 band whose EFCs are
given in Fig. 3. The equifrequency contours are shown in the
microwave range between 22 and 28.7 GHz but the conclu-
sions are, of course, quite general due to the scaling property
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Kagomé

FIG. 1. (Color online) The Kagomé and the honeycomb lattice
are displayed with different unit cells of the same areas, 2a* 3 and
1.5a% 3, respectively. The unit cells marked with the thick line are
used in the calculations.

of PhCs. The necessary conditions for AALNR are a convex
EFC in the PhC around I" with inward gradients and such a
PhC EFC that surrounds the corresponding one in air. Addi-
tionally, A=c/f=2a, should be fulfilled (a, is the surface
lattice constant, af:a for the I'K interface of the Kagomé
lattice) in order to avoid diffraction.?* The EFC structure in
Fig. 3 reveals that the air circles are of comparable size with
those in the PhC. For the n=3.6:1 rod contrast, AALNR
takes place for the frequencies between 24.5 and 25.3 GHz

(f=0.18 to 0.186) as it is marked in Fig. 2. As an example,
we analyze AALNR near the upper bound, at 25 GHz (or the

normalized frequency, f=fa/c=0.183). The air EFC is in-
side the corresponding one in the PhC as in Fig. 3. In our
case, for 25 GHz, the condition regarding the lack of diffrac-
tions also holds ()\>5.4a§). Moreover, for the incident
angles, 6,,>35° v,, and v,, are nearly antiparallel like in
Veselago metamaterials. The wave pattern of the 25 GHz
TM2 electromagnetic wave (EMW) propagating through the
Kagomé lattice with ny,,,,=~—1 is presented in Fig. 4. A care-

PHYSICAL REVIEW B 73, 165310 (2006)

TE/TM Band Structure

0.5 1 ™

Kagomé »

TE

AOA_"”::::::::..”...-- .,..,....,.,:::::::;:I P
O i1 O N NSREETER L4
N @
g . :K:AA‘ TM3. - *4s0aaanf AAA:A:‘“A“\A\A\ AALNR

0.1

0.0 -

FIG. 2. (Color online) The band structure of a 2D Kagomé
GaAs rod photonic crystal for r/a=0.27. The dashed line corre-
sponds to the light line and the gray strip denotes the region with
AALNR in the TM2 band.

ful FDTD analysis revealed backward waves in PhC.
AALNR appears for the TM2 band positioned below the first
gap in a Kagomé-lattice PhC as in Fig. 2. As the dielectric
contrast increases, the gap normally widens and the mid-gap
moves to lower frequencies enabling engineering until the
AALNR condition is fulfilled. AALNR is found for the n
=3.1 rods, too, but in the narrow frequency range, 0.4 GHz
wide. It is worth emphasizing that LH™ refraction is also
present for the TM3 band but only for small incident angles,
since the EFCs are star-like. We find the similar situations for
the TE EFC bands, which are not circular. This concerns
structures both with rods and with holes. TE gaps are smaller
in dielectric rod PhCs since, as a rule, isolated high-dielectric
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FIG. 3. (Color) The equifrequency contours of the TM2 mode
for a 2D Kagomé GaAs rod photonic crystal. The red circle denotes

the air 25 GHz EFC (f =(.183), whereas the yellow thick contour
is a PhC EFC at the same frequency. EFCs are presented for 22, 23,
..., 28, and 28.7 GHz. The red arrow denotes the direction of the
incident wave across the I'K interface at 34°, the white one is for
kpj,c and the blue arrow stands for the group velocity, v,,. kj and k |
are k vectors parallel and normal to the I'K interface, respectively.
The dashed line determines the first Brillouin zone.
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FIG. 4. (Color) The wave pattern of the 25 GHz TM2 EMW
propagating through a Kagomé GaAs rod photonic crystal at the 34°
incidence across the I'K interface (FDTD).
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regions favor the TM band gaps.!> The effective indices
Mpeam and 11,5, Of the 25 GHz TM2 beam are shown in Fig. 8.
Npeam Decomes large for small incident angles but always
negative.

In the honeycomb lattice the adjacent hexagons share two
rods instead of one rod as in the Kagomé structure (see Fig.
1). The honeycomb unit cell has a basis with two rods per
cell and it is smaller than the Kagomé one. For the n=3.6
rods, the honeycomb lattice has a lower gap-to-midgap ratio
than Kagomé PhC, (Aw/w,)ry=31%. Comparing the band
structures in Figs. 2 and 5, there is an important difference
between the two lattices regarding the TM bands with nega-
tive refraction. In the Kagomé lattice the TM2 and TM3
bands overlap in the I" point, whereas they are separated by
the band gap in the honeycomb PhC, which is favorable for
applications. Here, we study the structure for r/a=0.24 (r
=0.6 mm). Figures 6 and 7 show the TM2 EFCs and the
corresponding wave propagation at 30° in a honeycomb
GaAs rod lattice. Similarly to the Kagomé lattice, the EFCs
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FIG. 5. (Color online) Band structure of a 2D honeycomb GaAs
rod photonic crystal for r/a=0.24. The dashed line corresponds to
the light line and the gray strip represents the region with AALNR
in the TM2 band.
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FIG. 6. (Color) The equifrequency contours of the TM2 mode
for a 2D honeycomb GaAs rod photonic crystal. The red circle
stands for the air 26 GHz EFC (f =(.22) whereas, the yellow con-
tour corresponds to an EFC of the same frequency in the crystal.
The EFCs are presented for 25, 26, ..., 28, and 28.5 GHz. The red
arrow indicates the incident wave at 30°. The rest is the same as in
Fig. 3.

are round and can be of the same size as the corresponding

air EFCs. For example, the air 26 GHz TM2 EFC (f
=(.22) is located within the PhC EFC of the same fre-
quency, giving rise AALNR. Again the single beam behavior
of the 26 GHz wave is insured ()\22.711 a =a /3 for the
I'K interface). Like in the Kagomé PhC, LH refractlon
without AALNR is present in higher bands (TE2, TM3) of
the honeycomb lattice PhC. The effective indices of the TM2
band are calculated and presented in Fig. 8. The honeycomb
lattice is more compact than the Kagomé one, its
EFCs are generally more round as the angle dependence
of Npeqy and n,,; shows in Fig. 8. In addition, the effective
indices are quite close to —1 for a wide range of incident
angles in the honeycomb PhCs. For example, at 26 GHz,
—1.06 <14, <-0.96 for 6,=30° and -1.04<n,.;
=<-1.00 for 0=6,<90° as in Fig. 8. Also, AALNR is
present in the honeycomb PhCs made of alumina rods in air

.0

FIG. 7. (Color) The wave pattern of the 26 GHz TM2 EMW
propagating through a honeycomb GaAs rod photonic crystal at the
30° incidence across the I'K interface (FDTD).
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FIG. 8. The effective indices, 1y, and n,.s. of both lattices at
25 GHz (Kagomé) and 26 GHz (honeycomb) as a function of the
incident angle.

for the TM2 band. For the Al,O5 rod PhCs, the EFCs are just
slightly less round compared to the EFCs of GaAs rod
PhCs. Our calculations of a triangular lattice made of Al,O3
does not show AALNR. Comparing to the Kagomé lattice,
the honeycomb structure has an additional advantage since
the frequency range where AALNR takes place is larger.
In the case of the 3.6:1 dielectric contrast, AALNR ranges
from 24.1 t026.1 GHz (f=0.2 to 0.218). This makes
(Af1f) anrne= 8% (Af is the frequency bandwidth and f,, is
the mid-frequency of the AALNR range). The similar ratio
holds for the 3.1:1 contrast.

Notomi?? investigated a 2D triangular GaAs rod photonic
crystal with the ratio, r/a=0.35. The effective index of the
TE modes was negative (=0.7 <#,,;<0) and well defined in
the frequency range, 0.59 <f<0.635. Additionally, he dem-
onstrated negative refraction of the TM modes in a 2D trian-
gular GaAs air hole PhC (r/a=0.4) in the range 0.3<f
=<0.35. The n,, of the TM band varied between —1.2 and 0.
Later many authors exploited this structure investigating
negative refraction and superlensing, e.g., Ref. 27. In this
communication, we demonstrate for the first time possibili-
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ties of all-angle left-handed negative refraction in dielectric
rod PhCs with the Kagomé and the honeycomb lattice. We
find that the honeycomb PhC can be particularly useful with
its round equifrequency contours and the effective indices
close to —1 for a wide range of incident angles. Both lattices
show AALNR even for the lower dielectric contrast of
A1203/ air.

III. SUMMARY

In review, all-angle left-handed negative refraction in 2D
Kagomé and honeycomb lattices made of rods in air is dem-
onstrated. The EFC calculations show that AALNR is
present for the TM2 band for both photonic crystals at low
normalized frequencies. Both structures exhibit AALNR for
the contrast, n=3.1:1. The honeycomb lattice seems to be
particularly advantageous. The effective indices, ny,,,, and
17> are close to —1 for a wide range of incident angles and
moderate dielectric contrasts and, with a useful AALNR fre-
quency range, (Af/f,)aarng=8%. The Kagomé lattice PhC
has less round EFCs and the smaller AALNR frequency
range (around 3% for n=3.6:1 and just 1% for n=3.1:1).
Additionally, for both lattices AALNR is present for low

normalized frequencies, fz 0.2 which eliminates undesired
diffraction. Previously, AALNR with the effective indices
close to —1 has exclusively been related to triangular lattice
PhCs of air holes in high dielectric constant materials. Tak-
ing into account that fabrication of 2D photonic crystals
made of dielectric rods is sometimes a simpler task than
those of air holes, here we suggest the new PhC structures of
dielectric rods in air that are well suited to exhibit AALNR at
lower normalized frequencies and dielectric contrasts.
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