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We have performed ultrasonic measurements of the filled skutterudite compound PrRu4P12 to investigate the
elastic properties and the 4f electric state of Pr ions. A distinct feature associated with the metal-insulator
transition was observed at TMI of 62.3 K in the temperature dependence of the elastic constants C11, �C11

−C12� /2, and C44. These elastic constants increase monotonically with decreasing temperature below TMI.
However, a pronounced elastic softening toward low temperature was observed in C11, �C11−C12� /2, and C44

below around 20 K. We discuss the temperature development of the 4f electronic state of PrRu4P12 around TMI

and at low temperatures on the basis of the 4f-level scheme formed by the crystalline electric field effect.
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I. INTRODUCTION

The filled skutterudite compounds RT4X12 �R=rare earth,
T=Fe,Ru,Os, and X=pnictogen� have been investigated in-
tensively since the recent discovery of novel physical prop-
erties. In particular, the Pr compounds have attracted much
attention from the viewpoint of anomalous nonmagnetic
properties, indicating the importance of a quadrupolar degree
of freedom.1–6 In the case of conventional Pr compounds the
hybridization strength is small enough to localize the 4f
states owing to the contraction of the 4f wave function, com-
pared with that of Ce and Yb compounds. In the filled skut-
terudite compounds, however, even in Pr compounds
strongly correlated systems are realized due to a unique
body-centered-cubic structure �space group Im 3�.7,8 These
systems provide us unique nonmagnetic stages with plural 4f
electrons, quite different from those in Ce and Yb com-
pounds. One of the essential ingredients in the physics is the
strong hybridization between localized f electrons and con-
duction bands owing to the large coordination number of X
to R. A metal-insulator �MI� transition observed in PrRu4P12
at TMI of 62.3 K is one of the anomalous properties.9 A clear
anomaly was observed in the specific heat and thermal ex-
pansion coefficient measurement at TMI.

10,11 The correspond-
ing entropy was estimated to be around R ln 2 below 20 K.
However, no magnetic anomaly was observed in the mag-
netic susceptibility at TMI. It is noted that the La substitution
effect into the Pr site offers us significant information.12 The
magnetic susceptibility is almost temperature independent at
low temperature at the Pr concentration less than around
50%, being indicative of nonmagnetic behavior �Van Vleck
behavior�, whereas a significant divergence toward low tem-
perature was observed, more than 50%, being indicative of
magnetic behavior �Curie-Weiss behavior�. The magnetiza-
tion studied by Tayama et al., shows a sharp increase in low
fields, implying ferromagnetic behavior. Furthermore, isotro-
pic behavior was observed in the high-field magnetization
curve.13 The MI transition coincides with a structural phase
transition that doubles the unit cell and opens a gap at the
Fermi energy as reported by x-ray absorption near-edge

spectroscopy XANES study and band calculation,
respectively.14–18 Recent neutron measurements done by
Iwasa et al., proposed 4f multiplets split by the crystalline
electric field �CEF� effect for the Pr�1� and Pr�2� sites as
follows:19

�1�0� − �4
�2��95 K� − �23�108 K� − �4

�1��184 K� , �1�

�4
�2��0� − �1�26 K� − �23�140 K� − �4

�1��222 K� �2�

which are illustrated in detail later. This level scheme was
determined at the lowest temperature of 5 K. Surprisingly,
this level scheme depends strongly on the change of tem-
perature. Although some models have been proposed, the
ground state of the 4f electrons below the lowest temperature
of the transition is still unsolved.

In this work, we have measured the elastic constants of
PrRu4P12 by means of ultrasonic measurement in order to
further investigate its ground state of 4f multiplets. The ob-
tained results show a distinct feature in all elastic constants at
TMI, and a pronounced softening toward low temperature in
C11, �C11−C12� /2, and C44. The present results are explained
reasonably by the proposed 4f-level scheme of Pr ions de-
termined by the recent inelastic neutron scattering measure-
ment. We discuss the ground state properties and analyze
them in comparison with other physical properties of
PrRu4P12.

II. EXPERIMENT

The PrRu4P12 sample used in this work was grown by the
tin-flux method. The starting materials were 3N �99.9% pure�
Pr, 4N Ru, 6N P, and 5N Sn. The single crystal nature was
confirmed by the back-reflection Laue technique. The elastic
constants �Cij� were measured by an ultrasonic apparatus
based on a phase comparison method. The plates of quartz
and LiNbO3 transducers for the generation and detection of
the sound waves with frequencies 5–15 MHz were used.
They were glued on the parallel planes of the sample by the
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elastic polymer Thiokol. The specimen used in this study has
a size of 1.4 and 1.5 mm for the �100� and the �110� axis,
respectively. In the estimation of the elastic constant C
=�v2, we used the mass density �=5.836 g/cm3 for
PrRu4P12 with a lattice parameter a=8.0516 Å.

III. EXPERIMENTAL RESULTS

Figure 1 shows the temperature dependence of elastic
constants C11, �C11−C12� /2, and C44 of PrRu4P12. C11 is the
elastic constant determined by the longitudinal sound wave
propagated along the �100� axis. �C11−C12� /2 and C44 are
those determined by the transverse one propagated along
�100� with the polarization parallel to �010� and propagated

along �110� with the polarization parallel to �11̄0�, respec-
tively. We used a longitudinal sound wave with a frequency
of 10 MHz for the measurement of C11 and transverse waves
of 5 and 15 MHz for �C11−C12� /2 and C44, respectively. A
distinct bend was observed at TMI as indicated by arrows,
and these elastic constants increase monotonically below
TMI. Furthermore, a pronounced elastic softening toward low
temperature appears in C11, �C11−C12� /2, and C44. It is
likely that the softening toward low temperature still contin-
ues in the temperature range below 0.5 K. The absolute val-
ues of each elastic constant, calculated bulk modulus CB
= �C11+2C12� /3, and Poisson ratio �=C12/ �C11+C12� from
C11 and �C11−C12� /2 at both 77 and 4.2 K are listed in Table
I. Figure 2 shows the temperature dependence of C11 under
selected fields along the �100� axis. In some cases, the offsets
of data are shifted arbitrarily to avoid overlap of curves,

hereafter. The pronounced softening toward low temperature
is gradually suppressed with increasing field. The softening
is undetectable above 5 T. Figure 3 shows the temperature
dependence of �C11−C12� /2 under selected fields along the
�110� axis. Similarly, a pronounced softening toward low
temperature is gradually suppressed with increasing field.
The softening is undetectable above 5 T. The temperature
dependence of C44 under selected fields along the �100� axis
is shown in Fig. 4. It is also suppressed with increasing field.
The softening is undetectable above 5 T. It is noted that the
softening of C44 begins below around 1.5 K in zero field,
different from that of C11 and �C11−C12� /2 in which the
softening begins below around 18 K. These results share cer-
tain similarities in that the characteristic softening toward
low temperature is undetectable under a field above around
5 T. The origin of the elastic softening observed in C11,
�C11−C12� /2, and C44 will be analyzed and discussed in de-
tail later. Figure 5 shows the temperature dependence of
�C11−C12� /2 in selected fields along the �110� axis around
the metal-insulator transition temperature in a precise scale.
The clear bend behavior gradually becomes smeared with
increasing field. It is highly marked that the bend hardly
shifts with increasing field. The inset of Fig. 5 shows the

TABLE I. The absolute values of each elastic constant and bulk
modulus CB= �C11+2C12� /3 and Poisson ratio �=C12/ �C11+C12� at
both 77 and 4.2 K.

Mode

Elastic constant

at 4.2 K at 77 K

C11 230 GPa 225 GPa

�C11−2C12� /2 27.5 GPa 27.0 GPa

C44 17.7 GPa 17.4 GPa

CB= �C11+2C12� /3 193.5 GPa 188.9 GPa

�=C12/ �C11+C12� 0.432�1� 0.438�1�

FIG. 1. Temperature dependence of elastic constants C11, �C11

+C12� /2, and C44 of PrRu4P12. Downward arrows indicate the
metal-insulator transition temperature TMI.

FIG. 2. Temperature dependence of C11 in selected magnetic
fields along the �100� axis. Their offsets are shifted arbitrarily to
avoid overlap of the curves.
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magnetic phase diagram of PrRu4P12 determined by the
present results in a field for H � �100� and for H � �110� de-
duced from C11, C44, and �C11−C12� /2, respectively. The
phases I and II correspond to the metallic and nonmetallic
phases, respectively. The MI transition temperature TMI is
almost independent of magnetic field, which is consistent
with those determined by the other physical properties such
as specific heat and magnetic susceptibility. This boundary
shows almost isotropic behavior. It is noted that all of these

elastic constants are almost constant above TMI, whereas they
increase monotonically in the nonmetallic phase, i.e., below
TMI. This feature will also be discussed in detail later.

IV. DISCUSSION

Here, we discuss the origin of the observed elastic soften-
ing. First, we consider the quadrupolar interaction between
�3 type and �5 type quadrupolar moments associated with
the softening observed in the transverse �C11−C12� /2 mode
and C44 mode, respectively. According to the effective
Hamiltonian with respect to the quadrupolar moment for the
4f electron, Hqs for interaction of the quadrupolar moment
O� in the 4f electronic state with the local strain �� induced
by a sound wave and Hqq for the intersite quadrupolar inter-
action are described as follows:20–22

Hqs = �
i

g�O��i���, �3�

Hqq = �
i

g���O��O��i� , �4�

where O��i� is the equivalent quadrupolar operator at the ith
Pr site and g� �� denotes the irreducible representation of the
point group, i.e., �3 and �5� is the coupling constant. g�� is
the quadrupolar coupling constant and �O�� is the mean field
of the quadrupolar moment.

FIG. 3. Temperature dependence of �C11−C12� /2 in selected
magnetic fields along the �110� axis. Their offsets are shifted arbi-
trarily to avoid overlap of the curves.

FIG. 4. Temperature dependence of C44 in selected magnetic
fields along the �100� axis. Their offsets are shifted arbitrarily to
avoid overlap of the curves.

FIG. 5. Temperature dependence of �C11−C12� /2 in selected
fields along the �110� axis around the TMI temperature in a precise
scale. Their offsets are shifted arbitrarily to avoid overlap of the
curves. Inset shows the magnetic phase diagram of PrRu4P12 under
a field along the �100� and the �110� axes determined by C11, C44,
and �C11−C12� /2, respectively. They are indicated by the closed
triangles, closed circles, and closed squares, respectively.
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The Hamiltonian used to describe the elastic properties of
the present system is written including the above terms as
follows:

Htotal = HCEF + HZeeman + Hqs + Hqq �5�

where the magnetic interaction among the Pr sites is ne-
glected for simplicity. In fact no magnetic transition has been
observed in the temperature range down to 0.5 K.23 For this
reason, we neglect any Pr-Pr interactions in the analysis.
HCEF is the cubic crystalline electric field term with Th site
symmetry described as follows:

HCEF = W�x� O4

F�4�	 + �1 − 
x
�� O6
c

F�6�
	 + y� O6

t

Ft�6�
	� .

�6�

The descriptions follow the Takegahara formula, where
O4=O4

0+5O4
4, O6

c =O6
0−21O6

4, O6
t =O6

2−O6
6 by using the

Stevens’ operators, and F�4�=60, F�6�=2560, Ft�6�=240.8

Here we use the proposed CEF parameters x=−0.254, y
=0.009, and W=0.14 meV for Pr�1� and x=0.580, y=0.073,
and W=0.364 meV for Pr�2� at 5 K, and x=−0.189, y
=0.021, and W=0.129 meV for Pr�1� and x=0.582, y
=0.122, and W=0.238 meV for Pr�2� at 20 K determined by
the recent inelastic neutron scattering measurement.19

HZeeman is the Zeeman coupling with the applied magnetic
field H and the total angular momentum J described as fol-
lows:

HZeeman = − gJ�BJ · H �7�

where gJ and �B are the Landé g factor and Bohr magneton,
respectively. The temperature dependence of the symmetric
elastic constant C� is described as

C��T� = C�
�0��T� −

Ng�
2��

�s��T�
1 − g����

�s��T�
�8�

where N denotes the number of Pr ions in unit volume, and
C�

�0� and ��
�s��T� denote the background without quadrupolar-

strain interaction and the charge susceptibility, respectively.
If we neglect the intersite quadrupolar interactions g�� be-
tween Pr ions, the elastic constant is simply described as
C��T�=−Ng�

2��
�s��T� as used below for the calculations.

��
�s��T� is described in a cubic CEF potential as

��
�s��T� = �

ik

exp�− Eik
�0�/kBT�

Z � 1

kBT
��ik
O�
ik��2

− 2�
jl

��ik
O�
jl��2

Ei − Ej
	 �9�

where 
ik� and Z represent the kth eigenfunction of the ith
CEF level and the partition function, respectively. In second-
order perturbation theory with respect to the Hamiltonians
HZeeman and Hqs, one obtains the free energy with respect to
the elastic strain ��. From the second derivative of the ob-
tained free energy, the temperature dependence of the charge
susceptibility ��s� is determined. If the ground state is degen-
erate with respect to a quadrupolar moment O�, a softening
in the corresponding elastic constant is expected to occur due

to the nonzero Curie term i.e., the first term in Eq. �9�.
Let us come back to the ground state properties. The �4

�1�

and �4
�2� triplet possesses both �3 and �5 type quadrupolar

moments. So if either state is the ground state or locates
close to the ground state in energy, a softening toward low
temperature is expected in both �C11−C12� /2 and C44. If one
uses the CEF level scheme proposed by the inelastic neutron
scattering measurement, a remarkable softening should be
observed in both �C11−C12� /2 and C44. As mentioned in the
Introduction, there are two different sites for Pr ions with a
different site symmetry below TMI.

14–16 Furthermore, it is
reported that the CEF level scheme is strongly dependent on
change of temperature.19 Figure 7 shows the calculated tem-
perature dependence of the charge susceptibilities ��3

�s��T� and
��5

�s��T� for each Pr site in selected magnetic fields based on
the formula �9� with the proposed level scheme at 5 K as
shown in Fig. 6, where again the charge susceptibilities
��3

�s��T� and ��5
�s��T� contribute predominantly to the elastic

constants �C11−C12� /2 and C44, respectively, as mentioned
above. While the calculated elastic constant for Pr�1� site
shows almost temperature-independent behavior, that for the
Pr�2� site shows a characteristic softening toward low tem-
perature. Furthermore, the latter contribution reasonably re-
produces the experimental results even in a magnetic field.
These results strongly suggest that the Pr�2� sites, that is,
�4

�2�, are responsible for the obtained softening toward low
temperatures.

Next, let us discuss the field dependence of elastic con-
stants at selected temperatures. Since the CEF level scheme
is strongly dependent on temperature, especially below TMI,
it may be an appropriate way to obtain significant informa-
tion regarding the level scheme. Figure 8 shows the field

FIG. 6. The proposed model of the level scheme of the 4f elec-
tronic state of PrRu4P12 for each of two inequivalent Pr sites �top� at
5 K and �bottom� at 20 K for H=0 �Ref. 19�.
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dependence of elastic constants �C11−C12� /2 and C44 at 5 K,
and their corresponding calculated results. The calculated re-
sults of the charge susceptibility ��3

�s��T� and ��5
�s��T� are

shown for each Pr site �1� and �2� in the middle and bottom
panels, respectively. The charge susceptibilities, namely, the
elastic constants �C11−C12� /2 and C44 have a slight mini-
mum around 1 T and then exhibit a concave curvature in a
magnetic field above 2 T. While the calculated elastic con-
stant for the Pr�1� site shows almost field-independent be-
havior, that for the Pr�2� site shows a slight convex curvature
in low fields and a concave one above around 2 T which is in
good agreement with the experimental result of both �C11

−C12� /2 and C44. Figure 9 shows the field dependence of
elastic constants �C11−C12� /2, and C44 at 20 K, and their
corresponding calculated results. Although the characteristic
features were not observed, they increase monotonically with
increasing field. Similarly to those at 5 K, the calculated re-
sult for the Pr�2� site reproduces roughly the experimental
results for both elastic constants �C11−C12� /2 and C44 at
20 K.

A comparison of the experimental results and the calcu-
lated ones based on the CEF effect indicates that �4

�2� plays
an important role to cause the characteristic softening toward
low temperatures observed in C11, �C11−C12� /2, and C44,
and the present results are consistent with those of the inelas-
tic neutron scattering measurement.19 Again, a clear crystal
field spectrum was evidently observed in PrRu4P12, indicat-
ing that the ground states �4

�2� and �1 should play a crucial
role at low temperatures. By contrast, a quasielastic scatter-
ing with a broad linewidth was observed in PrFe4P12 in
which the elastic constants cannot be explained reasonably
only by the proposed CEF level scheme model.24–28 This

FIG. 7. Theoretical results of the temperature dependence of
�top� charge susceptibilities ��3 and �bottom� ��5 in selected mag-
netic fields along the �100� and the �110� axes, respectively, for each
different Pr site �1� and �2�. Their offsets are shifted arbitrarily to
avoid overlap of the curves.

FIG. 8. Left: �a� Experimental
and �b�, �c�theoretical results of
magnetic field dependence of
�C11−C12�/2 along the �110� axis
at 5 K. Right: �a� Experimental
and �b�, �c� theoretical results of
magnetic field dependence of C44

along the �100� axis at 5 K.
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high contrast is probably ascribable to the role of conduction
electrons.

Apart from the CEF effect let us discuss the origin of the
elastic softening toward low temperature. There are two
other main possibilities to cause the characteristic softening.
One is the coupling between enhanced bands and the rel-
evant elastic strains. If carriers with heavy mass form the
Fermi surface this effect can be important in causing
softening.29–33 This scenario is likely to be seen in other
filled skutterudite compounds such as SmRu4P12 and
CeOs4Sb12 at low temperatures. We do not rule out this sce-
nario to explain the present elastic softening toward low tem-
peratures observed in C11, �C11−C12� /2, and C44. In
PrRu4P12 metal-insulator transition occurs below 62.3 K,
leading to a state at low temperatures in which this contribu-
tion would not be so strong. The temperature to begin the
characteristic softening is different between �C11−C12� /2
and C44, which is not expected in the present CEF model. As
seen in CeOs4Sb12, a steep decrease of the elastic constant at
low temperatures may be due to the different magnitude of
the coupling constant between the elastic strain and a rel-
evant order parameter.

Another possibility is the quantum “rattling” effect re-
cently proposed by Goto et al.34–36 However, this effect is
observed at much lower temperatures and in an extremely
small amount. In La3Pd20Ge6 a slight softening is observed
below 2 K as reported by Nemoto et al.34 Furthermore, they
suggest that the quantum rattling effect plays an important
role in PrOs4Sb12.

35,36 However, since the characteristic dis-
persion of the elastic constants has not been observed in
PrRu4P12, this scenario seems to be not suitable to explain
the observed softening toward low temperatures in the
present case.

Here, let us discuss the distinct bend observed at TMI in all
elastic constants. As already reported in SmRu4P12, a de-

crease of the carrier number influences the elastic
anomaly.29,37 According to the long wave limit of the
Lindhard function, a decrease in the density of states at the
Fermi energy causes an increase of the elastic constant. This
is a standard behavior of the elastic constant at the MI
transition.29,38,39 On the other hand, this observed bend at TMI
provides us another important meaning. Even in compounds
with a quadrupolar transition at high temperatures such as
DyB2C2, a characteristic softening toward the transition tem-
perature was observed.40 The absence of elastic softening
toward TMI indicates that this transition has nothing to do
with the quadrupolar transition. That is to say, the degen-
eracy of quadrupolar moments still remains below TMI. Thus,
the 4f electronic state does not contribute directly to this
metal-insulator transition, including the experimental fact
that the magnetic moment does not contribute to it either.
These facts imply that the band, i.e., Fermi surface plays a
crucial role to bring about this transition, consistent with the
de Haas–van Alphen measurement.41

Finally, we would like to make a comment on the pro-
posed CEF level scheme obtained by inelastic neutron scat-
tering measurement.19 If the �4

�2� triplet is the ground state in
this system, a magnetic phase transition is expected since
�4

�2� has a magnetic moment. Down to 0.5 K no magnetic
transition has been reported so far. The extremely low con-
centration of carriers and existence of two different Pr sites
in the system at low temperatures might suppress the mag-
netic exchange interaction, so to speak, the Ruderman-Kittel-
Kasuya-Yosida interactions.

V. CONCLUDING REMARKS

In this paper we presented the elastic properties of
PrRu4P12. The elastic constants C11, �C11−C12� /2, and C44

exhibit a distinct bend at TMI. This is probably ascribed to a

FIG. 9. Left: �a� Experimental and �b�, �c�
theoretical results of magnetic field dependence
of �C11−C12� /2 along the �110� axis at 20 K.
Right: �a� Experimental and �b�, �c� theoretical
results of magnetic field dependence of C44 along
the �100� axis at 20 K.
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decrease of density of states at the Fermi level and the re-
sultant decrease of the carrier numbers. A pronounced soft-
ening toward low temperatures was observed in C11 and
�C11−C12� /2 below 20 K and C44 below 2 K. The obtained
characteristic softening toward low temperatures is explained
reasonably on the basis of the proposed 4f-level scheme:
mainly ��1�-�4

�2� and �4
�2�-��1� pseudoquartet states. That is to

say, the pseudoquartet states essentially play a crucial role in
the low-temperature properties of the PrRu4P12 system. The
same measurements at temperature below 0.5 K are currently
in progress by means of a 3He-4He diluted refrigerator. Fur-
thermore, the investigation of elastic properties on
PrxLa1−xRu4P12 system in which the nonmagnetic element La

is substituted on the Pr site are required to determine the
explicit CEF level scheme of Pr ion, and we are planning to
do that in the near future.
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