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We show that for electrons on a two-dimensional plane exposed to a strong magnetic field, the state at filling
factor �=1/5 is better described as a composite-fermion crystal than as a Laughlin liquid for small systems, but
the latter prevails for systems containing more than ten particles. A variational combination of the two wave
functions provides an extremely accurate wave function for small systems. This indicates that the �=1/5
fractional quantum Hall liquid is highly susceptible to formation of composite-fermion crystallites in it. Ex-
perimental implications are considered.
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I. INTRODUCTION

Much work has been done investigating the crystalline
phase in the lowest Landau level. On the experimental front,
a reentrant transition between an insulator and a liquid state
was seen more than a decade ago near �=1/5, and the insu-
lator was interpreted as a pinned crystal.1 Such an interpre-
tation is consistent with both the close proximity of the phase
to a correlated liquid, which is evidence against a single
particle localized phase, and radio-frequency spectroscopy
experiments that find a sharp resonance in the frequency de-
pendent conductivity in the insulating region,2 which is natu-
rally interpreted as the pinning mode of the crystal. On the
theoretical front, excellent evidence now exists that the low-
est Landau level crystal phase at small fillings is a topologi-
cal quantum crystal of composite fermions.3–5 One implica-
tion is that the existence of several crystal phases, with
different numbers of vortices attached to composite fermi-
ons, provides a possible explanation for the recent evidence
of two different kinds of crystals.6 In another very interesting
experiment in hole doped samples, periodic oscillations in
the insulating phase were interpreted as indicating a coexist-
ence of liquid and crystal phases.7

The competition between liquid and crystal is especially
interesting at �=1/5. Comparison of trial wave functions
with exact results, known for finite systems, has played a
crucial and decisive role in clarifying the physics of frac-
tional quantum Hall effect8 �FQHE� and related states. As
seen in Ref. 3, neither Laughlin’s liquid wave function9 nor
the composite-fermion �CF� crystal wave function is satisfac-
tory at �=1/5: the former has an overlap of 0.84 with the
exact wave function for N=6 electrons in the disk geometry,
while the latter has an overlap of 0.94. Neither overlap is as
convincing as those for Laughlin’s wave function at �=1/3
or the CF crystal wave functions at �=1/7 and �=1/9 �0.98,
0.99, and 0.99, respectively, for N=6 electrons on a disk�.
More disturbing is the fact that the CF crystal has a lower
energy and a higher overlap than the liquid wave function
�Kashurnikov et al.10 also concluded a crystal state at �
=1/5 from the exact diagonalization for seven electrons�,
which is inconsistent with the experimental observation of a
FQHE plateau at RH=h / ��1/5�e2�.1

In this study, we demonstrate theoretically that the supe-
riority of the CF crystal wave function at �=1/5 is a finite

size effect, and that the liquid prevails for a sufficiently large
number of electrons. Further, we seek to construct a better
wave function at �=1/5, which should help clarify the phys-
ics of the state here. Experiments1 have indicated that the
liquid state at �=1/5 is flanked on either side by a crystal,
which suggests that the 1/5 liquid may have strong crystal-
like correlations. We find that a linear combination of the CF
liquid and the CF crystal wave functions provides an excel-
lent account of the actual state for small systems. That indi-
cates a tendency toward formation of CF crystallites within
the 1/5 liquid state, the possible experimental manifestations
of which will be mentioned.

II. VARIATIONAL WAVE FUNCTIONS

The disk geometry will be employed throughout this
work. �The spherical geometry is inappropriate for the issue
of our interest, being in general biased against a crystal, be-
cause, for a general N, a two-dimensional triangular crystal
cannot be wrapped onto a sphere without creating defects.�
According to the CF theory, the wave function of the liquid
state at �=n / �2pn+1� is given by11

�liquid = PLLL�
j�k

�zj − zk�2p�n, �1�

where zk=xk− iyk represents the position of an electron, �n is
the wave function of n filled Landau levels �LLs�, and the
operator PLLL projects the wave function into the lowest
Landau level, as appropriate for strong magnetic fields. The
unit of length is chosen to be the magnetic length �
=��c /eB, B being the magnetic field. Because the Jastrow
factor � j�k�zj −zk�2p binds 2p quantized vortices to each
electron in �n, �liquid is interpreted as the wave function of n
filled � levels �or quasi-LLs� of composite fermions. At �
=1/5, composite fermions with vorticity 2p=4 fill the lowest
� level completely; substituting the explicit form for �1 pro-
duces Laughlin’s wave function.

In an infinite system, a crystal wave function is prepared
with a lattice constant a related to the filling factor by �
=4��2 / ��3a2�. In finite systems it is more convenient to
work with eigenstates of the total angular momentum, espe-
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cially for comparing them with the liquid and the exact
eigenstates. The CF crystal �CFC� wave function at �=1/5,
following Yi and Fertig4 and Chang et al.,3 is written as:

�CFC�L� = �
j�k

�zj − zk�2	�L*� . �2�

Here, 	�L*� is a “projected” Hartree-Fock crystal of
electrons12 at angular momentum L*, and multiplication by
the Jastrow factor � j�k�zj −zk�2 binds two vortices to each
electron to produce a crystal of composite fermions carrying
two vortices each. The total angular momentum is given by
L=N�N−1�+L*, where the first term on the right-hand side
is contributed by the Jastrow factor and the second by the
projected Hartree-Fock wave function 	�L*�. We prepare the
CFC wave function at the same angular momentum as the
liquid 1/5 wave function, namely L=5N�N−1� /2. The un-
projected Hartree-Fock crystal wave function 	 is given by

	 =
1

�N!
A � 
Ri

�r j� , �3�

where A is the antisymmetrization operator, 
R�r� is the
lowest LL coherent-state wave packet13 for an electron local-
ized at R= �X ,Y�:


R�r� =
1

�2�
e�−�1/4��r − R�2+�i/2��xY−yX��, �4�

and the positions Ri represent the lowest energy configura-
tion of two-dimensional �2D� classical point charges,14

which is a triangular lattice in the thermodynamic limit, but
can have more complicated structures for finite systems. Fol-
lowing Yannouleas and Landmann12 we project the wave
function 	 onto a definite angular momentum L* to obtain
the wave function 	�L*�=P�L*�	. The projection operator is

defined12 as P�L*�= 1
2��0

2�d�ei��L̂−L*�, where L̂=�iL̂i is the
total angular momentum operator. After the projection, 	�L*�
can be written as a linear combination of lowest LL basis
functions composed of the single particle eigenstates of the
circular gauge, with L*=�iLi, Li being the angular momen-
tum of the ith electron.

We shall study how the liquid and the crystal wave func-
tions at �=1/5 compare to each other and to the exact wave
function as a function of N. In addition, we will also consider
a trial wave function which is a mixture of the CF liquid and
CF crystal state

�mixed = �liquid�liquid + �CFC�CFC. �5�

The coefficients of �mixed are determined by energy minimi-
zation in the 22 basis space defined by 	�liquid ,�CFC
.
Because �liquid and �CFC are not orthogonal, a Gram-
Schmidt orthogonalization is required. To test the various
trial wave functions, we evaluate their Coulomb interaction
energy per particle and their overlaps with the exact wave
function, defined as

E =
1

2N
�
i�j

��� 1

ri − r j
���

���� � e2

��
� , �6�

O =
��ex��

���ex�ex������
, �7�

where � is the dielectric constant of the host semiconductor
and � is the magnetic length. In the above formulas, � could
be the mixed, CFC, or liquid wave function. All multidimen-
sional integrals are evaluated by the Metropolis Monte Carlo
method.

FIG. 1. �Color online� Angular view and contour plot of the pair correlation function for �a� exact, �b� mixed, �c� CFC, and �d� liquid state
for N=6 particles at �=1/5. All figures are plotted on the same scale. The missing peak depicts the position R of the fixed particle in Eq.
�8�. The liquid plot was shown earlier in Ref. 18, and is reproduced here for comparison. The exact pair correlation function, shown in �a�,
is indistinguishable from that in �b�.
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We calculate the exact ground state energy and wave
function by Lanczos algorithm for N�8. For larger systems,
the dimension of the Fock space becomes too large for an
exact calculation. To obtain an independent reference state
for N�9, we use the method of CF diagonalization,15

wherein the Coulomb interaction is diagonalized within a
correlated CF basis. By increasing the basis size gradually,
one can improve the approximation systematically. This
method has been shown to produce very accurate energies.16

For example, for N=7 at 1 /5, CF diagonalization with a CF
basis of dimension 43 produces a ground state energy of
0.416 550�26�e2 /��, which is within 0.05% of the exact en-
ergy calculated by diagonalizing the Hamiltonian using
239 691 basis states. Similar level of accuracy is expected
for larger systems studied here.

Some of the technical details of our Monte Carlo calcula-
tions are as follows. In the energy calculation, a single data
point is obtained by averaging over ten independent Monte
Carlo runs with typically 106–107 iterations each. The
quoted statistical uncertainty is one standard deviation ob-
tained from the ten independent runs. The liquid state, which
contains a single determinant, can be evaluated straightfor-
wardly. The evaluation of the CFC state, however, is more
time consuming because it contains many determinants. As
an example, the N=12 CFC state contains 363 583 determi-
nants.

III. RESULTS AND DISCUSSION

The results of our calculations are summerized in Tables I
and II and Figs. 1 and 2.21 Table I shows the interaction
energy per particle for the exact state and all candidate trial
wave functions as well as the CF diagonalization energy. The
total energy also has contributions from electron-background
and background-background interactions; because these con-
tributions are common for all wave functions for a given
system size, they are irrelevant in the comparison and are not

included in the results shown. In Table II, the overlap of
various trial wave functions with the exact ground state are
tabulated for N�7. In the following, we discuss the impli-
cations of these results.

For small systems, the CF crystal is superior to the CF
liquid at �=1/5. One of the principal results of our calcula-
tion is that for N�10 particles, the liquid wave function has
lower energy. This is a clear indication that the ground state
is a liquid in the thermodynamic limit, which is further
strengthened by the observation that the crystal is expected
to be particularly stable for particle numbers N=10 and N
=12, because here the lowest energy classical crystal has
perfect local hexagonal symmetry.14 We also note that the
electron crystal is always worse than the CF crystal, and also
worse than Laughlin’s wave function for N�5; the electron
crystal thus underestimates the correlation length of the solid
order at �=1/5.

Furthermore, for small systems �N�7�, the mixed wave
function accurately captures the nature of the exact state, as

TABLE I. Interaction energy per particle for the exact �Eex�, mixed �Emixed�, CFC �ECFC�, and liquid �Eliquid� wave functions. The energy
calculated by CF diagonalization is in the column labeled by ECFD. EEC denotes the energy of the electron crystal wave function 	�L*�
�definition in the text�, calculated exactly. The unit of energy is e2 /��, where � is the dielectric constant of the host semiconductor and � is
the magnetic length. D is the full Fock space dimension in the lowest LL. DCFD is the number of linearly independent CF basis functions.
Numbers shown in parentheses are statistical uncertainties arising from Monte Carlo sampling. Eex and Eliquid have been calculated earlier
�Refs. 17–20� for several values of N; ECFC for N=6 was given in Ref. 3; EEC was reported for N=6 and 7 in Refs. 17 and 18; these have
been reproduced here for completeness.

N L Dex DCFD Eex ECFD Emixed ECFC Eliquid EEC

3 15 19 5 0.18416 0.184166�5� 0.18417�4� 0.18417�4� 0.184907�9� 0.18450

4 30 169 10 0.25085 0.250863�6� 0.25094�4� 0.25101�4� 0.252294�8� 0.25202

5 50 1747 17 0.31229 0.312327�10� 0.31245�3� 0.31291�2� 0.313315�9� 0.31527

6 75 19858 28 0.36698 0.367090�16� 0.36709�3� 0.36745�1� 0.368218�9� 0.36993

7 105 239691 43 0.41634 0.416550�26� 0.41636�2� 0.41665�2� 0.418647�8� 0.41878

8 140 3023010 65 0.46425 0.464523�27� 0.46454�2� 0.46484�3� 0.466047�7� 0.46762

9 180 39405777 95 0.509703�30� 0.5097�3� 0.51039�4� 0.510799�9�
10 225 527142353 137 0.552117�46� 0.5529�6� 0.5606�1� 0.553157�9�
11 275 7200240116 193 0.592390�38� 0.5925�5� 0.59425�9� 0.593527�7�
12 330 100048974197 270 0.631012�63� 0.6321�6� 0.6382�7� 0.632143�3�

TABLE II. The overlap of the mixed �Omixed�, CFC �OCFC�, and
liquid �Oliquid� state with the exact state. Numbers shown in the
parentheses are statistical uncertainties. The overlap of the CFC
state with the exact state for N=6 was calculated in Ref. 3. The
overlap of the exact state with liquid state was shown for N=4 in
Ref. 9 and that for N=6 was shown in Refs. 3 and 17. Reference 18
calculated the overlap of the exact state with liquid state for N=7.
�In comparing with previous works, the reader may note that some-
times squares of overlaps are quoted.�

N L Omixed OCFC Oliquid

3 15 0.999982�2� 0.999914�2� 0.98554�9�
4 30 0.9970�2� 0.99428�2� 0.94746�8�
5 50 0.9906�3� 0.9542�5� 0.9098�3�
6 75 0.9916�5� 0.9421�5� 0.8378�8�
7 105 0.9712�1� 0.9501�8� 0.760�3�
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evident from Tables I and II. Figures 1 and 2 illustrate that it
also gives a nearly exact account of the pair correlation func-
tion for N=6 particles, defined as

g�r,R� � � �
j=3

N

dr j��r,R,r3, . . . ,rN�2, �8�

which gives the conditional probability of finding a particle
at r while one particle is held fixed at R. For the system of
our interest, we choose R= �5.430� ,0� where the density of
the system has a local maximum. For a more detailed com-
parison, we plot the same conditional probability for points
on a semicircle of radius r=5.430� in Fig. 2.

Reference 16 has shown that the exact state can also be
approximated as �exact��liquid+��, where the last term de-
notes part of the wave function involving � level mixing of
composite fermions carrying four vortices each. What we
have shown here is that the � level mixing precisely creates,
at �=1/5, correlations that produce a CF crystallite. It ought
to be stressed that, given the liquid nature of the state at large
N, our mixed wave function is appropriate only for system
sizes that are not large compared to the correlation length of
the crystalline order; it can be generalized to larger systems

by introducing a correlation length for the crystal part of Eq.
�5�, but that is beyond the scope of this work.

The incipient crystalline correlations existing in the 1/5
state suggest a high susceptibility to formation of a crystal.
We speculate on several possible observable consequences.
An exciting possibility raised by our work is that the ever
present disorder may create localized CF crystallites in the
�=1/5 state rather than localized quasiparticles or quasi-
holes. Such crystallites will have their own excitation modes,
which may have a lower energy than the magnetoroton ex-
citation of a pure state. It would also be interesting to ask if
screening by such crystallites can lead to a reduction in the
gap to charged excitations.

Our result also implies that the 1/5 liquid is close to the
CF crystal in the phase diagram, consistent with the presence
of a crystal at nearby filling factors. Spivak and Kivelson22

have proposed that the liquid to solid transition in two di-
mensions generically proceeds through a “microemulsion”
phase containing pieces of solid floating in the liquid phase.
Such a phase might also be relevant for the CF liquid-CF
crystal transition as a function of filling factor in the vicinity
of �=1/5. Should that be the case, that would result in en-
hanced drag in bilayer systems in the transition region.23

In summary, we have established that there are strong
short range crystalline correlations present in the 1/5 state,
extending over several ��3–4� lattice constants, which are
well described in terms of a CF crystal. The competition
between the liquid and solid orders results in strong finite
size effects, which makes it necessary to go to fairly large
systems �N�10� before one can ascertain the true thermo-
dynamic nature of the state. Possible experimental conse-
quences are listed.

ACKNOWLEDGMENTS

We thank S. Kivelson and G. Murthy for useful discus-
sions. Partial support by the National Science Foundation
under Grant No. DMR-0240458 is gratefully acknowledged.
Part of the work was completed at the Institute for Theoret-
ical Sciences, a joint institute of Argonne National Labora-
tory and the University of Notre Dame �funded through DOE
Contract No. W-31-109-ENG-38 and Notre Dame Office of
Research�. G.S.J. acknowledges partial support by Korea Re-
search Foundation through Grant No. KRF-2005-070-
C00044.

1 H. W. Jiang, R. L. Willett, H. L. Stormer, D. C. Tsui, L. N.
Pfeiffer, and K. W. West, Phys. Rev. Lett. 65, 633 �1990�; V. J.
Goldman, M. Santos, M. Shayegan, and J. E. Cunningham, ibid.
65, 2189 �1990�; T. Sajoto, Y. P. Li, L. W. Engel, D. C. Tsui, and
M. Shayegan, ibid. 70, 2321 �1993�.

2 P. D. Ye, L. W. Engel, D. C. Tsui, R. M. Lewis, L. N. Pfeiffer, and
K. West, Phys. Rev. Lett. 89, 176802 �2002�.

3 C.-C. Chang, G. S. Jeon, and J. K. Jain, Phys. Rev. Lett. 94,
016809 �2005�.

4 H. Yi and H. A. Fertig, Phys. Rev. B 58, 4019 �1998�.
5 R. Narevich, G. Murthy, and H. A. Fertig, Phys. Rev. B 64,

245326 �2001�.
6 Y. P. Chen, R. M. Lewis, L. W. Engel, D. C. Tsui, P. D. Ye, Z. H.

Wang, L. N. Pfeiffer, and K. W. West, Phys. Rev. Lett. 93,
206805 �2004�.

7 G. A. Csáthy, D. C. Tsui, L. N. Pfeiffer, and K. W. West, Phys.
Rev. Lett. 92, 256804 �2004�.

8 D. C. Tsui, H. L. Stormer, and A. C. Gossard, Phys. Rev. Lett.

FIG. 2. The pair correlation function g��� of the mixed wave
function �solid square�, CF crystal �empty square�, liquid wave
function �cross�, and the exact wave function �solid line� at �
=1/5 for N=6 particles. We fix a particle at the position �5.430� ,0�
and plot the pair correlation on a semicircle of radius R=5.430� as
a function of the radial angle �.

CHANG et al. PHYSICAL REVIEW B 73, 155323 �2006�

155323-4



48, 1559 �1982�.
9 R. B. Laughlin, Phys. Rev. Lett. 50, 1395 �1983�.

10 V. A. Kashurnikov, N. V. Prokof’ev, B. V. Svistunov, and I. S.
Tupitsyn, Phys. Rev. B 54, 8644 �1996�.

11 J. K. Jain, Phys. Rev. Lett. 63, 199 �1989�.
12 C. Yannouleas and U. Landman, Phys. Rev. B 66, 115315 �2002�.
13 K. Maki and X. Zotos, Phys. Rev. B 28, 4349 �1983�.
14 V. M. Bedanov and F. M. Peeters, Phys. Rev. B 49, 2667 �1994�.
15 S. S. Mandal and J. K. Jain, Phys. Rev. B 66, 155302 �2002�.
16 G. S. Jeon, C.-C. Chang, and J. K. Jain, Phys. Rev. B 69,

241304�R� �2004�; G. S. Jeon, C.-C. Chang, and J. K. Jain, J.

Phys.: Condens. Matter 16, L271 �2004�.
17 C. Yannouleas and U. Landman, Phys. Rev. B 68, 035326 �2003�.
18 C. Yannouleas and U. Landman, Phys. Rev. B 70, 235319 �2004�.
19 S. M. Girvin and T. Jach, Phys. Rev. B 28, 4506 �1983�.
20 W. Lai, K. Yu, Z. Su, and L. Yu, Solid State Commun. 52, 339

�1984�.
21 We note an error in the caption of Table II of Ref. 3: “the energy

per particle” should be replaced by “the total energy.”
22 B. Spivak and S. A. Kivelson, Phys. Rev. B 70, 155114 �2004�.
23 B. Spivak and S. A. Kivelson, Phys. Rev. B 72, 045355 �2005�.

COMPETITION BETWEEN COMPOSITE-FERMION-¼ PHYSICAL REVIEW B 73, 155323 �2006�

155323-5


