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The energy band structure of quantum wires with both Rashba and Dresselhaus spin-orbit couplings in a
magnetic field is studied theoretically. We find that the magnetic field strongly affects the subband structure of
the wire. With both couplings we obtain a beating pattern in the magnetoresistance. Compared with the
quantum wire with only Rashba spin-orbit coupling, the beating pattern can be suppressed even if the coupling
strengths are large. This is due to the interplay of the two spin-orbit couplings. The disappearing threshold of
the nodes depends on both coupling strengths. When the coupling strengths change, the number of nodes of the
beating pattern also varies.
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Spin-polarized electron transport phenomena have at-
tracted considerable interest in recent years because of their
potential application to information technology.1,2 A lot of
spintronic devices have been proposed with lower power
consumption, higher speed, and a higher degree of
functionality.3–6 Most of these devices are proposed to ma-
nipulate electron spin via spin-orbit �SO� coupling. Among
the device proposals a paradigmatic one is the spin-field-
effect transistor �SFET� proposed by Datta and Das.3 It uti-
lizes the Rashba SO coupling to control the electron spin
rotation while passing through the device. The strength of the
Rashba SO coupling can be tuned by changing the gate
voltage,7–10 so that the final spin orientation of electrons can
be controlled. This type of coupling arises from the structure
inversion asymmetry of the confining potential of the two-
dimensional electron gas �2DEG�.11

In order to improve the efficiency of the SFET, electrons
are confined in quasi-one-dimensional �quasi-1D� sys-
tems.12–14 The effect of the interplay of the Rashba SO cou-
pling and a magnetic field in quasi-1D systems has been
studied both theoretically15–17 and experimentally.18,19 The
research shows that the interaction of the Rashba SO cou-
pling and the magnetic field can significantly modify the
band structure. A beating pattern can exist in the magnetore-
sistance even in quasi-1D systems. Recently, Knobbe and
Schäpers have calculated the subbands of semiconductor
quantum wires with Rashba SO coupling in a perpendicular
magnetic field.20 They concluded that the shape of the beat-
ing patterns in the magnetoresistance strongly depends on
the wire width.

Except for Rashba coupling, the Dresselhaus coupling
also contributes to the SO interaction. This type of coupling
stems from the bulk inversion asymmetry �BIA�.21,22 While
the Rashba term usually dominates in narrow-gap
materials,23 the Dresselhaus term always dominates in wide-
gap systems.24 It has been demonstrated that the strengths of
the Rashba and Dresselhaus couplings can be tuned to be
equal, in which case the SFET can be stable to effects of
spin-independent scattering.5 Recently Tarasenko and Averk-
iev have investigated the interaction of the Rashba term and
the BIA term in 2DEG and found that the interaction of the

two SO couplings can suppress the beats in the
magnetoresistance.25

The effects of Dresselhaus SO coupling or both Rashba
and Dresselhaus couplings are still challenging for the
quasi-1D electron system. In order to determine how the in-
teraction of Rashba and Dresselhaus terms affect the trans-
port properties of the quantum wires in a magnetic field, we
investigate the magnetosubbands of quantum wires with both
SO couplings. Our calculation shows that the magnetic field
strongly affects the energy subbands and the density of states
at the Fermi energy level. With both SO couplings a beating
pattern also appears in the magnetoresistance. However, un-
like the wire with only the Rashba SO coupling, the beating
pattern can be suppressed even though the total characteristic
SO energy is large. This is due to the interplay of the two
couplings. The change of Fermi energy also modifies the
node position and the threshold of the coupling strength
where the beating pattern appears or vanishes. That is totally
different from the behaviors of quantum wires only with
Rashba SO coupling.20

We consider a ballistic quantum wire, which is generated
when a 2DEG is further confined in one direction. The con-
fining potential is assumed to be parabolic. Here we choose
the wire plane to be the xy plane with y direction parallel to
the wire, so the form of the confining potential is V�x�
=m*�0

2x2 /2. The applied magnetic field is parallel to the z
direction �Fig. 1�, with corresponding magnetic vector poten-

tial A� =Bxêy in the Landau gauge. The Hamiltonian of the
electron system reads

FIG. 1. �Color online� The model of the quantum wire
structure.
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H = H0 + Hso = H0 + HR + HD, �1�

with

H0 =
1

2m* �Px
2 + �Py − eBx�2� + V�x� +

1

2
g�BB�z, �2�

HR =
�

�
��x�Py − eBx� − �yPx� , �3�

HD =
�

�
��xPx − �y�Py − eBx�� , �4�

where m* and g are the effective electron mass and Landé
factor, respectively, �x, �y, and �z are the Pauli matrices. HR
denotes the Rashba term and HD corresponds to the Dressel-
haus term, � and � denote the Rashba and Dresselhaus cou-
pling strength, respectively.

Since the electron is free in the y direction, we can as-
sume the electron eigenfunction as follows:

��x,y� = 	�x�exp�ikyy� . �5�

The Hamiltonian without SO couplings becomes20,26

H0 = −
�2

2m*

d2

dx2 +
1

2
m*�2�x − x0�2 +

�0
2

�2

�2ky
2

2m* +
1

2
g�BB�z,

�6�

in which �= ��0
2+�c

2�1/2 with the cyclotron frequency �c

=eB /m*, x0= ��c /��2��ky /eB� is the center position of the
harmonic oscillator, and m*�� /�0�2 can be referred to as an
effective magnetic mass of the system.26

To solve the Schrödinger equation without SO coupling,
H0	n��x�=En�

�0�	n��x�, we obtained the set of eigenfunctions
of H0,

	n��x� =
1
�b


−1/4

�2nn!
Hn� x − x0

b
�exp�−

�x − x0�2

2b2 ���,

n = 0,1,2, . . . ; � = ± , �7�

where b=�� /m*� is the characteristic length of the har-
monic oscillator. Hn�x� denotes the nth Hermite polynomial,
�+= � 1

0
� and �−= � 0

1
� are the eigenstates of �z. The correspond-

ing eigenvalues of H0 are

En±
�0��ky� = ��n +

1

2
��� +

�2

2m*

�0
2

�2ky
2 ±

1

2
g�BB	 . �8�

Now we consider the SO part of the Hamiltonian. With
the ansatz eigenfunction given by Eq. �5�, Hso=HR+HD be-
comes

HR = ���x�ky −
eB

�
x� + i�y

d

dx
	 , �9�

HD = ��− i�x
d

dx
− �y�ky −

eB

�
x�	 . �10�

By expanding 	�x�=
n,�an,�	n,��x� in terms of the eigen-
functions of H0, the Schrödinger equation H�=E� becomes

�En,�
�0� − E�an,� + 


m,����

�Hso�nm
���am�� = 0, �11�

where the matrix elements �Hso�nm
���= �	n��Hso�	m��


= �	n��HR�	m��
+ �	n��HD�	m��
 are given by

�HR�nn
±� = �ky

�0
2

�2 , �12�

�HR�nm
±� =

�

b
�−

�c

�
± 1��n + 1

2

n,m−1

+
�

b
�−

�c

�
� 1��n

2

n,m+1, n � m , �13�

�HD�nn
±� = ± i�ky

�0
2

�2 , �14�

�HD�nm
±� = − i

�

b
�±

�c

�
+ 1��n + 1

2

n,m−1

− i
�

b
�±

�c

�
− 1��n

2

n,m+1, n � m . �15�

While �HR�nn
��� and �HD�nn

��� couple different spin states of the

nth subband, �HR�nm
��� and �HD�nm

��� couple different spins of
the neighboring subbands. By giving B and ky, the full
Hamiltonian eigenvalues can be calculated by solving the set
of equations of Eq. �11�.

When no magnetic field is applied and ky =0, the sub-
bands are still spin degenerate. However, the eigen-
energies of the system are uniformly shifted downward by
�so=�so

R +�so
D , which is the total characteristic SO energy,

�so
R =m*�2 / �2�2� �Ref. 13� and �so

D =m*�2 / �2�2� are the
characteristic Rashba and Dresselhaus SO energy, respec-
tively. This can be directly derived by setting ky =0 in the
Hamiltonian �1�.

In order to determine how the interaction of the two SO
couplings affects the energy spectra, we calculated the en-
ergy levels of the quantum wires without magnetic field. Fig-
ure 2�a� shows the energy dispersion with relatively weak
SO coupling. When �so

R /��0=0.01 and �so
D /��0=0.005, the

spin degeneracy at k�0 has been lifted. However, since the
SO coupling is very weak, the coupling of different subbands
does not occur obviously. For strong SO coupling, when
�so

R /��0=0.75 and �so
D /��0=0.25, the situation is com-

pletely different. As shown in Fig. 2�b�, one can see a sig-
nificant anticrossing. It arose from the strong coupling of
neighboring subbands, which is described by the larger off-
diagonal elements �Hso�nm

±�. In Fig. 2�c�, where �so
R =�so

D

=0.5��0, the anticrossing still exists. This is different from
the results of Schliemann et al.5 In fact, the spinor we choose
is the eigenstate of �z, but Schliemann et al. choose the
spinor as the eigenstate of Hso. This results in the difference
of the spin character of the energy subbands in our research
and Ref. 5. It also can be seen from Fig. 2 that the energy at
the degeneracy points at ky =0 shifts downward by �so=�so

R

+�so
D , compared to the system with no SO coupling.
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We consider the energy spectrum of the wire in a mag-
netic field. Figure 3 shows how the magnetic field affects the
energy subbands. Figure 3�a� shows the energy spectrum
with �so

R /��0=0.1 and �so
D /��0=0.05, while in Fig. 3�d�,

�so
R /��0=�so

D /��0=0.075. We can see that in both subbands
anticrossing exists at zero magnetic fields. However, as the
total characteristic SO energy here is smaller than that in Fig.
2�b�, the anticrossing is correspondingly weaker. The energy

FIG. 2. Spectra of quantum wire at B=0 with different Rashba and Dresselhaus SO coupling strength. �a� �so
R /��0=0.01 and

�so
D /��0=0.005. �b� �so

R /��0=0.75 and �so
D /��0=0.25. �c� �so

R /��0=0.5 and �so
D /��0=0.5. In �b� and �c�, the anticrossing can be seen

significantly.

FIG. 3. �Color online� �a� Energy dispersion at zero magnetic field with �so
R /��0=0.1 and �so

D /��0=0.005. The insets show the lower
subbands anticrossing. �b� Energy spectrum of the same quantum wire as a function of �c /�0. The Zeeman energy splitting is chosen to be
g�BB=−0.015��c. �c� Energy dispersion of the wire at a finite magnetic field �with �c /�0=2�. �d�–�e� The same energy spectrum as in
�a�–�c�, with a different SO coupling strength: �so

R /��0=�so
D /��0=0.075.
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spectrum for ky =0 as a function of �c /�0 is plotted in Figs.
3�b� and 3�e�. Because �c=eB /m*, these figures show the
relation between energy spectrum and applied magnetic field.
When the magnetic field increases, the subband separation
become larger owing to an increasing ��. In both Figs. 3�b�
and 3�e�, the previous spin degeneracy at ky =0 is lifted when
a magnetic field is applied to the wire. It is due to the broken
time reversal symmetry. In Fig. 3�e� we can observe that the
energy levels of the same state n with opposite spins do not
separate significantly, which is different from Fig. 3�b�. This
is because the two coupling terms can cancel each other,
giving a vanishing spin splitting in certain k-space
directions.27 Figures 3�c� and 3�f� show the energy dispersion
at a finite magnetic field. In Fig. 3�c�, the anticrossing no
longer exists. It is different from the case at zero magnetic
field. In Fig. 3�f�, however, although much weaker, the anti-
crossing can still be seen. The interaction of SO coupling and
the magnetic field leads to a rather complex energy spectrum,
in which energy spacings between different subbands vary at
a fixed magnetic field. It leads to a characteristic beating
pattern in the magnetoresistance. Note the axes in Figs. 3�c�
and 3�f� have different scales with the axes in Figs. 3�a� and
3�d�. The slopes of the dispersions in Figs. 3�c� and 3�f� are
smaller than that in Figs. 3�a� and 3�d�. This is because the
effective magnetic mass is larger when applied to a magnetic
field.28,20

In order to confirm the characters of concrete materials,
we apply the parameters of the material in the following. For
the GaAs/AlGaAs 2DEG, the strengths of the Rashba and
Dresselhaus SO coupling can be tuned to be equal.29,30 In
this paper, the Rashba and Dresselhaus coupling parameters
are chosen to be vary from 0 to 10�10−12 eV m, which is in
the same order of recent experiments.30 The electron
effective mass m*=0.067me. We get the Fermi energy of the
system EF,2D=25 meV by choosing a sample of the 2DEG
concentration n2D=7.0�1015 m−2. We choose g=−0.44 as
the effective value. As discussed by Knobbe and Schäpers in
Ref. 20, we assume that the Fermi energy of the quantum
wire EF,1D=EF,2D, and does not vary as the magnetic field
changes, for the sake of simplicity.

It is well known that the oscillations in the magnetoresis-
tance of a quantum wire are directly related to the density of
states at the Fermi energy level.26 We calculated the density
of states at the Fermi energy level as a function of the mag-
netic field. Figure 4�a� shows the density of states of a quan-
tum wire with ��0=0.5 meV, in which the Rashba and
Dresselhaus coupling parameters are chosen to be 10
�10−12 eV m and 5�10−12 eV m, respectively. The magne-
toelectric subbands depopulated successively as the magnetic
field increases. When the Fermi energy passes through the
bottom of the subbands, a peak occurs in the density of
states. By assuming the subband broadening �=0.2 meV, we
obtained a beating pattern in the DOS as Fig. 4�b�, with each
peak of the DOS corresponding to a pair of spin levels. Four
nodes occur in the beating pattern when magnetic fields are
0.18 T, 0.30 T, 0.54 T, and 0.67 T, respectively. This beat-
ing pattern in the DOS qualitatively shows the conductivity
oscillations.

By using the same steps we now consider how the
strengths of Rashba and Dresselhaus terms affect the beating

pattern of the magnetoresistance. First we calculated the en-
ergy spectrum at ky =0 as a function of the magnetic field for
different Rashba strengths or Dresselhaus strengths. Figures
5�a�–5�c� show the energy spectrum of a wire with ��0
=0.5 meV, Dresselhaus SO coupling strength �=3
�10−12 eV m, and Rashba SO coupling strength �=1
�10−12 eV m, 4�10−12 eV m, 10�10−12 eV m, respec-
tively. As mentioned above, the magnetoresistance is directly
related to the density of states at the Fermi energy level.26

Each time the bottom of a subband at ky �0 crosses the
Fermi energy level, a maximum of conductance is observed.
A node is observed in the magnetoresistance if the subbands
crossing the Fermi energy level are spaced equally. In the
nanowire with ��0=0.5 meV and �=3�10−12 eV m, we
can observe two nodes when �=1�10−12 eV m, when mag-
netic fields are 0.22 T and 0.43 T, and four nodes when �
=10�10−12 eV m, at 0.08 T, 0.26 T, 0.45 T, and 0.66 T, re-
spectively. Figure 5�b� shows the energy spectrum of a wire
with sublevel spacing ��0=0.5 meV, Dresselhaus SO cou-
pling strength �=3�10−12 eV m, and Rashba SO coupling
strength �=4�10−12 eV m. The spin splitting is very small.
No nodes exist in the magnetoresistance.

In Fig. 5�d�, we can see that the nodes gradually merge
and then appear again as � grows from 0 to 10
�10−12 eV m. For larger �, more nodes exist in the magne-
toresistance. This is due to the interaction of Rashba and
Dresselhaus SO coupling. First, as the Rashba SO coupling
strength � increases, it offsets the Dresselhaus term. The
interaction gives a gradually smaller spin splitting of the sub-
levels. At certain �, the nodes finally disappeared. When �
grows larger than �, the spin splitting of the subbands grows
gradually, and the nodes appear again when � grows large
enough. At even larger �, more nodes exist. This is because
the contribution of geometrical confinement to the level
spacing is comparatively small as � gets larger.

As the nodes positions of magnetoresistance of quantum
wires depends on the interaction of the Rashba and Dressel-

FIG. 4. �a� Density of states of a quantum wire as a function of
the magnetic field with ��0=0.5 meV and a fixed Fermi energy of
25 meV. The Rashba and Dresselhaus coupling strength is chosen
to be 10�10−12 eV m and 5�10−12 eV m, respectively. �b� Density
of states for subband broadening �=0.2 meV. Four nodes occur at
about 0.18 T, 0.30 T, 0.54 T, and 0.67 T, respectively.
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haus SO coupling, we calculated the node’s positions for
different � as � increases, in which the range of magnetic
field we considered here is from 0 to 1 T. Figures 6�a�–6�c�
show the nodes positions as � increases with �=3

�10−12 eV m, 5�10−12 eV m, and 7.5�10−12 eV m, re-
spectively. In Figs. 6�a� and 6�b�, as � grows from 0, the
separation of the nodes gets smaller, and merge at �=1.1
�10−12 eV m in Fig. 6�a� and �=2.1�10−12 eV m in Fig.

FIG. 5. �Color online� �a�–�c� Energy spectra at ky =0 as a function of the magnetic field, with ��0=0.5 meV, �=3�10−12 eV m and
�=1�10−12 eV m,4�10−12 eV m and 10�10−12 eV m, respectively. Arrows denote the magnetic field where the nodes occur. �d� The
node’s positions in the magnetoresistance, as a function of the Rashba SO coupling strength.

FIG. 6. �Color online� �a�–�c� Node positions in the magnetoresistance as a function of Rashba SO coupling strength with EF,1D

=25 meV and �=3�10−12 eV m, 5�10−12 eV m, and 7.5�10−12 eV m, respectively. The disappearing threshold of � of the nodes is
1.1�10−12 eV m to 6.1�10−12 eV m in �a� and 2.1�10−12 eV m to 8.9�10−12 eV m in �b�. The nodes disappear at �=4.2�10−12 eV m
and do not exist again in �c�. �d�–�f� Nodes positions in the magnetoresistance for EF,1D=15 meV, 20 meV, and 25 meV, respectively. The
Dresselhaus SO coupling strength is chosen to be �=3�10−12 eV m. The disappearing threshold of � of the nodes is 0.6
�10−12 eV m to 7.1�10−12 eV m in �d�, 1.0�10−12 eV m to 6.5�10−12 eV m in �e� and 1.1�10−12 eV m to 6.1�10−12 eV m in �f�.
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6�b�. When � grows larger, the nodes first disappear and then
exist again at �=6.1�10−12 eV m in Fig. 6�a� and �=8.9
�10−12 eV m in Fig. 6�b�. Then the nodes shift towards
larger magnetic fields and the separation also grows larger as
� increases. More nodes occur when � grows even larger.
This happens coincidently at �=9.1�10−12 eV m in both
Figs. 6�a� and 6�b�. In Fig. 6�c�, when �=0 eV m, there are
three nodes existing in the magnetoresistance. As � increase,
the first two nodes get close to each other and all the three
nodes shift toward larger magnetic field. The nodes merge at
�=4.2�10−12 eV m and do not exist again as � increases in
the range considered here. Thus, in Figs. 6�a�–6�c�, as �
increases, the thresholds of � where the nodes disappear also
move towards larger values.

Figures 6�d�–6�f� show the node’s positions as � increases
with different Fermi energy EF, and the Dresselhaus cou-
pling strength � is chosen to be 3�10−12 eV m. The thresh-
olds of � where the nodes disappear are 0.6�10−12 eV m,
1.0�10−12 eV m, and 1.1�10−12 eV m in Figs. 6�d�–6�f�,
respectively. When � is smaller than the threshold, the sepa-
ration of the nodes enlarges as EF increases. The threshold of
� where the nodes exist again is 7.1�10−12 eV m, 6.6
�10−12 eV m, and 6.1�10−12 eV m in Figs. 6�d�–6�f�, re-
spectively. That is, as EF increases, the threshold of � where
the nodes disappear grows larger, while the threshold of �
where the nodes exist again gets smaller. This is totally dif-
ferent from the result of wire with only Rashba SO
coupling.20

We also calculated the node positions as � increases for
different � and different Fermi energy. The corresponding
figures are almost the same as Fig. 6.

For comparison, we also calculated the density of states of
a very wide wire, ��0=0.01 meV, and a very narrow wire,
��0=23 meV, as a function of the magnetic field. Figure
7�a� shows the density of states of the wide wire, and the
Rashba and Dresselhaus coupling parameters are chosen to
be 10�10−12 eV m and 5�10−12 eV m, respectively. In
such a wide wire, several nodes exist in the beating pattern.
When the magnetic field strength grows from 0.2 T to 1 T,
ten nodes exist in the beating pattern, the corresponding
magnetic field strengths are 0.21 T, 0.23 T, 0.25 T, 0.28 T,
0.31 T, 0.35 T, 0.42 T, 0.49 T, 0.64 T, and 0.77 T. When
the two SO coupling strengths are chosen to be equal, no
nodes exist at all �see in Fig. 7�b�, where �=�=3
�10−12 eV m�. This is consistent with recent research on 2D
electron gas.31 Here, we conclude, the appearance and disap-
pearance of nodes in the magnetoresistance is the same in the
2D electron gas as in the quantum wires. In a very narrow
wire, as the subbands’ separations are so large, only a few or
even no subband will pass the Fermi energy level as the
magnetic field increases, so the magnetoresistance will not
oscillate drastically. In the 1D limit, only the n=0 subband is
below the Fermi energy level, no oscillates exist at all. Fig-
ures 7�c� and 7�d� show the density of states of a very narrow
wire, ��0=23 meV, where in Fig. 7�c�, �=10
�10−12 eV m, �=5�10−12 eV m, and in Fig. 7�d�, �=�
=3�10−12 eV m, we can see that no oscillates exist and the
magnetoresistance looks the same in the two situations. This
is because the subbands separate so much that the coupling
of different subbands caused by the SO coupling terms can
be ignored.

It is significant to observe the emergence and disappear-
ance of nodes of the beating pattern in the magnetoresistance
as the theoretical results of this paper. One may use quantum
wires with both Rashba and Dresselhaus SO couplings, such
as GaAs/AlGaAs. The strengths of both Rashba and Dressel-
haus SO couplings are controlled as Refs. 27 and 29. The
behavior of the beating pattern in the magnetoresistance of
quantum wires, especially the positon shift and emergence or
disappearance of the nodes, can be measured directly. We
should point out that this behavior of the beating pattern does
not depend on special materials. For other materials, if the
two SO coupling strengths can be tuned from differ signifi-
cantly to equal, this behavior can be observed.

FIG. 7. �a� and �b� Density of states of a wide quantum wire,
��0=0.01 meV, as a function of the magnetic field. Note in �a� and
�b� the magnetic field varies from 0.2 T to 1 T. �a� The Rashba and
Dresselhaus SO coupling strength is chosen to be �=10
�10−12 eV m and �=5�10−12 eV m, respectively. Ten nodes exist
in the beating pattern in the magnetic field considered here, the
corresponding magnetic field strengths are 0.21 T, 0.23 T, 0.25 T,
0.28 T, 0.31 T, 0.35 T, 0.42 T, 0.49 T, 0.64 T, and 0.77 T. �b� �
=�=3�10−12 eV m. No nodes exist in the DOS. �c� and �d� Den-
sity of states of a narrow quantum wire, ��0=23 meV, as a func-
tion of the magnetic field. �c� Rashba SO coupling strength �=10
�10−12 eV m, Dresselhaus SO coupling strength �=5
�10−12 eV m. �d� �=�=3�10−12 eV m.
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In conclusion, we have investigated the effect of a perpen-
dicular magnetic field on a quantum wire with both Rashba
and Dresselhaus SO coupling. Without magnetic field the
spin degeneracy is still preserved at k=0. When a nonzero
magnetic field is applied, it breaks the time-reversal symme-
try and lifts the corresponding degeneracy. We find that the
energy spectrum strongly depends on the magnetic field and
the strengths of both Rashba and Dresselhaus SO couplings.
As the magnetic field increases, it gives a higher oscillation
frequency, so it enlarges the separation of the subbands and
thus weakens the SO coupling. The density of states at the
Fermi energy level oscillates as the magnetic field increases,
which causes a beating pattern in the magnetoresistance. At
certain Dresselhaus SO coupling strength, as the Rashba SO

coupling constant � increases from 0, the beating pattern first
exists when � is small, then vanishes when the strengths of
the two SO couplings get close to each other, and then exists
again when � is much larger than the Dressehaus SO cou-
pling constant �. Thus, unlike the wire with only Rashba SO
coupling, the beats in the magnetoresistance may disappear
even when the total characteristic SO energy is large, due to
the interaction of the two couplings. When one of the cou-
pling strengths is large, there may be more nodes existing in
the magnetoresistance.
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