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We develop an efficient technique for ab initio calculations of the current-perpendicular-to-plane �CPP�
electron transport in disordered magnetic multilayers. The method is based on the tight-binding linear muffin-
tin orbital theory and the coherent potential approximation �CPA� to treat the substitutional randomness in an
effective-medium approach. A formulation of the CPA vertex corrections, giving rise to an incoherent part of
the CPP conductance, is described in detail and the numerical implementation is discussed. The developed
approach is illustrated on several disordered systems derived from fcc Co-Cu-Co trilayers and its results are
compared to those of a supercell technique simulating the randomness in terms of two-dimensional lateral
supercells. The overall good agreement of the two techniques proves reliability of the CPA for a number of
specific features encountered in disordered multilayers. As another example, results for layered diluted ferro-
magnetic �Ga, Mn�As semiconductors are reported, including a brief discussion of spin-resolved and incoher-
ent CPP conductances and a comparison to bulk residual resistivities.
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I. INTRODUCTION

The phenomenon of giant magnetoresistance �GMR� has
already served as a basis for many important applications,
although only a decade and one-half passed since its
discovery.1,2 It raised interest in spin-dependent electron
transport in mesoscopic systems, in particular in the current-
perpendicular-to-planes �CPP� geometry of epitaxial metallic
magnetic multilayers.3–6 Magnetic tunnel junctions represent
another fast developing branch of the CPP transport.4 On the
theoretical side, a number of theoretical approaches have
been proposed addressing various aspects of these topics.
Most of them employ the Landauer formalism for a central
region of a finite thickness coupled to semi-infinite leads.7 At
present, all standard techniques of ab initio electronic struc-
ture calculations can be routinely used for a parameter-free
description of the CPP transport in magnetic multilayers.
These approaches employ the linearized augmented plane
waves �LAPW�,8,9 the tight-binding �TB� linear muffin-tin-
orbital �LMTO� method,10–12 or the Korringa-Kohn-Rostoker
�KKR� method in its screened �SKKR�13,14 and layer
�LKKR�15 versions.

The majority of applications of the above techniques refer
to multilayers with chemically pure layers and perfect
�abrupt� interfaces, i.e., to the ballistic regime. The case of
disorder at interfaces and/or inside the layers—often encoun-
tered in real samples—represents additional obstacle for the-
oretical treatments on an ab initio level. Existing successful
solutions to this problem employ a technique of two-
dimensional �2D� supercells �SC�.10–12,16 An obvious alterna-
tive, namely the systematic application of the coherent po-
tential approximation �CPA�,17–19 has been used only
exceptionally for the layered systems, being confined mostly
to models with a single orbital per site20 or to a weak scat-

tering limit.21 This situation contrasts the residual resistivity
of random bulk alloys within the Kubo linear response
theory,22 where the general CPA formulation23 was imple-
mented in the ab initio KKR method a long time ago24 and
has been used by a number of authors25–27 whereas brute
force approaches are rather rare.28 Recently, a LMTO-CPA
technique for electron transport in bulk random alloys has
been developed as well.29,30

The disorder effects on transport properties of magnetic
multilayers are non-negligible, ranging from modifications of
effective potential barriers at the interfaces over non-
conservation of the k� vector in the scattering process to
changes �either decrease or increase� of the conductance, de-
pending on the particular system and the spin channel.10,11

The randomness inside thick layers is responsible for a cross-
over from the ballistic to the ohmic �diffusive� regime,12 ac-
companied in some cases by a change of sign of the GMR
effect.31,32 All these phenomena become important especially
for intrinsically disordered systems, such as permalloy �Ni-
rich fcc NiFe alloys�4,6 and diluted magnetic semiconductors
�e.g., Mn-doped GaAs�,33–35 that are materials for applica-
tions in spintronics.

The present paper aims at a development of an efficient
scheme for the CPP transport properties of substitutionally
disordered epitaxial multilayers within an ab initio TB-
LMTO-CPA framework. The main effort is focused on a for-
mulation and a numerical implementation of the so-called
vertex corrections arising in configuration averaging of a
product of two Green’s functions.23 As it is well known, their
proper inclusion is inevitable for an approximate, but consis-
tent theory that guarantees basic laws of particle and energy
conservation; the CPA represents a consistent theory from
this point of view.23 In addition to the first results obtained
within the CPA, a comparison to previous results of a SC
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technique is presented as well. The paper is organized as
follows: The theoretical formulation of the CPP transport
problem for disordered multilayers is contained in Sec. II
with a general solution of the LMTO-CPA vertex corrections
sketched in the Appendix. Section III describes the numerical
implementation and other calculational details while the Sec.
IV presents the results for several selected magnetic multi-
layers. Conclusions are summarized in Sec. V.

II. FORMALISM

A. Description of the systems

The epitaxial magnetic multilayers considered in this pa-
per consist of nonrandom semi-infinite left �L� and right �R�
leads attached to a central �intermediate� region containing
an arbitrary sequence of magnetic and nonmagnetic layers
with possible substitutional disorder at the interfaces and/or
inside the layers. We neglect random lattice relaxations due
to random occupations of individual lattice sites, i.e., all con-
figurations of the disordered intermediate region have the
same nonrandom geometric structure. The latter however can
be different from that of the leads and also local structural
variations along the direction perpendicular to the atomic
layers, e.g., the layer relaxations, can be included; the basic
assumption is the perfect 2D periodicity of the nonrandom
structure in directions parallel to the atomic layers. The same
2D translational invariance of the configurationally averaged
physical system is assumed as well.

For simplicity, the developed formalism is confined to
multilayers with collinear magnetic structures and with ne-
glected spin-orbit effects. As a consequence, the CPP con-
ductances can be evaluated separately in the two spin chan-
nels �a two-current model�; for this reason the spin index �
��= ↑ , ↓ � is omitted in Secs. II B and II C as well as in the
Appendix.

B. Electronic structure

The one-particle electronic structure of each random con-
figuration of the multilayer can be described within the TB-
LMTO method in the atomic-sphere approximation
�ASA�36–38 in terms of energy-independent TB structure
constants SRR�

LL� and energy-dependent potential functions
PRL�z�= PR��z�, both chosen here in the TB-representation of
the LMTO theory. The indices R, R� label the lattice sites,
the indices L, L� denote usual combinations of orbital and
magnetic quantum numbers, L��� ,m�, and z denotes a com-
plex energy variable. The structure constant matrix S with
elements SRR�

LL� describes mutual positions of the lattice sites
while the scattering properties of the �spherically symmetric�
one-electron potentials inside all atomic spheres are con-
tained in a site-diagonal matrix of potential functions P�z�
with elements PRR�

LL� �z�=�RR��LL�PRL�z�. The central quantity
for the one-particle Green’s function37–39 �GF� �resolvent of
the one-electron ASA Hamiltonian� is an auxiliary GF matrix

g�z� with elements gRR�
LL� �z� defined by

g�z� = �P�z� − S�−1. �1�

Substitutional disorder in the present model assumes ran-
dom occupation of selected sites of the intermediate region
by several atomic species Q=A ,B , . . .. The occupations of
two different sites R�R� are completely uncorrelated; the
probability of a particular configuration is thus fully speci-
fied by site-dependent concentrations cR

Q of the species Q
�with an obvious sum rule �QcR

Q=1�. The configuration av-
erage of a number of one-particle properties within the
CPA37,38,40 can be reduced to the averaged auxiliary GF ma-
trix, �g�z�	� ḡ�z�, given explicitly by

ḡ�z� = �P�z� − S�−1, �2�

where P�z� denotes a nonrandom site-diagonal matrix of the

coherent potential functions PR
LL��z� that define an effective

CPA medium. The latter quantities are chosen to satisfy the
CPA self-consistency conditions

�tR�z�	 � �
Q

cR
QtR

Q�z� = 0, �3�

where tR
Q�z� denotes the single-site T-matrix with matrix ele-

ments tR
Q;LL��z� that describes the scattering from a Q impu-

rity at the Rth site with respect to the effective CPA medium.
An explicit expression for tR

Q�z� �with orbital indices omitted�
is

tR
Q�z� = 
1 + �PR

Q�z� − PR�z��ḡRR�z��−1�PR
Q�z� − PR�z�� ,

�4�

where PR
Q�z� denote matrices of site- and species-resolved

potential functions. More details on the CPA, especially for
layered systems, can be found in Refs. 37 and 38.

C. CPP transport

The zero-temperature CPP conductance of the disordered
multilayer �in one spin channel� per unit 2D cell is within the
Kubo-Landauer approach7 and the TB-LMTO formalism10,29

given as

C =
e2

h

1

N�

Tr�g�a�BLg�b�BR	 , �5�

where N� refers to a large number of 2D cells in directions
parallel to atomic layers and the trace is taken over the site
and orbital indices of the intermediate region. The complex
energy arguments of the GF matrices in Eq. �5� are related to
the system Fermi energy EF by infinitesimal shifts, namely
a=EF+ i�, b=EF− i�, where �→0+. The nonrandom matri-
ces BL and BR are related to anti-Hermitean parts of the
self-energies of the semi-infinite leads. In a principal-layer
technique,37,38 the lattice sites are denoted as pairs R
��p ,S� where p is the integer principal-layer index and S
labels the lattice sites of one principal layer. The intermediate
region consists of N principal layers with index bounded by
1� p�N, while the left and right leads correspond to p�0
and p�N+1, respectively. The necessary condition for ap-
plicability of the pricipal-layer formalism is vanishing of el-

ements of the TB structure constant matrix SRR�
LL� for lattice
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sites not belonging to the same or neighboring principal lay-

ers, i.e., SpS,p�S�
LL� =0 for �p− p���1. Employing this notation,

the matrices BL and BR are explicitly expressed as

�BL�pS,p�S�
LL�

= i�p1�p�1 �
S1L1

�
S2L2

S1S,0S1

LL1 �GL�a� − GL�b��S1S2

L1L2S0S2,1S�
L2L� ,

�BR�pS,p�S�
LL� = i�pN�p�N �

S1L1

�
S2L2

SNS,�N+1�S1

LL1 �GR�a�

− GR�b��S1S2

L1L2S�N+1�S2,NS�
L2L� , �6�

where GL�z� and GR�z� denote the surface GF’s of the two
semi-infinite leads.41 Note that the matrices BL and BR are
localized to the first and the Nth principal layer, respectively.

The configurational average of conductance, Eq. �5�, is
more complicated than that of one-particle properties, essen-
tially because �g�a� � g�b�	 differs from �g�a�	 � �g�b�	 by
the vertex corrections �VC�. The original formulation of the
VC compatible with the CPA average of one-particle GF’s
and a proof of their analytical properties including the Ward
identity was given in Ref. 23. In the Appendix, the basic
formulas for VC are rewritten in the present LMTO-CPA
formalism and a final expression for quantities encountered
in transport studies is derived.

The resulting formula for the conductance, Eq. �5�, can be
separated in two contributions: the coherent �ballistic, specu-
lar� part Ccoh and the incoherent �diffusive, vertex� part CVC,
see Eq. �A14�:

C = Ccoh + CVC, �7�

where

Ccoh =
e2

h

1

N�

Tr
ḡ�a�BLḡ�b�BR� �8�

and

CVC =
e2

h

1

N�

Tr�g�a�BLg�b�BR	VC. �9�

Since the leads and the configurationally averaged system
exhibit the 2D translational invariance, the 2D lattice Fourier
transform is used to perform the matrix multiplications in
Eqs. �6� and �8�. For this purpose, the lattice sites are de-
noted as R��p ,S���p ,B ,T�� where the index B labels the
finite basis of lattice sites of the pth principal layer and T�

denotes a 2D translation vector such that S=B+T�. The lat-
tice Fourier transform of the average GF matrix ḡ�z� is then
defined as

ḡpB,p�B�
LL� �k�,z� = �

T�

exp�ik� · T��ḡpB,p��B�+T��
LL� �z� , �10�

where k� is a vector from the 2D Brillouin zone �BZ�; the
transforms of other matrix quantities �S ,BL ,BR ,GL�z� ,
GR�z�� are defined analogously. Employing the transformed
quantities, the coherent part of the conductance, Eq. �8� is
expressed as a BZ average

Ccoh =
e2

h

1

N�
�
k�

tr
ḡ�k�,a�BL�k��ḡ�k�,b�BR�k��� , �11�

where tr denotes the trace taken over the composed �pBL�
matrix index.

The formulation and evaluation of the vertex part of the
conductance, Eq. �9�, requires a number of auxiliary quanti-
ties, the most important of them being the composed matrix
index ���L ,L��, site-diagonal quantities �R�a ,b� with ma-
trix elements �R

�1�2�a ,b� and a matrix 	�a ,b� with elements
	R1R2

�1�2�a ,b�, see the Appendix. The final expression for the
vertex part of the conductance is given by

CVC =
e2

h
�

p1B1�1

�
p2B2�2

�ḡ�b�BRḡ�a��p1B1

�̃1 �	−1�0�,a,b��p1B1,p2B2

�1�2


 �ḡ�a�BLḡ�b��p2B2

�2 , �12�

where �̃1��L1� ,L1� denotes the transposed index to �1

��L1 ,L1�� and the matrix elements on the right-hand side
�rhs� are expressed in terms of lattice Fourier transforms,

�ḡ�a�BLḡ�b��pB
� =

1

N�
�
k�

�
L1B1

�
L2B2

ḡpB,1B1

LL1 �k�,a�


 �BL�1B1,1B2

L1L2 �k��ḡ1B2,pB
L2L� �k�,b� , �13�

the definition of �ḡ�b�BRḡ�a��pB
� is analogous, see Eq. �A7�,

and

�	�0�,a,b��p1B1,p2B2

�1�2 = �
T�

	p1B1,p2�B2+T��
�1�2 �a,b�

= �p1p2
�B1B2

��p1B1

−1 �a,b���1�2

−
1

N�
�
k�

ḡp1B1,p2B2

L1L2 �k�,a�ḡp2B2,p1B1

L2�L1� �k�,b� .

�14�

Note that the last expression is nothing but the lattice Fourier
transform for zero k� vector of the matrix 	R1R2

�1�2�a ,b�, Eq.
�A13�.

III. IMPLEMENTATION AND DETAILS OF
CALCULATIONS

A. Self-consistent electronic structure

The self-consistent electronic structures were obtained us-
ing an all-electron scalar-relativistic version of the TB-
LMTO-ASA method37 within the local spin-density approx-
imation42 �LSDA� to the density functional theory.43 The lo-
cal exchange-correlation potential of Ref. 44 was employed
and the valence basis consisted of s, p, and d orbitals. The
potential functions PR��z� were parametrized with a second-
order accuracy37 and the self-consistency of one-electron po-
tentials was achieved in intermediate regions comprising also
a few monolayers �ML� of the attached metallic leads. The
electrostatic dipole-barrier effects due to the dipole moments
of electron densities inside the atomic spheres, non-

DISORDERED MAGNETIC MULTILAYERS: ELECTRON¼ PHYSICAL REVIEW B 73, 144421 �2006�

144421-3



negligible especially at the interfaces, were included in the
one-electron potentials.37,45 The systems addressed in Sec.
IV were based on face-centered-cubic �fcc� and body-
centered-cubic �bcc� lattices with layers perpendicular to
low-index directions and with all lattice relaxations ne-
glected. One principal layer was formed by one atomic layer
for fcc�111� stacking while two neighboring atomic layers
per principal layer were necessary in fcc�001� and bcc�001�
cases. The integrations over the 2D BZ were performed on a
uniform mesh of about 1000 k� points; energy integrations
over the occupied part of the valence bands were performed
in the complex energy plane along a closed contour starting
and ending at the Fermi energy. Further details of the nu-
merical implementation can be found elsewhere.37,38

B. CPP conductances

An efficient evaluation of the conductance according to
Eqs. �11�–�14� rests on a fast numerical algorithm to obtain

the averaged GF matrix ḡ�k� ,z��
ḡpB,p�B�
LL� �k� ,z�� inside the

intermediate region �1� p , p��N�. This matrix is defined as
the inverse of a block-tridiagonal matrix �with vanishing
blocks for �p− p���1�.10,37,38 In particular, the coherent part
of the conductance, Eq. �11�, requires only two corner blocks
of ḡ�k� ,z�, namely for p=1, p�=N and p=N , p�=1, and an
order-N technique can be used for this purpose.46

The evaluation of the vertex part of the conductance is
more demanding mainly because all blocks of ḡ�k� ,z� enter
Eqs. �12�–�14� and the procedure becomes roughly of order-
N2.46 A more careful analysis reveals that the VC �R

��a ,b�
are nonvanishing only for sites with true randomness, see Eq.
�A8�. Moreover, the range of indices p and B in Eqs.
�12�–�14� must be limited to such sites in order to keep the
matrix 	�0� ,a ,b� well defined. Its inversion requires at most
order-N3 operations, but it does not lead to a significant in-
crease of computing time in practice since this inversion
must be done only once during the whole calculation. A
faster approach �essentially of order-N� can be developed for
systems with disorder limited to a finite �N-indepenent� num-
ber of layers but this route has not been followed here.

The imaginary parts of energy arguments a and b for con-
ductance calculations were taken ±10−7 Ry while the BZ av-
erages were evaluated using N� 3000 k� points. The point
group symmetry of individual systems was taken into ac-
count so that only the irreducible parts of the 2D BZ were
sampled, reducing thus computation times and memory re-
quirements. The surface GF’s, GR�z� and GL�z� for z=a ,b,
were calculated by employing the renormalization-
decimation technique.37,47 The potential functions at the
Fermi energy were obtained from the second-order param-
etrization again29 while the corresponding coherent potential

functions PR
LL��z� �for z=a ,b� were obtained first by solving

the CPA self-consistency condition, Eq. �3�, outside the real
energy axis and then by a numerical analytic continuation to
the real axis.48

The calculated conductances using the CPA were in sev-
eral cases compared to results of a SC approach.10,12,32 The
latter was based on site- and species-dependent potential

functions PR�
Q �z� obtained from LSDA-CPA self-consistent

calculations. The substitutional disorder was simulated by
5
5 lateral supercells in individual atomic layers, with ran-
dom occupations of the sites produced by a random-number
generator �with constraints imposed by given layer-resolved
alloy concentrations�. The conductances resulted from a uni-
form sampling of the 2D BZ of the SC by 400 k� points.

IV. RESULTS

The total conductances of the systems studied below are
given by sums over the two spin channels, C=C↑+C↓, where
the spin-resolved conductances C� were calculated sepa-
rately according to Sec. III B. For systems containing two
magnetic layers adjacent to a nonmagnetic spacer, two mag-
netic arrangements were considered, namely the ferromag-
netic �FM� and the antiferromagnetic �AF� one, and a mag-
netoresistance �MR� ratio was defined in terms of the
corresponding conductances CFM, CAF as

� =
CFM

CAF
− 1. �15�

A. Rough interfaces in Co-Cu-Co trilayers

The effects of interface intermixing on the CPP conduc-
tances in Co/Cu-based epitaxial systems have been investi-
gated in a number of recent papers.10–12,16,49 Here we studied
fcc�001� 5 ML Co-4 ML Cu-5 ML Co trilayers sandwiched
by two semi-infinite Cu leads with all four interfaces imper-
fect; the atoms were placed at sites of an ideal Co fcc lattice
�with a lattice parameter smaller by �2% than that of pure
Cu�. The interface roughness was simulated by disordered
alloys in two atomic layers at each Co/Cu interface; the
neighboring layers have composition Co1−xCux on the Co
side and CoxCu1−x on the Cu side, where x is a concentration
variable, 0�x�0.5. As noted in Ref. 12, the particular
thicknesses of the Co and Cu layers are less important for
understanding the influence of disorder on the CPP magne-
totransport in this model.

Table I compares the CPA results with those of the SC
technique for x=0.16;12 the coherent parts of the CPA con-
ductances and results for ideal interfaces �x=0� are listed as
well. Note that the AF conductances for the two spin chan-
nels coincide due to the geometric symmetry of the trilayers.

TABLE I. Spin-resolved CPP conductances �in e2 /h per inter-
face atom� for fcc�001� 5 ML Co-4 ML Cu-5 ML Co trilayers
sandwiched by two Cu leads in FM and AF arrangements and the
MR-ratio �. The rough interfaces were simulated with the concen-
tration variable x=0.16 �see text for details�.

Interfaces CFM
↑ CFM

↓ CAF
↑↓ �

Ideal 0.743 0.238 0.228 1.15

Rough �SC� 0.733 0.256 0.354 0.40

Rough �CPA� 0.722 0.260 0.356 0.38

Rough �CPA, coherent� 0.673 0.016 0.054 5.38

CARVA et al. PHYSICAL REVIEW B 73, 144421 �2006�

144421-4



The data in Table I indicate several important facts. First, the
good agreement between the SC and CPA results indicates
that the CPA—being an effective-medium theory—is reliable
even for 2D alloys, in contrast to common wisdom on a
general failure of mean-field-like approaches in low-
dimensional structures. The present case, however, is not a
genuine 2D system; the imaginary parts of self-energies of
the �nonrandom� metallic leads play a significant role for the
success of the CPA. Second, the non-negligible deviations of
the coherent CPA conductances with respect to the total con-
ductances prove the importance of the VC. Third, a compari-
son to results for the trilayer with ideal interfaces reveals a
strong sensitivity of the MR ratio to the interface roughness.
The last two conclusions have already been done using the
SC approach.12

The concentration dependence of the transport quantities
is depicted in Fig. 1. One can observe a nearly constant
spin-↑ FM conductance that decreases only very weakly with
increasing x, accompanied by nonmonotonous dependences
of conductances in spin-↓ FM and spin-↑↓ AF channels. The
strong increase of the AF conductance for small values of x
is entirely due to the incoherent part �cf. Table I�, that is
equivalent to opening of new conductance channels as ob-
tained from the previous SC approach.10,12 A similar but
weaker concentration dependence is seen in the spin-↓ FM
channel; the resulting MR-ratio � exhibits a rapid decrease
from a value of 115% for ideal interfaces down to a mini-
mum �min37% around x0.2 followed by a very slow
increase up to 45% at x=0.5 �Fig. 1�. This strong sensitivity
of MR ratio to small amount of interface disorder contradicts
a recent prediction of minor GMR changes due to the rough
interfaces.16 Note however that the SC calculations of Ref.
16 were performed only for a single Co/Cu�001� interface
while the present model contains four intermixed interfaces;
the MR ratio decreases with increasing number of rough
Co/Cu interfaces, as shown in another SC study.10 Reflection
and transmission probabilities and specularity parameters of
a single rough Co/Cu�001� interface have recently been in-
vestigated using a LKKR-CPA approach.49 In agreement
with the present results, the calculated probabilities of Ref.
49 exhibit pronounced changes due to a small �x�0.1�
amount of disorder; however the underlying k�-resolved

quantities are based on a highly simplified form of the VC
and their reliability for a thorough quantitative analysis is
thus limited.

B. Random nonmagnetic spacer in Co-CuNi-Co trilayers

The effect of random Ni impurities in the Cu spacer on
the CPP transport in fcc�001� Co-Cu-Co trilayers has been
studied in details by the SC technique.12 For this reason we
focus here merely on a comparison of the present CPA re-
sults to the existing SC values for two cases, namely for
fcc�001� 5 ML Co-s ML Cu0.84Ni0.16-5 ML Co trilayers sand-
wiched by two pure fcc�001� Cu and Co leads. Note that the
latter case refers to the CuNi slab embedded between two
semi-infinite Co leads. We have taken the ideal fcc Co lattice
in both cases �see Sec. IV A� and considered the minority
spin ��= ↓ � channel of the FM arrangement with the CuNi
spacer thickness s varying in the range 1�s�10.

The results are plotted as resistances RFM
↓ �s�=1/CFM

↓ �s� in
Fig. 2. The depicted resistances prove a very good quantita-
tive agreement between the two approaches �CPA, SC� for
both leads �Cu, Co�; in particular, the different slopes of
RFM

↓ �s� for very thin spacers as compared to thicker spacers
are clearly reproduced. This phenomenon can be explained
by quantum-well states formed in Cu-based spacers sand-
wiched by two Co slabs.12,50 The degree of agreement shown
in Fig. 2 indicates that the localized nature of the quantum-
well states does not represent a principal obstacle for appli-
cability of the CPA.

C. Random magnetic layer in CoCr-Cu-Co trilayers

Recently, several various F1-Cu-Co-Cu fcc�111� multilay-
ers containing a random binary ferromagnetic alloy F1 have
been manufactured that exhibit a transition from a positive to
negative GMR effect with increasing thickness M of the fer-
romagnetic alloy.31 The value of M where the transition oc-
curs is called a compensation thickness. The experimental
observation has been explained theoretically for Co0.8Cr0.2-
Cu-Co trilayers using the SC method.32 The origin of the
negative GMR was identified with a ferrimagnetic spin struc-

FIG. 1. �Color online� Spin-resolved CPP conductances in FM
and AF arrangements and the MR ratio for fcc�001� 5 ML Co-4 ML
Cu-5 ML Co trilayers sandwiched by two Cu leads as functions of
the concentration x of interdiffused atoms at the rough interfaces.

FIG. 2. �Color online� Resistances per one interface atom of the
fcc�001� 5 ML Co-s ML Cu0.84Ni0.16-5 ML Co trilayers sandwiched
by two pure fcc�001� Cu and Co leads for minority electrons and
the FM orientation of the Co slabs. The present CPA values are
compared to the SC results of Ref. 12.
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ture of the bulk random fcc Co0.8Cr0.2 alloy that results in
formation of a virtual bound state in the Cr-projected density
of states of majority electrons ��= ↑ � of the CoCr alloy. This
state reflects a strong scattering regime leading thus to a
rapid decrease of the majority-spin conductances with in-
creasing CoCr layer thickness M.

Here the CPA technique is compared to the SC approach32

for fcc�111� trilayers M ML Co0.8Cr0.2-20 ML Cu-2 ML Co,
where the CoCr layer thickness covers an interval 2�M
�20, sandwiched by two semi-infinite Cu leads �all atoms
placed on the ideal fcc Co lattice�. The resulting MR ratio of
both techniques together with experimental results of Ref. 31
are shown in Fig. 3 as functions of the CoCr thickness M.
The theoretical dependences exhibit very similar features,
namely small oscillations on top of slowly decreasing trends;
the latter follow roughly the experimentally observed depen-
dence. The theoretical compensation thickness is around 5
ML CoCr while the experimental compensation takes place
at about 8 ML. This difference can most probably be as-
cribed to effects of multilayer repetitions in real samples.32

The oscillations in the calculated CoCr thickness depen-
dence of the MR ratio �Fig. 3� are due to quantum oscilla-
tions in the minority-spin conductances, as documented in
Fig. 4 for the AF configuration. The majority-spin conduc-
tances show a completely different thickness dependence: a
faster decrease with increasing M without any sign of oscil-
lations, see Fig. 4 for the FM arrangement. The different
transport regimes in the two channels are reflected also by
the coherent and diffusive contributions of the conductances:
while the coherent part of the majority-spin conductance rep-
resents a smaller contribution, exponentially decaying with
M, the coherent part of the minority-spin conductance sur-
vives throughout the whole range of M studied and it reflects
a weak scattering regime inside the CoCr slab.

The oscillations of the MR ratio, clearly present in theo-
retical results, are not seen in experiment.31 For this reason,
we investigated their sensitivity to interface roughness at the
two CoCr/Cu interfaces by putting one atomic layer of com-
position Cu1−xCox on the Cu side of the interfaces, where x is

a concentration variable. Figure 5 contains the results for x
=0.2; very similar trends were found for other values of x in
an interval 0.1�x�0.4, in full analogy to the Co-Cu-Co
case �Sec. IV A�. The obtained changes prove a strong influ-
ence of the interface roughness on the oscillations which
brings the calculated MR ratio towards a better agreement
with the experiment. An explanation of this effect rests on
the fact that the Co impurities in the Cu layers represent
strong scatterers for minority electrons suppressing thus the
quantum conductance oscillations in this channel. Note how-
ever that the compensation length is only weakly affected by
the interface roughness �Figs. 3 and 5�.

D. (Ga,Mn)As diluted magnetic semiconductors

Layered epitaxial systems containing the p-type diluted
ferromagnetic semiconductors �Ga,Mn�As are intrinsically

FIG. 3. �Color online� MR ratio for fcc�111� trilayers M ML
Co0.8Cr0.2-20 ML Cu-2 ML Co sandwiched by two Cu leads calcu-
lated by the present CPA approach and the SC technique of Ref. 32
as functions of the CoCr slab thickness M. The experimental values
of Ref. 31 refer to Co0.8Cr0.2-Cu-Co-Cu multilayers.

FIG. 4. �Color online� CPP conductances of fcc�111� trilayers M
ML Co0.8Cr0.2-20 ML Cu-2 ML Co sandwiched by two Cu leads:
for spin-↑ in the FM arrangement and for spin-↓ in the AF arrange-
ment. Both conductances are plotted together with their coherent
parts.

FIG. 5. �Color online� MR ratio for fcc�111� trilayers M ML
Co0.8Cr0.2-20 ML Cu-2 ML Co sandwiched by two Cu leads calcu-
lated with clean and rough CoCr/Cu interfaces and compared to
experimental values of Ref. 31.
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disordered systems with a number of interesting transport
properties.33–35,51,52 Their detailed theory including, e.g., the
role of native structural defects and effects of spin-orbit cou-
pling, remains far beyond the scope of the present study; this
section shows the first CPA results for their CPP conduc-
tances and a brief comparison to bulk residual resis-
tivities.30,33 The transport properties of so-called digital
�Ga,Mn�As heterostructures have been studied recently;53,54

their conductances reflect a purely ballistic regime owing to
the special structures that remain nonrandom even in the
presence of As antisite atoms.

The calculations reported here were performed for �001�
layers of zinc-blende Ga1−xMnxAs alloys with Mn content in
a range 0.05�x�0.08, sandwiched by two semi-infinite
bcc�001� leads of nonmagnetic chromium. Empty spheres
were inserted in the tetrahedral interstitial positions of the
zinc-blende structure for matters of space filling; one atomic
�001� layer of the resulting bcc lattice thus contained two
spheres: either a Ga sphere and an empty sphere or an As
sphere and an empty sphere inside the �Ga,Mn�As slab, or
two Cr spheres inside the Cr leads; all spheres have equal
radii. No relaxations of an ideal bcc lattice were allowed; its
lattice parameter was set according to the equilibrium fcc
lattice of pure GaAs �a=0.565 nm� which required a small
compression ��2% � inside the Cr leads as compared to an
equilibrium bcc Cr lattice. The Mn atoms were placed ran-
domly on the cation sublattice and the �Ga,Mn�As slabs
comprised an odd number n of atomic layers, where 3�n
�31; the slabs were As-terminated with no disorder at the
As/Cr interfaces.

The calculated total and spin-resolved CPP conductances
for slabs with 8% Mn are depicted in Fig. 6. Their thickness
dependence exhibits two different slopes: a rapid decrease
for thin layers �n11� followed by a much slower decrease
for thick layers �n�11�. The transition between these two
regimes can be explained by formation of the bulklike elec-
tronic structure in the middle of thicker �Ga,Mn�As slabs; it
can also be observed in the behavior of local electronic quan-
tities as illustrated in Fig. 7 for the local spin Mn moments in

the central plane of the slabs with 5% Mn. The central Mn
moments in thin slabs are strongly influenced by the leads
while a slow monotonous trend towards the bulk value is
found only for thicker slabs. The varying influence of the Cr
leads on the CPP conductances �Fig. 6� is also reflected by a
weak spin polarization for n11 and a strong spin polariza-
tion due to the exponentially decaying minority conductance
for n�11. The latter feature is in agreement with the half-
metallic nature of bulk defect-free �Ga,Mn�As alloys.35,55–58

The majority and total conductances approach an ohmic
regime for thick slabs; the bulk residual resistivities30 com-
pare well to their counterparts derived from the CPP conduc-
tances for n�20, as documented in Table II. The resistivity
values and their concentration dependence prove an impor-
tance of the number of carriers �holes in the valence band� in
addition to the strength of impurity scattering.30 A compari-
son to experimental resistivities of Ref. 33 is presented in
Table II as well; the experimental values for x=0.05 and x
=0.06 provide an independent check of reliability of the ab
initio CPA scheme whereas the markedly higher resistivity
measured for x=0.08 reflects a high amount of compensating
As antisite defects in the sample.33

The coherent and vertex contributions to the majority con-
ductance are shown in Fig. 8. The former decreases rapidly
with �Ga,Mn�As thickness and it vanishes practically for n
�10 whereas the latter does not change appreciably over the

FIG. 6. �Color online� Spin-resolved CPP conductances of
�Ga,Mn�As �001� slabs with 8% Mn sandwiched by two semi-
infinite nonmagnetic bcc Cr�001� leads as functions of the �Ga,
Mn�As thickness.

FIG. 7. �Color online� The local magnetic moment of Mn atoms
in the middle of �Ga,Mn�As �001� slabs with 5% Mn sandwiched by
two semi-infinite nonmagnetic bcc Cr�001� leads as a function of
the slab thickness. The horizontal line marks the Mn moment in the
bulk Ga0.95Mn0.05As alloy.

TABLE II. Residual resistivities �in 10−5 � m� of Ga1−xMnxAs
as obtained from the CPP conductances of thick �Ga,Mn�As�001�
slabs sandwiched by two nonmagnetic bcc�001� Cr leads and from
bulk calculations of Ref. 30. The experimental values are taken
from Ref. 33.

Mn content x �CPP �bulk �exp

0.05 1.23±0.04 1.20 1.49

0.06 1.06±0.02 1.07 1.32

0.08 0.88±0.01 0.89 2.87
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range of n studied. These trends witness that the intrinsic
disorder of �Ga,Mn�As slabs is strong enough to destroy the
coherence after a very short distance traveled by electrons.
This conclusion is in qualitative agreement with effects of
strong disorder �nonquasiparticle behavior� manifested in the
Bloch spectral function of majority electrons at the Fermi
level of the bulk alloy.59

V. CONCLUSIONS

An ab initio technique for calculations of CPP transport
properties of realistic epitaxial magnetic multilayers has been
developed and implemented within the all-electron TB-
LMTO method. It is based on a systematic use of the CPA
for an efficient treatment of substitutional disorder at the in-
terfaces and/or inside the individual layers. Its most difficult
part—an evaluation of the vertex corrections—provides a
natural framework for separating the coherent and incoherent
contributions to the CPP conductances.

A comparison of the CPA results to those of a SC ap-
proach performed for a variety of systems confirms that im-
portant aspects of the spin-polarized CPP electron transport
are fully within the reach of an effective medium treatment.
The particular investigated cases include 2D randomness at
rough interfaces in Co-Cu-Co trilayers, quantum-well states
and randomness inside the spacer layers in Co-CuNi-Co sys-
tem, and the virtual bound state in disordered magnetic lay-
ers of CoCr-Cu-Co system. A study of simultaneous random-
ness inside the layers and at the interfaces in the latter system
revealed a pronounced sensitivity of quantum oscillations of
the MR ratio and a fair stability of the compensation CoCr
thickness necessary for the change of sign of the GMR
effect. The first application to diluted ferromagnetic �Ga,
Mn�As semiconductors yields CPP conductances compatible
with calculated and measured bulk residual resistivities and
with half-metallic features of the underlying electronic struc-
ture. The thickness dependence of the coherent and incoher-
ent conductances reflects unambiguously a strong impurity
scattering of majority electrons.

In summary, the developed CPA technique represents a
physically sound and numerically competitive alternative to
the widely used SC approaches. It can be generalized beyond
the two current model by including the spin-orbit coupling
and possible noncollinear magnetic configurations. This
would extend the area of applicability of the CPA to other
multilayers of technological interest, the only exceptions be-
ing probably systems with topological disorder �interfaces
with large lattice mismatch, layers with amorphous struc-
ture�.
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APPENDIX: VERTEX CORRECTIONS IN THE
LMTO-CPA METHOD

This appendix contains general basic relations to derive
CPA averages

Tr�g�a�Bg�b�B�	 , �A1�

where g�z� denotes the TB-LMTO auxiliary GF matrix, a
and b are two energy arguments, and B and B� are nonran-
dom matrices. Averages of this kind appear in transport stud-
ies and the CPP conductance, Eq. �5�, represents just one
example. Another particular case is the residual conductivity
of random bulk alloys;29 its full treatment for systems with
multiple sublattices has been worked out recently.30 The deri-
vation below closely follows Ref. 23.

The starting point in handling the average �A1� is a rela-
tion

�g�a�Bg�b�	 = ḡ�a�Bḡ�b� + ḡ�a���a,b�ḡ�b� , �A2�

where the first term on the right-hand side represents the
coherent contribution while the second term defines implic-
itly the corresponding VC. The form of the second term fol-
lows from an expansion of the GF matrix of a random con-
figuration with respect to the averaged GF matrix

g�z� = ḡ�z� + ḡ�z�T�z�ḡ�z� ,

T�z� = − �
R

tR�z� + �
R�R�

tR�z�ḡ�z�tR��z�

− �
R�R��R�

tR�z�ḡ�z�tR��z�ḡ�z�tR��z� + ¯ ,

�A3�

where T�z� denotes the total T-matrix and the exclusions in
summations prevent the scattering twice in sequence on the
same lattice site. The random single-site T-matrix tR�z� in
Eq. �A3� must be understood as a site-diagonal matrix with
elements �tR�z��R1R2

L1L2 =�RR1
�RR2

tR
Q;L1L2�z� depending on the

FIG. 8. �Color online� Majority-spin CPP conductance of
�Ga,Mn�As �001� slabs with 8% Mn sandwiched by two semi-
infinite nonmagnetic bcc Cr�001� leads together with its coherent
and vertex parts.
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species Q occupying the site R. Note that within the CPA,
the self-consistency conditions, Eq. �3�, are equivalent to the
exact relation �T�z�	=0. This allows to write down an exact
expression for the VC,

��a,b� = �T�a�ḡ�a�Bḡ�b�T�b�	 . �A4�

Inserting the expansion �A3� into Eq. �A4� and using a CPA-
like decoupling together with the self-consistency conditions,
Eq. �3�, leads to the VC as a sum of single-site contributions,
��a ,b�=�R�R�a ,b�. The contributions �R�a ,b� satisfy a set
of linear equations

�R�a,b� = �tR�a�ḡ�a�Bḡ�b�tR�b�	

+ �
R���R�

�tR�a�ḡ�a��R��a,b�ḡ�b�tR�b�	 ,

�A5�

that define unambiguously the VC in the CPA.
The solution of Eqs. �A5� is greatly facilitated by the

localized nature of the single-site T-matrices tR�z�, see text
below Eq. �A3�. Consequently, the site contributions
�R�a ,b� are localized as well, i.e., their matrix elements are
��R�a ,b��R1R2

L1L2 =�RR1
�RR2

�R
L1L2�a ,b�. The linear relations

�A5� are then recast in terms of the matrix elements as

�R
L1L1��a,b� = �

Q
�
L2L2�

cR
QtR

Q;L1L2�a��ḡ�a�Bḡ�b��RR
L2L2�tR

Q;L2�L1��b�

+ �
Q

�
R���R�

�
L2L2�

�
L3L3�

cR
QtR

Q;L1L2�a�ḡRR�
L2L3�a�


�R�
L3L3��a,b�ḡR�R

L3�L2��b�tR
Q;L2�L1��b� . �A6�

They can be formally simplified by introducing composed
indices ���L ,L��, �1��L1 ,L1��, etc., and following auxil-
iary variables:

�R
��a,b� = �R

LL��a,b� ,

�R
��a,b� = �ḡ�a�Bḡ�b��RR

LL� = �ḡ�a�Bḡ�b��R
�,

wR
�1�2�a,b� = �

Q

cR
QtR

Q;L1L2�a�tR
Q;L2�L1��b� ,

�RR�
�1�2�a,b� = �1 − �RR��ḡRR�

L1L2�a�ḡR�R
L2�L1��b� . �A7�

The original Eqs. �A6� can then be rewritten compactly as

�R
�1 = �

�2

wR
�1�2�R

�2 + �
R�;�2�3

wR
�1�2�RR�

�2�3�R�
�3, �A8�

where energy arguments �a ,b� of all quantities have been
omitted for brevity. The solution of this set of linear equa-
tions for �R

� can be expressed using a matrix inversion

� = �1 − w��−1w� = �w−1 − ��−1� , �A9�

where the composed matrix indices �R ,�� were suppressed
and where w denotes a site-diagonal matrix with elements
wRR�

�1�2�a ,b�=�RR�wR
�1�2�a ,b�.

The solution for the vertex corrections �A9� can be given
another form more suitable for direct calculations. A defini-
tion of a matrix quantity �RR��a ,b� and of its site-diagonal
blocks �R�a ,b���RR�a ,b� given by

�RR�
�1�2�a,b� = ḡRR�

L1L2�a�ḡR�R
L2�L1��b� ,

�R
�1�2�a,b� = ḡRR

L1L2�a�ḡRR
L2�L1��b� , �A10�

leads to a trivial relation �RR��a ,b�=�RR��R�a ,b�
+�RR��a ,b� and to the complete vertex operators23 repre-
sented by site-diagonal quantities �R

�1�2�a ,b� defined by

�R
−1�a,b� = wR

−1�a,b� + �R�a,b� . �A11�

The vertex corrections can be now reformulated as

� = 	−1�, 	 = �−1 − � , �A12�

or, with all matrix indices and energy arguments restored,

�R1

�1�a,b� = �
R2�2

�	−1�a,b��R1R2

�1�2�R2

�2�a,b� ,

	R1R2

�1�2�a,b� = �R1R2
��R1

−1�a,b���1�2 − �R1R2

�1�2�a,b� .

�A13�

The advantage of the last expression is due to the fact that �
is site-diagonal and � has a simpler structure than �. Using
the �two- or three-dimensional� translational invariance of
the configurationally averaged system, the matrix inversion
in Eq. �A13� can easily be performed in terms of lattice
Fourier transforms of the quantities involved.23 The solution
is very simple for operators B exhibiting the same transla-
tional invariance since it requires the Fourier transform of
the matrix 	R1R2

�1�2�a ,b� only for zero k vector in the recipro-
cal space.24

Finally, the average �A1� can be decomposed into the co-
herent and the incoherent �vertex� part, as based on Eq. �A2�,

Tr�g�a�Bg�b�B�	 = Tr
ḡ�a�Bḡ�b�B�� + Tr�g�a�Bg�b�B�	VC.

�A14�

An explicit expression for the vertex contribution is obtained
from Eq. �A13�,

Tr�g�a�Bg�b�B�	VC

= Tr
ḡ�a���a,b�ḡ�b�B��

= �
R1�1

�
R2�2

�ḡ�b�B�ḡ�a��R1

�̃1�	−1�a,b��R1R2

�1�2�ḡ�a�Bḡ�b��R2

�2,

�A15�

where �ḡ�b�B�ḡ�a��R1

�̃1 is defined similarly to Eq. �A7� with

�̃1��L�1 ,L1� denoting the transpose of �1��L1 ,L�1�.
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