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Dielectric susceptibility measurements in a wide frequency spectrum were used to obtain the distribution of
the relaxation times of BP1−xBPIx mixed crystals. The dipole freezing results in a broad distribution of the
relaxation times. The parameters of the double-well potentials of the hydrogen bonds, the local polarization
distribution function and glass order parameter have been extracted from the dielectric measurements. The
microscopic parameters are in good agreement with magnetic resonance data. The average local potential
asymmetry A0 shows a behavior different from that of RADP. Dielectric spectroscopy gives the new and
surprising result that the nonzero mean J0 /kB of the random bond interaction is vanishing for very low
temperatures. One can suspect that it is related to the transition into the low-temperature nonergodic glassy
phase.
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I. INTRODUCTION

The two almost isostructural compounds betaine phos-
phite �BPI� �CH3�3NCH2COOH3PO3, and betaine phosphate
�BP� �CH3�3NCH2COOH3PO3 form solid solutions at any
concentration.1–4 Similar to the KDP family, mixed crystals
BP1−xBPIx of antiferroelectric betaine phosphate and ferro-
electric betaine phosphite show an interesting phase diagram
with phase transitions to long-range ordered ferroelastic,
ferroelectric, and antiferroelectric phases or to glassy states
in dependence on the ratio x of the two compounds.5–9 The
structure of both compounds10,11 is very similar. The inor-
ganic tetrahedral PO4 or HPO3 groups are linked by hydro-
gen bonds forming zig-zag chains along the monoclinic b
axis. The betaine molecules are arranged almost perpendicu-
lar to these chains along the a direction and linked by one
�BPI� or two �BP� hydrogen bonds to the inorganic group.

Both compounds, BPI and BP, undergo a phase transition
from a paraelectric high-temperature phase with space group
P21/m to an antiferrodistortive phase with space group
P21/c at 355 K �BPI� and 365 K �BP�, respectively. In the
high-temperature phase the PO4 or HPO3 groups and the
betaine molecules are disordered. They both order in the an-
tiferrodistortive phase, but the hydrogen atoms linking PO4
or HPO3 groups remain disordered. Ordering of these hydro-
gen atoms induces the phase transition into the ferroelectric
or antiferroelectric phase. BPI experiences a transition into a
ferroelectric ordered low-temperature phase with space
group P21 at 220 K. BP shows two further structural transi-
tions at 86 K into a ferroelectric intermediate phase of P21
symmetry12 and at 81 K into an antiferroelectric low-
temperature phase with doubling of the unit cell along the
crystallographic a direction.

The temperature dependence of the dielectric permittivity
of both compounds shows evidence for a quasi-one-
dimensional behavior. The coupling between the electric di-
polar units within the chains is much stronger than that one
between dipolar units in neighboring chains.11,13 Antiferro-
electric order is established in BP at TC=81 K �Ref. 1� in
such a way that the O-H¯O bonds order ferroelectrically
within the one-dimensional chains, whereas neighboring
chains are linked antiferroelectrically.10 In BPI, however,
neighboring chains are linked ferroelectrically below TC
=216 K.3

Deuteration of hydrogen-bonded ferroelectrics leads to
significant changes of the dielectric properties and shifts the
phase transition temperature to higher values.10 This isotope
effect has already been studied in deuterated crystals of the
betaine family, namely betaine phosphate �DBP� and betaine
phosphite �DBPI�.1,14 The low-frequency dielectric measure-
ments of DBPI showed14 that the transition temperature is
shifted up to 297 K. Deuterated BP �DBP� shows only two
transitions, one at 365 K into the ferrodistortive phase and
another one at 119 K into the antiferroelectric phase. The
ferroelectric phase that exists in normal BP is missing in
deuterated BP. This gives strong evidence that the hydrogen
bonds play an important role in the ferroelectric and antifer-
roelectric transition.

In the mixed crystals the competing ferroelectric and an-
tiferroelectric interactions cause a glasslike order behavior of
the protons in the system of hydrogen bonds.5–9 Such mate-
rials belong to a class of orientational glasses that are called
proton glasses.15 The proton glasses are of special interest in
so far as they can contribute to the basic understanding of the
glassy behavior of matter as model systems. Theoretical de-
scriptions have been developed for them, which allow com-
parisons with the experimental results.16–19
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The phase diagram of BP1−xBPIx �Refs. 7, 9, and 20�
which was known until now can be characterized by three
regions: a first one with concentration x�0.3 where a tran-
sition into an antiferroelectric ordered state appears, a second
one with 0.9�x�0.3 in which glassy behavior is observed
at low temperatures, and a third region with a ferroelectric
ordered low temperature phase for x�0.9. Dielectric
measurements5,8,9,20,21 revealed proton glass behavior for x
=0.85, 0.80, 0.60, 0.50, and 0.40.

Very recently, a systematic study of the dielectric proper-
ties of compounds of the series BP1−xBPIx was presented20 in
the paraelectric phase, and compared with the predictions of
three microscopic models: the quasi-one-dimensional Ising
model without disorder,22–24 the Sherrington-Kirkpatrick
model,25 and the quasi-one-dimensional random-bond
random-field Ising model.19 From the analysis of the tem-
perature dependent static susceptibility, parameters were de-
termined characterizing the dipolar interactions and the ran-
dom electric fields in these systems. Only in one of the
compounds with the lowest admixture of betaine phosphite,
xsol=0.15, a behavior consistent with a quasi-one-
dimensional glass phase was found.20 There was no evidence
of quasi-one-dimensional behavior for compounds with a
higher concentration of BPI except for nearly pure ferroelec-
tric BPI. In fact, the other compounds with a glass phase
were rather well fitted by the three-dimensional RBRF Ising
model with the inclusion of random fields.

In these compounds, the random fields are of greater im-
portance than the random bonds. It was suspected that sub-
stitutional disorder leads to a more isotropic dielectric behav-
ior where interchain and intrachain couplings are similar in
magnitude. The Almeida-Thouless temperatures were esti-
mated for all the compounds with a glass phase and found to
be close to the temperature where the real part of the low
frequency dielectric constant has its maximum.

Nuclear magnetic resonance �NMR� proved to be one of
the most appropriate techniques for the study of local proton
or deuteron order and dynamics.16–18 Deuteron glasses were
carefully analyzed by D2 NMR where the local deuteron or-
der is monitored by the nuclear quadrupole coupling. How-
ever, there is no direct study of the proton order in a proton
glass by H1 NMR up to now because it is difficult to resolve
local proton order from the chemical shift data.

Recently we reported on direct studies of the local proton
order by means of high resolution electron spin resonance
�ESR� measurements such as CW and pulsed electron
nuclear double resonance �ENDOR�, electron spin echo
�ESE�, and electron spin echo envelope modulation
�ESEEM� �Refs. 26–28� on the PO3

2− paramagnetic probe in
the x-irradiated proton glasses BP0.15BPI0.85 and
BP0.40BPI0.60. Hydrogen bonds link the phosphite and phos-
phate groups to quasi-one-dimensional chains along the crys-
tallographic b direction. We showed that the protons in these
bonds order glasslike. The ENDOR line shape of this proton
manifold is a direct mirror of the local order parameter dis-
tribution function w�p� of the protons in the hydrogen bonds.
This allows a very detailed comparison with theoretical mod-
els such as the one- and three-dimensional random-bond
random-field �RBRF� Ising glass model because for one
given temperature one has not only one single measuring

point as for the static susceptibility but an entire order pa-
rameter distribution curve.

The experimental Edwards-Anderson glass order param-
eter was obtained as the second moment of w�p�. From its
temperature dependence the variance of the random bond
interaction and the variance of the random local fields were
calculated. For both compounds, the results are characteristic
for a proton glass with strong random fields. The unusually
strong random fields reflect the relatively strong distortions
of the proton double well potentials in the hydrogen bonds
adjacent to substituted phosphate sites.

We have to mention that the stable inorganic PO3
2− radical

studied in several solid solutions BP1−xBPIx with ESR tech-
niques is created only at the HPO3 but not at the PO4 frag-
ments. Consequently, we also can probe the mixed crystals at
the HPO3 sites only. On the other hand, beyond all doubt, we
may presuppose from our experiences with pure betaine
phosphite that measurements of the PO3

2− probe give repre-
sentative evidence of the proton configuration at HPO3 sites
without noticeable distortions due to the radical formation.
Therefore, in the phosphite-rich compositions of BP1−xBPIx
where the phosphate units may be understood as substitu-
tional defects, the measured proton configurations at the
PO3

2− probe are more or less representative for the general
proton behavior.

In the phosphate-rich BP1−xBPIx compositions, however,
the statistically incorporated HPO3 fragments have to be
considered as substitutional defects, which create internal
stochastic electric fields. From ENDOR studies of the PO3

2−

paramagnetic probe on the phosphate-rich side of the
BP1−xBPIx solid solution we got experimental evidence that
the protons in the hydrogen bonds of a PO4-HPO3-PO4 seg-
ment see an asymmetric double well potential which is a
demonstration of the polar defect character of this segment.
The polarity of the defect segment along the b-direction de-
pends on which side, left or right, of the zig-zag chain the
HPO3 defect is incorporated. It is of importance that the
polarity can change under the influence of an ordering field.
The same conclusion may be drawn for a PO4 defect in a
HPO3 chain.

For BP0.15BPI0.85 and BP0.40BPI0.60 it must be mentioned
that the correspondence of the experimental order parameter
distribution function with the simulations could be improved
considerably if a nonzero mean J0 /kB=200 K and 212 K of
the random bond interaction and a tunneling energy were
considered in the three-dimensional RBRF Ising model. Ad-
ditionally, in order to obtain a better agreement with the ex-
perimental w�p� behavior, the variance of the random fields
had to be reduced from a constant value at temperatures
above J0 /kB to temperature dependent lower values below
J0 /kB. This reduction of the random field magnitude is
caused by the reorientation of the polar defect units under the
influence of an ordering field as mentioned above. The re-
sults indicate a smeared transition at T0=144 K and 160 K
for BP0.15BPI0.85 and BP0.40BPI0.60, respectively, into a phase
with a mean long-range order in the proton chains but with
strong fluctuations of the local order parameters. This addi-
tional phase transition is also reflected in a temperature
anomaly of the electron spin-lattice relaxation indicating a
singular anomaly in the phonon system.29–31 It was shown
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that the infrared active optical mode at 560 cm−1 experiences
a critical damping by interacting with a critical soft mode
related to the mentioned transition. These ENDOR and elec-
tron spin-lattice relaxation results were recently confirmed
by infrared measurements.32 Both the measurements show
that the transition is not of local but of collective nature.

Though there are indications of a proton glass behavior,
the local measurements showed that the system is more
complex. One comes to the conclusion that for the
solid solutions BP1−xBPIx, with compositions
x=0.05,0.15,0.30,0.60,0.85,0.94, a phase with glassy order
exists above a certain temperature T0. Below this tempera-
ture T0 an inhomogeneous ferric phase appears with coexist-
ing long-range and glassy proton order like in
Rb1−x�NH4�xH2AsO4.18

Very recently we published dielectric susceptibility mea-
surements of BP0.15BPI0.85 in a wide frequency spectrum and
presented the data analysis.33 Solving the integral equation
for the susceptibility with the Tikhonov regularization tech-
nique, this method allows the extraction of the distribution of
the relaxation times and resolves multiple dynamical pro-
cesses. The dielectric relaxation spectrum is described in
terms of an ensemble of Debye processes with a continuous
relaxation time distribution w���. Unfortunately, the direct
extraction of w��� from �*��� is a mathematically ill-posed
problem. This difficulty may be one of the reasons why the
spectra are usually treated as superposition of a few param-
eterized functions. If a direct calculation of w��� from �*���
can be reliably performed, in a manner similar to the Fourier
transformation between time and frequency domains, then
several problems arising from the use of empirical functions
can be avoided. Having obtained w��� one can then seek a
physical interpretation in the � domain rather than in the
frequency domain.

The dipole-freezing phenomena result in a broad asym-
metrical distribution of the relaxation times. We demon-
strated that the parameters of the double-well potentials of
the hydrogen bonds, the local polarization distribution func-
tion and the glass order parameter can be extracted from the
dielectric measurements. The microscopic parameters ob-
tained are in good agreement with magnetic resonance data.

With the present paper we extend these wide band dielec-
tric susceptibility measurements and this data analysis on
a series of protonated �x=0.50,0.60,0.70� and deuterated
�x=0.50,0.60,0.70,0.75,0.85� solid solutions of
�BP�1−x�BPI�x. It will be demonstrated that besides magnetic
resonance techniques the dielectric spectroscopy coupled
with the data analysis presented above is another appropriate
tool to determine microscopic glass parameters. Because pe-
culiarities do not exist with the magnetic resonance line
shape in the slow motion limit, dielectric spectroscopy gives
interesting results, especially for low temperatures. The mea-
surements give further indications of an intermediate inho-
mogeneous long-range ordered phase for a wider range of
compositions as already concluded from ENDOR and elec-
tron spin-lattice time measurements.26–31 Over and above
that, dielectric spectroscopy gives the surprising result that
the nonzero mean J0 /kB of the random bond interaction is
vanishing for very low temperatures. One can suspect that it

is related to the transition into the low-temperature noner-
godic glassy phase.

II. EXPERIMENT

BP1−xBPIx and DBP1−xDBPIx mixed crystals with x
=0.50,0.60,0.70 and x=0.50,0.60,0.70,0.75, respectively,
were grown by controlled evaporation from H2O and D2O
solutions containing betaine with 100� percentage of H3PO4
and the rest of H3PO3. By analogy with DBPI �Ref. 14� one
expects that only the protons in the O-H¯O bonds of the
inorganic H3PO4 and H3PO3 should be replaced by deuter-
ons. For the dielectric spectroscopy, gold plated single crys-
tals were oriented along the monoclinic b axis. The complex
dielectric constant �*=��− i�� was measured by a capaci-
tance bridge HP4284A in the frequency range
20 Hz to 1 MHz. The typical sample size was 50 mm2 area
and 0.7 mm thickness. The value of the measurement voltage
was 0.5 V. Further decrease of the measurement voltage
does not change the results for the dielectric permittivity. All
measurements have been performed on heating with the rate
of about 0.5 K/min in the dielectric dispersion region. No
differences in the value of the dielectric permittivity have
been observed for cooling and heating due to the low value
of the measurement field and the absence of temperature gra-
dients in the sample. The temperature was measured with a
calibrated silicon diode �Lake Shore type DT-470-DI-13�.
For the temperature-dependent measurements a Leybold
VSK-4-320 cryostat was used.

III. RESULTS

For all mixed crystals under study no anomaly in �� indi-
cating a polar phase transition can be detected down to the
lowest temperatures. In the temperature region below 100 K
dispersion effects dominate the dielectric response in the fre-
quency range under study �Fig. 1�. The temperature behavior
of �� and �� seems to be typical for glasses: with decreasing
measurement frequency the maximum of �� shifts to lower
temperatures followed by the maximum of ��. At fixed tem-
peratures the frequency dependence of �� and �� provides
clear evidence that the frequency dependence of �� is much
broader than for Debye dispersion �Fig. 2�, thus there is a
distribution of the relaxation times. As it is possible to see
from experiment, the distribution of the relaxation times be-
comes broad, especially at low temperatures over three de-
cades. Each one of the traditional models is strictly fixed
with respect to the shape of the relaxation-time distribution
function. The Cole-Cole formula assumes a symmetrically
shaped distribution of the relaxation times, but the real dis-
tribution function can be different from this.

In order to get information that is more precise about the
real relaxation-time distribution function, a special approach
has been developed. We assume that the real and imaginary
parts of the dielectric spectrum can be represented as a su-
perposition of independent individual Debye-type relaxation
processes34–36

�� = �� + �
−�

� w���d ln �

1 + �2����2 , �1a�
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�� = �
−�

� �2����w���d ln �

1 + �2����2 . �1b�

Actually, these two expressions are the first kind Fredholm
integral equations for the definition of the relaxation-time
distribution function w���. Such integral equations are
known to be an ill-posed problem. The most general method
of considering them is the Tikhonov regularization.37 Nu-
merical treatment of the integral equations �1� requires a dis-
cretization, which leads to a set of linear nonhomogeneous
algebraic equations. In the matrix notation it can be repre-
sented as

AX = T . �2�

Here the components Tn �1�n�N� of the vector T repre-
sent the dielectric spectrum ��i� ,�i��, �1� i�N /2� recorded
at some frequency intervals ni. We used equidistant fre-
quency intervals in the logarithmic scale 	 ln �m=const. The
components Xm �1�m�M� of the vector X stand for the
relaxation time distribution w��� that we are looking for. The
symbol A stands for the kernel of the above matrix equation.
It represents the matrix with elements obtained by the direct
substitution of ni and � values into the kernels of the integral
equations �1�.

Usually the number of data points N exceeds the number
of spectrum points M. Due to the fact that Eq. �2� cannot be

FIG. 1. The temperature de-
pendence of complex dielectric
permittivity of BP0.3BPI0.7

crystals.

FIG. 2. The frequency depen-
dence of complex dielectric per-
mittivity of DBP0.3DBPI0.7

crystals.
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solved directly, it is replaced by the minimization of the fol-
lowing function:


0 = �T − AX�2 = min. �3�

Here and further we shall use the following vector norm
notation �V�2= �VT��V�, where the superscript T indicates the
transposed vector or matrix. Due to the ill-posed nature of
the integral Fredholm equations, the above minimization
problem is ill-posed as well, and consequently, cannot be
treated without some additional means. Thus, following the
Tikhonov regularization procedure the functional 
0 is re-
placed by the expression


��� = �T − AX� + �2�PX�2 = min �4�

modified by an additional regularization term. The symbol P
stands for the regularization matrix. The regularization pa-
rameter � plays the same role as a filter bandwidth when
smoothing noisy data.

Usually there are many solutions satisfying Eq. �4� within
the limit given by the experimentally recorded dielectric
spectrum errors. Thus, it is necessary to take into consider-
ation as many additional conditions as possible. First, we
know that all relaxation-time distribution components have
to be positive �Xn�0�. Next, sometimes one knows that
rather reliable values of the static permittivity ��0� or of the
limit high-frequency dielectric permittivity ��. In this case, it
is worthwhile to restrict the above minimization problem by
fixing either of those values or both.

Usually the minimization problem of Eq. �4� is solved
numerically by means of the least squares problem
technique.38 Following the algorithm described by
Provencher39 a program was developed which provides nu-
merical solutions of the restricted minimization problem of
Eq. �4� and extracts the relaxation-time distribution w��� �for
details, see Ref. 33�. The regularization parameter � is cru-
cial for the shape of the distribution function of the relax-
ation times. Very small values of � result in artificial physi-
cally meaningless structures in w���, while very large �
tends to oversmooth the shape of w��� and suppress informa-
tion. Therefore, serious calculations have been performed

starting from small to bigger values of �. With increasing
values of �, the deviation between experimental and calcu-
lated spectra changes slowly initially, and then at a certain
point starts to decrease rapidly. We considered this particular
value of �=4 as the best one for our experiment.34,39

The relaxation time distributions of the mixed crystals
under study calculated from the experimental dielectric spec-
tra at different temperatures are presented in Figs. 3–9 as
points. One can recognize the relaxation-time distribution
does significantly broaden to lower temperatures. At low
temperatures the relaxation-time distribution is spread out in
a very wide region, as it is typical for dipolar glasses.

IV. COMPARISON OF THE RESULTS WITH THE
DIPOLAR GLASS MODEL

For dipolar glasses, it is usually assumed that the proton
motion in the double well O-H¯O potentials is randomly
frozen out at low temperatures, implying a static quenched
disorder.40 But due to the “built-in” disorder, always present

FIG. 3. The distributions of relaxation times of BP0.3BPI0.7

crystals.
FIG. 4. The distributions of relaxation times of BP0.4BPI0.6

crystals.

FIG. 5. The distributions of relaxation times of BP0.5BPI0.5

crystals.
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in the off-stoichiometric solid solutions, there are a variety of
environments for the O-H¯O bonds. This leads to a distri-
bution of the microscopic parameters of the bonds and, con-
sequently, a distribution of dynamic properties such as the
dipolar relaxation times when quenching takes place. A mi-
croscopic approach to dynamics based on correlated motion
of Takagi groups through a Slater lattice has been published
recently for RADP-type proton and deuteron glasses.41 Here
we will restrict the considerations to the usual mean-field
approach.

We consider a proton or deuteron moving in an asymmet-
ric double well potential. The movement consists of fast os-
cillations in one of the minima with occasional thermally
activated jumps between the minima. Here we neglect quan-
tum tunneling, which is negligible for deuterons although it
might be significant for protons at low temperatures.

The jump probability is governed by the Boltzmann prob-
ability of overcoming the potential barrier between the
minima. An ensemble of similar O-H¯O bonds has a relax-
ational dielectric response at lower frequencies. It was shown
that the relaxation time of an individual hydrogen bond di-
pole in such a system42 is given by

� = �0

exp� Eb

kB�T − T0��
2 cosh� A

2kBT
� �5�

with �0=1/ �2���� where �� is the attempt frequency and T0

is the Vogel-Fulcher temperature. The parameter A accounts
for the asymmetry of the local potential produced by the
mean-field influence of all the other dipoles. Thus, the local
polarization

p = tanh� A

2kBT
� �6�

as the time-averaged dipole moment of an individual
O-H¯O bond is given by the asymmetry parameter A.42 We
are assuming that the parameter Eb does not change with
temperature. Additionally, we are introducing the Vogel-
Fulcher temperature T0 that does effectively account for the
increase of the barrier on approaching this temperature. We

FIG. 6. The distributions of relaxation times of DBP0.25DBPI0.75

crystals.

FIG. 7. The distributions of relaxation times of DBP0.3DBPI0.7

crystals.

FIG. 8. The distributions of relaxation times of DBP0.4DBPI0.6

crystals.

FIG. 9. The distribution of relaxation times of DBP0.5DBPI0.5

crystals.
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further consider that the asymmetry A and the potential bar-
rier Eb of the local potential of the O-H¯O bonds both are
randomly distributed around their mean values A0 and Eb0
according to a Gaussian law resulting in the distribution
functions

w�Eb� =
1

�2��Eb

exp� �Eb − Eb0�2

2�Eb
2 � �7�

and

w�A� =
1

�2��A

exp� �A − A0�2

2�A
2 � , �8�

where �Eb
and �A are the standard deviations of Eb and A,

respectively, from their mean values. The distribution func-
tion of relaxation times is then given by

w�ln �� = �
−�

�

w�A�w�Eb�A,���
�Eb

��ln ��
dA , �9�

where Eb�A ,�� is the dependence of Eb on A for a given �,
derived from Eq. �5�. From the distribution function w�A� of
the local potential asymmetry the distribution function w�p�
of the local polarizations of the hydrogen bonds can easily be
deduced

w�p� =
2kBT

�2��A�1 − p2�
exp�−

�a tanh�p	 − a tanh�p̄	�2

2�A�2kBT�2 � .

�10�

This expression transforms into the form known for the
random-bond random field �RBRF� model17,18 when one sub-
stitutes

�A = 2J�qEA + 	̃ �11�

and

A0 = 2J0p̄ . �12�

Here, J is the Gaussian variance and J0 is the average of the

random interbond coupling, 	̃=	 /J2 is the renormalized
variance of the random local electric fields, p̄ is the average
polarization, and qEA the Edwards-Anderson glass order pa-
rameter. The latter two are defined as

p̄ = �
−1

+1

pw�p�dp �13�

and

qEA = �
−1

+1

p2w�p�dp . �14�

Fits with the experimentally obtained relaxation-time dis-
tributions shown in Figs. 3–9 were performed simulta-
neously for all the considered temperatures. For one given
crystal, only one parameter set �0, T0, Eb0 /kB, and �Eb

shown
in Table I was used for all the temperatures, whereas A and
�A appeared to be temperature dependent. The fit results are
presented in Figs. 3–9 as solid lines.

The temperature dependences of the average local poten-
tial asymmetry A0 and the standard deviation �A are shown
in Figs. 10–13.

The temperature dependence of the widths �A of the ran-
dom asymmetry distribution of the local potentials is rather
weak in the temperature range under study. However, in con-
tradiction to usual proton glasses the average asymmetry A0
of the local potentials of the hydrogen bonds is nonzero and
remarkably temperature dependent. At the upper end of the
studied temperature region, the average asymmetry A0 is
clearly larger than the widths �A of the random asymmetry
distribution. With lower temperatures, A0 becomes smaller
than �A, but A0 does disappear only for very low tempera-
tures. This behavior, which is quite surprising and has not yet
been observed for other dipolar glasses, is discussed in the
following section.

V. DISCUSSION AND CONCLUSIONS

Considering the dielectric studies of protonated and deu-
terated BP1−xBPIx mixed crystals published until now in the

TABLE I. Parameters �0, T0, Eb0 /kB, �Eb
/kB, for different pro-

tonated and deuterated BP1−xBPIx crystals.

x ln��0 , s� T0�K� Eb0 /kB�K� �Eb
/kB�K�

Protonated compounds

0.85 −25.91 5 490.99 32.57

0.7 −21.9 3.8 205.33 28.99

0.6 −22.44 2.6 187.55 26.58

0.5 −24.99 1.7 228.29 31.59

Deuterated compounds

0.85 −20.72 20.56 390.48 55.43

0.75 −23.06 8.15 425.27 72.68

0.7 −24.24 9.6 568 57

0.6 −23.7 9.8 459 49.6

0.5 −22.16 12.2 360.12 84.32

FIG. 10. The temperature dependencies of the average local
potential asymmetry A0 of protonated crystals.
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literature, at first glance these solid solutions seem to be
typical representatives of the family of proton and deuteron
glasses. In the middle region of composition, 0.9�x�0.3,
no anomaly in �� indicating a polar phase transition can be
detected down to the lowest temperatures. The freezing phe-
nomena reveal the characteristics of a transition into a dipo-
lar glass state. In the temperature region below 100 K, dis-
persion effects dominate the dielectric response in the
frequency range below 1 MHz. The temperature behavior is
typical for glasses. With decreasing measurement frequency,
the maximum of �� shifts to lower temperatures followed by
the maximum of ��. At fixed temperatures, the frequency
dependence of �� and �� provides clear evidence that the
frequency dependence of �� is much broader then for Debye
dispersion where the broadening increases considerably to-
wards lower temperatures. The most probable dielectric re-
laxation time � follows a Vogel-Fulcher law with Vogel-
Fulcher temperatures that are considerably higher for the
deuterated crystals in comparison to that one of the proto-
nated crystals.

But looking a bit more in detail, striking differences to the
other proton glasses, e.g., of the KDP family, become appar-
ent. The authors of Ref. 20 tried to interpret the temperature
dependence of the static dielectric susceptibility within the
framework of the RBRF Ising model. They found that rather
large random fields play an important role. But even more
unusual, for reasonable fits they had to consider a rather
large long-range order contribution J0 that is comparable to
J. On the other hand, there are no characteristic differences
of the quality of fits with the three- and one-dimensional
RBRF models.

On the other hand, not only for the ferroelectric and anti-
ferroelectric compositions but also for the compositions with
glasslike behavior, they got reasonable fits of the static sus-
ceptibility using the quasi-one-dimensional Ising model of
one-dimensional dipole chains with intrachain ferroelectric
couplings stronger than interchain ones. The authors did not
consider this interpretation any further because predictions
resulted for antiferroelectric transitions at temperatures
above 106 K where in fact no sign of a transition is present
in �� experiments.

Our present results show that the situation in the
BP1−xBPIx mixed crystals is even more peculiar. For all com-
positions under study, the fits deliver an average asymmetry
A0 of the local potentials that is almost linearly temperature
dependent with about the same slope. Extrapolating the A0
behavior of the protonated crystals to higher temperatures,
the average interaction J0 given by Eq. �12� meets with p̄
=1 about the values J0 /kB=200 K and 212 K determined for
BP0.15BPI0.85 and BP0.40BPI0.60, respectively, within the
framework of the RBRF Ising model from ENDOR measure-
ments. Obviously, these numbers are close to the intrachain
coupling parameter J� in BP and BPI. At the same time, the
random bond interactions of both the crystals, J /kB=30 K
and 25 K, are much smaller than the random fields repre-
sented by �	 /kB=79 K and 103 K, respectively, and both
considerably smaller than the average ordering interaction J0.
Consequently, BP0.15BPI0.85 and BP0.40BPI0.60 do not behave
like a true proton glass but undergo a transition into a phase

FIG. 11. The temperature dependencies of the average local po-
tential asymmetry A0 of deuterated crystals.

FIG. 12. The temperature dependencies of the standard devia-
tion �A of protonated crystals.

FIG. 13. The temperature dependencies of the standard devia-
tion �A of deuterated crystals.
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with coexisting long-range and glassy order. However, there
is no anomaly of the dielectric permittivity detectable at the
corresponding transition temperatures.

For the other mixed crystals under study, the situation is
similar. Above about 20 K and 60 K for the protonated and
deuterated mixtures, respectively, the mean asymmetry A0 of
the local potential of the O-H¯O bonds is larger than the

disorder term �A=2J�qE+ 	̃, i.e., long-ranged order and
glassy order do coexist below a temperature TC that is close
to J0 /kB. For the protonated crystals, the transition tempera-
tures from the paraelectric phase into the phase with coexist-
ing long-range and glassy order were measured by ENDOR
and spin-lattice relaxation measurements.30 They range from
160 K for BP0.15BPI0.85 to 110 K for BP0.70BPI0.30.

However, if one remembers the chainlike structure of the
compound and the quasi-one-dimensional behavior of the
temperature dependence of the susceptibility in ferroelectric
betaine phosphite and antiferroelectric betaine phosphate
characterized by a strong ferroelectric intrachain coupling J�

but weak ferroelectric and antiferroelectric couplings J�


 ±J� /10 between chains, the above explanation seems to be
too simple. As the estimated random bond interaction J is of
the same order of magnitude as the interchain coupling J�,
one can suspect a more complex order between chains, as,
e.g., antiparallel or modulated alignment. Unfortunately, lo-
cal information like the asymmetry of the local potential con-
cluded from relaxation time distribution or the local polar-
ization obtained by magnetic resonance experiments do not
allow any conclusion to the relative polarization directions of
the chains. Therefore, parallel and antiparallel arrangements
of chains are undistinguishable with these investigations.
Consequently, the experimental results presented above al-
low only the conclusion about a certain ferroelectric order of
the hydrogen bonds within the chains but nothing about the
order between the chains, i.e., a ferroelectric chain arrange-
ment cannot be distinguished from an antiferroelectric or
commensurately modulated one.

On the other hand, even if one is ignoring the coupling
between chains and is considering them to be independent, at
low temperatures some kind of order within the chains is
expected in the form of rather large domains. Within the
framework of the one-dimensional random-field Ising
model,43,44 the system is disordered at T=0 K but contains
domains with a typical size given by the Imry-Ma length

LIM 

4J0

2

	
. �15�

With J0 /kB
220 K and 	
3600 K2 the domain length
within the chain results in LIM
50 spin distances. With a
local measurement one then sees ordered spins when the do-
main lifetime is longer than the time window of about 10−7 s
for ENDOR measurements and 10−2–10−7 s for dielectric
spectroscopy, respectively.

As these domains are stabilized by the random fields
caused by substituted phosphite groups in phosphate chains
or vice versa, one may suspect that the appropriate couplings
between neighboring chains also become stabilized leading
to three-dimensional domains already at finite temperatures.

As mentioned above, the transition from the paraelectric
phase into this phase with a coexisting long-range and glassy
order is related to an anomaly of the phonon system,29–32

which give strong evidence for a cooperative transition. At
the same time, the temperature dependence of the static sus-
ceptibility announces a kind of antiferroelectric transition at
these temperatures. These together with all the other facts
discussed above lead to the conclusion that for the whole
composition range of BP1−xBPIx below about 100 K a long-
range ordered phase with a considerable degree of disorder
does exist. This phase is characterized by a ferroelectric or-
der of the bridging protons or deuterons within the
phosphate/phosphite chains but with a nonferroelectric ar-
rangement of neighboring chains.

The behavior towards very low temperatures provides a
surprise. As Figs. 10 and 11 show, the average asymmetry A0
and herewith the ferroelectric interaction J0 within the chains
decreases to lower temperatures. At 17 K and 40 K, for all
the compositions of protonated and deuterated BP1−xBPIx,
respectively, A0 did cross �A, and became even smaller at
lower temperatures. That means, the crystals are now in a
phase with dominating glassy order. For certain composi-
tions, A0 goes to zero in the temperature range under study.

At first glance, it seems quite unusual that the degree of
order is reduced at lower temperatures and finally a glassy
state evolves at very low temperatures. Therefore, we must
consider first that the result of our dielectric measurement is
not an artifact of the measuring method. The methods used in
this work to determine the effective distribution parameters
of the H bonds are based on the measurements of the dy-
namic response of the protons or deuterons in the distorted
double-well potential. From the experimental complex di-
electric spectrum �*��� the relaxation-time distribution func-
tion w��� is calculated using the Tikhonov regularization
technique. Due to intrachain ordering the majority of H
bonds are asymmetric and give the main contribution to the
proton dynamics at intermediate temperatures. Now at the
lowest temperatures, when the asymmetry further increases,
one could suspect that those protons or deuterons with the
strongest asymmetry of the potential tend to freeze in the
deep lower-energy minimum of the asymmetric H bonds.
They are effectively excluded from the dielectric dynamics
and do not contribute anymore to the w��� distribution func-
tion resulting in a seemingly reduced average asymmetry A0.
However, we know from the ENDOR results that the long-
range order parameter already has the value p̄=0.7 at 90 K
such that it can hardly show a remarkable increase between
30 K and 15 K where A0, determined with dielectric spec-
troscopy, decreases drastically. Furthermore, dielectric spec-
troscopy gives a value A0 /kB=350 K for BP0.15BPI0.85 at
40 K which is considerably larger than A0 /kB= p̄�2J0=0.7
�400 K=280 K determined with ENDOR spectroscopy at
90 K. The corresponding long-range order parameter value is
p̄=350/400=0.88 at 40 K. Thus we can ascertain that di-
electric spectroscopy gives correct parameters A0 at low tem-
peratures. Similar experimental results of another group of
an at least partial erosion of the antiferroelectric order and a
transition into a glassy state in a related mixed crystal
�betaine arsenate�0.73�betaine phosphate�0.27 at low tempera-
tures can be considered as further confirmation of our
observation.45
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For the sake of clarity one must finally note that the “lo-
cal” measurements performed in the present paper and in the
former ENDOR papers do not give information about the
entire order parameter but only about the sublattice order
parameter within the chains. Consequently, the analysis of
the sublattice order parameter behavior within the framework
of the three-dimensional RBRF Ising model is a contradic-
tion in terms. The resulting model parameters J, J0, and 	
have to be considered as very questionable, or at the utmost,
as a projection of the three-dimensional RBRF order param-
eter behavior on the chain sublattice order behavior. Keeping
this in mind, the diminishing ferroelectric long-range inter-
action J0 can be interpreted in the following manner. A finite
sublattice polarization of the chains is only possible for a
three-dimensional system. At temperatures only slightly
lower than J0 /kB the interchain couplings are strong enough
to enforce a three-dimensional order behavior. With lower
temperatures the disordering forces between chains must be-
come more and more important, leading to a reduced ferro-

electric chain sublattice polarization. Finally, the three-
dimensional long-range order breaks down with the result
that no chain sublattice polarization can exist anymore at
finite temperatures. One can suspect that the disappearance
of chain sublattice polarization marks the transition into the
nonergodic glassy state.

The present theoretical models are not able to give a sat-
isfactory description of these phenomena in our proton and
deuteron glasses. However, one can hazard a guess that the
observed transition from an inhomogeneous long-range or-
dered ferric state to a glassy state at very low temperatures
bears a certain resemblance to the long puzzling question of
the self-generated disorder and glassiness in structural
glasses.46–49
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