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An effective Hamiltonian approach is developed to mimic finite-temperature properties of �BaxSr1−x�TiO3

perovskite systems. It is found that this atomistic approach is overall quite accurate to qualitatively and
quantitatively reproduce the experimental composition-temperature phase diagram of the disordered solid
solutions �especially, for compositions x larger than 25%�, when allowing one single parameter to deviate from
its first-principles-derived value. Interestingly, such approach also yields predictions that are in good agreement
with direct first-principles calculations for BaTiO3/SrTiO3 superlattices. The proposed approach is thus prom-
ising to investigate phenomena in any perovskite system made of Ba, Sr, Ti, and O atoms, independently of the
overall composition and atomic arrangement.
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I. INTRODUCTION

Ferroelectric perovskite �A�A��BO3 �or A�B�B��O3� alloys
are of growing importance for a variety of device
applications1,2 either when grown as solid solutions or in the
form of A�BO3/A�BO3 �or AB�O3/AB�O3� superlattices.
Such systems are also of large fundamental interest, mostly
in order to reveal the microscopic effects responsible for
their properties. A deep knowledge of ferroelectric alloys at
an atomistic level has the potential to result in original and/or
enhanced macroscopic properties. Accurate atomistic simu-
lations are thus needed to understand the properties of per-
ovskite alloys in general, and to guide the discovery of
“wunderbar” materials, in particular. Within the last six
years, three different kinds of atomistic simulations have
been developed and used for perovskite alloys. One approach
is the shell model that has been applied to disordered
�BaxSr1−x�TiO3 �BST� and K�Ta1−xNbx�O3 solid solutions as
well as to KTaO3/KNbO3 superlattices.3–6 In particular, the
shell model qualitatively reproduces the experimental
composition-temperature phase diagram of BST. However, it
remains unknown if such an approach can also yield subtle
alloy phenomena, such as the existence of the low-
temperature monoclinic phase discovered in the phase dia-
gram of Pb�Zr1−xTix�O3 alloys for a narrow range of
composition.7 On the other hand, it has been shown that such
unusual low-symmetry phase can be very well reproduced by
another atomistic technique, namely the bond-valence
model.8 However, we are not aware of any study demonstrat-
ing that this latter model can mimic well superlattices as well
as properties of ferroelectric alloys at intermediate or high
temperatures �i.e., not only at low temperatures�. Similarly,
there is �at least� one limitation for the third kind of atomistic
simulations, the alloy effective Hamiltonian method, which
has been rather successful for describing properties of Pb-
based systems. The limitation of this method is that any alloy
effective Hamiltonian scheme developed so far is only tech-
nically applicable to a single composition or for a narrow
compositional range around a specific concentration.9–15 As a
result, this prevents, e.g., the investigation of the whole
composition-temperature phase diagram of disordered alloys,
unless one develops a large number of effective

Hamiltonians—each corresponding to a different overall
composition.

The aim of the paper is to show that it is possible to
develop a single alloy effective Hamiltonian method that can
predict finite-temperature properties of solid solutions for the
whole composition range as well as properties of superlat-
tices having different overall concentrations. Here, we focus
on perovskite systems made of Ba, Sr, Ti, and O atoms be-
cause of �1� the technological importance of BST solid
solutions,16 and �2� the numerous experimental and direct
first-principles data that are already available in the literature
for such systems �see, e.g., Refs. 3 and 17–19 and references
therein�, and that we can compare them to check the accu-
racy of our model.

This paper is organized as follows. Section II describes in
detail the presently proposed effective Hamiltonian scheme.
In Sec. III, we show and discuss the predictions for disor-
dered BST solid solutions and BaTiO3/SrTiO3 superlattices
obtained by this scheme. Finally, we present our conclusions
in Sec. IV.

II. METHODS

Our scheme is based on the construction of an alloy ef-
fective Hamiltonian from first-principles calculations, with
the total energy E being written as a sum of two different
main terms

E��ui�,�H,��I�,�� j�,��loc��

= Eave��ui�,�H,��I�� + Eloc��ui�,��I�,�� j�,��loc�� , �1�

where Eave, as in Refs. 9–13, is the total energy associated
with the hypothetical simple �A�BO3 system resulting from
the use of the virtual crystal approximation20–22 �VCA� to
mimic �Ba0.5Sr0.5�TiO3; Eloc gathers terms associated with
alloying effects going beyond the VCA approximation; ui is
the local soft mode �which is centered on B atoms� in unit
cell i; �H and ��I� are the homogeneous and inhomogeneous
strain tensor23 associated with the virtual �Ba0.5Sr0.5�TiO3

system, respectively; �� j� characterizes the atomic configu-
ration, that is, � j = +1 or −1 corresponds to the presence of a
Ba or Sr atom, respectively, at the A-lattice site j of the
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�BaxSr1−x�TiO3 system. Finally, ��loc� characterizes the strain
resulting from the difference in ionic size between Ba and Sr
atoms, which is relatively large �	2% �. Such latter term is
practically computed �when using the Voigt notation� at the
B-site i as

�loc,1�i� = �loc,2�i� = �loc,3�i� =
�a

8a



j

� j ,

�loc,4�i� = �loc,5�i� = �loc,6�i� = 0, �2�

where �a is the 0 K difference between the lattice constant
of cubic BaTiO3 and the a cubic lattice parameter of the
virtual VCA-�Ba0.5Sr0.5�TiO3 material, and where the sum
over j runs over the eight A nearest neighbors of the B-site i.
It is important to realize that ��loc� has been omitted in the
previous developments of effective Hamiltonian approaches
for Pb-based solid solutions,9–13 mostly because properties of
such systems can be well mimicked around a fixed compo-
sition without the need of incorporating ��loc�. Such strain
allows here the unit cells to expand �respectively, contract�
around Ba �respectively, Sr� atoms for a given composition
since �a is positive. It also allows the lattice constant to
increase when increasing the overall Ba composition, and is
the key quantity to be able to predict properties of BST ma-
terials for any concentration.

For Eave, we use the analytical expression proposed in
Ref. 23 for simple ABO3 systems. Eave thus consists of five
parts: a local-mode self-energy �that includes quadratic and
quartic terms in ui�, a long-range dipole-dipole interaction, a
short-range interaction between soft modes �which is qua-

dratic in ui�, an elastic energy �which is quadratic in �H and
�I�, and an interaction between the local modes and strain
�which is linear in strain and quadratic in local modes�.23

For Eloc, we propose the following expression:

Eloc��ui�,��I�,�� j�,��loc�� = 

ij

�Qj,i� je ji · ui + Rj,i� jf ji · vi� +
1

2

i



l,�,�

Bl���loc,l�i�ui,�ui,� �3�

where the sums over i and j run over unit cells and mixed
sublattice sites, respectively, and where � and � denote the
Cartesian components of the local modes centered on the cell
i. As in Refs. 9–13, the Qj,i and Rj,i parameters quantify how
the alloy configuration perturbs the local modes and the ��I�
inhomogeneous strain tensor of the VCA-�Ba0.5Sr0.5�TiO3

system, respectively. �Note that �vi� are the A-centered di-
mensionless local displacements which are related to the in-
homogeneous strain variables inside each cell�.23 e ji is a unit
vector joining the A site j to the B center of the soft-mode
vector ui, and f ji is a unit vector joining the A site j to the A
origin of the displacement vi. Practically, we included con-
tributions over the first-neighbor shell for Qj,i and up to the
third neighbors for Rj,i. The last term of Eq. �3� is an original
alloy contribution, in the sense that it was not included in the
alloy effective Hamiltonians of Refs. 9–13. It characterizes
the interactions between the ��loc� strain �arising from the

relatively large size difference between Ba and Sr ions� and
the local modes.

All the parameters of Eqs. �1�–�3� are derived from first-
principles calculations performed on relatively small cells
�i.e., up to 40 atoms�, and are listed in Tables I and II. Note
that comparing this Table II with the Table II of Ref. 10
indicates that the Qj,i and Rj,i parameters of BST are one
order of magnitude smaller than those of Pb�Zr0.5Ti0.5�O3,
implying that the most important alloy effects in BST mate-
rials are those related to ��loc� and thus involving the last
term of Eq. �3�. �We further numerically confirmed this fact
by checking that turning off the Qj,i and Rj,i parameters,
unlike switching off ��loc�, does not significantly change the
results in BST systems.� The first-principles method used in
the present study is the plane-wave ultrasoft-pseudopotential
method24 within the local-density approximation25 �LDA�.
The VCA approach adopted averages the Ba and Sr pseudo-
potentials, and is the one of Ref. 21.

TABLE I. LDA-derived expansion parameters �in atomic units�
of Eave following the notations of Ref. 23.

Parameter Value

a 7.371

�2 +0.0647

� +0.2808

� −0.4128

j1 −0.02402

j2 +0.04444

j3 +0.00841

j4 −0.00474

j5 +0.00707

j6 +0.00151

j7 +0.00075

B11 +4.776

B12 +1.610

B44 +1.725

B1xx −1.973

B1yy −0.041

B4yz −0.059

Z* 9.66

�	 5.21
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Once our effective Hamiltonian is fully specified, the total
energy of Eq. �1� is used in Monte Carlo simulations, using
the Metropolis algorithm,26 to compute finite-temperature
properties of systems containing Ba, Sr, Ti, and O atoms.
Note that, as in Ref. 23, we perform these simulations under
a negative external pressure to correct for the LDA underes-
timation of the lattice parameter. Here, this pressure �that
couples with the homogeneous strain tensor� is chosen to be
−5.2 GPa. The �� j� variables are kept fixed during the Monte
Carlo simulations. According to Eq. �2�, this implies that
��loc� is also frozen during these simulations. The outputs of
the Monte Carlo procedure are the local mode vectors u
�directly related to the electrical polarization�, and the homo-
geneous strain tensor �H. Typically, up to 105 Monte Carlo
sweeps are first performed to equilibrate the system, and then
105 sweeps are used to get the various statistical averages.
The temperature is decreased in small steps.

III. RESULTS

A. Disordered solid solutions

We first investigate a disordered �Ba0.5Sr0.5�TiO3 alloy
within the first-principles-based approach detailed in the pre-
vious section with the LDA-derived parameters given in
Tables I and II. We use a 14
14
14 supercell �13720 at-
oms� to get converged results and randomly choose the �� j�
variables to mimic such alloy. Four phases are numerically
found in this system when decreasing the temperature:
paraelectric cubic, ferroelectric tetragonal, ferroelectric
orthorhombic, and ferroelectric rhombohedral. Such phase
transition sequence is exactly the experimental one for this
specific combination of Ba and Sr compositions.17,18 On the
other hand, we found that our predicted transition tempera-
tures are lower by 	150 K from the measured values.17,18

This underestimation by the effective Hamiltonian approach
has already been observed in simple perovskite
systems,23,27,28 and may be due to higher-order terms missing
in the effective Hamiltonian expansion and/or the neglect of
phonon modes that are neither associated with the �ui� local
modes nor the strain tensors appearing in Eq. �1�.29 To cor-
rect it, we follow the “recipe” given in Ref. 30 and that has
brought the theoretical dielectric constant of KTaO3 in very
good agreement with its experimental counterpart, including
the �challenging to mimic� temperature width and magnitude
of the quantum-induced low-temperature dielectric plateau.
In other words, we decided to vary the �2 parameter that

appears in the local-mode self-energy. Such parameter has
been practically decreased by 20% in magnitude in order that
the theoretical Curie temperature closely matches the corre-
sponding measured values of disordered �Ba0.5Sr0.5�TiO3 al-
loy, that vary between18 220 K and17 250 K in the literature.

Figure 1 shows the largest, middle, and smallest Cartesian
coordinates �u1, u2, and u3� of the supercell average of the
local mode vectors in disordered �Ba0.5Sr0.5�TiO3 as a func-
tion of the temperature, as predicted by the approach de-
scribed by Eqs. �1�–�3� but in which we now used this em-
pirically found �2 �while keeping the other parameters equal
to their LDA values�. This figure indicates �1� a transition
from a cubic paraelectric phase �in which each coordinate is
close to zero� to a tetragonal ferroelectric phase �in which u1
drastically increases while u2 and u3 remain nearly null� at
235 K±5 K; �2� a tetragonal-to-orthorhombic transition, for
which u2 now increases and becomes equal to u1, at
180 K±5 K; and �3� an orthorhombic-to-rhombohedral tran-
sition, where all the coordinates are nonzero and equal to
each other, at 155 K±5 K. Interestingly, while �2 was only
adjusted to match the experimental Curie temperature, the
20% decrease of this parameter with respect to its LDA value
also leads to an excellent agreement with measurement for
the two lowest transitions in disordered �Ba0.5Sr0.5�TiO3 al-
loy. As a matter of fact, in this solid solution, the tetragonal-
to-orthorhombic transition has been observed to occur
around17,18 180 K while measured values for the temperature
of the transition between the orthorhombic and rhombohe-
dral phases are reported to be around 140 K.17,18

We now investigate the accuracy of the presently pro-
posed method, with the adjusted �2 parameter, to reproduce
the whole temperature-composition phase diagram of disor-
dered �BaxSr1−x�TiO3 solid solutions. Our predictions for
12
12
12 supercells are reported in Fig. 2 along with the
experimental data of Refs. 17 and 18. One can notice that the
agreement between theory and measurement is overall very
good for Ba compositions larger than 25%, at the sole excep-
tion of the orthorhombic-to-rhombohedral transition tem-

TABLE II. LDA-derived expansion parameters of Eloc �in
atomic units�.

Parameter Value

�a /a 0.01087

Q1 −0.00021

R1 −0.00129

R2 −0.00048

R3 −0.00005

FIG. 1. Largest, middle, and smallest average Cartesian coordi-
nates u1, u2, and u3 of the local-mode vector as a function of tem-
perature in disordered single crystals of �Ba0.5Sr0.5�TiO3, using the
numerical approach described in Eqs. �1�–�3� with �2 having been
reduced by 20% from its LDA-derived value.
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perature that the theory slightly overestimates for the largest
x concentrations. For instance, for pure BaTiO3, our model
predicts critical temperatures of 385±5 K, 280±5 K, and
230±5 K, for the cubic-to-tetragonal, tetragonal-to-
orthorhombic, and orthorhombic-to-rhombohedral transi-
tions, respectively, to be compared with the corresponding
experimental values of 	400 K, 280 K, and 180 K. For Ba
compositions larger than 25%, our model thus appears to be
more accurate than the shell model of Ref. 3, for which the
Curie temperature is always underestimated by at least 50 K.
However, one has to realize that this shell model is purely ab
initio, while we had to adjust one parameter with respect to
its first-principles value, in order to obtain a Curie tempera-
ture that agrees with experiment for the sole composition of
x=0.5. Note also that our model predicts the right phase
for any composition at room temperature, i.e., ferroelectric
tetragonal for x larger than 	70% and paraelectric cubic
for lower Ba concentrations. On the other hand, Fig. 2 also
indicates that the results of our simulations deviate more and
more from the measurement at low temperature when de-
creasing the Ba composition below 25%. For instance, our
calculations still yield, below 	110 K, the full transition
sequence cubic-ferroelectric tetragonal-ferroelectric
orthorhombic-ferroelectric rhombohedral in pure SrTiO3
while this simple system is known to not exhibit ferroelec-
tricity down to 0 K �except if substituting O16 by31 O18� but
rather antiferrodistortive motions. In fact, this disagreement
is actually expected in the sense that the reduction/
suppression of ferroelectricity in �BaxSr1−x�TiO3 solid solu-
tions with large Sr content is due to two effects that we did
not include in our present model, namely quantum effects
and the coupling between ferroelectricity and antiferrodistor-
tive motions �that are both known to be important at low
temperature in pure32,33 SrTiO3�. In other words, using path-
integral quantum Monte Carlo simulations30,32,34,35 �rather
than classical ones as we do here� to mimic zero-point pho-

non vibrations, and extending our present approach to incor-
porate antiferrodistortive motions and their couplings �as in
Ref. 33�, should most certainly bring theoretical predictions
in better agreement with measurement for low temperature at
large Sr compositions. �Such extensions may constitute the
basis of a future work.� This fact is clearly corroborated by
Fig. 3 that displays the numerically-found compositional
evolution of the �2 parameter that yields Curie temperatures
predicted by the method described in Eqs. �1�–�3� matching
the experimental ones for the whole composition range. One
can clearly see that �2 sharply increases when decreasing the
Ba content below 25%, which characterizes an increased �Sr
induced� suppression of ferroelectricity.

B. Epitaxial superlattices

Having tested our effective Hamiltonian model for stress-
free disordered �BaxSr1−x�TiO3 solid solutions, we now apply
it to know if it also yields accurate results for various
�BaTiO3�m / �SrTiO3�n superlattices grown along the z axis
�chosen to be along the pseudocubic �001� direction� and
constrained to have the in-plane lattice constant of pure
�paraelectric� SrTiO3. We thus mimic superlattices epitaxi-
ally grown on a SrTiO3 substrate. One first has to realize
that, because of Eq. �2�, the lattice constant along the x
and y axes of a system having an overall x Ba composition
are related �in Voigt notation� to �H,1+ �a

a �2x−1� and
�H,2+ �a

a �2x−1�, respectively. As a result, in order to mimic a
system epitaxially grown on a SrTiO3 substrate, we impose
these two latter sums to be equal to the 0 K relative lattice
mismatch between cubic SrTiO3 and cubic VCA-
�Ba0.5Sr0.5�TiO3. �Note that the origin of strain is defined
with respect to 0 K cubic VCA-�Ba0.5Sr0.5�TiO3 in our ap-
proach.� We also impose �H,6 to vanish and allow the other
components of the homogeneous strain tensor to relax during
the Monte Carlo simulations in order to fully simulate an
epitaxial growth along �001�.36–39

FIG. 2. Phase diagram of disordered �BaxSr1−x�TiO3 solid solu-
tions. Filled symbols show our predictions using the numerical ap-
proach described in Eqs. �1�–�3� with �2 having been reduced by
20% from its LDA-derived value. Open dots and squares symbols
represent the experimental data of Refs. 17 and 18, respectively.
Lines are guides for the eyes. The uncertainty on the theoretical
transition temperatures is estimated to be around 5 K.

FIG. 3. Composition-dependency of the �2 parameter leading to
theoretical Curie temperature matching the experimental values for
the whole composition range.
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Here, we focus on the low-temperature properties of the
epitaxial superlattices studied in Ref. 19 by direct first-
principles techniques, that are 5 /0 �pure BaTiO3�, 4 /1, 3 /2,
2 /3, and 1/4 when using the m /n notation for describing the
m and n periods of the BaTiO3 and SrTiO3 layers, respec-
tively. In particular, we are interested to check if our method
is able to reproduce a remarkable result of Ref. 19, namely
that the polarization in short-period �BaTiO3�m / �SrTiO3�n

superlattices can be predicted by simple macroscopic elec-
trostatic arguments involving the short-circuit boundary con-
ditions experienced by the superlattices and the equality be-
tween the electric displacements of the BaTiO3 and SrTiO3
layers.

Figure 4 reports our predicted P / P0 ratio �where P and P0
are the polarizations along the �001� direction in the studied
superlattice and in tetragonal BaTiO3 bulk, respectively� ver-
sus the �=n /m ratio, at 5 K and when using the approach
described by Eqs. �1�–�3�, in which �2 has been decreased by
20% from its LDA value, for 1
1
5 supercells. Figure 4
also indicates that these numerical data can be extremely
well fitted by the electrostatic-derived formula

P =
P5/0 + ��P0/5

1 + ��
, �4�

when using �=0.647 and where P5/0 and P0/5 are the polar-
izations along the �001� direction in strained BaTiO3 and in
pure SrTiO3, respectively, as predicted by our method.40 This
� parameter, which corresponds to the ratio between the di-
electric constant of BaTiO3 and SrTiO3 in the general elec-
trostatic model used to derive Eq. �4�, is rather close to the
one found by Neaton and Rabe, that is 0.423.19 Note that we
numerically found that this � parameter is slightly dependent
on the lattice constant used for pure SrTiO3 or other techni-

cal details, which probably explains the slight difference in �
between our results and that of Ref. 19. For instance,
switching off the pressure of −5.2 GPa in our simulations
�such pressure was introduced to overcome the LDA under-
estimation of the lattice constant� results in �	0.5. In any
case, we have proven that our relatively simple method is
also able to reproduce the fact that the properties of short-
period �BaTiO3�m / �SrTiO3�n superlattices can be understood
by simple macroscopic electrostatics argument,19 without
having to impose any macroscopic electrostatic equation in
our modeling and despite the fact that the sole dielectric
constant appearing among the effective Hamiltonian param-
eters is the electronic one associated with VCA-
�Ba0.5Sr0.5�TiO3 �see Tables I and II�.

IV. CONCLUSIONS

In summary, we have developed an original alloy effec-
tive Hamiltonian approach to investigate finite-temperature
properties of perovskite systems containing Ba, Ti, Sr, and O
atoms. When allowing one single parameter to deviate from
its LDA-derived value, this approach gives predictions that
�1� are overall in good qualitative and quantitative agreement
with experiments for the composition-temperature phase dia-
gram of disordered �BaxSr1−x�TiO3 solid solutions; and �2�
reproduce subtle features of BaTiO3/SrTiO3 superlattices
previously found by direct first-principles calculations.19 The
use of this numerical scheme thus may allow, in the future,
the investigation and microscopic understanding of challeng-
ing problems in BST-based materials. Examples of such
problems are the effect of short-range and long-range atomic
order41,42 on the finite-temperature properties of BST solid
solutions, and the unusual dipole patterns and dielectric re-
sponses found in some BaTiO3/SrTiO3 superlattices �see,
e.g, Refs. 43–47 and references therein�. One can also imag-
ine using this scheme within an inverse method48 to deter-
mine the overall composition and atomic arrangement lead-
ing to optimal piezoelectric and dielectric properties in BST
compounds. Finally, the proposed method can be general-
ized, without too much effort and following Refs. 36 and
49–53 to study low-dimensional BST systems—such as thin
films, wires, and dots—that are of large current interest.
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BaTiO3 layers in epitaxially-strained BaTiO3/SrTiO3 superlattices
at 5 K. The filled symbols represent our predictions using the nu-
merical approach described in Eqs. �1�–�3� with �2 having been
reduced by 20% from its LDA-derived value. The dotted line dis-
plays the best fit of our results to Eq. �4�, which is derived from
simple macroscopic electrostatics.
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