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The melting curve of the hexagonal close-packed �hcp� phase of lead �Pb� has been determined over a wide
pressure range using both ab initio molecular dynamics �AIMD� simulations and classical molecular dynamics
�CMD� employing an effective pair potential. The AIMD simulations are based on a density functional theory
�DFT� in the generalized gradient approximation �GGA�. The Pb melting curve, constructed using a well-
established theoretical scheme, is in excellent agreement with the AIMD results. Our calculated equation of
state �EOS� of hcp Pb is in excellent agreement with experimental data up to 40 GPa. Our melting curve agrees
very well with melting temperatures obtained in both shock-wave and diamond-anvil cell �DAC� experiments,
but at higher pressures our curve lies between the two data sets.
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The high-pressure melting of several elements, in particu-
lar Mo and Fe, remains controversial despite extensive ex-
perimental and theoretical studies. In the case of Mo, the
melting curve obtained from ab initio molecular dynamics
�AIMD� simulations1 is substantially higher than that deter-
mined in diamond-anvil cell �DAC� experiments to 100
GPa.2 Similarly for Fe, the DAC melting curve3 lies signifi-
cantly below the melting curve obtained from the shock-
wave experiments.4,5 A recent AIMD calculation6 showed
good agreement with the shock-wave data.4

In this paper, we determine the melting curve of Pb to
100 GPa. Lead is of considerable interest because, like Mo
and Fe, shock-wave and DAC measurements of its high-
pressure melting temperatures �Tm� are inconsistent. In 1990,
Godwal et al.7 measured the Pb melting curve to a pressure
�P� of 100 GPa, where Tm�4000 K, by means of a laser-
heated DAC. More recently, Pb melting temperatures were
measured by Partouche-Sebban et al.8 utilizing pyrometry
and reflectometry diagnostics in shock-wave experiments.
Their values of Tm are in very good agreement with the the-
oretical results of Pelissier9 based on a model potential.
However, the Tm data obtained by Partouche-Sebban et al.
are substantially higher than the DAC data of Godwal et al.7

Our aim is to accurately calculate the melting curve of Pb by
means of AIMD, and to discriminate between the widely
differing shock-wave and DAC data.

We pause to mention some facts about Pb pertinent to this
study. Lead is highly compressible,10 and should, therefore,
exhibit phenomena that for other substances are typically
seen at higher P. Its melting temperature at ambient P is
600.6 K.10,11 The T=300 K isotherm of lead has been exten-
sively studied both experimentally and theoretically.12–16

Lead undergoes only one solid-solid transition, fcc→hcp, at
pressures below 100 GPa �Refs. 17 and 18�; the transition
occurs at 13 GPa at room temperature.17 Diffraction studies
on compressed Pb show that it undergoes a second phase
transition from hcp to bcc at P=109 GPa.18

We determine the melting curve of Pb up to 100 GPa by
means of three approaches: �1� AIMD simulations; �2� clas-
sical molecular dynamics �CMD� simulations using an effec-
tive pair potential ��r� obtained from AIMD data; �3� a well-
established theoretical scheme developed by Burakovsky and
Preston.19

Before simulating Pb melting, we first investigated the
reliability of the AIMD method by calculating the T=0 iso-
therm of the hcp phase as well as the fcc→hcp and hcp
→bcc transition pressures at T=0. The calculations were
done with the Vienna ab initio Simulation Package �VASP�.20

Pb in the fcc, hcp, and bcc structures was studied within the
framework of a full-potential frozen-core all-electron pro-
jected augmented wave method,21 as implemented in VASP,20

with ionic relaxations taken into account for the hcp phase.
In these calculations and in the subsequent AIMD simula-
tions, the energy cutoff Ec for the plane wave basis set was
chosen equal to 98.0 eV. Exchange and correlation effects
were treated through the generalized gradient approximation
of Perdew et al.22 The integration over the Brillouin zone
was done on special k points determined by the Monkhorst-
Pack method.23 All necessary convergence tests were per-
formed. For the T=0 calculations, the required energy con-
vergence was achieved using 104 irreducible k points for the
fcc and bcc structures, and 133 irreducible k points for the
hcp case. For the AIMD, we employed a single k point cen-
tered at the � point. The calculated T=0 isotherm �Fig. 1� is
in very good agreement with the experiment12–14 and the
earlier first-principles calculations.15,16 As follows from the
calculated enthalpies for a number of phases, Pb is stable in
the fcc structure at T=0 up to 14 GPa where it transforms to
the hcp phase. This result is in excellent agreement with the
measurements17 and the theoretical results.15 We have also
calculated the T=0 hcp→bcc transition pressure to be
121 GPa, which compares favorably with the results of pre-
vious investigations.15,18 Given this agreement, our AIMD
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simulations of Pb melting are expected to be highly reliable.
We have conducted our AIMD simulations of the melting

of Pb in a NVE ensemble �N number of particles, V volume,
E energy� at four V: 31.63, 22.81, 19.91, and 18.70 Å3/atom.
For the largest volume, we used N=108 atoms arranged in an
ideal fcc lattice �3�3�3 conventional unit fcc cells�, but
for the other three volumes we chose N=96 atoms arranged
in an ideal hcp structure �4�4�3 primitive hcp cells�.
These volumes correspond roughly to pressures of 0, 30, 60,
and 80 GPa, respectively, at T=0. At these volumes, we per-
formed AIMD simulations at a number of temperatures. We
used a time step, �, of 2 fs for all four volumes. Two thou-
sand � were used for equilibration, during which velocities
were scaled to the desired temperature every 2�. Subse-
quently, the system evolved independently for other 2000
time steps. With increasing T, we observed a discontinuous
change in P and structure; see the calculated radial distribu-
tion functions �RDF� in Fig. 2. Close examination of the
structural changes, as well as a dramatic increase in atomic
mobility, confirmed that this discontinuous behavior was due
to melting. The four instability points �P ,Ti

AIMD� obtained by
AIMD are �2,850�, �39,2910�, �74,4340�, and �95,4760�,
where pressures are in GPa and temperatures are in degrees
K; these points are shown as filled circles in Fig. 3. The
discontinuous pressure changes observed in our computer
experiments occur at instability temperatures Ti that exceed
the melting temperatures Tm, a phenomenon known as over-
heating. The degree of overheating, �= �Ti−Tm� /Ti, usually
varies from about 10% at low P to at most 23% at high P.
This empirical observation is based on molecular dynamics
simulations for a number of materials.24–28

Ideally, we would calculate the Pb melting curve by
AIMD using the two-phase method.24 In the two-phase
method, presimulated solid and liquid regions are brought
together, forming an interface in order to remove the barrier
in the Gibbs free energy that prevents melting and crystalli-
zation. However, the two-phase scheme requires a consider-
ably larger N, which would have made our AIMD simula-
tions too time consuming.

The AIMD simulation at V=31.63 Å3/atom gave Ti
=850 K at a pressure of 2.0 GPa. Using �dTm /dP�0=77.8
±5.5 K/GPa �Ref. 10� and Tm�0�=600.6 K we obtain
Tm�2.0 GPa�=756±11 K. Hence, at 2.0 GPa we have �
=0.11.

We evaluated � at the smallest volume, V=18.70
Å3/atom, by performing one- and two-phase CMD simula-
tions to obtain Ti and Tm, respectively. All CMD simulations
were carried out using the MOLDY package29 with an effec-
tive spherical pair potential ��r� obtained from particle po-
sitions and potential energy values saved during AIMD runs.
At high T, the atomic vibrations render the interaction effec-
tively angle independent, thus justifying the assumed spheri-
cal symmetry of �. We determined the potential ��rj� at
distance rj by minimizing the system of equations
� j

Nb�nij��rj�−Ei�2, where nij is the number of particles lying
between rj and rj +�r in the system configuration i, where Ei

FIG. 1. �Color online� Comparison of the experimental12–14 and
calculated15,16 T=0 isotherms for the hcp phase of Pb. The arrows
show the calculated transition pressures from the fcc to hcp, and
from the hcp to bcc phases of Pb.

FIG. 2. �Color online� RDFs of Pb calculated for
V=18.70 Å3/atom by AIMD in NVE at a number of Ts. The RDFs
are shifted up by 1, 2, and 3. The RDF at 4915 K is typical of
liquids, while other RDFs are typical of solids.

FIG. 3. �Color online� Calculated phase diagram of Pb. The
triangles are Pb isochores calculated by AIMD. The melting points
were determined using the two-phase method �Ref. 24� and fitted by
the Simon functional form.
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is the corresponding potential energy, and Nb is the number
of distance intervals. We used 1000 configurations saved dur-
ing the AIMD equilibration stage. We fitted the points ��rj�
to the function ��r�=Ae−Br. Assuming that only the repulsive
term in the interaction is important at high P, we obtained
the values A=3.48 keV and B=2.9755 Å−1. We calculated
Tm

CL at pressures of 90 and 100 GPa by carrying out two-
phase CMD simulations in the NPT ensemble by means of a
Raman-Parrinello barostat and a Nosé-Hoover thermostat.29

Our system was comprised of 1176 Pb atoms, half in the
liquid state and half in the hcp phase. We performed 50 000
time steps �, where 10 000� were allotted to equilibration,
with �=2.0 fs. We calculated a thermal instability point
�P ,Ti

CL� by CMD in a NVE ensemble following the same
one-phase procedure used in the AIMD runs. Setting N=96,
V=18.70 Å3/atom, and �=2.0 fs, we performed the same
number of � as in the AIMD simulations. Melting occurred in
the same P–T range as in the AIMD case, which shows that
the effective ��r� we used is reliable. We found �= �Ti

CL

−Tm
CL� /Ti

CL=0.20 at P=93.52 GPa, the pressure at which Ti
CL

was calculated, using linear interpolation between 90 and
100 GPa to obtain Tm

CL at 93.52 GPa.
The degree of overheating at 74 GPa �V=19.91 Å3/atom�

was calculated using the interatomic potential obtained from
AIMD at 95 GPa, since these pressures differ by only
�25%. One-phase CMD calculations were done for systems
comprised of 96, 392, and 1176 atoms. The degree of over-
heating was 0.17 in each of the three cases, and so we esti-
mate �=0.17 at 74 GPa. Finally, to estimate � at 39 GPa
�V=22.81 Å3/atom�, which is too low in pressure to apply
the repulsive potential ��r�=A exp�−Br�, we average the de-
gree of overheating at 2 and 74 GPa to obtain 14%.

We reduced the AIMD instability temperatures 850, 2910,
4340, and 4760 K by 11%, 14%, 17%, and 20%, respec-
tively, and then fit the Simon functional form to the resulting
temperatures to obtain Tm�P�=600.6�1+ P /4.46�0.61. This
gives dTm�P� /dP=82.1 K/GPa at P=0, in agreement with
the experimental result 77.8±5.5.10

We then constructed the melting curve of Pb using the
well-established theoretical scheme developed by Burak-
ovsky and Preston,19 in which a theoretical melting curve of
any substance can be derived as function of density, �. This
scheme has been tested on a number of substances, both
simple monatomic1,19 and complex polyatomic, such as mag-
nesium silicate,30 and very good agreement with the experi-
ment has been found in all cases. The scheme reduces to the
calculation of three unknown parameters, �1, �2, and q, for
the effective representation of the Grüneisen parameter,
����=1/2+�1 /�1/3+�2 /�q, and the subsequent integration of
the Lindemann equation, d ln Tm��� /d ln �=2�����−1/3�, to
obtain the melting curve in the form

Tm��� = Tm��m�� �

�m
	1/3

exp
6�1� 1

�m
1/3 −

1

�1/3	
+

2�2

q
� 1

�m
q −

1

�q	� , �1�

where Tm��m� is the melting temperature at a given reference

density �m, which is conveniently chosen to be that at the
P=0 melting point. The values of �1, �2, and q are obtained
by solving a system of three equations:19 �i� ���a�=�a, �ii�
���b�=�b, where a and b are two reference states, and �iii�
the one-component plasma limiting form of Eq. �1�.19 Using
�in g cm−3� �a=��T=0, P=0�=11.58, �b=�m���T=Tm

=600.6 K, P=0�=11.01,11 �a=2.7,31 and �b=3.0,10 we ob-
tain �1=3.03, �2=6.11·105, q=5.5. To calculate the theoret-
ical melting curve of Pb in T-P coordinates, we now use
equation of states �EOSs� for the fcc, hcp, and bcc phases of
Pb �Ref. 12� to convert Eq. �1� into the corresponding Tm
=Tm�P� form. This is done by choosing 35 equally spaced �
points from 11.0 to 28.0 g cm−3 �the corresponding pressures
range from P0 to P5 Mbar� and calculating the corre-
sponding P based on Tm from Eq. �1� and the EOS. Now,
fitting the Simon functional form to the set of 35 data points,
with the constraint that Tm�P=0�=600.6 K, leads to �P in
GPa� Tm�P�=600.6�1+ P /5.03�0.63, for 0	 P	500. This
gives dTm�P� /dP=75.2 K/GPa at P=0, in agreement with
Ref. 10.

The melting curves of lead obtained with AIMD simula-
tions and calculated in the phenomenological approach are
shown in Fig. 4, along with the experimental data7,8 and the
earlier theoretical results of Pelissier.9 Agreement between
the AIMD and the phenomenological melting curves is ex-
cellent. The melting curve of Godwal et al.7 is in very good
agreement with our results up to 40 GPa, but it is lower than
ours for higher P. However, since its uncertainties are quite
large �20%–30% in the range 80–100 GPa�, our results are
within the error bars of Ref. 7 in the range 50–100 GPa. The
melting curve of Partouche-Sebban et al.8 is in very good
agreement with our results up to 40 GPa, and yet in reason-
able agreement up to 60 GPa. Our melting curve is also in
reasonable agreement with the earlier calculations of
Pelissier,9 who used a model potential.

To conclude, we have obtained the melting temperatures
of the hcp phase of lead up to 100 GPa by applying both
density functional theory-based AIMD in the Born-Oppen-

FIG. 4. �Color online� Experimental data and theory on the
phase state of Pb as a function of P and T. Accurate calculations
with increased energy cutoff for the plane wave basis set and in-
creased number of k points showed that the maximum error on
melting temperatures is 200 K at the highest P �Ref. 32�.
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heimer approximation and CMD techniques with an effective
pair potential. We have also performed the calculation of the
Pb melting curve in a phenomenological approach, and it
turned out to be in excellent agreement with that obtained
from AIMD. Our results are in good agreement, up to
40 GPa, with both the shock-wave data8 and the DAC
measurements.7 However, for P in the range 40–100 GPa,
our melting temperatures are higher than those from the
DAC, yet within their error bars, and lower than those from
the shock-wave measurements. A similar situation occurs in
the case of iron where inconsistencies between the “low”

melting curve measured in the DAC,3 and the “high” one
obtained from shock-wave experiments4,5 are notorious. A
recent calculation by means of quasi-AIMD �Ref. 6� showed
good agreement with shock-wave data4 at lower pressures.
At the highest pressures, however, the quasi-AIMD curve is
below the shock-wave data4 and above the DAC points,3 as
in the case of Pb. Also, for Mo �Ref. 1� the AIMD melting
curve is significantly higher than the DAC melting curve.2

However, we point out that comparisons between the DAC
and shock-wave data should be made with caution, since the
two techniques are significantly different.
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