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We present a combined experimental and theoretical study on the admittance spectroscopy of Si/Si1−xGex /Si
single quantum well structures. Experimentally, the admittance spectra are measured for Si1−xGex-based two-
dimensional hole gas systems. The dependence of the spectra on width of the quantum well and on content of
Ge is investigated. Theoretically, in conjunction with the measurements we develop a simple and systematic
approach to calculate the conductance and capacitance on the basis of a Boltzmann equation in which the
emission rate induced by hole-phonon scattering is considered. We compare the theoretical results with those
obtained experimentally and find that our model calculation can reproduce nicely the experimental findings.
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I. INTRODUCTION

The admittance spectroscopy is a powerful tool for elec-
trical characterization of semiconductor nanostructures such
as quantum wells, quantum wires, quantum dots, superlat-
tices, etc. Using this simple technique, the important elec-
tronic properties �such as the activation energy of the carri-
ers, the strength of the confining potential, the energy level
structure, emission and capture rates, etc.� can be determined
via conventional electrical measurements.1 Since the 1990’s,
the admittance spectroscopy has been successfully applied in
the investigation into Si/Si1−xGex /Si-based quantum well
and quantum dot systems.2–4 It is known that in these novel
semiconductor structures, the conducting carriers come
mainly from holes. Because the emission and capture rates of
the heavy and light holes in these devices are of the order of
MHz, the capacitance and conductance spectra can be ob-
served clearly at relatively high temperatures under the ac-
tion of the MHz ac electric fields. Through examining and
analyzing these spectrum structures, important electronic co-
efficients can be obtained and determined.2–4

It has been found experimentally that in Si1−xGex-based
quantum well structures, the capacitance and conductance
spectra depend strongly on x the content of Ge and on width
of the quantum well. This is due to the fact that these sample
parameters relate directly to the strength of the confining
potential to a two-dimensional hole gas �2DHG�.4 On the
basis that the admittance spectroscopy in the quantum well
systems is mainly induced by transition of conducting carri-
ers from bound states in the well to continuum states of the
system, the quantum confinement along the growth-direction
plays an essential role in affecting the profile and features of
capacitance and conductance along this direction. Although
the dependence of the capacitance and vertical conductance
in Si/Si1−xGex /Si quantum well structures on Ge content and
on width of the well layer was noticed in our previous ex-
perimental work,4 a detailed experimental study on these im-
portant effects has not yet been well documented. In this
paper, we intend examining experimentally how the admit-
tance spectroscopy depends on these sample parameters.

At present, one of the most popularly used theoretical
models in analyzing and understanding the experimental
findings from the admittance spectroscopy measurements is
the thermal emission model.4 It should be noted that al-
though the thermal emission model can give satisfactory ex-
planations to deep level transient spectroscopy �DLTS�,
capacitance-voltage �C-V� features, and admittance spectros-
copy for different quantum well systems, the model itself has
some drawbacks. First, the model is based on a phenomeno-
logical theory which introduces the average thermal velocity
of carriers in the barrier for the evaluation of the thermal
emission and capture rates.3,5 Because the carriers in the
quantum well are confined, the average thermal velocity of
the carriers differs from those in the bulk case, especially for
the narrow quantum well structures where a stronger con-
finement is achieved. Secondly, the previous calculation of
the thermal emission rate needs to introduce some fitting
parameters,6,7 such as the emission and capture cross sec-
tions which were often taken as input parameters. Thirdly,
many results used in the thermal emission model come from
those obtained for III-V quantum well structures,2–4,7 not
from Si/Si1−xGex /Si quantum wells which we are interested
in the present work. As one knows, the conducting carriers in
a Si1−xGex quantum well system are mainly holes, in contrast
to a III-V quantum well in which the conducting carriers are
normally electrons. Moreover, the valence-band offset in a
Si/Si1−xGex heterojunction is relatively small in comparison
to the conduction-band discontinuity in an AlGaAs/GaAs
heterostructure. Together with the fact that the Si/Si1−xGex
quantum well systems are normally with weak background
doping, in contrast to modulation doping in an
AlGaAs/GaAs-based quantum well, the hole-phonon scatter-
ing can play an important role in the emission and capture of
holes in Si/SiGe-based 2DHG systems.8,9 So far the effect of
hole-phonon interaction on admittance spectroscopy in
Si/SiGe-based quantum wells has not yet been taken into
consideration in the thermal emission model. From a theo-
retical point of view, it is important and significant to be able
to develop a tractable and systematic approach for the study
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of the admittance spectroscopy in conjunction with the ex-
perimental measurements. This is one of the prime motiva-
tions of the present study. In this work, we propose to use
time-dependent Boltzmann equation for the calculation of
the conductance and capacitance in Si/SiGe-based quantum
well structures. By employing the Boltzmann-equation ap-
proach, almost all possible scattering mechanisms can be in
principle included and the emission and capture rates can be
evaluated using known sample and material parameters.
Thus, we can go beyond the thermal emission model and
improve greatly the model calculations.

This paper is organized as follows. In Sec. II, the details
of the sample devices, experimental setup and measurements
are described. The theoretical approach is developed in Sec.
III, where the analytical results for conductance and capaci-
tance are presented and the results for emission rate induced
by hole-acoustic-phonon scattering are obtained. The experi-
mental and theoretical results are presented and discussed in
Sec. IV and our concluding remarks are summarized in Sec.
V.

II. EXPERIMENTAL MEASUREMENT

In the experimental part of the work, we measure the
admittance spectra for Si/Si1−xGex /Si-based single quantum
well structures. The samples are prepared using molecular
beam epitaxy �MBE�. The quantum well structures are
grown on p-type Si �100� substrate �with a resistivity about
0.05 � cm� doped by boron with a concentration
�1016 cm−3 at a temperature 500 °C. The samples contain
three epitaxial layers �see Table I�: a Si buffer layer on the Si
substrate, a Si1−xGex well layer which is narrow enough to
form the quantum confinement to holes along the growth
direction, and a Si cap layer. In order to observe the depen-
dence of the admittance spectra on content of Ge in the well
layer, samples a–c are with the same width of the well layer
but with different Ge contents x. To see the influence of the
width of the quantum wells, samples b and d are with the
same x but different well thicknesses. The Si1−xGex alloy
layers in the structures are formed by coevaporating Si and
Ge sources with two electron-beam evaporators. During the
sample growth, the layer thickness and Ge content x are
monitored in situ by two quartz thickness monitors within
our MBE system. The width of the well layer is controlled
well below the critical thickness of the pseudomorphic
growth. Through the capacitance-voltage measurements, we
find that the areal density of the holes in the quantum well is

of the order of 1010 cm−2. The main reason for relatively low
hole densities in our samples is that in these quantum well
structures, the conducting holes come mainly from ionized
dopants due to background doping in the well and barrier
layers. Basically, the 2D hole density depends not only on
the height of the barrier but also on the Fermi level in the
well. Because the doping concentration is low �about
1016 cm−3�, the Fermi level is far away from the bottom of
the valance band of the well layer and, consequently, the 2D
hole density in the well is relatively low.

The devices are fabricated with Schottky diode structures
where an Al electrode with a diameter of 1 mm without al-
loying is placed at the front side and an ohmic contact is at
the back side. The conductance and capacitance are mea-
sured under an ac electric field at a frequency of f =1 MHz,
using a HP 4284A LCR meter which can also provide a dc
bias voltage. The measurements are carried out at tempera-
tures ranging from 80 to 250 K, using a thermocouple with a
Keithley 2400 sourcemeter as the voltage indicator. Both
meters were controlled by the computer system through the
IEEE-488 interfaces. The experimental results are presented
in the upper panels in Figs. 1 and 2 in Sec. IV. We note that
the experimental curves in Figs. 1 and 2 are original data. As
one knows, the admittance spectroscopy is a well established
technique from which the good signals of the measurement
can be obtained, especially when the frequency of the ac
field is at f �1 MHz.10

III. THEORETICAL APPROACH

A. Conductance and capacitance

In the present work, we consider a two-dimensional hole
gas �2DHG� system in which the growth-direction is taken
along the z axis and the 2DHG is formed along the xy plane.
In conjunction with the experimental setup and measure-
ment, we consider further the following facts and conse-
quences. �1� A dc bias voltage and an ac electric field are
applied along the growth direction of the 2DHG to measure
the capacitance and conductance. The dc bias plays mainly a
role in varying the hole subband structure in the well and the
ac field can be taken as a driving field which alters the num-
ber of holes in the quantum well. �2� The admittance spec-
troscopy is mainly induced by the change of number of holes
in the quantum well due to the presence of the ac driving
field. �3� The changes of the hole numbers in the quantum
well are mainly due to the transitions of holes from quantum
well states �2D� to continuum states �i.e., hole emission� or

TABLE I. Sample parameters.

Sample
No.

Well
composi.

x

Well
thickness

�nm�

Buffer
thickness

�nm�

Cap
thickness

�nm�

a 0.25 15 600 600

b 0.33 15 500 200

c 0.40 15 300 300

d 0.33 3.5 300 700
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from continuum states �3D� to bound-states in the quantum
well �i.e., hole capture�. �4� The transition of holes among
different states is a consequence of the presence of the ac
field and of the electronic scattering mechanisms. Taking
these points into consideration, we can employ the semiclas-
sic Boltzmann equation as the governing transport equation
to calculate the admittance spectroscopy. Because the ac field
is a time-dependent field and our measurements are carried
out at relatively high temperatures for relatively low-carrier-
density samples, we start our calculation from a time-
dependent Boltzmann equation in nondegenearte statistics.
For 3D and 2D holes, we, respectively, have

�f3D�K;t�
�t

= gs �
n�,k�

�f2D�n�,k�;t�W2D→3D�k�,n�;K�

− f3D�K;t�W3D→2D�K;k�,n���

+ gs�
K�

�f3D�K�;t�W3D→3D�K�;K�

− f3D�K;t�W3D→3D�K;K��� �1�

and

�f2D�n,k;t�
�t

= gs�
K�

�f3D�K�;t�W3D→2D�K�;n,k�

− f2D�n,k;t�W2D→3D�n,k;K���

+ gs �
n�,k�

�f2D�n�,k�;t�W2D→2D�n�,k�;n,k�

− f2D�n,k;t�W2D→2D�n,k;n�,k��� . �2�

Here, �n ,k� and �K� are, respectively, the states for 2D and
3D holes with K= �k ,kz�= �kx ,ky ,kz� being the hole wave
vector and n the index for the nth hole subband in the quan-
tum well, f2D�n ,k ; t� and f3D�K ; t� are, respectively, the
momentum-distribution functions for 2D and 3D holes, gs
=2 counts for spin degeneracy, and W�→��A ;B� is the elec-
tronic transition rate for scattering of a hole from A state in
� to B state in �. In Eqs. �1� and �2�, the effect of scattering
centers is included within the electronic transition rate, the
effect of the dc bias can be included within the hole wave
function and energy spectrum, and the effect of the ac field
can be included within time-dependent hole distribution
functions. Thus, to avoid double counting, the force terms
induced by the dc and ac fields do not appear on the left-
hand side of the Boltzmann equation. It is known that there
is no simple and analytical solution to Eqs. �1� and �2�. In
this work, we apply the usual balance-equation approach to
solve the problem.11 For the first moment, the mass-balance
equation �or rate equation�12 can be derived by multiplying
�K and �n,k, respectively, to both sides of Eqs. �1� and �2�. In
doing so, we obtain two rate equations

FIG. 1. Conductance G as a function of temperature T at a fixed
width of quantum well L=15 nm for different Ge compositions x as
indicated. The results are obtained under an ac electric field with a
frequency f =� /2�=1 MHz. The experimental and theoretical re-
sults are presented, respectively, in the upper and lower panels.

FIG. 2. Dependence of conductance on temperature at a fixed
Ge content x=0.33 for different width of quantum wells L as indi-
cated. The results are obtained at an ac field with a frequency f
=� /2�=1 MHz and the upper and lower panels are, respectively,
for experimental and theoretical results.
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dQ3D�t�
dt

= Q2D�t��2D→3D − Q3D�t��3D→2D �3�

and

dQ2D�t�
dt

= Q3D�t��3D→2D − Q2D�t��2D→3D, �4�

where Q2D and Q3D are, respectively, the charge numbers for
2D and 3D holes and ��→� is the scattering rate from a state
� to a state �. We have used the definition that the 2D and
3D hole densities are, respectively, N2D�t�
=gs�n,kf2D�n ,k ; t� and N3D�t�=gs�Kf3D�K ; t� and Q2D�t�
=eN2D�t�S and Q3D�t�=eN3D�t�SLz, with S being the area of
the 2D plane and Lz the size of the z direction. Equations �3�
and �4� give a condition of total hole number conservation
d�Q2D�t�+Q3D�t�� /dt=0 and reflect a fact that the 2D→2D
and 3D→3D transitions do not contribute to the change of
hole numbers in the quantum well and in the continuum
states. Furthermore, �2D→3D=�E is the emission rate and
�3D→2D=�C is the capture rate, which are

�E =
2

N2D
�

n,k,K�

f2D�n,k;t�W2D→3D�n,k;K�� , �5�

and

�C =
2

LzN3D
�

n�,k�,K

f3D�K;t�W3D→2D�K;n�,k�� . �6�

In the calculation of the emission and capture rates under the
condition of a weak ac field, we can neglect the influence of
the ac field on the momentum distribution function and em-
ploy the statistical energy distribution as hole distribution
function. We take f2D�n ,k ; t�	 f�En�k�� and f3D�K ; t�
	 f�E�K�� with f�x� being an energy distribution function.
Here, En�k�=�2k2 /2m*+�n and E�K�=�2K2 /2m*+U0 are,
respectively, the energy spectra for 2D and 3D holes, where
m* is the hole effective-mass, �n is the energy of the nth hole
subband in the quantum well, and U0 is the height of the
barrier to the quantum well. Thus, the emission and capture
rates become

�E 	
2

N2D
�

n,k,K�

f�En�k��W2D→3D�n,k;K�� �7�

and

�C 	
2

LzN3D
�

n,k,K�

f3D�E�K��W3D→2D�K�;n,k� , �8�

which are time independent when taking N2D and N3D as
their values at the steady state.

Using Eq. �4�, the current in the circuit is given by

I�t� = −
dQ2D�t�

dt
= Q2D�t��E − Q3D�t��C. �9�

It is known that under the action of an ac driving field 	Vt
=V0ei�t with � being the frequency of the field, the hole
number in the quantum well Q2D�t� is the difference between

the mobil hole number 	Q2D�t� and the emitted hole number

0

t dt I�t�, namely,

Q2D�t� = 	Q2D�t� − �
0

t

dtI�t� . �10�

For case of a weak ac field so that a linear response is
achieved, we have

	Q2D�t� = 
	Vt = 
V0ei�t and I�t� = I0ei�t. �11�

Here a coefficient 
=	Q2D�t� /	Vt=dQ2D�t� /dVt �see Appen-
dix� is introduced. Inserting Eqs. �10� and �11� into Eq. �9�,
we get

I�t� = �
V0ei�t − �
0

t

I�t�dt
�E − Q3D�t��C

and, as a result,

İ�t� = �i�
V0ei�t − I�t���E − Q̇3D�t��C. �12�

When the system is in equilibrium, the total charge number

should be conserved so that Q̇3D�t�=−Q̇2D�t�= I�t�. Thus, Eq.
�12� can be solved analytically. After using the definitions for
conductance G= I0 /V0 and for capacitance C=−dQ2D�t� /dVt

=−�dQ2D�t� /dt� / �dVt /dt�, we obtain

G =
i
��E

�E + �C + i�
and G = Re G =


�2�E

��E + �C�2 + �2 ,

�13�

and

C =

�E

�E + �C + i�
and C = Re C =


�E��E + �C�
��E + �C�2 + �2 . �14�

In contrast to the results obtained from thermal emission
model, the capture rate �C appears in both conductance and
capacitance when the balance-equation approach is em-
ployed on the basis of a Boltzmann equation. As one can see,
Eqs. �13� and �14� become those used popularly when �E
��c.

B. Emission rate

From now on, we consider Si/Si1−xGex-based 2DHG sys-
tems. For low-carrier-density samples, only the heavy-hole
states in the quantum well are occupied. Due to the higher
energy levels for light holes in the quantum well, the contri-
butions to the conductance and capacitance from light holes
are relatively small. We therefore take only the heavy holes
into account in the present study. For samples with weak
background doping and at relatively high temperatures, the
hole-phonon scattering is the principle channel for relaxation
of excited holes. Furthermore, it is known that in
Si1−xGex-based 2DHG, the hole-phonon scattering comes
mainly from interactions with acoustic-phonons via deforma-
tion potential coupling.8,13 The electronic transition rate in-
duced by hole–acoustic-phonon coupling in a 2DHG system
can be obtained from Fermi’s golden rule,14,15 which reads
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W2D→3D�n,k;K�� =
2�

�
�UQ�2�NQ +

1

2
�

1

2
�


 R�kz�,n;qz�	k�,k+q	�E�K��

− En�k� ± ��Q� �15�

and

W3D→2D�K;n�,k�� =
2�

�
�UQ�2�NQ +

1

2
�

1

2
�


 R�kz,n�;qz�	k�,k+q	�En��k��

− E�K� ± ��Q� . �16�

Here, the upper �lower� case refers to phonon absorption
�emission�, Q= �q ,qz�= �qx ,qy ,qz� is the phonon wave vec-
tor, �Q is the acoustic-phonon frequency, NQ= �e��Q/kBT

−1�−1 is the phonon occupation number, and R�kz� ,n ;qz�
= ��kz� �eiqzz �n��2 is the form factor for hole-phonon coupling
in a 2D system with �kz�=eikzz and �n�=�n�z� being, respec-
tively, the 3D and 2D hole wave function along the z direc-
tion. Moreover, �UQ�2= ��Q /2����L

2 /uL+�T
2 /uT� is the

square of the hole–acoustic-phonon interaction matrix for in-
travalley scattering via deformation potential coupling,16

where � is the density of the material, uL and uT are, respec-
tively, the longitudinal and transverse sound velocities, �L
=�d+�u cos2 � and �T=�u cos � sin � with �d and �u be-
ing, respectively, the dilatation and uniaxial deformation po-
tential constants and � an angle to the z axis. Here we have
included the contributions from both longitudinal and trans-
verse acoustic-phonon coupling and �Q=uLQ or �Q=uTQ is
the corresponding phonon frequency.

At relatively high-temperatures and for relatively low-
carrier-density samples, we can use Maxwellian as statistic
energy-distribution function for holes, i.e., f�x�=Ce−x/kBT.
The normalization factors C for 2D and 3D holes can be
determined by definition N2D=gs�n,kf�En�k�� and N3D

=gs�Kf�E�K��, which give

C2D =
��2N2D

m*kBTA2D
and C3D = � 2��2

m*kBT

3/2 N3D

2A3D
,

where A2D=�ne−�n/kBT and A3D=e−U0/kBT. It should be noted
that in a single quantum well, the 3D holes are located in
both well and barrier layers. Due to the higher energy levels
for 3D holes in the well layer, the 3D hole density in the well
layer is very low in comparison to the 2D hole density N2D.
For a real working device, the edges of the valance band is
bent by the the presence of the Hartree potential induced by
hole-hole interaction.20 The obtained theoretical results indi-
cate that for a Si/SiGe/Si single quantum well, the bending
of the valence band in the barrier layers can reach up to the
half-height of the quantum well.20 Thus, the transition from
3D hole states in the barrier layers to the 2D states in the
quantum well needs to across the barrier induced by the Har-
tree potential �which is a tunneling process�. Because the 2D
holes are confined within the quantum well, the coupling of
the wave functions for a 2D hole and for a 3D hole in the
barrier layer is very weak. Hence, the tunneling rate from a

3D state in the barrier layer to a 2D state in the well is very
low. For the same reason, the tunneling from a 2D state in
the well to a 3D state in the barrier can also be neglected. As
a result, under the action of the ac fields, the emission rate
induced by hole-phonon scattering is much larger than the
capture rate, i.e., �E��C. Based on these reasons, in the
present study we neglect the contribution from tunneling
processes and from �C and we consider only �E caused by
hole-phonon interaction in Eqs. �13� and �14�. At relatively
high temperatures, the acoustic-phonon energy ��Q is much
smaller than the thermal energy kBT. When ��Q /kBT�1 we
can use the usual approximation for acoustic-phonon occu-
pation number13 NQ�NQ+1	kBT /��Q. The emission rate
is now given as

�E 	
��kBT

2��2A2D
�
n,Q

�UQ�2

�Q
�Eq

e−�n/kBT�
−�

�

dkz


 e−�Ekz
+ Eq + U0 − �n ± ��Q�2/�4EqkBT�R�kz,n;qz� ,

�17�

where Ekz
=�2kz

2 /2m* and Eq=�2q2 /2m*. Due to the usage of
the Maxwellian as the hole distribution function, �E does not
depend directly to the density of holes.

To simplify the analytical and numerical calculations, in
this work we neglect the strain effects in a SiGe quantum
well via considering an ideal 2DHG system in which con-
ducting carriers are mainly heavy holes in a parabolic band
structure. We take the usual square-well approximation to
model the confining potential along the growth direction. In
doing so, we have

�n�z� = �2/L�1/2 sin�n�z/L� �18�

and

�n = n2�2�0, �19�

with L being the width of the quantum well and �0
=�2 / �2m*L2�. This approximation also implies that the cou-
pling between the 2D holes in the well layer and the 3D
holes in the barrier layer has been neglected. Thus, the form
factor for hole-phonon coupling for 2D and 3D holes in the
well layer can be obtained analytically R�kz ,n ;qz�
=4LSn��kz+qz�L� and

Sn�x� = �n��21 − �− 1�n cos x

��n��2 − x2�2 .

Here we mainly consider the case of a weak dc bias applied
to the device so that the effect of bending of the valence band
is negligible. For case of a strong bias, the profile of the
confining potential along the z direction can be determined
self-consistently by solving coupled Schrödinger and Pois-
son equations.17 Finally, the emission rate induced by hole–
acoustic-phonon scattering is obtained as
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�E =
�2�m*kBT�d

2

4�3�2�uL
2L2A2D

�
n

e−�2n2�0�
−�

�

dxSn�x��
0

�

dy


 �
−�

�

dz��1 +
�u

�d
cos2 �
2

+ ��uuL

�duT

2

cos2 � sin2 ��

 e−��x − z�2 + y2 + U0/�0 − �2n2 ± ��Q/�0�2�0/4y2

, �20�

where cos �=z /�y2+z2, sin �=y /�y2+z2, Q=�y2+z2 /L, and
�0=�0 /kBT.

C. Si/Si1−xGex /Si quantum wells

It is known that a strained SiGe quantum well is under
compression in some cases, which may cause some alter-
ations to the valance-band structure. As a result, the valance-
bands may no longer be designed as heavy and light holes
bands �due to the lifting of the degeneracy at the � point� and
the valence-band maxima become anisotropic so that the
hole effective-mass differs along different crystal axes. To
look into these effects, a detailed band-structure calculation
�e.g., using a k ·p approach� is needed, which requires a fur-
ther analytical and numerical considerably. In the present
work, we do not attempt these band-structure calculations
and we consider a rather ideal case �i.e., the heavy and light
holes are well separated and the system is isotropic� which is
popularly applied in simplified theoretical calculations. For
Si/Si1−xGex /Si quantum well systems, the effective-mass for
heavy and light holes in the well layer and the valance-band
offset at the heterointerfaces are in general the functional
form of the Ge content x. Here we use the well known and
popularly used results19 to evaluate these material param-
eters. For heavy �h� and light �l� holes, the corresponding
effect masses are19

�mh

ml
�/m0 = �− 2.8369

− 0.1432
�x3 + �4.6844

0.3618
�x2

+ �− 2.8700

− 0.3669
�x + �0.8956

0.2534
� .

The valence-band offset at the Si/Si1−xGex interface is19

�Ev=U0=0.71x eV. Other parameters taken in the calcula-
tion are well known and are listed in Table II.

In the numerical calculations, we take the high-
temperature and low-carrier-density result for the coefficient

 �see the Appendix�


 	
N2De2S

kBT
.

The 2D hole density is taken from the experimental data
N2D	1010 cm−2 and the area of the sample in the xy plane is
S	1 mm2. The admittance spectrum is calculated through

G 	

�2�E

�E
2 + �2 .

IV. RESULTS AND DISCUSSIONS

The dependence of the vertical conductance G on Ge
composition x and on width of quantum well L is shown,
respectively, in Figs. 1 and 2. Here we plot G as a function of
temperature at a fixed ac electric field with a frequency f
=� /2�=1 MHz. As we know, with increasing Ge content x
in the well layer with a fixed well width, a larger valence
band offset can be achieved so that a stronger confinement of
the 2DHG can be realized. In such a case, the holes in the
quantum well are more difficult to be emitted by the action
of the ac field and by the corresponding scattering mecha-
nisms. This corresponds to a smaller emission rate and, as a
result, the peak of the ac conductance shifts to the higher-
temperature regime. With increasing x, the height of the con-
ductance peak decreases, which can be found from both ex-
perimental and theoretical results shown in Fig. 1. On the
other hand, with decreasing width of the quantum well L at a
fixed Ge content �i.e., a fixed height of the confinement po-
tential�, the hole subbands in the well are pushed higher �see
Eq. �19��. This implies that the energy distance between the
bound states in the well and the continuum states is shorter
for a narrower quantum well. In such a case, the holes in the
quantum well are much easier to be emitted than those in the
wider quantum well. Thus, a larger emission rate can be
achieved in a narrower quantum well and, consequently, the
peak of the ac conductance in a narrower well is shifted to
the lower-temperature regime. We see these interesting fea-
tures clearly from both experimental and theoretical results
shown in Figs. 1 and 2.

The results shown in Figs. 1 and 2 are obtained for the
case of a weak dc bias applied to the system. The experimen-
tal results on how a dc bias affects the conductance spectra
can be found in our previous work.21 Because the effect of
the dc bias has not been included within the hole wave func-
tion and energy spectrum in Eqs. �18� and �19�, the square-
well approximation used here cannot be employed to handle
such a case.

From a theoretical point of view, the hole-phonon inter-
action affects strongly the emission rate in shallow and/or
narrow quantum well structures. In such a case, the holes can
gain the energy from the ac field and loss the energy by
emission and absorption of phonons. Due to inelastic nature
of the hole-phonon scattering and to the fact that hole-
phonon scattering can alter the hole wave vector �or momen-

TABLE II. Material parameters �Ref. 9, 18, and 19�.

quantity symbol value unit

Longitudinal sound
velocity

uL 5247 m/s

Transverse sound
velocity

uT 3267 m/s

Dilatation deformation
potential �Ge�

�d 2.0 eV

Uniaxial deformation
potential �Ge�

�u −2.16 eV

Density �Ge� � 5.323 g/cm3
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tum� efficiently, this process can be accompanied by transi-
tion of the holes from the bound states in the well to the
continuum states in the system. It can be seen from Figs. 1
and 2 that the results obtained from our theoretical calcula-
tion are in good agreement with those measured experimen-
tally. The theoretical calculation can reproduce the depen-
dence of the ac conductance on both Ge content and width of
the well layer, especially the peak structure observed experi-
mentally. For example, we find that when x=0.33 and L
=15 nm, theoretically the peak position is at about 157 K
and the half-width of the peak is about 27 K, in comparison
to a peak position at 160 K and half-width of the peak being
at 30 K obtained experimentally. These results indicate that
the hole-phonon scattering plays an important role in affect-
ing the emission rate in Si/SiGe quantum well systems,
which can describe rightly the dependence of the ac conduc-
tance on experimental conditions and sample parameters.

From Figs. 1 and 2 we note that there are some minor
differences between the experimental and theoretical results.
The calculated conductance is slightly larger than measured
data. We believe that this mainly results from taking the
larger deformation potential constants �d and �u. The �d
and �u shown in Table II are for bulk Ge material and they
should be slightly less for SiGe compound. More markedly,
the disagreement between the experimental and theoretical
results can be found for conductance off the peak, mainly at
low temperatures. As was observed previously,20 in the mea-
surement there exists the variations of the leakage current on
Schottky contact and of the Schottky capacitance at low tem-
peratures. These variations have not been included within the
calculation. It should be pointed out that in using the admit-
tance spectroscopy for characterization of semiconductor
nanostructures, we mainly examine and analyze the data near
the peak of the conductance and/or capacitance. Hence, the
disagreement of the off-peak experimental and theoretical
results does not affect on using the current model calculation
to analyze and understand the experimental findings.

We have also included the light holes within the numeri-
cal calculations and found that, due to the higher energy
levels for the light-hole subbands, the contribution of light
holes to the ac conductance is rather small under the current
experimental conditions. Thus, our theoretical results con-
firm that heavy-holes are responsible for the admittance
spectroscopy observed at T�100 K and f �1 MHz.

V. SUMMARY AND CONCLUSIONS

In this work, we have carried out a combined experimen-
tal and theoretical study on admittance spectroscopy in
Si/Si1−xGex /Si single quantum well systems. Experimen-
tally, we have measured the ac conductance on series of
samples in order to examine the dependence of the admit-
tance spectroscopy on different sample growth parameters.
Theoretically, we have developed a systematic and tractable
approach to calculate the conductance and capacitance under
the action of an ac field, in conjunction with the experiments
and experimental findings. The main conclusions obtained
from this work are summarized as follows.

We have found experimentally that for samples with
higher Ge content and/or wider width of the well layer, the

peaks of the ac conductance shift to the higher-temperature
regime. This effect is mainly resulted from the fact that
higher Ge composition in a Si/SiGe quantum well corre-
sponds to a stronger confinement of the 2DHG in the well
and that a wider width of well leads to lower the hole sub-
band energies. In such cases, it is harder for holes in the
quantum well to be emitted to the continuum states in the
systems. We also found that with increasing Ge content
and/or width of quantum well, the height of the conductance
peak decreases.

We have developed a simple theoretical approach to cal-
culate the conductance and capacitance under an ac electric
field in two-dimensional systems, in conjunction with the
admittance spectroscopy measurements. The theory is based
on applying the balance-equation approach to the time-
dependent Boltzmann equation. Using this approach, the
emission and capture rates in a quantum well can be calcu-
lated from microscopic quantum-mechanical theories and the
drawbacks of popularly used thermal emission model can be
overcome. We have calculated the emission rate induced by
hole-acoustic-phonon interaction via deformation potential
coupling in Si/Si1−xGex-based 2DHG systems. The theoreti-
cal results are in good agreement with those obtained experi-
mentally, especially the peak structure of the spectra. Al-
though some more complicated sample details �e.g., strain
and anisotropic effects and the presence of a strong dc gate
voltage� have not been taken into account, the model calcu-
lation can reproduce nicely the experimental findings such as
the dependence of the admittance spectroscopy on sample
parameters and experimental conditions.

On the basis of our experimental and theoretical results,
we believe that the hole-phonon scattering plays an impor-
tant role in determining the emission rate and admittance
spectroscopy in Si/SiGe-based low-carrier-density 2DHG
systems �N2D�1010 cm−2� at relatively high temperatures
�T�100 K�. We hope this work can shed some lights on the
measurements and calculations of electronic and transport
properties of Si/SiGe-based semiconductor nanostructures.
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APPENDIX

In this appendix, we evaluate a coefficient defined as 

=dQ2D�t� /dVt in Eq. �11�. By definition, Q2D�t�=eSN2D�t�
=eSgs�n,kf�En�k��, where f�x�= �e�x−�t�/kBT+1�−1 is the
Fermi-Dirac function with �t being the chemical potential
�or Fermi energy�. Here we assume that the effect of the ac
driving field is mainly on the Fermi energy of the system.
Thus,
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 = 2eS�
n,k

�f�En�k��
��t

��t

�Vt
. �A1�

Noting that for a weak ac field so that a linear response is
achieved, we have

1

e

��t

�Vt
= 1. �A2�

Consequently,


 =
2e2S

kBT
�
n,k

f�En�k���1 − f�En�k��� . �A3�

This result reflects a fact that the emission and capture of
holes are mainly achieved for transitions around the Fermi
level. The result is also in line with that obtained by Chang
and co-workers.22 At high temperatures and for low-carrier-
density samples, N2D/kBT�1 and, as a result,


 	
N2De2S

kBT
, �A4�

which depends on temperature and density of 2D holes.
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