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The E0, E0+�0, E1, E1+�1, E0�, and E2 optical transitions have been measured in Ge1−ySny alloys �y
�0.2� using spectroscopic ellipsometry and photoreflectance. The results indicate a strong nonlinearity �bow-
ing� in the compositional dependence of these quantities. Such behavior is not predicted by electronic structure
calculations within the virtual crystal approximation. The bowing parameters for Ge1−ySny alloys show an
intriguing correlation with the corresponding bowing parameters in the Ge1−xSix system, suggesting a scaling
behavior for the electronic properties that is the analog of the scaling behavior found earlier for the vibrational
properties. A direct consequence of this scaling behavior is a significant reduction �relative to prior theoretical
estimates within the virtual crystal approximation� of the concentration yc for a crossover from an indirect- to
a direct-gap system.
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I. INTRODUCTION

Since the discovery that the diamond-structure semimetal
�-Sn can be grown by Molecular Beam Epitaxy �MBE� on
nearly lattice-matched InSb and CdTe substrates,1 there has
been considerable interest in semiconductor compounds con-
taining Sn. The original approach of Farrow and co-workers
was later extended to Ge1−ySny alloys using substrates that
minimize the expected lattice mismatch at different alloy
compositions.2–8 While these experiments were based on the
MBE method, crystalline Ge1−ySny alloys have also been
grown using other techniques, such as sputtering.9–11 Re-
cently, advances in chemical vapor deposition �CVD� have
made it possible to grow not only binary but also ternary
group-IV semiconductor alloys incorporating Sn.12–16 These
CVD materials can be deposited directly on Si substrates.
Their large lattice mismatch with Si is fully relieved by mis-
fit dislocations that do not propagate into the films and thus
do not deteriorate their physical properties. Ge1−ySny and
Ge1−x−ySixSny alloys with lattice constants as large as 5.83 Å
have already been demonstrated. These films represent an
intriguing alternative to compositionally graded Ge1−xSix al-
loys as templates for the growth of strain-free Ge1−xSix al-
loys, and they can also act as templates for the deposition of
III-V semiconductors on Si.

In addition to their attractive structural properties and
their potential as templates, Ge1-ySny alloys possess intrigu-
ing electronic properties. In this paper, we focus on a crucial
aspect of these properties, namely the compositional depen-
dence of optical transition energies and other critical point
parameters as measured with infrared and visible spectro-
scopic ellipsometry and with photoreflectance.

Most earlier studies of the electronic structure of Ge1−ySny
alloys focus on the fundamental band gap region in samples
grown by Molecular Beam Epitaxy �MBE� or sputtering on

Ge substrates or Ge buffer layers on Si �Refs. 17–19�. There
is also a report of higher-energy transitions in polycrystalline
films grown by sputtering.9 The present work covers both the
band gap region and higher interband transitions. We have
measured the compositional dependence not only for the
transition energies, but also for other parameters such as
critical point broadenings and amplitudes, which can provide
deeper insight into the electronic structure of these systems.
Preliminary ellipsometric work on Ge1−ySny alloys appeared
in Refs. 13, 14, and 20. Ge1−ySny alloy samples grown by
CVD have a high degree of structural quality, and we believe
that these structural improvements manifest themselves in
the optical properties of our layers: whereas previous work-
ers invoked transitions between localized states to explain
their optical absorption measurements,17–19 the optical data
presented here can be understood in terms of a Ge-like band
structure.

The optical response of semiconductors shows several
characteristic features at transition energies Ei that can be
associated with critical points in the joint valence-conduction
density of electronic states.21 In most alloy semiconductors
the energies Ei�x� of the critical point features are found to
have a smooth compositional dependence that can be well
described by a quadratic polynomial of the form

Ei�x� = Ei
Ax + Ei

B�1 − x� − bix�1 − x� , �1�

where A and B refer to the two crystalline semiconductor
systems being alloyed. The coefficient bi is called the bowing
parameter. Knowledge of the bowing parameter is very im-
portant for applications, particularly when the transition in
question corresponds to the lowest-energy gap. This interest
has fueled intense research efforts to measure bowing param-
eters and understand their microscopic origin.
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The mere fact that critical point structures are observed in
the optical response of alloy semiconductors suggests that
these materials can be described in terms of an average per-
fect crystal. Such a crystal can be thought of as made of
fictitious atoms that generate a potential given by a compo-
sitionally weighted average of the corresponding potentials
in the parent semiconductors’ atoms. This is the so-called
Virtual Crystal Approximation �VCA�. The application of the
VCA to semiconductors has been reviewed by Jaros.22 Due
to the nonlinear nature of the eigenvalue problem, the VCA
can lead to bowing in the compositional dependence of band
gaps even if the potential interpolation is exactly linear in the
alloy composition. Unfortunately, the agreement with experi-
ment is not always good,22 and it has been argued23 that the
bowing values obtained within the VCA are not even unique.
In the case of Ge1−ySny alloys, VCA calculations using a
tight-binding approach24 predict b=0.30 eV for the lowest
direct gap, whereas VCA calculations within a pseudopoten-
tial formalism lead to b=−0.40 eV for the same transition.25

The two calculations do not even agree on the sign of the
bowing, and their predicted bowing magnitudes are much
smaller than b=2.8 eV, the experimental value reported by
He and Atwater.17 This indicates that Ge1−ySny alloys cannot
be understood within the VCA. By contrast, the VCA is a
good approximation for Ge1−xSix alloys.26–28 The calculated
optical transition energies are roughly linear with composi-
tion, in good agreement with experiments, which show a
small bowing.29–32 However, it is important to stress that
even in cases in which the compositional dependence of op-
tical transition energies are predicted correctly, the VCA does
not account for the considerable alloy broadening observed
in interband transitions.

Electronic structure features that cannot be explained
within the VCA are often dubbed as “disorder effects.” A
possible way of including these effects in a theoretical treat-
ment is the so-called Coherent Potential Approximation
�CPA�. �For a review of early CPA work on semiconductors,
see Ref. 22.� The CPA has been applied to Ge1−xSix alloys
with considerable success:26,27 it predicts a moderate bowing
in the optical transition energies, and it predicts the values of
broadening that appear to be in good agreement with the
electroreflectance data of Kline et al.29 �However, more re-
cent ellipsometric work suggests that the experimental
broadenings are considerably larger than those calculated
within the CPA.32,33� We are not aware of any CPA calcula-
tions for Ge1−ySny alloys.

Even though the use of the VCA as an initial approxima-
tion and the subsequent incorporation of disorder effects via
the CPA represent an attractive conceptual framework to ana-
lyze the experimental optical properties of semiconductor al-
loys, the nature of the relevant alloy disorder suggests a dif-
ferent point of view. The electronic properties of
semiconductors are mainly determined by interactions be-
tween near-neighbor atoms, and therefore the properties of
alloy semiconductors result from the contribution of a hand-
ful of possible local atomic configurations. Such local con-
figurations lead to bond distortions that are far from random.
Structural models of alloys incorporate these features from
the outset. In practice, these models are implemented by con-
sidering small, periodic structures that preserve the chemical

identity of the elements and reproduce the main structural
features of the alloy. The alloy properties are then computed
by either averaging over selected structures,23,34 or by de-
signing “Special Quasirandom Structures” that mimic the
first few alloy correlation functions in such a way that they
represent the closest periodic analog to the random alloy.35,36

An extreme example of this approach applied to Ge1−xSix
alloys is the work of Tekia et al. �Ref. 37� who calculate the
direct gap bowing by interpolating between Si, Ge and a
zincblende-structure SiGe. They find b=0.23 eV, in good
agreement with experiment. If we apply the same procedure
to Ge1−ySny alloys, using a calculated band structure for
zinc-blende SnGe,38 we find b=0.58 eV, which is still in
disagreement with experiment but is better than any of the
VCA predictions. A more refined calculation by Chibane et
al.,39 using eight-atom supercells, predict a large and
compositional-dependent positive bowing for the direct gap
in Ge1−ySnyalloys, in good agreement with the experimental
values reported thus far.14,17

The previous observation of a large bowing for the direct
band gap14,17 and the prediction of a compositional-
dependent bowing39 suggest that Ge1−ySny alloys might fall
in the “giant bowing” regime discussed by Wei and Zunger.40

This is the case in Si1−zCz and Ge1−x−zSixCz alloys, where the
band gap has been shown to decrease as a function of the
C-concentration z for small values of z.41–43 The physics of
giant bowing appears to be related to the formation of deep
levels as a result of the large mismatch of atomic level ei-
genvalues between the “impurity” and the host. According to
Harrison,44 the s-function eigenvalues are −19.38, −14.79,
−15.16, and −13.04 eV for C, Si, Ge, and Sn, respectively.
The corresponding p-function eigenvalues are −11.07, −7.59,
−7.33, and −6.76 eV, respectively. Since the Ge-Sn differ-
ences are much smaller than the Si-C differences, we expect
Ge1−xSix alloys to provide a better conceptual framework
than Si1−zCz alloys for the understanding of the electronic
structure of Ge1−ySny alloys. The detailed experimental study
presented here confirms that the electronic structure of
Ge1−ySny alloys is indeed more Ge1−xSix-like than
Si1−zCz-like. We find larger bowing parameters in Ge1−xSnx
than in Ge1−xSix, but these parameters do not reach the ex-
traordinarily large values reported for systems such as
GaNxAs1−x �Ref. 45�. Moreover, we find that the bowing
parameters in Ge1−ySny alloys and Ge1−xSix alloys are ap-
proximately proportional to the product of the atomic size
mismatch and the electronegativity difference. This is the
electronic-structure analog to the remarkable scaling correla-
tion we have found for the compositional dependence of Ra-
man frequencies in the two systems.46

II. EXPERIMENT

A. Samples

Our Ge1−ySny samples were grown by ultrahigh vacuum
CVD on Si �100� substrates using a deuterium-stabilized Sn
hydride with digermane.12,14,16 We prepared samples with
composition 0.02�y�0.20 and thickness 50 nm� t
�200 nm, respectively. Figure 1 summarizes the structural
characterization analysis for a typical Ge1−ySny film. The
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composition y and thickness t of the films were established
by Rutherford backscattering �RBS�. The ratio between the
aligned and random peak heights in the RBS spectra, which
measures the degree of channeling of the incoming He2+ions,
is the same for both Ge and Sn. This indicates that the entire
Sn content occupies substitutional sites in the average dia-
mond cubic structure. Transmission electron microscopy
�TEM� studies confirm the RBS-thicknesses and show that
the bulk of the films are virtually dislocation-free. The lattice
mismatch between Ge1−ySny and the Si substrate is accom-
modated by Lomer dislocations at the interface. High-
resolution x-ray diffraction reveals single-phase crystalline
films. Reciprocal lattice maps indicate that the samples are
essentially relaxed, with a residual strain less than 0.1%
�compared with about 4% for a fully strained film on Si�. The
lattice constant as a function of composition can be written
as a�y�=aSny+aGe�1−y�−by�1−y�, with −0.17 Å�b�0 Å.
The bowing coefficient for the lattice constant has the oppo-
site sign to that for Ge1−xSix alloys �b=0.026 Å�.47 This in-
teresting difference between the two systems has been pre-
dicted theoretically,39,48 and shown to be correlated with the
behavior of bond lengths in simple molecules containing
bonds between group-IV elements.48

B. Ellipsometric measurements

The optical properties of the films and a reference Ge
sample were investigated at room temperature using a
Variable-Angle Spectroscopic Ellipsometer �VASE49� with a
computer-controlled compensator, and an Infrared Variable
Angle Spectroscopic Ellipsometer50 with a rotating compen-
sator.

Using the visible-UV instrument, the dielectric function
of our films was determined from 0.74 to 6.6 eV with
0.01 eV steps from measurements at three angles of inci-
dence �65°, 70°, and 75° �. Our monochromator uses three
gratings and low-pass optical filters for wavelength selection.
The accuracy of the photon energies was tested with a cali-
bration lamp and found to be better than 1 meV.

The IR-VASE system is based on a Fourier-Transform
Infrared Spectrometer. It covers the 0.03 to 0.83 eV range.
For two samples with y=0.02 and y=0.14, respectively, the
measurements were performed at two angles of incidence:
65° and 75°. Three angles of incidence between 65° and 75°
were used for all other samples.

C. Ellipsometric data processing

The ellipsometric data were analyzed in terms of a three-
layer model consisting of a Si substrate, a Ge1−ySny alloy,
and a surface layer. The known dielectric function �=�1
+ i�2 of the Si substrate as well as the native germanium
dioxide51 were used in either tabulated or parametrized form.
The dielectric function of the Ge1−ySny alloy was described
with a “parametric optical constant model” developed by
Johs and Herzinger.52 The Johs-Herzinger model is related to
a lineshape model proposed by Kim and Garland for the
dielectric function of zincblende semiconductors.53 It pro-
vides an excellent description of the known dielectric func-
tions of tetrahedral semiconductors using a large number of
parameters �typically more than 50 for each material�. One of
the advantages of using parametric models is that they guar-
antee Kramers-Kronig consistency between the real and
imaginary parts of the dielectric function.

The adjustable parameters of our model are the oxide
layer thickness, the Ge1−ySny thickness, and all the param-
eters of the Johs-Herzinger model that describes the dielec-
tric function of Ge1−ySny. They are optimized using a propri-
etary Marquardt-Levenberg algorithm provided by the
ellipsometer’s manufacturer. Given the large number of ad-
justable parameters, a well-converged and physically reason-
able fit requires a judicious choice of the initial seed values
and the sequential release of the fitting parameters. We start
by setting the parameters of the Johs-Herzinger model to
values that fit the known dielectric function of pure Ge. Us-
ing this ansatz we determine the thicknesses of the native
oxide and Ge1−ySny layers. There is very little correlation
between the two thickness parameters because the oxide
layer thickness affects the results at high photon energies,
whereas the Ge1−ySny thickness becomes relevant at those
lower photon energies for which the Ge1−ySny layer is par-
tially transparent. The alloy thicknesses obtained at this stage
are normally very close to the RBS or TEM values. Next, we
allow the parameters of the Johs-Herzinger model to vary

FIG. 1. �a� Diffraction contrast XTEM micrograph of a
Ge0.96Sn0.04 film grown on Si�100�. The inset shows a high resolu-
tion view of the interface and the location of a Lomer defect �ar-
row�. �b� RBS random and aligned spectra of a 200 nm Ge0.96Sn0.04

film grown on Si�100�. The high degree of channeling indicates a
monocrystalline and perfectly epitaxial layer. The ratio of the
aligned versus random peak heights is the same for both elements,
indicating complete substitutionality of Sn in the structure. �c� Di-
rect space map showing the in-plane and out-of-plane lattice con-
stants of a Ge0.985Sn0.015 layer grown directly on Si. The analysis
reveals apar=5.688 Å and aperp=5.676 Å, so that the residual mis-
match strain is about −0.09%.
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using the layer thicknesses obtained in the previous step.
This is usually done by releasing parameters sequentially,
starting with those affecting the optical response at high pho-
ton energies. Finally, we release all parameters in the model,
including thicknesses, and determine simultaneously the na-
tive oxide thickness, the Ge1−ySny thickness, and the dielec-
tric function of the alloy.

Systematic errors in the dielectric function of Ge1−ySny
determined with this procedure can arise from the assump-
tions made about the optical properties of the surface layer,
from the built-in bias of the Johs-Herzinger description, and
from lateral and vertical nonuniformities in the alloy that are
not included in the model. The latter, however, are not ex-
pected to be very significant, since we find no evidence of
nonuniformities from any of our structural studies.

Critical point information for Ge1−ySny can, in principle,
be extracted from the fit parameters of the Johs-Herzinger
model, but the reliability and meaning of this information is
difficult to establish. This is because not all model param-
eters have a simple physical interpretation that can be linked
to specific features of the electronic band structure. On the
other hand, it is well-known in optical spectroscopy54 that
critical point contributions can be enhanced by studying de-
rivatives of the dielectric function. The differentiation of the
dielectric function suppresses the contributions from slowly
varying regions and yields sharp features that can often be fit
one at a time with a physically meaningful critical point
model containing three of four parameters. Unfortunately,
possible small discrepancies between the actual dielectric
function and its parametrized Johs-Herzinger version can be
highly magnified when comparing second or third deriva-

tives. Therefore, instead of differentiating the parametrized
dielectric function, we differentiate a dielectric function ob-
tained without assuming any particular dispersion model.
This is done by keeping the layer thicknesses at the values
determined from our last fit using the Johs-Herzinger line-
shape, and using the values of the �1 and �2 of Ge1-ySny at
each photon energy as the two adjustable parameters in a fit
to the multiple-angle ellipsometric data at that particular
photon energy. This can be done consecutively, i.e., one pho-
ton energy at a time using the previous step value as the
starting point �the so-called point-by-point fit� or by fitting
all energies simultaneously with the values from the Johs-
Herzinger fit as the starting point. In general, these tech-
niques yield the same final values for the dielectric function.
The final nonparametric dielectric function turns out to be
very close to the Johs-Herzinger lineshape, and therefore it is
Kramers-Kronig consistent. This method does not always
succeed because of numerical instabilities or thickness varia-
tions across the sample.

Nonparametric dielectric functions obtained using the
procedure described above are shown in Fig. 2 for the infra-
red range and Fig. 3 for the visible range. These dielectric
functions, with some exceptions to be explained below, are
then used for a critical-point analysis using derivatives.

D. Critical point analysis

The real and imaginary parts of the dielectric function—
obtained at 0.01 eV intervals—were numerically differenti-
ated and smoothed using corrected Savitzky-Golay coeffi-
cients for second-order derivatives with a polynomial of

FIG. 2. Infrared real �a� and imaginary �b� parts of the dielectric
function of two Ge1−ySny samples. FIG. 3. Visible real �a� and imaginary �b� parts of the dielectric

function of two Ge1−ySny samples.
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degree 5.55,56 The number of smoothing coefficients was op-
timized via a systematic study in which we compared un-
smoothed but differentiated data with smoothed and differ-
entiated data as a function of the number of smoothing
coefficients. In the visible range, a choice of 13 smoothing
coefficients was found to give a good signal to noise ratio
without distorting the lineshape. In the infrared range, we
used seven smoothing coefficients.

Figures 4 and 5 show examples of the resulting lineshapes
after differentiation for the infrared and visible spectral
ranges, respectively. Five well-defined transitions are ob-
served. By analogy with Ge, the infrared transition is as-
signed to the direct band gap E0, whereas the visible transi-
tions are assigned to the so-called E1, E1+�1, E0�, E0�+�0�,
and E2 critical points. The relationship between these transi-
tions and the band structure has been discussed in detail by
Viña et al.57 Briefly, the direct gap E0 is located at the center
of the diamond structure Brillouin zone �� point�. The E1
and E1+�1 structures correspond to transitions between the
top two valence bands and the lowest conduction band along
the 	��111
 �direction in the Brillouin zone. The E0� /E0�
+�0� feature corresponds to transitions at the � point between
the top valence band and the second �spin-orbit split� con-
duction band �associated with p-antibonding states�. The E2
transition includes contributions from different regions of the
band structure, especially points close to the Brillouin zone
edges in the �100
 and �110
 directions.

Notice that the signal-to-noise ratio for the E0 transition is
poor. In three of our samples, Ge0.98Sn0.02, Ge0.88Sn0.12, and

Ge0.86Sn0.14, the Savitzky-Golay procedure leads to unac-
ceptable shape distortions when computing second derivates
from point-by-point dielectric functions. Therefore, for these
samples we compute the derivatives from the parametric
Johs-Herzinger lineshape. Even though this approach in-
volves the risk of systematic errors, as discussed above, we
are confident that in our case the resulting critical point en-
ergies are reliable. We draw this conclusion from the fact that
the Johs-Herzinger lineshape provides an excellent fit to �
=�1+ i�2, and that in the case of the Ge0.92Sn0.08 sample the
derivatives of the point-by-point fit and the parametric line-
shape lead to exactly the same value for E0. We have also
verified that removing the E0 critical point from the Johs-
Herzinger lineshape worsens the fit of the ellipsometric
angles considerably, indicating that E0 does make a substan-
tial and measurable contribution to the optical constants in
this energy range. The photoreflectance technique, discussed
below, is much more sensitive to the E0 transition, and our
photoreflectance results fully confirm our ellipsometric as-
signments.

The expressions used to analyze the second-derivative
lineshapes are

d2�

dE2 =
A0ei�0

�E − E0 + i�0�3/2 , �2�

for the infrared range, corresponding to a three-dimensional
critical point, and

FIG. 4. Numerical second derivative of the point-by-point infra-
red dielectric function of a Sn0.08Ge0.92 sample: �a� real part; �b�
imaginary part. The solid line represents a fit with Eq. �2�.

FIG. 5. Numerical second derivative of the point-by-point vis-
ible dielectric function of a Ge0.98Sn0.02 sample: �a� real part; �b�
imaginary part. The solid line represents a fit with Eq. �3�.
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d2�

dE2 = �
j

Aje
i�j

�E − Ej + i� j�2 , �3�

for the visible range, where each term represents a two-
dimensional critical point. The summation in Eq. �3� runs
over all different transitions. Aj is the amplitude for transition
j, Ej is the critical point energy, � j is a phenomenological
broadening, and � j is a phase angle whose value is, in prin-
ciple, determined by the geometrical nature of the critical
point, but is taken as a free parameter to account for possible
many-body effects. Equation �2� corresponds to a three-
dimensional minimum in the electronic joint density of
states, whereas Eq. �3� represents a mixture of a two-
dimensional minimum and a saddle point. Both real and
imaginary parts of Eq. �2� are fit simultaneously to the ex-
perimental data by a least-square procedure using a
Levenberg-Marquardt algorithm.58 Garland and coworkers
�Ref. 59� have suggested an alternative procedure that elimi-
nates any possible data distortion introduced by the numeri-
cal differentiation of the experimental dielectric function. In-
stead of fitting these numerical derivatives with analytical
expressions such as those in Eqs. �2� and �3�, they compute
numerical derivatives of the model dielectric functions and
fit those to the numerical derivatives of the experimental
data. We have verified that in our case both approaches lead
to virtually the same fit parameters. This is because lineshape
distortions are severe mainly for sharp critical point features,
whereas our critical points for alloy semiconductors at room
temperature are relatively broad.

Since the E0� /E0�+�0� doublet is not resolved �as is the case
in pure Ge at room temperature57�, it is modeled as a single
critical point. All parameters in our fits are allowed to vary
freely, except for the phase angles for the E1 and E1+�1
transitions, which are constrained to have the same value.

E. Photoreflectance measurements

Photoreflectance spectra were acquired using an auto-
mated photoreflectance system,60 equipped for temperature

ramping from 12 to 350 K. Data were collected over a spec-
tral range of 0.55–1.15 eV with an energy resolution of
5 meV. The pump source was a 442 nm line from a He-Cd
laser modulated at a frequency of 1 KhZ. The average power
density of the pump source at the sample surface was
0.75 W/cm2. The detector was a thermoelectrically cooled
InGaAs photodiode.

Most of our photoreflectance measurements were per-
formed at 15 K. For one sample we also carried out measure-
ments at room temperature for a comparison with the ellip-
sometric data. Figure 6 shows typical low-temperature
results. The features observed correspond to the lowest direct
band gap E0 and to the E0+�0 gap between the split-off �7

v

valence band and the same conduction band state as E0. The
E0 transition is very strong in photoreflectance, in contrast
with the ellipsometric measurements discussed above. The
E0+�0 transition is simply too weak to be observed with
ellipsometry. Our results were analyzed using the lineshape
functions

�R

R
= Re� Aexe

i�ex

�E − Eex + i�ex�2 +
A0ei�0

�E − E0 + i�0�5/2� + B0 + C0E ,

�4�

for the E0 transition and

�R

R
= Re� A�ei��

�E − E� + i���5/2� + B�E + C�, �5�

for the E0+�0 transition. Here E�=E0+�0. These expres-
sions are based on the assumption that photoreflectance is a
third-derivative technique.61 For the E0 transition we include
a three-dimensional critical point and the first derivative of a
Lorentzian exciton, whereas the E0+�0 transition is modeled
with a single three-dimensional critical point. The linear
background brings the fits to nearly perfect agreement with
experiment, as seen in Fig. 7, but its removal has little effect
on the energies and broadenings determined from the fits.

The nearly symmetric lineshape of the E0 feature is a
direct consequence of the electron-hole interaction. Without
excitonic effects, the lineshape would be asymmetric, as
found for the E0+�0 transition. Notice that the E0 lineshape

FIG. 6. Photoreflectance signal from Ge �dotted line�.
Ge0.98Sn0.02 �solid line� and Ge0.96Sn0.04 �dashed-dotted line�. The
data were collected at 15 K.

FIG. 7. Photoreflectance data �15 K� and fit with Eq. �4� and Eq.
�5� for a Ge0.96Sn0.04 sample.
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is qualitatively similar in Ge and in the Ge1−ySny samples,
indicating that excitonic effects remain strong in the alloys.
The exciton binding energy we obtain from the Ge fit is
about 4.6 meV. This should be compared with a binding en-
ergy of 2 meV obtained from piezoreflectance by Yin et al.62

The discrepancy is most likely due to the fact that we do not
include a Sommerfeld enhancement factor in our expression
for the three-dimensional minimum. We believe that our
cruder approach is sufficient to study the compositional de-
pendence of the band gap, but it is probably not fully ad-
equate for a detailed study of excitonic binding energies.
Therefore, we kept the exciton binding energy fixed at
4.6 meV for the Ge1−ySny samples.

III. RESULTS AND COMPARISON WITH THEORY

Whenever possible, we have fit the compositional depen-
dence of the critical point parameters with an expression
equivalent to Eq. �1�, using as end points the values we de-
termined for Ge �very similar to previous work by Viña et
al.57� and those for �-Sn from Ref. 63. Unless otherwise
indicated, the end values were kept fixed, so that the fit has
the bowing b as its only adjustable parameter. We find in all
cases that a constant �compositionally independent� bowing
provides an excellent fit to our data. This is consistent with
similar measurements in Ge1−xSix alloys, which show no sig-
nificant evidence for compositionally dependent bowing
parameters.29–32 It must be emphasized, however, that most
of the Ge1−xSix measurements cover the entire compositional
range, whereas our experimental data for Ge1−ySny alloys are
limited to a narrower range near the pure-Ge limit. Thus, we
cannot rule out the possibility that some of the bowing pa-
rameters discussed here may be compositional dependent.

A. E0 /E0+�0 transitions

1. E0 transition

Figure 8 shows the compositional dependence of the di-

rect gap from ellipsometric and photoreflectance measure-
ments at room temperature. Figure 9 shows photoreflectance
data for the same gap at 15 K. Notice that both techniques
produce consistent results. The room temperature photore-
flectance data point in Fig. 8 is in very good agreement with
the ellipsometric data, and the relative energy shifts between
the three low-temperature photoreflectance spectra are in
good agreement with the relative shifts determined from el-
lipsometry.

It is apparent from Fig. 8 and Fig. 9 that the composi-
tional dependence of E0 deviates strongly from a linear in-
terpolation between its values for pure Ge and �−Sn. Notice
that this linear interpolation uses a negative E0=−0.41 eV
for �−Sn. In this material, the �7 antibonding s-like level
appears 0.41 eV below the p-type �8 valence band edge.64,65

In other words, the lowest conduction band state at � in Ge
becomes a valence band in �−Sn. The lowest conduction
band in �−Sn corresponds to the light-hole valence band in
Ge, and the symmetry-imposed degeneracy of heavy and
light holes at the center of the Brillouin zone implies that
�−Sn is a zero-gap semimetal.

The measured compositional dependence is fit with Eq.
�1�, yielding b=1.94±0.1 eV at room temperature and b
=2.61±0.15 eV at a low temperature. We believe that the
difference between the two measurements is largely due to
the additional tensile strain on the Ge1−ySny layers upon
cooling to low temperatures �this is because the thermal ex-
pansion coefficient of Ge is larger than that of the Si sub-
strate�. The correction for this effect using the same band
structure parameters as in Ref. 66 reduces the low-
temperature bowing parameter to b=2.26±0.09 eV, in much
better agreement with the room temperature measurements.
The reason why a relatively small strain has a large effect on
the bowing parameter fit is that we only have two low-
temperature photoreflectance data points, and both points
correspond to low Sn concentrations. By contrast, the room
temperature data, which include more data points and extend
up to 14% Sn, are very weakly affected by the residual com-

FIG. 8. Compositional dependence of the direct gap E0 in
Ge1−ySny alloys at room temperature. The solid squares indicate
band gaps obtained from ellipsometry; the empty square represents
a photoreflectance measurement. The top dashed line represents a
VCA pseudopotential calculation �Ref. 18�. The solid line is a linear
interpolation between Ge and �-Sn. The dashed-dotted line is a
VCA calculation within a tight-binding formalism �Ref. 17�. The
dotted line is a fit with Eq. �1�, and the dashed/double-dotted line is
obtained using the compositional-dependent bowing proposed by
Chibane et al. �Ref. 42�.

FIG. 9. Compositional dependence of the direct gap E0 and the
split-off gap E0+�0 in Ge1−ySny alloys at 15 K determined from
photoreflectance measurements. The dashed-dotted and dashed lines
are linear interpolations between Ge and �-Sn. The dotted and solid
lines represent fits with Eq. �1�. The bowing coefficients determined
from these fits are affected by extrinsic strain effects, as discussed
in the text.
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pressive strains measured by x rays, which are of comparable
magnitude. An additional possible source of systematic er-
rors in the bowing coefficient for the E0 transition is the end
point value for �-Sn. The negative E0=−0.41 eV value was
measured at low temperature, and it was found to be nearly
temperature independent over the 1.5–85 K temperature
range.65 Here we assume E0=−0.41 eV, even at room tem-
perature, but we have verified that a shift as large as 0.1 eV
would only change the bowing parameter by 0.04 eV, well
within the experimental error of our fit.

The E0 bowing obtained from our fits is smaller than the
bowing b=2.8 eV reported by He and Atwater.17 We believe
that our determination is more accurate because we observe
the E0 gap directly, whereas in Ref. 17 E0 is obtained from a
fit to the optical absorption fit that includes the indirect gap
and absorption by localized states.

The two theoretical calculations within the VCA predict a
much smaller bowing: b=−0.40 eV for the pseudopotential
approach25 and b=0.30 for the tight-binding calculation.24

This failure casts doubts on the predicted composition for a
crossover from the indirect to the direct band gap. We dis-
cuss this point later. By contrast, a calculation by Chibane et
al.39 predicts a large, compositionally dependent bowing pa-
rameter that we have fit with the expression b�y�=3.6−14y
+17y2 eV for y�0.5. Using this expression, we compute the
band gap shown as a double-dotted-dashed line in Fig. 8. The
agreement with experiment is excellent. The method used by
Chibane et al. is based on a structural model,23 but few de-
tails are provided. The calculated bowing parameter is appar-
ently obtained from the band gap difference between an or-
dered structure that simulates the random alloy and bulk Ge

and �-Sn. The ordered structure is based on an 8-atom su-
percell, and no indication is given as to whether the alloy
properties are sufficiently converged with such a small cell.
The electronic structure is calculated using a standard
density-functional approach �DFT� within the local-density
approximation �LDA�. To lowest-order, the well-known
DFT-LDA band gap underestimation cancels out when com-
puting bowing parameters from the band gap difference be-
tween two structures, but in the case of Ge the LDA band
gap is vanishingly small,67 and therefore it is not obvious
that a DFT-LDA approach is valid. Since this issue is not
addressed in Ref. 39, the impressive agreement with experi-
ment should be taken with caution, although it strongly sug-
gests that structural theories of bowing are superior to the
VCA when it comes to the electronic structure of Ge1−ySny
alloys.

2. E0+�0 transition

The ellipsometric measurements are not sensitive to the
E0+�0 transition, and therefore we must rely on the low-
temperature photoreflectance data to obtain the composi-
tional dependence of E0+�0. The results are shown in Fig. 9.
By comparing the E0+�0 and E0 bowings, it appears that the
spin orbit splitting �0 has a positive bowing. Unfortunately,
the availability of only two E0+�0 measurements for
Ge1−ySny alloys makes a determination very uncertain. Bow-
ing parameters of spin-orbit splittings in Ge1−ySny and
Ge1−xSix alloys are discussed in detail in Sec. IV C.

3. E1 and E1+�1 transitions

In Fig. 10 we show the compositional dependence of the

FIG. 10. Compositional dependence of the �a� E1 and �b� E1

+�1 transition energies in Ge1−ySny alloys.

FIG. 11. Compositional dependence of the �a� E1 and �b� E1

+�1 amplitude parameters in Ge1−ySny alloys.
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E1 and E1+�1 transitions in Ge1−ySny alloys. Figure 11 and
Fig. 12 show the evolution of the amplitudes and broaden-
ings as a function of composition. A fit to the pseudopotential
VCA calculation25 gives a bowing b=−0.17 eV for the E1
transition. Since this calculation does not include the spin-
orbit interaction, it should be compared to the average of the
experimental E1 and E1+�1 transitions. Experimentally, this
average is b=1.35 eV, in strong disagreement with theory.
Thus the E1 transition results also suggest that the VCA is
insufficient to describe Ge1−ySny alloys. From a comparison
of the bowings for the E1 and E1+�1 transitions we conclude
that the spin-orbit splitting �1 has a negative bowing. This is
discussed in Sec. IV C.

It is interesting to note that the magnitude of the bowing
for the E1 and E1+�1 transition energies is such that for
high-Sn concentrations these transition energies are smaller
than those in pure �-Sn. This explains the puzzling electrore-
flectance results of Oguz et al.,9 who were the first to note
this anomaly. For y=0.78, the Sn concentration in their
sample, our fits predict E1=1.2 eV and E1+�1=1.7 eV,
close to the measured values of 1.3 and 1.6 eV, respectively.
The numerical agreement is very good, considering the fact
that the sample in Ref. 9 is microcrystalline and its Sn con-
centration was obtained from x-ray data by assuming the
validity of the Vegard’ law.

B. E0� and E2 transitions

In Fig. 13 we show the compositional dependence of the
E0� and E2 transitions in Ge1-ySny alloys. From the fits with
Eq. �1�, we obtain bowing parameters b=0.49 eV �E0�� and
b=0.40 eV �E2�. This should be contrasted with b=0.22 eV

�E0�� and b=−0.06 eV �E2� that we obtain from fitting the
pseudopotential VCA calculation.25 Again, we find that the
agreement between experiment and theory is poor. In Fig. 14
we show the compositional dependence of the broadening
for these transitions.

FIG. 12. Compositional dependence of the �a� E1 and �b� E1

+�1 broadening parameters in Ge1−ySny alloys. FIG. 13. Compositional dependence of the �a� E0� and �b� E2

transition energies in Ge1−ySny alloys.

FIG. 14. Compositional dependence of the �a� E0� and �b� E2

broadening parameters in Ge1−ySny alloys.
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IV. COMPARISON WITH Ge1−xSix ALLOYS

A. Structural similarities between Ge1−xSix and Ge1−ySny

alloys

The phonon dispersion relations in pure Si, Ge, and �
-Sn scale very well with the so-called “ionic-plasma
frequencies.”68 Dimensionless ratios of elastic constants are
very similar for the three materials. This suggests that the
effective interatomic potentials that determine structural re-
laxations in Ge1−xSix alloys and Ge1−ySny alloys are also
similar and scalable. An important dimensionless quantity
that characterizes structural relaxations in semiconductor al-
loy systems is the so-called topological rigidity parameter
a** defined by Cai and Thorpe.69 �An equivalent structural
relaxation parameter � was defined by Martins and
Zunger.70� This parameter relates the compositional depen-
dence of bond lengths with the compositional dependence of
the lattice constant: �d /d0= �1−a**���a /a0�. For Ge1−xSix
alloys, first-principles theoretical calculations yield values of
a** between 0.6 �Ref. 71� to 0.7 �Ref. 72� for the Si-Si, Si
-Ge, and Ge-Ge bonds. �A notable exception to the apparent
unanimity of first-principles calculations is the recent work
of Yu and co-workers.73� The experimental values of a** for
Ge1−xSix have been controversial, but the latest analysis of
extended x-ray absorption �EXAFS� data indicate a**=0.6
�Ref. 74�. This value is supported by studies of the compo-
sitional dependence of Raman modes.75 There are no experi-
mental values of a** for Ge1−ySny alloys, but first-principles
calculations76 give a**=0.69, similar to the Ge1−xSix results.
The similarity between the two systems leads to a simple
scaling relationship for the compositional dependence of Ra-
man mode frequencies. This scaling has been verified
experimentally.46

B. Review and reassessment of interband transitions in
Ge1−xSix alloys

The analogous structural relaxation in Ge1−xSix and
Ge1−ySny alloys should lead to correlations between the elec-
tronic structures of the two alloy systems. In particular, bow-
ing parameters for transition energies, broadenings, and spin-
orbit splittings might follow a scaling behavior similar to that
found for the vibrational properties. Unfortunately �and sur-
prisingly�, the relevant bowing parameters are not very well
known in Ge1−xSix alloys, in spite of many years of intense
research on this system. This is due to the fact that bowings
in Ge1−xSix are small, and therefore very difficult to measure.
In addition, the lowest direct gap E0 at the center of the
Brillouin zone is nearly impossible to detect in Si-rich
Ge1−xSix alloys, because it sits very close in energy to the
much stronger E2 structure. To the best of our knowledge,
the only available data for E0�x� are the room-temperature
electro-reflectance measurements of Kline et al. �Ref. 29� for
x�0.5 and the measurements of Aspnes and Studna for pure
Si,77 which yield E0=4.185±0.010 eV and E0+�0
=4.229±0.010 eV at 4.2 K. If we take the temperature de-
pendence of the direct band gap from the theoretical work of
Lautenschlager et al. �Ref. 78�, we estimate E0=4.093 eV
and E0+�0=4.137 eV for Si at room temperature. Using

E0=0.800 eV as a fixed point, we fit the data of Ref. 29 and
obtain a bowing parameter b=0.21±0.04 eV for the E0 tran-
sition. Alternatively, if we do not force the E0 fit to go
through the x=1 value, we still obtain b=0.17±0.1 eV, but if
we fit only the alloy data and discard the Si value completely,
we obtain b�0. This underscores the need for more experi-
mental work to confirm the Ge1−xSix bowing parameters.

For the E0+�0 transition, Kline et al. have fewer data
points measured at room temperature. Using those values
and E0+�0=1.082 eV �Ge�; E0+�0=4.137 eV �Si�, we ob-
tain a bowing parameter b=0.14±0.06 eV for the E0+�0
transition.

The E1 transition in Ge1−xSix alloys has been measured
over the entire compositional range by Kline et al. �Ref. 29�,
Humliček et al. �Ref. 30�, Pickering et al. �Ref. 31�, and
Bahng et al. �Ref. 32�. The E1+�1 transition has been mea-
sured over the same range by Pickering et al. �Ref. 31� and
Bahng et al. �Ref. 32�. For E1, the reported bowing param-
eters are b=0.153 eV �Refs. 30 and 31� and b=0.27 eV �Ref.
32�. A fit of the data in �Ref. 29� with Eq. �1� gives b
=0.184±0.041 eV. For E1+�1, the two references that report
measurements over the entire compositional range give b
=0.062 eV �Ref. 31� and b=0.065 eV �Ref. 32�. A larger
bowing—b=0.116±0.030 eV—can be obtained from a fit to
E1+�1 data in Ref. 29, but these experiments only sample
the x�0.5 range.

Even though there are non-negligible discrepancies be-
tween different measurements of E1 /E1+�1, all studies indi-
cate a negative bowing for the compositional dependence of
the spin-orbit splitting �1, consistent with the negative value
we find for Ge1−ySny alloys. This is discussed in depth in
Sec. IV C.

For the E0� transition, a fit to the data of Kline et al.29

gives a vanishingly small bowing coefficient b=
−0.07±0.04. Pickering et al. �Ref. 31� claim that their data
are essentially linear as a function of composition, whereas
Bahng et al. �Ref. 32� report a bowing coefficient b
=0.222 eV. The E2 transition has been analyzed as the com-
bination of two critical points by Bahng et al., �Ref. 32�. The

FIG. 15. Compositional dependence of the spin-orbit splitting
�0 in Ge1−ySny alloys. The dashed and dashed-dotted lines repre-
sent two linear interpolations using different values for the spin-
orbit splitting in �-Sn, as discussed in the text. The solid and dotted
lines represent fits with Eq. �1� using each of those two end values
for �-Sn.
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two transitions have bowing parameters b=0.084 eV and b
=0.072 eV. The earlier data of Kline et al. �Ref. 29� are
linear within experimental error.

The compositional dependence of the broadening param-
eters for Ge1−xSix alloys has also been studied by Bahng et
al. �Ref. 32�. A fit to those broadenings with an expression
equivalent to Eq. �1� gives b=−0.15, −0.17, and −0.16 eV
for E1, E1+�1, and E0�, respectively, and −0.07 eV/
−0.10 eV for the two critical points associated with the E2
transitions in this paper. Unfortunately, the broadening pa-
rameters are sensitive to the details of the procedure adopted
to perform the numerical derivatives, as mentioned in Sec.
II D, so that it is not straightforward to compare results from
different authors. We note, for example, that the broadenings
for pure Ge from Bahng et al. �Ref. 32� are substantially
larger than our own values and those of Viña et al. �Ref. 57�.

In Table I we summarize the bowing parameters for the
compositional dependence of interband transition energies in
Ge1−xSix and Ge1−ySny alloys.

C. Comparison of spin-orbit splittings

1. Spin-orbit splitting �0

The difference between the E0+�0 and E0 transitions
measured with photoreflectance gives the spin-orbit splitting
�0. The results are shown in Fig. 15. The two experimental
values are considerably below a linear interpolation between
�0=0.297±0.001 eV for Ge �Ref. 79� and �0=0 .80−0.04

+0.07 eV
for �-Sn, �Ref. 65� so that it appears that the bowing of the
spin-orbit splitting �0 is positive. A fit with an expression
analogous to Eq. �1� gives b=0.43±0.07 eV. This value
should be taken as very tentative, not only due to the very
limited number of experimental points, but also because not
even the �-Sn end value is known with great certainty.
Groves et al. 65 determined this parameter from a k ·p analy-

sis of magnetoreflectance data. The authors note that the ver-
sion of k ·p theory used in their paper gives an overall excel-
lent account of the data, but is unable to explain all
experimental details. Depending on how the data is inter-
preted, the spin-orbit splitting could be as low as �0

=0.71 eV. Interestingly, Brudevoll and co-workers have
shown80 that the near-band gap band structure of �-Sn ob-
tained from first-principles calculations cannot be fit exactly
with a k ·p model similar to the one used by Groves et al.
�Ref. 65� Brudevoll and co-workers predict38,80 �0

=0.726 eV for �-Sn and �0=0.311 eV for Ge, the latter very
close to the experimental value �0=0.297 eV �Ref. 79�. A
more recent theoretical analysis of spin-orbit splittings in
diamond and zincblende semiconductors,81 predicts �0

=0.697 eV for �-Sn, and �0=0.302 eV for Ge. For group IV
semiconductors the calculated values are either in exact
agreement with experiment or, with the exception of �-Sn,
slightly larger than the experimental values. We also note
that the ratio �1 /�0 of spin-orbit splittings at the L and �
points of the Brillouin zone in Ge is 0.67, in agreement with
the so-called “two-thirds” rule.82,83 From the measured �1

=0.50 eV for �-Sn at room temperature, �Ref. 63� we would
expect �0=0.75 eV if the same ratio is applicable to �-Sn.
All these observations, combined, suggest that the �0 value
for �-Sn might be somewhat smaller than 0.80 eV. To see
the possible impact of this alternative end value we fit the
data in Fig. 15 using �0=0.697 eV for �-Sn. This gives a
bowing parameter b=0.32±0.07 eV for �0�x�.

For Ge1−xSix alloys, we show in Fig. 16 the spin-orbit
splitting that we obtain from the electroreflectance data of
Kline et al. �Ref. 29� A fit of this quantity using the end
values �0=0.282 eV for Ge �Ref. 29� and �0=0.044 eV for
Si �Ref. 77�, gives a bowing b=−0.026±0.026, that is, the
spin-orbit splitting is a linear function of composition within
experimental error.

The theory of Van Vechten et al. ascribes the positive
bowing of �0�x� observed in many semiconductors to s-p
mixing in the valence band due to alloy potential
fluctuations.84 Van Vechten et al. and Hill,85 propose expres-
sions equivalent to

TABLE I. Bowing parameters �in eV� for different optical inter-
band transitions in Ge1−xSix and Ge1−ySny alloys. The “Ratio” row
shows the largest and smallest possible value computed from the
data in the rows above. If these bowings were exactly proportional
to the product of the size and electronegativity mismatch, the ratio
of bowing parameters would be 0.083.

Alloy E0 E0+�0 E1 E1+�1 E0� E2

Ge1−xSix 0.21a,b 0.14a,b 0.183a 0.116a −0.07a,b 0.072f

0.153c,d 0.062d 0d 0.084g

0.27e 0.065e 0.22e

Ge1−ySny 1.94h 3.04i 1.65h 1.05h 0.49h 0.4h

Ratio 0.11 0.046 0.09-0.16 0.06-0.11 0-0.45 0.18-0.21

aReference 29.
bSee the text for details on fits.
cReference 30.
dReference 31.
eReference 32.
fReference 32, fit to the E2��� transition.
gReference 32, fit to the E2�X� transition.
hOur work, room temperature.
iOur work, low temperature.

FIG. 16. Compositional dependence of the spin-orbit splitting
�0 in Ge1−xSix alloys from the electroreflectance data from Kline et
al. �Ref. 32�.
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b��0�
�0L�y�

=
b�E0�
E0L�y�

, �6�

where �0L�y� and E0L�y� are linear interpolations between
the end values. Using perturbation theory, Chadi83 also ob-
tains an expression in which the bowing of �0 is inversely
proportional to an average band gap. Aside from the fact that
the underlying theory has been questioned on the basis of
first-principles calculations,86 it is apparent that Eq. �6� can-
not be valid for Ge1−ySny alloys over the entire composi-
tional range, because E0L�y� becomes zero. In terms of Cha-
di’s perturbation treatment, one would need to use
degenerate perturbation theory. Nevertheless, if we assume
Eq. �6� to be valid for Ge rich alloys, we predict for our
samples b��0��0.7b�E0�=0.7
1.94 eV=1.4 eV. For
Ge1−xSix alloys we predict b��0��0.3b�E0�=0.3
0.21 eV
=0.06 eV. The theory thus appears to justify the failure to
observe any bowing in �0�x� for Ge1−xSix alloys, and it is not
inconsistent with our findings for Ge1−ySny alloys. We insist,
however, that the experimental uncertainty in the bowing of
�0�x� is too large to draw any definitive conclusions.

2. Spin-orbit splitting �1

In Fig. 17 we show our measured �1 values for Ge1−ySny
alloys, and in Fig. 18 we show values of �1 in Ge1−xSix
alloys obtained from two references29,32 that present E1 and
E1+�1 data in tabulated form. It is apparent that for both
alloy systems the bowing of �1 is negative. We also notice
that the �1 bowing is approximately proportional to the bow-

ing of Ē1=E1+�1 /2, shown in Table II. This is the value of
the E1 transition in the absence of spin-orbit interaction. The
ratio between these two quantities is −0.45 for Ge1−ySny and
somewhere between −0.70 and −1 for Ge1−xSix. A stronger
correlation between the two systems can be obtained if we
assume a compositionally dependent bowing of the form

b��1;y� =
c

�1L�y�
. �7�

Fits with this bowing are shown as dotted lines in Fig. 17 and
Fig. 18, and we see that the fit quality is as good �and per-

haps even better in the case of Ge1−xSix alloys� than the fit
with the standard constant bowing. The fit parameters are

such that c /b�Ē1� is −0.11 eV for Ge1−ySny alloys and be-
tween −0.08 and 0.13 eV for Ge1−xSix alloys. Equation �7�
can be obtained from a theory that assumes that the bowing
in the spin orbit splitting is due to a disorder perturbation
potential that couples the two spin-orbit split bands84 Vish-
nubhata et al.87 observed that in several III-V alloys the com-
positional dependence of the spin-orbit splitting �1 is well
reproduced by setting the bowing parameter equal to the dif-
ference between the end-point spin-orbit values. If this were
to apply to Ge1−ySny alloys as well, we should have b=
−0.3 eV, a factor of 2 smaller than the experimental value.

3. Comparison of bowing parameters for interband
transitions

It is apparent from Table I that the Ge1−ySny bowings are
larger than Ge1−xSix bowings by factors that range from 2 to

FIG. 17. Compositional dependence of the spin-orbit splitting
�1 in Ge1−ySny alloys. The solid line represents a fit with an ex-
pression analog to Eq. �1�. The dashed line is a linear interpolation
between Ge and �-Sn, and the dotted line is calculated with an
expression analog to Eq. �1�, but using a compositional-dependent
bowing parameter as given in Eq. �7�.

FIG. 18. Compositional dependence of the spin-orbit splitting
�1 in Ge1−xSix alloys. The experimental data has been collected
from Kline et al. �Ref. 29� and Bahng et al. �Ref. 32� The solid line
represents a fit with an expression analog to Eq. �1�. The dashed
line is a linear interpolation between Si and Ge, and the dotted line
is calculated with an expression analog to Eq. �1� but using a
compositional-dependent bowing parameter as given in Eq. �7�.

TABLE II. Bowing parameters �in eV� for the Ē0 and Ē1 optical
transitions in Ge1−xSix and Ge1−ySny alloys. These are calculated
from the measured E0 and E1 transitions by subtracting the effect of
the spin-orbit interaction. The “Ratio” row shows the largest and
smallest possible value computed from the data in the rows above.
If these bowings were exactly proportional to the product of the size
and electronegativity mismatch, the ratio of bowing parameters
would be 0.083.

Alloy Ē0 Ē1

Ge1−xSix 0.22a,b 0.11c

0.17d

Ge1−ySny 2.08e 1.35e

Ratio 0.11 0.081–0.13

aReference 29.
bSee the text for details on fits.
cReference 31.
dReference 32.
eOur work.
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17. Bernard and Zunger point out that their calculated bow-
ings for a number of semiconductor alloys �which, unfortu-
nately, do not include group IV alloys� scale with the product
��AB�RAB of the electronegatively and atomic size
mismatches.23 If we use data from Phillips,88 a similar scal-
ing would lead to Ge1−ySny bowings that are 12 times larger
than Ge1−xSix bowings, within the range of the experimental
observations. To study this in further detail, it is convenient
to narrow down our comparison to transitions that are
equivalent beyond doubt, and to separate purely band-
structure effects from spin-orbit contributions, since the bow-
ing for the band separations and the bowing for the spin-orbit
splittings might have different physical origins. We note that
the E0� feature actually consists of two transitions, E0� and
E0�+�0�, that are not resolved except in pure Ge at low
temperatures57 The very different values of the spin-orbit
splittings in the two systems and the possibility that �0� might
have a significant bowing could introduce artifacts in a bow-
ing comparison. In addition, the bowing for E0� in Ge1−xSix
alloys obtained by Bahng et al. �Ref. 32� is b=0.222 eV,
while other authors claim that this transition’s bowing is es-
sentially zero. With this level of uncertainty we cannot draw
any conclusion from comparing the bowing of E0� in Ge1−xSix
and Ge1−ySny. As to the E2 transitions, they originate from
different regions in the Brillouin zone of these semiconduc-
tors. The relative mix of k-space contributions could easily
change as a function of composition, and therefore we might
be looking at different states when comparing E2 in Ge1−xSix
and Ge1−ySny alloys. Because of these uncertainties, we limit
any further comparison to the E0 and E1 transitions.

If there were no spin-orbit splittings, the measured E0 and

E1 transition energies would be Ē0=E0+�0 /3 and Ē1=E1
+�1 /2. In Table II we show the bowings for these two ener-

gies. We see that for Ē0 the ratio of bowing parameters is

between 0.077, whereas for Ē1 the ratio of bowing param-
eters is between 0.08 and 0.13. These values are close to the
ratio 0.083 expected if the bowing parameters are propor-
tional to ��AB �RAB. In Fig. 19 we show the bowings for

Ē0=E0+�0 /3 for Ge1−ySny and Ge1−xSix alloys as a function
of ��AB�RAB. We see that the bowings follow a straight line

with a nearly zero intercept. The figure also includes the
predicted bowing for Si1−zSnz alloys,89which is remarkably
close to the extrapolation from the experimental Ge1−xSix and
Ge1−ySny values.

4. Comparison of bowing parameters for broadenings

The experimental bowing parameters for the E1, E1+�1,
E0�, and E2 transitions in Ge1−ySny alloys are all similar, rang-
ing from −0.90 to −1.15 eV. Interestingly, we find the same
behavior for the E1, E1+�1, E0� transitions in Ge1−xSix alloys,
which range from −0.1 to −0.17 eV. �The E2 transition has
been fit with two critical points in Ge1−xSix alloys,32 and
therefore it cannot be compared directly to our E2 fits in
Ge1−ySnyalloys.� The ratio between bowing parameters in the
two systems is about 0.1, that is, it is comparable to the ratio
of bowing parameters for the transition energies. This corre-
lation between critical point broadenings and energies sug-
gest that structural effects control the behavior of both types
of parameters.

V. IMPLICATIONS FOR THE DIRECT-INDIRECT
CROSSOVER

The two VCA calculations of the band structure of
Ge1−ySny alloys predict that the band gap becomes direct for
0.2�yc,VCA�0.26. This is very close to the value ycL
=0.22 obtained from a simple linear interpolation between
Ge and �-Sn, shown in Fig. 20. However, our observation of
strong nonlinearities in the compositional dependence of all
interband transitions casts serious doubts on the accuracy of
the theoretically predicted yc,VCA. Using absorption measure-
ments, He and Atwater,17 and Pérez Ladrón de Guevara et
al.19 determine a crossover concentration yc�0.1, well be-

FIG. 19. Bowing parameters for the E0 average gap in Ge1−xSix,
Ge1−ySny, and Si1−zSnz alloys. The Ge1−xSix and Ge1−ySny data are
experimental, the Si1−zSnz is from a theoretical calculation by Fer-
hat and Zaoui �Ref. 89�.

FIG. 20. Predicted compositional dependencies of the direct and
indirect band gap in Ge1−ySny alloys. The dashed-double-dotted and
dashed lines represent linear interpolations between Ge and �-Sn.
The solid line is our experimental result for the direct gap. The
dotted line represents the indirect gap computed with bind

=1.23 eV, which we believe is an upper limit for the value of this
unknown bowing parameter. This means that the concentration y for
the indirect to direct transition in Ge1−ySny alloys should be less
than 0.11.
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low the VCA prediction. Unfortunately, the reliability of
such measurements is hard to establish, since in Ge the indi-
rect gap absorption is about two orders of magnitude weaker
than the direct gap absorption. Thus, any alloy broadening of
the direct gap could overlap the indirect absorption. More-
over, in order to fit their data these authors had to introduce
a third contribution from localized states, which were asso-
ciated with dislocations. This further increases the uncer-
tainty of the absorption edge determination. It is important to
point out that our ellipsometric and photoreflectance data can
be understood in terms of a broadened direct transition. In
our samples we find no evidence for the indirect edge or for
absorption by localized states.

The indirect gap Eind in a semiconductor with a Ge-like
band structure is given by

Eind = Ē1 + E�L3v� −
�0

3
, �8�

where Ē1 is defined above and E�L3v� is the energy of the
highest valence band at the L point of the Brillouin zone �in
the absence of spin-orbit coupling� measured with respect to
the maximum of the valence band at the � point in the ab-
sence of spin-orbit coupling ��25� state; see, for example,

Ref. 54�. As a consequence of Eq. �8�, b�Eind�=b�Ē1�
+b�L3v�−b��0� /3. If b�Eind��b�E0�, then yc�ycL�yc,VCA.

For our Ge1−ySny alloys, b�Ē1�−b��0� /3=1.21 eV and
b�E0�=1.94 eV. Therefore, yc�ycL�yc,VCA if b�L3v�
�0.7 eV. The bowing b�L3v� is not known experimentally,
but calculations of this parameter for several II-VI and III
-V alloys semiconductors show that it is negative.36 The
same appears to be valid for group IV alloys. The CPA
calculations27,90 of Krishnamurty et al., give b�L3v�=
−0.11 eV. These calculations overestimate the experimental
band gap bowings, but given their overall agreement with
experiment, it is unlikely that the sign of b�L3v� will be in-
correct. In tight-binding theory,44 E�L3v�-E��25��=2Vpp�=
−1.2 �2 / �md2� for a homopolar semiconductor. �Here d is
the interatomic distance. All notation is from Harrison.44�
The d−2 dependence means that the VCA contribution to the
bowing of E�L3v�-E��25�� is negative, so that it is not entirely
surprising that calculations incorporating effects beyond the
VCA still show b�L3v��0. The very important implication
for our Ge1−ySny work is that the crossover composition yc
should be smaller than previously assumed. We can obtain an
upper limit for yc by assuming b�L3v�=0. In this case, the
indirect gap would be given by the dotted line in Fig. 20, and
the crossover occurs for y=0.11. Therefore, yc�0.11. This
is, interestingly, in agreement with Refs. 17 and 19.

A remarkable property of the bowing parameters b�L3v�
computed by Wei and Zunger36 is that they are approxi-
mately proportional to the product of the electronegativity
and atomic size mismatches. If the same scaling behavior
were valid for Ge1−ySny and Ge1−xSix alloys, we could pre-
dict b�L3v� �and therefore, from Eq. �8�, b�Eind�� for Ge1−ySny

alloys from its value for Ge1−xSix alloys. The procedure in-
volves three steps: �i� use the known b�Eind� and Eq. �8� to
obtain b�L3v� in Ge1−xSix; �ii� multiply the resulting b�L3v�
by the appropriate scaling factor to obtain its value in

Ge1−ySny; and �iii� apply Eq. �8� again in a reverse direction
to obtain b�Eind� for Ge1−ySny. Unfortunately, since the scal-
ing factor is 12, any error in b�L3v� for Ge1−xSix alloys would
be severely magnified when computing the same parameter
for Ge1−ySny alloys. The experimental data of Weber and
Alonso,91 and Morar and Batson92 implies that for Ge1−xSix
alloys the bowing of the indirect gap a the L point is
b�Eind��0. Moreover, since b��0��0 in this system, we ob-

tain b�L3v�=−b�Ē1�. Thus, from Table II, b�L3v��0. This is
in agreement with the theoretical arguments discussed previ-

ously. If we take b�Ē1�=0.11 eV from Table II, then b�L3v�
=−0.11 eV, which, intriguingly, is in exact agreement with
the theoretical prediction from the CPA calculations27,90 of
Krishnamurty et al. that we discussed previously. From our
scaling argument we expect b�L3v�=−1.32 eV for Ge1−ySny

alloys, leading to �Eq. �8�� b�Eind�=−0.11 eV. The indirect
gap calculated with this bowing is almost indistinguishable
from the linear interpolation, shown as a dashed line in Fig.
20, so that yc could be as low as yc=0.06. In fact, the cross-
over composition would be even smaller if we had based our

scaling argument on the value b�Ē1�=0.17 eV for Ge1−xSix
from the work of Bahng et al.32 We insist, however, that the
error in these predictions is very large, not only because of
the large scaling factor from Ge1−xSix to Ge1−ySny alloys, but
also because our calculated b�Eind� for Ge1−ySny alloys turns
out to be given by the difference between two larger num-
bers. Photoluminescence experiments to locate the crossover
concentration yc are currently underway.

VI. CONCLUSIONS

An in-depth comparison of the electronic structure of
Ge1−ySny and Ge1−xSix reveals intriguing correlations. Al-
though fraught with considerable experimental uncertainty,
these correlations suggest a scaling behavior between bow-
ing parameters in Ge1−ySny and Ge1−xSix alloys. This scaling
is not only interesting from a theoretical perspective, but it
has practical implications. It is very unlikely that any corre-
lation would exist if the wave functions for the correspond-
ing conduction and valence band states in both alloy systems
were too different. This is in strong contrast with Si1−xCx
alloys, where a localized level around C atoms either forms a
lowest conduction band or lies just above it93,94 We specu-
lated in the Introduction that localized levels were unlikely in
the Ge1−ySny system. Our experimental results appear to be
consistent with this initial presumption.

In addition to interband energies and broadenings, ellip-
sometry provides information on other critical point param-
eters, such as amplitudes and phases, that we have not dis-
cussed because there are no theoretical predictions. This
underscores the limitations of current theories of alloy semi-
conductors. Calculations of the alloy dielectric function are
rare �see, for example, Ref. 95� and the few authors who
present such calculations do not compute the derivatives that
would yield theoretically predicted amplitudes and phases.
The latter, in particular, are strongly affected by excitonic
effects, and we hope that recent successes in incorporating
such effects into first-principles calculations of elemental and
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compound semiconductors96,97 will stimulate work on first-
principles dielectric functions for alloy semiconductors.
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