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The temperature dependence of the magnetic specific heat has been studied experimentally and theoretically
in the semimagnetic semiconductor Pb1−xEuxTe for x=0.027 and 0.073, over the temperature range from 0.5 to
10 K, in magnetic fields up to 2 T. There was a maximum in the magnetic specific heat between 1 and 3 K
even in zero and low magnetic fields; this maximum shifted toward higher temperatures with increasing
magnetic field. The experimental data have been analyzed in the framework of a model in which we assume
that the ground states of europium ions are split even without an external magnetic field. We present arguments
which support this assumption and we show that it is possible to find a physical mechanism leading to the
splitting which can explain the experimental results.
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I. INTRODUCTION

Semimagnetic semiconductors �SMSs�, also known as di-
luted magnetic semiconductors, have been studied exten-
sively during the past two decades. Recently, there has been
considerable interest in these materials because of their pos-
sible applications in spintronics. Optical and magnetic mea-
surements have shown that, in general, IV-VI SMSs with a
3d element as the magnetic ion have a much weaker ex-
change interaction than that found in II-VI SMSs with the
same magnetic ions. Also, the IV-VI SMSs with rare earths
have a weaker exchange interaction than that found in the
same materials with a 3d element as the magnetic ion �for a
review see Refs. 1–4�. Electron spin resonance investigations
in SnTe with Mn, Eu, and Gd have shown that the exchange
interaction between free carriers and magnetic ions is
roughly an order of magnitude smaller for Eu and Gd than
for Mn.5 The mechanism of the exchange interaction among
magnetic ions in IV-VI SMSs is still not well understood.

Our previous investigations of the magnetic properties of
Pb1−xMnxTe and Pb1−xEuxTe indicated a small �J /kB�1 K�,
antiferromagnetic exchange interaction among magnetic
ions.6–8 In Pb1−xEuxTe the absolute value of the exchange
constant was about three times smaller than in Pb1−xMnxTe
and decreased with the increasing Eu content. In Ref. 9 ter
Haar et al. have observed magnetization steps in the high-
field magnetization at mili-K temperatures in Pb1−xEuxTe
and found exchange constant values similar to ours. By com-
parison with the results in II-VI SMSs we came to a conclu-
sion, that in IV-VI SMSs the dominant exchange mechanism
is the superexchange between nearest neighbors �NNs�. In
order to develop a more complete model and to obtain pa-
rameters for the exchange interaction, we have made
complementary measurements of the magnetic specific heat
of Pb1−xMnxTe and analyzed the results together with the
results of the magnetization and magnetic susceptibility
measurements.10 It turned out that the mechanism of the ex-
change interaction in Pb1−xMnxTe may be more complex

than just the NN superexchange. To explain the temperature
and magnetic field dependence of the specific heat of
Pb1−xMnxTe it was necessary to take into account a splitting
of the ground-energy state of single Mn ions in Pb1−xMnxTe
and the p-d coupling between magnetic ion spins and free
carriers.

In the present paper we report studies of the magnetic
specific heat of Pb1−xEuxTe crystals and compare the results
with those obtained in Pb1−xMnxTe. Some preliminary data
have been recently reported.11 This is an investigation of the
magnetic contribution to the specific heat in rare-earth-doped
SMSs. In the following sections we present the experimental
results and analysis of specific heat measurements and give a
physical model for the magnetic specific heat of Pb1−xEuxTe.

In the theoretical analysis presented in Sec. III we argue
that the experimentally observed magnetic specific heat is
mainly due to single europium ions split in the disordered
crystal environment. The splittings of magnetic ions caused
by the crystal field are small and have been usually detected
in electron paramagnetic resonance �EPR� experiments.
However, for europium in IV-VI semimagnetic semiconduc-
tors these splittings are large enough to be observed also in
different kinds of measurements. In closely related semicon-
ductors Pb1−xEuxS and Pb1−xEuxSe magnetization steps due
to the splitting of single europium ions have been
observed.12,13 In Pb1−xEuxTe we expect a similar effect.

There is no consensus in the literature concerning the
mechanism of the ground state splitting of 8S rare-earth ions
in crystals. Several models were proposed and analyzed.14–16

It seems that at present it is impossible to decide unequivo-
cally which mechanism should be applied to a specific case.
Instead, we suspect that in each case several mechanisms
should be considered. Therefore, in Sec. III we consider four
different physical mechanisms leading to the splitting and
estimate magnitudes of the resulting splittings.

The important part of the theoretical analysis is the incor-
poration of deformations of the Pb1−xEuxTe crystal. These
deformations are caused by the difference between Eu and
Pb atoms and it turns out that even relatively small depar-
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tures from octahedral symmetry may lead to splittings of the
order 1–10 K. Therefore, they should be taken into account
in analysis of magnetic specific heat measurements.

The theoretical considerations in the present paper are
limited mainly to the case of the x=0.027 sample. For this
sample most of the magnetic ions are singles, i.e., they have
no nearest magnetic neighbors. For the sample with higher
concentration of Eu, x=0.073, although the theory may be
applied formally, its quantitative predictions are not very re-
liable, because for such a high concentration a significant
number of the Eu atoms is in larger, many atom clusters and
the theoretical analysis of such a system is much more diffi-
cult.

II. EXPERIMENT

We have measured the specific heat of Pb1−xEuxTe with x
values of 0.027 and 0.073. The samples of Pb1−xEuxTe were
grown by the Bridgman technique and the Eu concentration
was estimated from the amounts of the components intro-
duced into the growth chamber and measured by energy dis-
persive x-ray analysis. The nominal x values were 0.03 and
0.06 with uncertainty of about 20%. The crystals were cut in
the shape of Hall bars with typical dimensions 1.5�2
�6 mm3. The samples were p type with carrier concentra-
tions, from Hall measurements, of about 1�1018 cm−3. With
increasing x the hole concentration decreased and the mobil-
ity increased.

Previously we have measured high-temperature magnetic
susceptibility and low-temperature, high-field magnetization
of Pb1−xEuxTe with x up to 0.1.7,8 By fitting the susceptibility
data to the Curie-Weiss law we obtained the average Eu con-
tent in our samples �xav� and very small Curie-Weiss tem-
peratures indicating an antiferromagnetic exchange between
Eu ions, J /kB=−0.38 and −0.27 K for xav=0.027 and 0.073,
respectively.

The measurements of the heat capacity were performed in
a cryostat using 3He and 4He systems over the temperature
range 0.5–15 K in magnetic fields 0, 0.5, 1, and 2 T. We
used the standard adiabatic heat-pulse method.17 Errors in
the heat capacity values were about 5%. The experimental
details have been described elsewhere.10

In order to obtain the magnetic contribution to the specific
heat CH it was necessary to subtract the specific heat of the
Pb1−xEuxTe lattice from the measured total specific heat of
Pb1−xEuxTe. This was not a simple task. Bevolo et al. found
that the specific heat of PbTe has an anomaly below 5 K and
could not be fitted with the standard expression C=�T
+�T3, where �T and �T3 are the electronic and lattice con-
tributions, respectively.18 In fact, they could not obtain a sat-
isfactory fit to their data with an expression of the form C
=�T+�T3+�i=1

n �iT
2i+3 unless n was at least 10. Therefore,

we measured the heat capacity of our own Bridgman-grown
PbTe sample in zero magnetic field and 2 T, over the tem-
perature range from 0.5 to 15 K and found that the tempera-
ture dependence was the same for 0 and 2 T within our ex-
perimental error �as expected�. In Ref. 10 we described this
experiment and have shown the specific heat of PbTe vs
temperature in zero magnetic field. In our preliminary paper

we have shown the result of simple subtraction of the PbTe
specific heat from the Pb1−xEuxTe specific heat.11 In the
present paper we take into account the effect that the replace-
ment of Pb with an atomic mass of 207.2 by Eu with an
atomic mass of 151.97 leads to a decrease in heat capacity,
even for small values of x. To account for this we divided the
entire set of PbTe specific heat data by empirically deter-
mined factors, 1.11 for x=0.073 and 1.04 for x�0.027, be-
fore subtracting from the Pb1−xEuxTe. These factors were
determined by assuming that at temperatures above 15 K, in
the absence of an applied magnetic field, the magnetic con-
tribution to the specific heat of Pb1−xEuxTe is negligible.
Therefore, this division by 1.11 �1.04� gave results for PbTe
that were the same as those for Pb1−xEuxTe at 15 K for x
=0.073 �0.027�. Since this is an empirical correction, we
emphasize in the present work the data at temperatures be-
low 5 K where the lattice specific heat is much smaller than
the total specific heat. In the interesting region, below 2 K,
the specific heat of PbTe was more than three orders of mag-
nitude smaller than that of Pb1−xEuxTe.

The magnetic specific heat data for Pb1−xEuxTe are shown
in Figs. 1 and 2. We believe that the scatter in the data
represents the experimental error. For both x values there is a
broad maximum in the magnetic specific heat at about 2 K in
zero magnetic field. The maximum is several times higher
than that predicted by the cluster model of superexchange
interaction between nearest neighbors. At higher magnetic
fields the value of specific heat at the maximum increases

FIG. 1. Magnetic specific heat of Pb1−xEuxTe with x=0.073 in
various magnetic fields.

FIG. 2. Magnetic specific heat of Pb1−xEuxTe with x=0.027 in
various magnetic fields. Points: experimental data, lines: theoretical
predictions of the nearest-neighbor interaction model for B=0 �con-
tinuous line� and B=0.5 T �broken line�.
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and above 0.5 T it shifts to higher temperatures; for x
=0.073 the shift is smaller than for x=0.027. This behavior is
different from that observed in Pb1−xMnxTe �Ref. 10� or
Sn1−xMnxTe,19 where the value of the magnetic specific heat
at zero magnetic field and all higher fields was nearly the
same, but the shift of the maximum with increasing magnetic
field was bigger than in Pb1−xEuxTe.

III. THEORETICAL ANALYSIS

Before we start the analysis of magnetic specific heat
�MSH� let us recall the model of the europium atom in
Pb1−xEuxTe which describes quite well magnetization and
magnetic susceptibility experimental data.8 The electron con-
figuration of a free Eu atom is 4f75s25p66s2. It is believed
that when it replaces a Pb atom in PbTe the electrons from
the outermost shell 6s2 play the role of 6p2 electrons of Pb
and contribute to crystal bindings. Due to the strong relativ-
istic downward shift, the energy position of 6s2 Pb electrons
is deeply in the valence band.20 As a result we obtain Eu2+

ion, electrically inactive with respect to the crystal, despite
the fact that it replaces Pb atom from the IV group. Such a
picture is confirmed by the fact that the presence of even
10% of Eu atoms has almost no effect on carrier
concentration.2

According to Hund’s rule the ground state of Eu ion is 8S,
it means that seven 4f electrons form the spin S=7/2 and the
total angular momentum L=0. Thus, the ground state of the
ion is eightfold degenerate. This degeneracy is removed by
external magnetic field B or by interaction with another mag-
netic ion. With such assumptions the Hamiltonian for the
spin subsystem reads

H = g�B�
i

B · Si − �
ij

JijSi · S j , �1�

where the g factor g=2, �B is the Bohr magneton, and Jij is
the exchange integral between the ith and jth spins. If the
content of Eu is small, of the order of 1–3 %, we may safely
assume that most of the ions have no nearest magnetic neigh-
bors and only small percentage of them form two- or three-
atom clusters called, in the literature, pairs, open triangles,
and closed triangles. Assuming the statistical distribution of
Eu atoms in the PbTe lattice, one knows the average number
of singles and the average number of atoms in pairs, open
triangles, and closed triangles.21 Then every thermodynamic
quantity, in particular the magnetic specific heat, may be cal-
culated.

Although such a cluster model is successful in description
of magnetization in Pb1−xEuxTe �Ref. 8� it fails in the case of
MSH. In Fig. 2 we see that the calculated MSH is much
smaller than the one observed experimentally. The calculated
MSH in Fig. 2, for B=0 is due to pairs and triples only,
because the contribution from singles, which are for B=0
eightfold degenerate, is zero. The specific heat due to larger
clusters has, for a sample with x=0.027, a very small contri-
bution of about 2.5 %. We also think that theories such as the
extended nearest-neighbor pair approximation22 based on the
long range mechanism of spin-spin interaction, are not appli-
cable to Pb1−xEuxTe because even the nearest-neighbor Eu

-Eu exchange integral in Pb1−xEuxTe is small, J /kB�
−0.25 K,8,9 and more distant interactions, which quickly de-
cay with the distance, cannot explain the broad maximum for
MSH for B=0. Let us also note, that for nonzero magnetic
field the theoretical curve above 1 K lies well below the
experimental points. This picture gives evidence for a non-
negligible density of energy states in the energy region far
above 2 K, which must be taken into account to describe the
experiment properly. This density of states of the system
does not result from the model described by the Hamiltonian
�1�.

The situation is somewhat similar to the case of
Pb1−xMnxTe, where the peak in zero magnetic field MSH is
also unexpectedly high.10 There is, however, at least one im-
portant difference between Pb1−xEuxTe and Pb1−xMnxTe. Ac-
cording to statistical mechanics, for any physical model de-
scribing MSH of a spin system, in particular for a model
described by Eq. �1�, we have following entropy relation

�
0

�

dT
CH�T�

T
= xR ln�2S + 1� − kB ln�gH� , �2�

where R is the molar gas constant, S is the magnetic ion spin
�for Eu2+ S=7/2�, CH�T� is the molar magnetic specific heat
at temperature T and in an external magnetic field, and gH is
the degeneracy of the ground state of the system. The degen-
eracy depends on the magnetic field. In an external magnetic
field B�0, gH=1 and the second term on the right-hand side
disappears; thus calculating the difference between the left
hand side of Eq. �2� for magnetic fields B�0 and B=0 we
obtain information about the degeneracy of the ground state
in zero external magnetic field. Estimations, based on experi-
mental results presented in Ref. 10, suggest that in the case
of Pb1−xMnxTe this difference is nearly zero �see Fig. 3�.
Thus, in the case of Pb1−xMnxTe, any model leading to
gH=0�1 must be rejected. This is not the case of Pb1−xEuxTe.
In Fig. 2 we see that the difference between MSH measured
in B=0 and in B=0.5 T is much bigger in Pb1−xEuxTe than
in Pb1−xMnxTe. Assuming, as in Ref. 10, the linear tempera-
ture dependence of MSH below 0.5 K we find that the value
of the integral for B=0.5 T is equal to 0.41 J /mole K. For

FIG. 3. Magnetic specific heat in Pb1−xMnxTe with x=0.056 in
two magnetic fields �Ref. 10�.

MAGNETIC CONTRIBUTION TO THE SPECIFIC HEAT¼ PHYSICAL REVIEW B 73, 125201 �2006�

125201-3



x=0.027 the right-hand side of Eq. �2� returns the value
0.47 J /mole K. The agreement is quite good. For B=0, with
the same assumption concerning the behavior of MSH at the
lowest temperatures, the value of the integral is
0.2 J /mole K. Because the first term on the right-hand side,
xR ln�2S+1�, does not change, it means that the second one,
kBln�gH�, for B=0 must be positive. Thus, the experimental
data suggest that in the case of Pb1−xEuxTe in magnetic field
B=0 we have non-negligible degeneracy of the ground state
of the spin system. This is the important difference between
Pb1−xMnxTe and Pb1−xEuxTe. In Pb1−xMnxTe even in B=0
the ground state is nondegenerate. The lack of degeneracy in
Pb1−xMnxTe has been discussed in Ref. 10.

At this point some clarifying remarks are necessary. First,
we do not claim that Pb1−xEuxTe is a system contradicting
the third law of thermodynamics. In reality, if we take into
account all interactions and system degrees of freedom, the
ground state is nondegenerate. However, in our description
we limit considerations to the spin subsystem and Eq. �2� is
derived and may be applied only to such a subsystem. Sec-
ondly, we have no data at temperatures below 0.5 K, a region
which may significantly contribute to the value of the inte-
gral. That is why the estimations of the left-hand side of Eq.
�2� are only semiquantitative and cannot serve as a rigorous
justification of the approach introduced below. However, we
think that they provide important insight into the problem
and to some degree confirm the considerations given below.

In the present paper we propose that the experimentally
observed MSH in zero magnetic field is due to the splitting
of the energy levels of the single Eu ions. From the discus-
sion of different aspects of splitting that are presented later, it
turns out that this splitting is caused primarily by two mecha-
nisms: the disordered crystal field potential, which leads to
virtual 4f7→4f65d1 transitions, and the internal spin-orbit
coupling on 4f shell in the excited 4f65d1 state.

According to the Kramers theorem, the ground state of a
single ion �of a system consisting of seven, i.e., an odd num-
ber of electrons on 4f shell� is at least twofold degenerate in
the absence of an external magnetic field. Thus, the ground
state of the spin subsystem, a significant part of which con-
sists of such split noninteracting ions, is also degenerate.
Such an approach is in accordance with the experimentally
observed difference between the integrals, Eq. �2�, for zero
and nonzero magnetic fields. On the other hand, the split
singles contribute to the magnetic specific heat; therefore we
expect our model describing the experiment to be better than
the calculated curves in Fig. 2. In the following analysis an
important role is played by 5d levels of europium. Let us
discuss now the origin and the meaning of these states in-
volved in the excited configuration 4f65d1 of an ion.

In the investigations of Pb1−xEuxTe by Krenn et al.23 the
optical dipole transitions from the 4f level of Eu to the vi-
cinity of the bottom of conduction band were studied. The
photon energy of these transitions for Eu concentrations cor-
responding to ours was found to be less than 1 eV. Notice
that this kind of transition may take place only between
states of different parity. Because the f functions have odd
parity, the states near the bottom of the conduction band
must contain states of even parity. In pure PbTe the wave
functions of the bottom of the conduction band, of L6

− sym-

metry, are of odd parity. Thus, to explain the existence of the
optical transition we must assume that in Pb1−xEuxTe the
wave functions in the vicinity of the bottom of conduction
band have certain components of even parity. The question
arises about the origin of these components. The most natural
candidates are 5d levels of Eu. Since it is known that in
EuTe the conduction band is built mainly from 5d and 6s
states of europium,24 one may expect that the addition of a
few percent of Eu to PbTe will result in a contribution of 5d
states to the conduction band states. Of course, the presence
of even parity states may be also related to the disorder in-
troduced by addition of Eu atoms to PbTe because, strictly
speaking, the group theory considerations apply only to the
perfect crystals and for Pb1−xEuxTe containing several per-
cent of Eu their conclusions cannot be taken too rigorously.
In the approach presented below we model these states by a
single, localized level of d symmetry, which we refer to as
the 5d level of Eu.

A. Crystal field potential in disordered crystal

In our approach, the virtual 4f7→4f65d1 transitions are
caused by the electrostatic crystal field potential. In the
present subsection we estimate the order of magnitude for
this quantity in a disordered Pb1−xEuxTe crystal.

In the crystal field theory a single 4f or 5d electron moves
in a potential that may be expanded into the following infi-
nite series:

Vcr�r� = �
l=0

�

�
m=−l

l

Alm� r

r0
�l

Clm�	,
� , �3�

where r0�0.5 Å is the atomic length unit, and the functions
Clm�	 ,
� are related to spherical harmonics Ylm�	 ,
� by the
relation Clm�	 ,
�= � 4�

2l+1
�1/2Ylm�	 ,
�. In our approach we use

the simplest model of crystal field potential, it means we
assume that the crystal field potential is due to six point
charges, each of which has charge Ze, placed at ri	i
i, i
=1, . . . ,6 with respect to the europium ion. Then the coeffi-
cients Alm read25

Alm = Ze2�
i=1

6
r0

l

ri
l+1Clm

* �	i,
i� , �4�

where Clm
* means complex conjugate to Clm. In our calcula-

tions we assume that Z=2.
Due to the difference between Eu and Pb atoms, also the

Eu-Te and Pb-Te distances in Pb1−xEuxTe are different. This
difference causes local lattice deformations. These deforma-
tions are not limited to the nearest neighborhood, but extend
over larger distances �several lattice constants�. If the con-
centration of Eu atoms is very small, the average distance
between Eu atoms is large. Then, although the crystal lattice
is locally deformed, the symmetry of the Eu surrounding is
still preserved. However, with the increasing europium con-
tent, the deformations originating from the different atoms
start to overlap. Due to a random placement of Eu atoms in
the lattice, we expect a random deviation of Eu-Te bond
orientations from those in the perfect crystal. It turns out that
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these deviations cause significant ground state splittings of
Eu2+ ions.

Let us consider a Pb1−xEuxTe crystal with Eu content of
several percent. To estimate the order of magnitude of the
bonds’ deflections we performed a numerical simulation.
First, we modeled a perfect lattice of crystalline PbTe con-
taining 503 unit cells of PbTe. Next, a certain percentage of
randomly chosen Pb atoms were replaced by Eu atoms. The
cations were connected to anions by springs with equilibrium
distances dEu-Te=3.3 Å and dPb-Te=3.23 Å. Due to the lack of
experimental data, the bond length dEu-Te in Pb1−xEuxTe was
taken as half of EuTe lattice constant. After applying zero-
temperature Monte Carlo procedure, the equilibrium con-
figuration of the lattice and the deviations of Eu-Te bonds
from the perfect crystallographic directions for every Eu
atom have been found. The typical bond deviation is of the
order of several degrees. In Fig. 4�a� we plot the probability
distribution for these deviations for two different europium
contents. As it may be expected, the average deviation in-
creases with the Eu content x. In Fig. 4�b� we plot the dis-
tribution for Eu-Te distances. As we see this distribution is
very well localized around the average distance. The relative
changes of the bond lengths are of the order of 0.1%.

The above, purely mechanical, model of disorder serves
only to estimate the order of magnitude of deviation due to
the difference between Eu-Te and Pb-Te bond lengths. It
neglects, for example, the difference in strength of the bonds
or the angular forces. In addition IV-VI compounds are very
often disordered due to the presence of cation vacancies or
granular structure of the material. Due to these reasons we
expect bond deviations to be larger than estimated from Fig.
4.

In the description of our experimental data the degree of
disorder will serve as one of the fitting parameters. We de-
scribe now the model of disorder which we apply to this
fitting procedure.

Using a Gaussian random number generator, we generate
random deviations of bond directions for each of the Eu
atoms. More precisely, for a given Eu-Te bond, for example

the one along �100� direction in the perfect crystal, we gen-
erate two random angles � and �, both with zero mean and
the standard deviation equal to 0. It means that the consid-
ered bond will be characterized in spherical coordinate sys-
tem by angles 	=� /2+� and =�. With slight modifica-
tions, a similar procedure is applied to the remaining five
bonds of the given Eu atom. In our model of disorder we
neglect changes of Eu-Te distances, because the simulations
suggest that these changes are very small. For the configura-
tion of Te atoms obtained in this way we calculate the crystal
field potential, Eqs. �3�, �4�.

In Fig. 5 we compare the results of Monte Carlo proce-
dure for a sample x=0.027 with those resulting from the
model of disorder introduced above for 0=2.5°. We see that
for such value of 0 the differences between probability dis-
tributions for one of the crystal field coefficients A10 are not
drastic.

From the above analysis we see that the presence of dif-
ferent cations leads to a deformation of the Pb1−xEuxTe lat-
tice. In particular, deformations of nearest neighborhoods of
Eu ions cause splittings of Eu ions ground states. In the next
subsection we discuss physical mechanisms leading to the
splittings.

B. Mechanisms of ground state splitting of Eu2+ ion

In this subsection we estimate the magnitudes of the
ground state splitting due to different physical mechanisms.26

1. Direct influence of the crystal field on 4f electrons

Due to the strong spin orbit coupling for 4f electrons, the
Eu2+ ion is not in a pure 8S state, but the higher energy states
of the 4f7 configuration are admixed14 as shown:

�S	 = a�8S7/2	 + b�6P7/2	 + c�6D7/2	 . �5�

Thus we see that the total angular momentum L�0 and the
ion may interact with the crystal field. The values of the

FIG. 4. �a� Distribution of bonds’ deviations from the ideal crys-
tallographic directions for two different Eu compositions. �b� Dis-
tribution of Eu-Te distances in units of lattice constant of PbTe
a0=6.46 Å.

FIG. 5. Comparison of probability distributions for bond devia-
tions �a� and crystal field potential �b�. The continuous lines are the
results of Monte Carlo simulations for a sample containing x
=0.027 of Eu and the broken lines are calculated using model of
disorder described in the text for 0=2.5°.
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coefficients a ,b ,c for europium may be read from Table 5.1
of Ref. 27: a=0.986, b=0.167, and c=−0.011. For such a
state, using tables of spectroscopic coefficients,28 it is pos-
sible to derive matrix elements for 
SM �Vcr �SM�	.29 For ex-
ample, a term in Eq. �3� proportional to A20 yields HMM�

20 in
the effective spin Hamiltonian for the 4f7 shell14,29

HMM�
20 = �MM�

2�5

105
�M2 −

21

4
�bcA20
�r/r0�2	 , �6�

where M is the projection of the total spin on a quantization
axis, M =−7/2 , . . . ,7 /2, and the average of the second power
of radius for 4f shell wave function for europium, in atomic
units, is 
�r /r0�2	�0.938 �see Ref. 30�. Let us define � as the
energy difference between the highest- and lowest-energy
levels of the split ion. Then for the Hamiltonian �6�, �
= �24��5� /105�bc
�r /r0�2	A20. From simulations we know
that the average value of A20 is of the order of 0.01 eV. Thus
� is of the order of 10−2 meV which corresponds to 0.1 K.
Other terms in the expansion, Eq. �3� give splittings of the
same order of magnitude or smaller. In order to explain the
magnetic specific heat we need � /kB to be of the order of
1–10 K. Thus the mechanism based on the direct influence
of the crystal field potential on 4f electrons cannot explain
the splitting responsible for the experimentally observed
magnetic specific heat.

2. 4f7^ band states hybridization

In 1978 Barnes et al.15 noticed that the hybridization be-
tween the 4f shell and the band states leads to a splitting of
the ground state of rare earth ions. The main idea of the
model is to consider the excited states of the system in which
the number of electrons on an ion’s 4f shell changes by ±1.
According to the Hund’s rule, in the excited states 4f8 and
4f6 the total angular momentum of 4f electrons is nonzero.
Taking into account internal spin-orbit coupling, the authors
of Ref. 15 obtained an effective spin-lattice interaction lead-
ing to the ground state splitting. Let us concentrate in this
Section on processes which lead to 4f7↔4f6 transitions.
These processes may be important for Pb1−xEuxTe because,
according to the optical measurements performed by Krenn
et al.,23 the energy �1 necessary to transfer an electron from
the 4f shell to the conduction band is of the order of 0.5 eV,
which is rather small. The model has been described in Ref.
15 and has also been re-derived for the octahedral symmetry
of the ion’s neighborhood as discussed in Ref. 16. For com-
pleteness we describe it very briefly emphasizing the differ-
ences necessary to account for disorder in the crystal.

The ground state of the system is a Eu ion in 4f7, 8S
configuration plus the Fermi sea of electrons. This eightfold
degenerate state of the system is characterized by −7/2
�M �7/2, where M is the projection of 4f7 spin 7/2 on a
quantization axis which we take along the �001� crystallo-
graphic direction. In the excited states we have the ion in the
4f6 configuration plus one additional electron above the
Fermi level, which is characterized by the set of quantum
numbers q. This set of quantum numbers contains the wave
vector from the first Brillouin zone, the number of the band,
and the additional quantum number necessary to fully char-

acterize the band state. This additional quantum number enu-
merates Kramers conjugated states. �For semiconductors, for
which the band spin-orbit coupling may be neglected, i.e.,
spin of band carrier is a good quantum number, one may
think of this additional quantum number as the projection of
electron spin on a quantization axis. This is not, however, the
case for Pb1−xEuxTe where the band spin-orbit coupling can-
not be neglected.� If we assume the validity of Hund’s rule
for the 4f6 configuration, L=3 and S=3, the Hamiltonian for
the ion in the excited state reads

H4f6 = �4fL · S . �7�

The hybridization elements are


LzSzq�H�M	 = �− 1�Lz+1

� �
�=± 1

2

�7/2 + 2�M

7
�Sz,M−�
q�h�−Lz�

	 .

�8�

The state �LzSzq	 is the excited state of the system in
which the projection on the quantization axis of the total
angular momentum and spin of the ion are Lz and Sz, respec-
tively, and there is one additional electron characterized by q
above the Fermi energy. The coefficient �−1�Lz+1�7/2+2�M

7
may be derived using explicit forms of antisymmetric many
electron functions for ion’s states �LzSz	 and � M	. The ele-
ment 
q �h �−Lz�

	 describes hybridization between band state
q and the 4f spin orbital −Lz�

. The band wave functions are
calculated within the tight binding model31 and the hybrid-
ization elements between 4f shell and Te 6p and 6s orbitals
are described by three constants Vpf�, Vpf�, and Vsf�. Ac-
cording to Refs. 32 and 33

Vpf� = �pf�
�2

m0

�rprf
5�1/2

d5 , �9�

Vpf� = �pf�
�2

m0

�rprf
5�1/2

d5 , �10�

where �pf�=10�21/�, �pf�=−15�7/2 /�, rp=15.9 Å, rf
=0.413 Å, and d is Eu-Te distance. We assume that Vsf�
=Vpf� but the results of the calculations do not depend cru-
cially on this assumption. The dependence of interatomic
matrix elements on the direction of the Eu-Te bond with
respect to the crystallographic axes of the ideal crystal is
calculated according the method proposed in Ref. 34. The
other details of calculations of the effective spin Hamiltonian
are presented in Ref. 16.

Due to the strong localization of the 4f shell, the inter-
atomic matrix elements responsible for the 4f shell band
states hybridization are very small, of the order of 0.1 eV.
This is the main reason that there is a small splitting � de-
spite the smallness of the transfer energy �1 which is ap-
proximately 0.5 eV. The average splitting � /kB is of the or-
der of 0.1 K. This is again much too small a value to explain
the magnetic specific heat.
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3. 5d ^ band states hybridization

Unlike the 4f orbitals of the Eu ion, the 5d orbitals are
much more extended in space. Thus we expect the overlap-
ping with neighboring Te orbitals to be much bigger. Re-
cently one of the authors �A. Ł.� has proposed a new mecha-
nism leading to the ground state splitting of rare earth ions in
which the 5d shell of a rare earth ion provides a bridge
between the 4f electrons and the rest of the crystal.16 More
precisely, an electron from the valence band jumps virtually
onto the 5d level of the rare earth ion and interacts via a
Heisenberg type of exchange with the spin of the 4f shell.
The Hamiltonian for europium in this excited state, 4f75d1 is
of the following form:

H4f75d1 = − JfdS · s + �5dL · s , �11�

where the first term describes the exchange interaction be-
tween 4f spin S and the spin s of the 5d electron. The second
term describes the spin orbit interaction on the 5d shell. In
the more general treatment of the problem in Ref. 16 we
used two spin orbit constants. Here we use a single spin orbit
constant �5d and neglect the influence of the crystal field on
5d electron. For the disordered neighborhoods of europium
atom which we consider in the present paper these simplifi-
cations do not change significantly the final results. As in the
previous subsection the influence of the surrounding comes
via the hybridization between the 5d and the band states.
This hybridization is described by three interatomic Eu-Te
matrix elements Vpd�, Vpd�, and Vsd� for which we assume
following Eu-Te distance dependence8 Vpd�=Vpd�

0 �a0 /d�4,
Vpd�=Vpd�

0 �a0 /d�4, and Vsd�=Vsd�
0 �a0 /d�7/2. Here a0

=6.46 Å is the lattice constant of PbTe and d is the actual
Eu-Te distance along the given bond. The assumed values of
three constants Vpd�

0 =−1.5 eV, Vpd�
0 =0.7 eV, and Vsd�

0 =
−1.6 eV are close to the ones used in Ref. 35 in calculations
of EuTe band structure.36 The values Jfd=0.2 eV and �5d
=0.08 eV have been taken from Table III of Ref. 37. The
important parameter of the theory is �2, the energy necessary
to transfer an electron from the top of the valence band to the
5d level. Contrary to the case of gadolinium in PbTe where
�2 is of the order of 0.4 eV, for europium we only know that
it should be larger.16 In our calculations we have assumed
�2=1 eV.

For the above values of parameters the average splitting
� /kB is larger than for the two previous mechanisms, of the
order of 0.5–1 K. It remains too small, however, to explain
the magnetic specific heat.

4. 4f7^4f65d1 transitions

The last mechanism of the splitting, which we consider, is
based on 4f7↔4f65d1 virtual transitions. As it has been al-
ready discussed earlier we treat 5d states not as the pure
atomic states but hybridized with the band states. In some
sense this mechanism is complementary to the one consid-
ered in Sec. III B 2 because in the calculations there the
Pb1−xEuxTe band states have not contained 5d orbitals. In
other words, we may say that we add a certain amount of 5d
to the 4f states.

The Hamiltonian of the model is constructed as follows.
In the ground state of the ion there are seven electrons on the
4f shell. The total angular momentum is zero, the total spin
equals 7/2 and this state is eight fold degenerate. As in pre-
vious sections �M	 denotes a state of the ion where the pro-
jection of the total spin on a quantization axis in 4f7 configu-
ration is M �M =−7/2 , . . . ,7 /2�.

The excited state configuration is 4f65d1. It is described
by the Hamiltonian

H4f65d1 = H4f6 + �5dl · s − JfdS · s + Vcr + �0, �12�

where

H4f6 = �4fL · S + �4f
1 �L · S�2 �13�

is a Hamiltonian for six electrons on 4f shell describing split-
ting of 7F state due to 4f spin orbit interaction. We assume
that in the excited configuration, six electrons on 4f shell
behave according to the Hund’s rule, i.e., their total spin S
=3 and the total angular momentum L=3. The values of the
spin orbit coupling constants �4f =0.03 eV and �4f

1

=0.0005 eV have been fitted to describe properly a splitting
of the 4f6 configuration calculated from first principles �see
Table VIII in Ref. 38�. The second term in Eq. �12� describes
spin orbit couplings on the 5d shell. The next two terms
correspond to exchange interactions between the 4f and 5d
spins and the crystal field potential acting on electron on the
5d shell. The last term �0 is the energy necessary to perform
the 4f7→4f65d1transition. We neglect the influence of the
crystal field potential on the 4f electrons since we have
checked that its influence on the final result is very small.

The crystal field potential �3� enters the Hamiltonian of
the model in two places: in the term describing the excited
states, Eq. �12�, and in the terms describing 4f7↔4f65d1

transitions. The basis in which we describe excited states of
the ion is denoted by �SzLzlz�	, where Sz and Lz correspond to
projections on a quantization axis of total spin and total an-
gular momentum of six electrons on 4f shell, respectively,
while lz and � are zth components of angular momentum and
spin of the seventh, the 5d electron. Using properly antisym-
metrized wave functions or the concept of fractional parent-
age coefficients,28,39 we have derived the following form for
the hybridization elements:


SzLzlz���
i=1

7

Vcr�ri��M	 = �− 1�Lz�7/2 + 2�M

7

��Sz,M−�
lz
5d�Vcr�r��−Lz

4f 	 ,

�14�

where lz
5d and Lz

4f are 5d and 4f orbitals, respectively. The
external magnetic field B is taken into account by adding to
the Hamiltonian Zeeman term

HB = g�BB�Sz + �z� + �BB�Lz + lz� , �15�

where the g factor g=2 and �B is the Bohr magneton. Cal-
culating the matrix elements of the Hamiltonian in the basis
�M	, �SzLzlz�	 we obtain a 498�498 matrix. The eigenvalues
of this matrix enable us to calculate the magnetic specific
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heat according to the standard rules of statistical mechanics.
The first eight eigenvalues of the Hamiltonian matrix corre-
spond to the split levels of the Eu2+ ion. The higher levels
describe the 4f65d1 configuration and they are separated
from the lowest eight ones by an energy of the order of �0.
That is why the splitting � is defined here as the difference
between eighth and the lowest eigenvalue. The value of the
matrix element of r between radial 4f and 5d wave func-
tions, necessary to calculate hybridization elements, may be
estimated from Table VI of Ref. 40. In calculations we as-
sume that 
4f �r /r0 �5d	=1. The contribution from terms in
Eq.�3� with l�1 may be omitted since the coefficients Alm
decay quickly with l and most important contribution comes
from terms with l=1. The other parameters of the model are
the same as those in the previous sections, Jfd=0.2 eV, �5d
=0.08 eV. Looking at the data by Krenn et al.23 we expect
that the transfer energy, �0, should lie in the range 0.5–2 eV.
To obtain � /kB in the range corresponding to our experimen-
tal data, i.e., 1–5 K, we had to assume �0=1 eV.

From the analysis of different mechanisms of the splitting
we conclude that the last one, i.e., the one based on
4f7↔4f65d1 transitions leads to the largest ground state
splitting. This mechanism, with the above values of param-
eters will be used to explain the magnetic specific heat for a
sample containing x=0.027 of europium.

C. Magnetic specific heat

The magnetic specific heat is calculated according to stan-
dard rules of statistical mechanics. We take into account
singles, pairs and triples. We assume that the Hamiltonian for
pairs and triples is of the form given in Eq. �1� with Eu-Eu
exchange integral J /kB=−0.25 K.8,9 For these clusters we
neglect the splitting caused by the crystal field. We do not
expect that the approximation would introduce a large error,
because a total splitting of the pairs’ energy levels in zero
magnetic field is 28�2J, in our case 28�2�0.25�14 K;
this is the same order of magnitude as the splitting of singles
caused by the disordered crystal field. The magnetic specific
heat due to singles is calculated in the following way. First
we generate 100 random Eu environments as was described
in Sec. III A. For each set of tellurium positions we calculate
the energy levels of the split ion and we calculate the corre-
sponding magnetic specific heat. As the magnetic specific
heat due to singles we take the average over these 100
samples. We found that 100 samples are sufficient; for more
samples we obtained nearly the same result. The parameters
0 �disorder� and �0 �energy of 4f7→4f65d1 transition� are
treated as the fitting parameters. The best results have been
obtained for 0=3� and �0=1 eV. The results are shown in
Fig. 6.

D. Discussion

In the theoretical analysis of MSH we have concentrated
on the sample containing x=0.027 of Eu atoms. In this
sample, if one assumes a random distribution of ions, more
than 97% of them are in single, pair, and triple clusters and
about 72% are singles. As we see from Fig. 6 the theoretical
curves describe the experimental data quite well. The differ-

ences are probably due to the fact that the assumed model of
disorder does not fully reflect all the complexity in a real
crystal. This theoretical description has been achieved using
only two fitting parameters: �0 and 0. All other parameters
are known from the literature.

In the sample containing x=0.073 Eu, only about 40% of
ions are singles and more than 24% are in clusters containing
more than three atoms. That is why the quantitative analysis
is more difficult. However, the experimental results pre-
sented in Fig. 1 are in semiquantitative accordance with the
proposed model.

Applying Eq. �2� for B�0 and for B=0 we see that the
difference of the left-hand sides for these two cases equals

�
0

�

dT
CH�0�T�

T
− �

0

�

dT
CH=0�T�

T
= kBln�gH=0� , �16�

where gH=0 denotes the degeneracy of the ground state of the
system in zero magnetic field. �As in the previous analysis
the ground state of the spin system in the presence of mag-
netic field is nondegenerate, i.e., ln�gH�0�=0. Calculating
the integrals using experimental data with the assumptions
discussed previously �temperature dependence of the specific
heat for T�0.5 K is linear� we obtain this difference equal
to 0.17 J /mole K. For a sample containing 0.073 of eu-
ropium 40% of Eu ions are singles. It means that one mole of
Pb1−xEuxTe contains 0.4xNA of europium singles, where NA
is the Avogadro number. Other europium ions are in larger
clusters. According to our model the ground state of each Eu
single is doubly degenerate. Thus the degeneracy of the
ground state of the spin system due to singles is 20.4xNA and
the right hand side of Eq. �16� equals 0.4xR ln 2. For x
=0.073 we obtain 0.16 J /mole K. Assuming that the ground
state of Eu ions in larger clusters is nondegenerate we obtain
a very good agreement with experimental data. However, we
realize that the integrals in Eq. �16� are estimated from a
limited set of data. Therefore this agreement confirms our
model only semiquantitatively.

The important problem we should consider is whether the
proposed model is consistent with the earlier magnetization
and EPR measurements, available in the literature. In the
earlier description of the experimental magnetization data,
using a Brillouin-function analysis for singles, we assumed
that the Eu ions in zero magnetic field are not split.6–8 Figure

FIG. 6. Magnetic specific heat for sample x=0.027. Points: ex-
perimental results. Continuous lines: theoretical calculations for the
mechanism described in Sec. III B 4.

M. GÓRSKA et al. PHYSICAL REVIEW B 73, 125201 �2006�

125201-8



7 shows the magnetic field dependence of the average spin
calculated with the proposed model, continuous lines, for
two different temperatures. The broken lines show the behav-
ior of Brillouin functions for spin S=7/2. We see that al-
though at the lowest temperatures the differences are notice-
able, they are small. It is worth to point out that the magnetic
specific heat measurements reveal properties of the system
�density of states� which are not reflected in the magnetiza-
tion measurements.

The splitting of the Eu ions may affect not only the be-
havior of the isolated ions but also the behavior of the eu-
ropium clusters at low temperatures. We have calculated with
our proposed model the magnetic field dependence of the
average spin of an Eu ion in a pair, assuming as before the
exchange constant J /kB=−0.25 K, at the temperature T
=0.02 K, for three different parameters � characterizing the
splitting of a single ion, in the range corresponding to the
estimation in our material. The results are shown in Fig. 8.
For � /kB=1.18 K we still see the magnetization steps char-
acteristic for an isolated pair of Eu ions.8,9 For higher � /kB
the steps gradually turn into a ramp, similar to that observed
in Ref. 9 for Pb1−xEuxTe with x=0.026 and 0.06.

Now, let us see whether our model is consistent with the
EPR data, which indicate a splitting of single Eu ions of an
order of 0.2 K.41–43 In the present paper we have concen-
trated on the ground state splitting mechanisms of europium

ions which are responsible for the observed magnetic spe-
cific heat. The mechanism described in Sec. III B 4 provides
splittings of the order of magnitude corresponding to the
large magnetic specific heat, i.e., of the order of several K.
The question arises what is the influence of the splittings
induced by disorder on the spectra of Eu ions observed in the
EPR experiments for Eu content less than 0.01, i.e., whether
a presence of Eu ions with the ground state split in the range
discussed in this paper would not destroy the seven line
structure in the EPR spectra.

Let us notice that the Hamiltonian �12� does not describe
the Eu splittings observed in typical EPR experiments. In
particular, in the absence of deformation of the Eu ion’s
neighborhood eight lowest energy levels remain degenerate.
The reason is that for the crystal field potential of Oh sym-
metry the matrix elements between 4f and 5d electrons van-
ish. In order to describe the splitting for Oh symmetry we
must add to the Hamiltonian in Sec. III B 4 terms describing
this splitting:

H → H + b4O4 + b6O6, �17�

where the operators O4 and O6 are defined in Ref. 44 and b4
and b6 are numerical coefficients. Despite many efforts in the
last fifty years there is no general theory which could provide
these coefficients. Therefore, in a phenomenological way, we
assumed b4=129 MHz and b6=−2 MHz, the values obtained
from EPR experiments performed on the samples with small
concentrations of Eu ions.41,43 The total splitting caused by
terms proportional to b4 and b6 corresponds to the tempera-
ture of the order of 0.2 K. �In Hamiltonian �17� we neglect
terms responsible for the superfine splitting because our aim
is to study the influence of the disorder on the EPR spec-
trum.

Modifying the Hamiltonian in a way described above
makes possible to study the dependence of the calculated
EPR spectra on the level of disorder, 0. The details of cal-
culations will be given elsewhere. The general idea is to take
1000 of ions, each of them in a certain disordered environ-
ment produced by the procedure described earlier. For each
ion we calculate the resonant magnetic fields and the transi-
tion probabilities between resonant levels. Adding the EPR
spectra obtained for each of the ions we get EPR spectrum
for the sample.

Our calculations have shown, that for 0=0 .5� the seven
Eu EPR lines would be still visible, for 0=1� at least three
lines may be still observed, and for 0=2� there is still the
central line. These results are consistent with the experimen-
tal data shown in Ref. 42 for Pb1−xEuxTe for thin films with
x=0.03.

The additional terms necessary for description of the EPR
data have a very small influence on the magnetic specific
heat, therefore they were not taken into account in Sec.
III B 4. The model is consistent with the EPR data. The fine
structure due to small splitting of the Eu ions in materials
with small x would be in our model broadened, but not de-
stroyed.

FIG. 7. Magnetic field dependence of average spin of a single
ion calculated according to the model �continuous lines�. The dis-
order is characterized by the angle 0=3�. For comparison, the
broken lines represent plot of the Brillouin function for spin S
=7/2.

FIG. 8. Magnetic field dependence of average spin of an ion in
Eu-Eu pair for three different splittings �, same for each ion in the
pair.
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IV. CONCLUSIONS

We have measured magnetic specific heat of Pb1−xEuxTe
for x=0.027 and 0.073. We have shown that the experimental
results may be explained assuming that the single Eu ions are
split in a disordered crystal field potential even without ex-
ternal magnetic field. Analyzing the possible mechanisms of
the splitting we have concluded that the main contribution to
the splitting comes from the virtual 4f7↔4f65d1 transitions.
We have shown that the model is suitable for description of

the earlier measurements of magnetization. We have also
performed a preliminary estimation of the influence of the
disorder on the EPR spectra.
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10 A. Łusakowski, A. Jȩdrzejczak, M. Górska, V. Osinniy, M. Ar-
ciszewska, W. Dobrowolski, V. Domukhovski, B. Witkowska, T.
Story, and R. R. Gałązka, Phys. Rev. B 65, 165206 �2002�.

11 M. Górska, A. Łusakowski, A. Jȩdrzejczak, Z. Gołacki, J. R.
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