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Vibronic coupling in the icosahedral CZ; Jahn-Teller cation: Repercussions of the nonsimple
reducibility of the H® H product
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Coulomb coupling between the two holes in the fullerene cation Cég results in high- and low-spin terms.
Vibronic coupling of the high-spin terms to a single mode of vibration of i, symmetry can distort the lowest
adiabatic potential-energy surface into wells of D3y, Dsy, D»y,, or Cyp, symmetry depending upon the precise
nature of the coupling produced by different admixtures of the two sets of coupling coefficients arising from
the two H-type irreducible representations appearing in the symmetric part of the H® H Kronecker product.
The symmetry of dynamic distortions of Cég ions when coupling to all eight of the possible /1, modes is taken
into account depends very closely on both the vibronic coupling parameters and the splittings between different
Coulomb terms. Using estimates for these parameters from the literature leads us to conclude that the distor-
tional symmetry is most likely to be D, but there is also the possibility that it could be Ds,.
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I. INTRODUCTION

In recent years there has been an explosion of research
into fullerenes and related materials. However, hole-doped
fullerenes have received very little attention in relation to
their electron-doped counterparts. Although they are difficult
to fabricate experimentally, they, nevertheless, have the po-
tential to exhibit various interesting properties. In particular,
it has been predicted that solids containing Cg cations could
be superconducting at higher temperatures than electron-
doped Cg.'=* One possible reason for this is the nature of the
Jahn-Teller (JT) effect in the Cg, cations. The JT effects in
these systems are interesting because the icosahedral symme-
try results in high electronic and vibrational degeneracies,*
with additional complications arising due to the nonsimple
reducibility of the H representation.>®

In this paper, we will concentrate on JT effects in the Cé;
cation, in which coupling between the two holes of H, sym-
metry to eight vibrational modes of 4, symmetry is taken
into account. The holes also couple to two a, modes and six
g, modes, but it has been shown that these modes do not
result in any significant distortions’ so they will not be con-
sidered here. We will determine the symmetry of dynamical
distortions of a Cga cation as a function of the vibronic cou-
pling constants and splittings between the Coulomb terms
arising from the two holes. It is important to know the sym-
metry of this distortion as it determines the nature of the
vibronic states, which in turn affects the results of experi-
mental (and in particular spectroscopic) observations on
these ions.

The dynamical behavior of a JT system can be determined
by analyzing the lowest adiabatic potential-energy surface
(APES). For Cg, anions, the APES can contain either ten
minima of D5, symmetry, six minima of D5, symmetry, or a
trough of equivalent minimum-energy points, depending
upon the values of the JT coupling constants.* For Cg, cat-
ions, 15 minima of D,;, symmetry or 30 minima of C,; sym-
metry are possible in addition to D;, and D5, minima.>®

Using JT coupling parameters calculated for Cég , the overall
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symmetry of JT distortions of the Cg ion has previously
been calculated to be D,;,.2 In this paper, we will confirm that
the distortional symmetry is most likely D,,. However, the
symmetry depends closely on the values taken for both the
JT coupling parameters and the term splittings, and a small
change in the parameter values could result in a symmetry of
D5,

II. HAMILTONIAN

Coulomb interactions between the two holes in the Cy
cation result in allowed terms 1Ag, ng, 2 X ng, 3T]g, 3ng,
and 3Gg. Calculations indicate that the high-spin terms have
energies lower than the low-spin terms.!® As there is no
coupling between terms having different spins, we shall con-
sider only the high-spin terms. The JT Hamiltonian describ-
ing coupling to a single &, mode of vibration can thus be

written as
1 1
Hyr= EE (—Pi2 + szle> + V(H _sin B+ Hcos B),
i M

(1)

where the Q; are the collective coordinates of the &, mode,
the P; are the conjugate momenta, u is the reduced mass of
the mode, w is the frequency, and i is summed over the five
components {6, €,x,y,z} of the h, mode. H, and H,, are 10
X 10 interaction matrices (in the {T,T,,G} electronic basis)
corresponding to the two sets of Clebsch-Gordan coefficients
a and b in Ref. 11 arising from the nonsimple reducibility of
the product H® H. V is the vibronic coupling constant and
the angle S allows for mixing of the two sets of coefficients.
The Hamiltonian for the C%g ion will therefore be written as

8

H= E H}T"‘ Hternw (2)

j=1

where H]}T is the JT Hamiltonian for mode j and H,,,,, rep-
resents the term splittings. We model the latter in terms of a
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TABLE 1. Conditions to generate minima of a given symmetry
(in addition to the condition Qx=Qy=O). Column 2 gives the gen-
eral conditions to generate a minimum for arbitrary angle 3, while
the third column gives the additional conditions for a global mini-
mum of the given symmetry (with the coordinates in units of —).

v
3
o’

Symmetry Conditions for minimum
at angle 3 overall
Ds, 0:=—\20., 0y=0 tan =15, 0, =2
[~ Iox
Dy, 0/=-\20., 0=0 tan B=12, 0.=—2
Dy, 0.=0

diagonal matrix which places the T, and G, states at ener-
gies o, and 6,, respectively, above the T, states. As the
energies in this problem depend on the factor E=V?/uw?, it
is useful to define the dimensionless parameters & = &/E (i
=1,2).

III. STRUCTURE OF THE APES
A. Results neglecting Coulomb term splittings

A great deal of information about the behavior of a JT
system can be found by analyzing the structure of the lowest-
energy APES. As the APES for the CZ ion is 40-dimensional
(eight modes each with five components), we will begin by
looking at a single /1, mode with a general coupling constant
V and mixing angle (. The positions of the minima in the
APES can be found by varying the coordinates Q; to mini-
mize the lowest eigenvalue of H for any given values of the
angle B and term splittings & and 8. The symmetry of these
points can then be determined by examining the effect of the
various symmetry operations of the icosahedral group I, on
these points. This confirms that the minima are either of Ds,,
D54, Dy, or Cyy, symmetry.®? In order to understand the re-
lationships between the different symmetries, it is useful to
calculate the minimum energy possible for each symmetry as
a function of B. It can be shown that (at least) one point of
each symmetry can be generated by considering the coordi-
nates Q, Q., and Q. only (with Q,=Q,=0). Extra conditions
that result in minima of Ds; D3, and D5, symmetries are
given in Table I. As C»;, is a subgroup of all of the other three
symmetries, the general C,;, point also encompasses the other
symmetries.

At any given angle S, specific values can be found for the
coordinates defining the minimum of any given symmetry.
The coordinates of Ds; and D3; minima can be found with a
one-dimensional (1D) minimization, D,; points with a 2D
minimization, and C,; points with a 3D minimization. For
example, the lowest D,, point at S=0 has Q,=0 and Q.
:%%. As 8 changes from zero, Q4 becomes nonzero and
the value of Q. reduces. Analytical results can be found for
some specific points of interest. For example, the angles
that result in the lowest energies possible for points of Ds,
and Ds,; symmetries are given in Table I, along with the
corresponding conditions on the coordinates.
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FIG. 1. The variation of the minimum energy obtainable for
Dsy, D3y, Dy, and Cy;, symmetries as a function of S in the absence
of any term splittings. The bars (|) indicate the calculated mixing
angles for the eight i, modes of Cg from Ref. 7.

A plot of the minimum energy obtainable for each sym-
metry as a function of B is shown in Fig. 1. Results for 8
outside the range —m/2 < 8= /2 can be obtained by noting
that the results repeat if 8 is changed by 7. As C,;, is a
subgroup of the other three symmetry groups, the curve for
C,,, is only shown for the region in which the overall sym-
metry is C,,. It is difficult to determine the value of S at
which the crossover to D5, occurs from the energy, but this is
easily determined by examining the coordinates. The value is
indicated in Fig. 1. It can also be seen that the results are
symmetric about =0, which is not obvious from the Hamil-
tonian. The results show that for small values of S, the
lowest-energy minima are of D,;, symmetry, but as the mag-
nitude of B increases the global minima become first D5,
then Ds,, and finally C,, as | 3| approaches /2. Note that at
B=£0.932 the energies of all of the different symmetries
coincide.

Before results can be obtained for a real Czg ion, it will be
necessary to consider both the term splittings and the full
multimode problem. However, it is still useful at this stage to
look at the effect of the JT coupling on each mode. Table II
gives values for the JT coupling constants £ and the mixing
angles 3 for the modes /,(1)—h,(8) of Cg taken from Ref. 7
(using the relationship E= igZhw to convert from their cou-
pling constant g). The angles are also indicated in Fig. I.
Columns A in the table give the minimum energies for each
of the modes (which are usually known as the JT energies
E;;) along with the predicted symmetry. This shows that
h,(1), which is the most dominant mode, will result in dy-
namical distortions of D, symmetry. Ds,, D5, and C,;, sym-
metries are all possible for other modes.

One notable feature of the D;,; and Ds, curves is that
they contain cusps. From Table I, it can be seen
that the minimum-energy points for these two symmetries
each involve variation along a specific direction in Q
space [namely Q©=(0,-22,0,0,%2)v/ uw? and QO

275 e s
=(%,0,0,0,—\r€) v/ ,uwz, respectively, for the points identi-
fied in Table I]. This allows us to investigate the origin of
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TABLE II. The first two columns give the coupling parameters E(=v?/ pw?= i g*h ) and [ taken from Ref. 7. The remaining columns
. . . . 24 . .
give the energy and symmetry of the lowest-energy wells predicted treating each of the eight 7, modes of Cg separately and including all
modes. Columns A give results neglecting term splittings, and B-F give results including term splittings taken from the literature. See text
for details. The values of &; and &, for each of the cases are given immediately below the letters A-F. Predicted symmetries which differ
from the most commonly predicted symmetry are marked in bold. All of the energies and term splittings are in meV.

Mode E B Well energy and symmetry
A B C D E F
(0,0) (29,26) (-29,-3) (6.9,12.4) (-6.9,5.5) (0,43)

hy(1) 7486  -0.0017 -422 Dy, =269 Dy, -56.0 D,, -355 D,, -423 D,, -26.6 Dy,
he(2) 19.89 0.525 -11.9 Dy, -7.8 D3y -29.1 D5y, -9.7 D;; -10.6 Dy -7.9 Ds,
hy(3) 22.03 1.560 -11.8  Cy, -7.5 Ds, -36.3 Ds, -9.9 Ds;, -166 Ds; -11.6 Cy,
ho(4) 14.96 —-0.040 -84 D,, =22 D3y -31.7 D3, -3.5 D3y; —-11.0 Dy, -2.2 D3y
hy(5) 1.69 1.337 -1.0 Ds, -0.4 Ds, -29.2 Ds, -0.5 Ds, -7.2 Ds, -1.0 Ds,
h(6) 10.65 0.488 -6.4 D5y, -34 D5y, -29.1 D5y, —4.2 D5y, 7.1 Ds, -4.0 Ds,;
hyo(7) 41.77 0.490 -25.1 D3; -194 Dy, -29.9 D,, -219 D3; 236 D3; -167 Dy,
hy(8) 37.17 —0.543 -22.3 Dy, -0.2 D5y —46.2 D;;, -141 D3y, =263 D3y -150 Dy,
Total -993 D,, 83 D33 -1085 D,, 933 D,, 987 Dy, 822 Dy,

these cusps by writing the coordinates of the minimum-
energy point at a given angle £ in terms of a coefficient ¢
multiplying the coordinates Q'*). Figure 2 shows the value of
¢ required to produce the lowest energy possible for each
angle B. This shows that the cusps in the energies are mir-
rored by cusps or discontinuities in the coordinates of the
minimum-energy points. The discontinuities correspond to
changes in the sign of the coefficient ¢, showing that there is
a competition between possible minima in the directions
+Q© and —QO.

B. Separation of minima

Minima of a given symmetry are equivalent in the sense
that they all have the same energies. However, they are not
all equally separated in Q space. Before moving on to con-
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FIG. 2. The variation of the coefficient ¢ multiplying the
minimum-energy coordinates for Ds; and D3, symmetries as a
function of S in the absence of any term splittings.

sider the effect of term splittings, we will investigate these
geometrical separations. It is useful to determine the num-
bers of nearest neighbors, next-nearest neighbors, etc., to a
given well because the overlap between wave functions in
two wells decreases as the separation of the wells increases.
Thus tunneling between the wells, as it may be possible to
observe in ultrafast optical experiments, for example, be-
comes less likely.'?

Taking the conditions for generating a minimum of a cho-
sen symmetry in the {Qg, 0., 0.} plane given in Table I, we
can obtain symbolic expressions for the positions of all other
wells of that symmetry by applying matrices representing C,,
C3, and Cj rotations of the icosahedral group. These can be
used to obtain expressions for the distances (in Q space)
between the generating well and all other wells of that sym-
metry. The results for these distances and the number of
wells at each of the distances are given in Table III. Obvi-
ously, equivalent results would be obtained if a different well
was chosen as the starting point, although our choice is par-
ticularly convenient as all generating points lie in the
{QH? Q67 Qz} plane'

From Table III, it can be seen that each Ds,; well has five
nearest neighbors and each D;; well has three nearest-
neighbors and six next-nearest neighbors. A similar pattern
has been observed in other icosahedral systems. This is not
surprising as our approach only involves taking a general
point of the chosen symmetry and applying operators of the
icosahedral group; no part of the calculation is specific to the
ng ion. For the D,, and C,, wells, the determination of
nearest neighbors, next-nearest neighbors, etc., is rather more
complicated. As the relative separations of different wells
depends on the Q;, which in turn depend on the angle 3, the
ordering of the wells by distance also depends on f.

Table IV gives the values of the coordinates Q; of the D,
and C,;, wells at selected mixing angles 8 for which these
wells are absolute minima, together with the order of the
subsets of wells as defined in Table III. This shows that, over
the range of angles for which D,, wells can be absolute
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TABLE III. Distances between minima and the number of
minima at that distance, in terms of the coordinates Q; that define a
minimum in the {Qy, 0,0 } plane (as defined in Table I) and with
Q;_;%Q%,i \53Q9Q€+%Qi. The results for D, are ordered in terms
of increasing separation over the range for which D, points can be
absolute minima (—0.25<8<0.25) and the results for C,, are or-
dered in terms of increasing separation for S=/2.
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TABLE IV. Coordinates, in units %, of one of the D,;, and one
of the Cy;, wells in the {0, 0., 0.} pfane at selected mixing angles
B for which the points are absolute minima. Also given is the or-
dering, in terms of increasing separation, of the different subsets of
wells as defined in Table III. Note that for =0, the wells numbered
3 and 4 are equidistant from the reference well, as are wells num-
bered 1 and 2.

Subset No. Distance B [P O, 0, Order

Dsy 1 5 402 Dy,

Dy 1 3 402 -0.25 0.156  1.056 1,2,3,4
2 6 802 -0.15 0092 1059 1,234

D, 1 4 0. -0.05 0.031  1.061 12,34
2 4 0. 0 0 1.061 {1,2}, {3,4}
3 4 03+30? 0.05 -0.031  1.061 2,134
4 2 3(Q5+07) 0.15 -0.092  1.059 2,134

Con 1 2 0,.-120,0.-60.0.+0? 0.25 -0.156 1056 2,134
2 2 0_+20,0,-60.0.+0? Cap
3 2 0--20,0.+60.0.+0? 1.5 0.281  —0240 -0970  123,4,56,7,8,9,10,11
4 2 03+302-2:20,0.+20° 1.45 -0.193  -0.446 -0.928  1,2,4,3,5,6,7,9,8,10,11
5 4 03+302+20? -1.45 0.193  -0446 -0.928  2,1,8,7,5,6,3,10,4,9,11
6 4 3(05+02)+20? -15 0.281  —0240 -0970  2,1,7,8,5,6,3,4,10,9,11
7 2 0,+\200.+60.0.+0
8 2 Q+30:+2\20,0.+20; =0 and §,=0.2 in Fig. 4. The most obvious feature is that the
9 4 0_+302 energies are no longer symmetric about 8=0 in Fig. 3 (al-
10 4 0,+307 though they do still repeat when B is changed by 77), but they
11 1 407 are still symmetric in Fig. 4. It can be shown analytically that

minima, the pattern of well separations from nearest to fur-
thest neighbors is 4,4,4,2. Our result is a generalization of
that obtained in Ref. 8 using parameters specifically for the
CZ; ion. Further calculations show that the same pattern is
obtained for all values of 3, although the subsets containing
four wells do interchange.

The pattern is particularly complicated for the C,;, wells,
where there are 11 different subsets of wells. Table IV shows
that the pattern of separations for B=+1.50 s
2,2,2,2,4,4,2,2,4,4,1 but when 8 is reduced slightly to
+1.45, two pairs of sets interchange and the pattern becomes
2,2,2,2,4,4,2,4,2,4,1. It is interesting to note that the
pattern of four subsets of four wells, six subsets of two wells,
and a single well is the same as that obtained in Ref. 8§ for the
low-spin states of both CZ and C3¢ (albeit in different or-
ders), and is similar to that for spin 1 state of ng except that
in this latter case a set of four wells and a set of two wells are
at equivalent distances. This confirms that the pattern of
neighbors is a property of C,, wells within the icosahedral
group and is not specific to Cég ions.

C. Effect of Coulomb term splittings

We will now consider the effect of the term splittings on
the single-mode results. We will begin by choosing values
that illustrate the effects of these contributions, before mov-
ing on to consider values appropriate to the ng ion. Results
for 6;=0.2 and 8,=0 are shown in Fig. 3, and those for &

for nonzero &, the energy for negative 3 is related to that for
positive B in exactly the same way as that obtained in the
absence of term splitting. However, this is not the case for
nonzero §.

Figure 3 shows that with &=0.2, the energies tend
to increase in the range —3 <B<0 compared to &;=0,
while the results for 0.2<<B<1 are almost unaffected. If
8,=—0.2, the energies appear similar to reflecting those
shown in Fig. 3 about 8=0, except that over the range —’57
<B<0 the energies are now decreased rather than in-
creased. Results for stronger values of |8;| continue to em-
phasize the asymmetry about S=0. Figure 4 shows that the
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FIG. 3. As Fig. 1 but including a term splitting 6;=0.2.
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FIG. 4. As Fig. 1 but including a term splitting 8,=0.2.

energies near S=0 have been increased compared to the &
=0 results while those near ,8=t72—7 are much less affected.
For 55:—0.2, the energies near 8=0 are decreased rather
than increased.

It has not yet been possible to determine the multiplet
structure of the Cg; ion experimentally,’® although we can
deduce five different theoretical estimates for &; and &, from
the literature, noting that difficulties in assigning symmetry
labels to the 7| and T, states leads to ambiguity in their
ordering. Referring to the case without term splittings as A,
the other cases are as follows:

B: (8,,6,)=(29,26), calculated using a multipole ex-
pansion of the Coulomb interactions. '’

C: (8,,8,)=(-29,-3), a modification of B arising
from interchange of the T and T, labels.!®!

D: (6,,6,)=(69,12.4), from a self-consistent field
method,'3 assuming T is below 7.

E: (81,68,)=(-6.9,5.5), as in D but assuming that T is
above T,.

F: (8,,6,)=(0,48), obtained using density-functional
electronic structure calculations.'®

The values of E and B from Ref. 7 (as summarized in
Table II) allow us to determine the symmetry of dynamic
distortions that would be obtained for the CZ; ion if each
mode could be considered in isolation. The results are given
in Table II. It can be seen that the predicted symmetry for
modes 1 and 5 does not depend on the values of the term
splitting. This is because the values of 3 for these modes are
a long way from the values at which the symmetry of the
lowest-energy curve changes. All of the other modes have
two possible symmetries depending upon the choice made
for the term splittings.

IV. MULTIMODE CALCULATION

We are now in a position to obtain results for the Cgy ion

by minimizing the energy with all eight modes and including
the term splittings. The results are contained in Table II, with
our conclusions concerning the symmetries summarized in
the bottom line. In general, the overall symmetry in a multi-
mode problem will be the same as that of the most strongly
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FIG. 5. The regions of D,;, and D3, symmetries possible for a
CZ) ion as a function of the term splittings, calculated using the
coupling constants and frequencies given in Ref. 7, along with ap-
proximate equations for the boundaries over the ranges plotted. The
marked points (H) correspond to the calculated values of the term
splittings extracted from the literature.

coupled mode. The addition of weaker modes will alter the
positions of the minimum-energy wells but will not alter the
overall symmetry. In the problem under consideration here,
h,(1) is the most dominant mode and has D,;, symmetry, so it
would be expected that the overall symmetry will be D,
This is despite the fact that the lowering of energy involving
mode 1 is only between 32% and 52% of the overall lower-
ing obtained when all eight modes are considered. However,
this is not the case with the term splittings in case B. In this
case, the D3, minima for mode /,(1) are only slightly higher
in energy than the D,;, minima. The inclusion of additional
modes that predominantly prefer D;, symmetry results in an
overall symmetry of Ds,. The interplay between the symme-
tries of the different modes, which is determined by the mix-
ing angles B3, means that particular care must be taken if this
system is treated in terms of a single effective vibrational
mode rather than performing a full multimode calculation.

Figure 5 shows the boundaries between the regions where
D,;, and D5, are lowest as a function of the term splittings.
As h,(1) is the most strongly coupled mode, the form of the
diagram for =0 in the single-mode case has a qualitatively
similar form to that of Fig. 5, which allows us to interpret the
form of the multimode results. Figure 3 shows that, if J; is
increased from zero and &, kept constant, the point x at
which the D,, and D;; symmetries cross moves towards
lower values of B. There will therefore be a value of &, at
which x moves through =0, signalling a change in symme-
try. Similarly, as J; is decreased below zero, the crossover
point y moves towards S=0 until another crossover occurs.
Figure 4 shows that as &, is increased, the region between x
and y for which D,,, is lowest, is reduced. Thus increasingly
smaller magnitudes of &; are needed to generate a crossover
as o, is increased.

V. DISCUSSION

This paper has sought to bring a greater understanding to
the interplay between the different symmetries involved in
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the JT problem of two holes coupled to an /, mode in icosa-
hedral symmetry, the effect of Coulomb term splittings on
these results, and the extension of these results to the Cgj ion
coupled to eight i, modes.

Manini and co-workers®® using results from their earlier
ab initio density-functional calculations for the single-hole
vibronic coupling constants,” predicted that the minima in
the lowest APES for Cég will be of D,, symmetry. Our re-
sults confirm that the symmetry is D, for the coupling pa-
rameters, mixing angles, vibrational frequencies, and term
splittings reported in the literature. However, we have shown
that the symmetry is very dependant upon these parameter
values. Values for the term splittings implied in Ref. 7 are
quite different to those obtainable from other papers in the
literature. Hence it was not at all obvious that calculations
using these different term splittings would also result in a
prediction of D,; symmetry.

It should be further noted that only one set of estimates of
the JT parameters is available in the literature. Any new cal-
culations could have a strong effect on the overall symmetry
predicted, particularly if the mixing angle for the /(1) mode
is revised. Our results give a clear indication of how the
predicted distortional symmetry of ng ions will change if
estimates of the parameters are revised in the future. Finally,
it should be noted that no numerical values for the JT and
Coulomb parameters have been obtained experimentally. Al-
though the ab initio calculations have provided some insight,
determination should also be sought experimentally. This is
particularly true of the mixing angles, which are not possible
to determine on symmetry grounds alone.

In this paper, we have sought to provide a clear picture of
the complicated structure of the APES in the JT problem
applicable to Cg; ions. However, this is only part of the
complete picture needed to understand the dynamical behav-
ior of these ions. In particular, while the energies given in
Table II are useful in that they give an indication of the
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contribution of each of the eight 4, modes to the overall
problem, they do not represent the energies of the system as
a whole. The APES defines the underlying potential through
which the system will move. If the JT coupling is strong
compared to the vibrational quanta fw; for each of the eight
modes i (which can be found from the literature), the states
of the system could be expected to be harmonic oscillator-
type states associated with the lowest-energy wells in the
APES. However, as in all JT systems, the vibronic coupling
will alter the curvature of the wells and introduce anisotropy,
such that the frequency of each component i of any of the &,
modes will no longer be simply w but a new frequency w;
that is in general smaller than w due to broadening of the
well.® The size of this mode softening can be calculated us-
ing the Hessian matrix of second-order derivatives of the
potential.®!7 The energy of the ground state of a system
coupled to a single mode will therefore be approximately
E[%ﬁwi higher than the well energies given in Table II. Es-
timates of the coupling constants and frequencies indicate
that the vibronic coupling is not sufficiently strong in Cég
ions to consider well states alone. States of the system will
be linear combinations of the states associated with the
wells, which physically represent tunneling between the
wells.!® Generally, this will result in raising the energy of the
ground state above the value obtained after applying the
zero-point corrections. While such states (and their energies)
can be determined, using projection operators, for
example,'®!? this is beyond the scope of this paper and
should form the basis of future work.
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