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Scattering of s-polarized plane waves by finite-thickness periodic structures is studied, which contain com-
ponents made of ultralow-permittivity metamaterial �ULPM�, and therefore exhibit intermediate properties
between those made of pure metals and of pure dielectrics. The numerical results presented demonstrate basic
frequency- and angular-selectivity-concerned effects arising in the structures with sinusoidal corrugations,
which are made of ULPM, and for a stack of two such periodic structures, in which one of them is made of
ULPM and the other one of a dielectric. The results presented are mostly related to the zero-permittivity case,
when there is no wave propagating in the transverse direction within the metamaterial. The field inside ULPM
is either close to or exactly the static one. For the structures of the first type, this can lead to a straightening of
the field lines at the lower �noncorrugated� interface and, in turn, to a suppressing of higher modes �Bragg
beams� in the transmitted field, which are allowed to propagate. The known property of a zero-permittivity
noncorrugated slab, i.e., the cutoff-type frequency dependence of the transmittance, appears also for corrugated
periodic structures studied in both single- and multimode regimes. In our study, a similar behavior vs the angle
of incidence is demonstrated and a condition for its appearance is given. For the structures of the second type,
it is shown that these effects can be combined with those, which are typical for dielectric gratings and usually
associated with bulk and surface modes. Stacking ULPM and dielectric layers can also lead to an enhancement
of some effects, which are inherent to each of the layers, as well as to several abnormal effects. The effects
found promise to be useful for controlling and, in particular, for splitting/combining of light and microwave
radiation.
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I. INTRODUCTION

During the past years, the interest in metamaterials has
grown dramatically, since they allow us to realize electro-
magnetic properties which are different from those of con-
ventional metals and dielectrics. Due to this, they provide a
new tool to control wave propagation from microwaves up to
the visible. In fact, metamaterials are a modern extension of
the concept of artificial dielectrics, which were proposed
more than 50 years ago. A large number of works has re-
cently been published concerning theoretical aspects, perfor-
mance, and applications of double-negative �DNG�, single-
negative, double-positive, zero-permittivity, and zero- and
ultralow-index metamaterials, e.g., Refs. 1–17.

Most of the studies in this field have been devoted to
planar structures. In some works, structures with curvilinear
boundaries, which are made of metamaterials, have also been
considered. For example, scattering properties of a cylinder18

and sphere19 fabricated from a DNG material and a conduct-
ing cylinder coated with a DNG material,20 and radiation
from a DNG ring enclosure21 have been studied. In Ref. 11,
a circular cylinder and a sphere made of matched zero-index
material has been a subject to study. Peculiarities of diffrac-
tion of a plane wave by a DNG-metamaterial half-space with
corrugated boundary have been reported in Refs. 22 and 23.

Among the interesting properties revealed for a zero-
index medium slab, it is worth mentioning the narrowing of
the far-field pattern while a source of radiation is placed
within the slab and the transforming of curved wavefronts
into planar ones.11 Zero-index/permittivity behavior is often

considered to be typical for photonic crystals and for peri-
odic structures �PS� used in the resonance regime as well and
can be observed even in purely dielectric structures �e.g., see
Refs. 4, 11, and 15, and references therein�. The presence of
a band gap is not necessary if the photonic crystal contains
metallic constituents. In line with known homogenization
theories and/or physical considerations, ultralow values of
the effective index/permittivity can be obtained in this case
by embedding metallic rods �non�periodically in a host di-
electric �e.g., see Refs. 24 and 25�.

A long time ago, the possibility of realizing a composite
with Re��eff��1 has already been demonstrated for phase-
advance artificial dielectrics which were designed for micro-
wave applications.26,27 Modern facilities of nanofabrication
can generate sizes, which are much smaller than the visible
wavelength. Therefore, a material with zero or ultralow
index/permittivity can also be fabricated for applications in
the optical regime. Typical geometrical dimensions of the
associated structures which consist of rods arranged in a
square lattice can be found, for example, in Refs. 4 and 9. It
has been shown therein that the lattice constant a should be
at least twice as small as wavelength � in order to obtain
zero �ultralow� index/permittivity. According to Ref. 4, zero-
permittivity behavior manifests itself in total transmission
through the slab near zero frequency and in arising of a wide
gap in transmission between a near-zero frequency and a
frequency, which is of the order of �=�c /a. The studies in
Refs. 4 and 9 have been performed for the effectively non-
corrugated structure, i.e., in a single-mode regime. Interest-
ing zero/ultralow-index/-permittivity related effects are also
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expected to appear in PS of various types, where they could
be realized in both single- and multimode regimes.

In the present paper, we consider scattering of an
s-polarized electromagnetic wave by a finite-thickness PS
made of an ultralow-permittivity material �ULPM�, to which
both zero-permittivity �ZPM� and ultralow-index materials
considered in Refs. 4, 8, and 9 can be assigned. We assume
that 0�Re��eff��1. Our consideration is restricted to the
case of sinusoidal corrugations. It is assumed that � is large
enough in order to provide effective homogeneity of the
ULPM in the whole range of the geometrical parameters and
for each frequency value used.

The aim of this work is to study the peculiarities of scat-
tering by PS which appear due to the presence of an ULPM.
PSs of two types are considered. One of them is a finite-
thickness PS, entirely made of an ULPM, with boundaries
corrugated on the upper and noncorrugated on the lower
side, respectively. The other type is a stack of two PS, which
represents a two-layer structure with noncorrugated outer
boundaries and a corrugated inner boundary between a
metamaterial and a dielectric layer. Emphasis in the numeri-
cal study is put on ZPM, a special case of ULPM, which
corresponds to the infinite phase velocity.12 Both frequency
and angular behaviors of the far field, in both single- and
multimode regimes, are studied in terms of diffraction effi-
ciencies �DE�, which characterize the energy distribution be-
tween the modes. Besides, several examples of near-field
patterns are presented. The numerical results presented have
been obtained with the aid of a recently developed fast
coupled-integral-equations technique.28

II. THEORETICAL BACKGROUND

A rod �wire� medium is commonly used to realize various
effective material properties. In the case of periodically lo-
cated rods made of a Drude metal one can obtain the medium
which effectively behaves as an artificial plasma with
permittivity29

�eff = 1 −
�eff

2

��� + i�0a2�eff
2 /�b2��

, �1�

where �eff
2 =2�c2 /a2 ln�a /b� means the second power of ef-

fective plasma frequency, � is the conductivity of the metal,
b is the rod radius, and �0 is free-space permittivity. In turn,
the dependence of � on � should be taken into account, if
the condition �	� is not satisfied,30 where � is the collision
frequency of the metal. �eff can be much lower than the
plasma frequency for a pure metal �which is typically
103–104 THz� and can be scaled down to microwave
frequencies.29 According to �1�, Re��eff�=0 at a certain �.

Note that Re��eff�=0 can also be obtained in disordered
systems by using a proper volume fraction of metallic con-
stituents, provided that the long-wave approximation

� 
 2�c/ā �2�

is valid for the average distance between neighboring rods ā.
Although a plasmonic material showing Re��eff�=const and
Im��eff�=const over a wide range of � variation is hypotheti-

cal, its consideration is useful for revealing the basic features
of transmission/reflection vs �. This fact has before been
exploited in many studies devoted to the structures contain-
ing metamaterials.

In Ref. 4, the transmittance T through a slab of the rod
medium has been studied using the simplest mixing formula
�eff= f�m+ �1− f��h=0, where �h, �m=const, and f are the
permittivities of the host medium and metallic inclusions,
and filling fraction, respectively. Using this formula and
some physical considerations, it was demonstrated in Ref. 4
that T has to rise to unity with � tending to zero, while a
wide gap in the frequency dependence of T occurs between a
near zero frequency and ��2�c /a. It can easily be shown
that at least within the frequency range where Eq. �2� is
valid, this behavior qualitatively coincides with that ob-
served in the case of a noncorrugated homogeneous slab with
�=0. The latter can be obtained from the standard formulas
for transmission and reflection in planar homogeneous lay-
ered structures using Snell’s Law �e.g., Refs. 31 and 32�,
where � of the slab is very close to zero. For example, the
value �� � =10−12 can still be used, while any further decrease
of ��� does not lead to a noticeable difference in T.

We are interested in the frequency region, where a cutoff
behavior of T is expected to appear, i.e., �cut
2�c /a. Thus
in addition to Eq. �2�, the conditions

a 
 D, a 
 L �3�

must be satisfied in order to provide �eff�const. Here L and
D are the period and thickness of the PS, respectively. In the
following, we always assume that both Eqs. �2� and �3� are
satisfied and that �cut�2�c /D�2�c /L.

The first two time-harmonic Maxwell equations in the
bounded source-free ULPM medium with Re���=0 and
Im���=�, 0��
1 are

��  E� = i���0H� , �4�

��  H� = ���0E� , �5�

and the Helmholtz equations for the electric and magnetic
field read

�� 2E� = − i��k2E� , �6�

�� 2H� = − i��k2H� . �7�

In Eqs. �4�–�7�, �0, �0, and k=� /c are the free-space permit-
tivity, permeability, and wave number, respectively.

The right-hand sides of Eqs. �5�–�7� are responsible for
the extent to which the fields differ from static ones. In the
lossless case, i.e., �=0, Eqs. �6� and �7� are reduced to

�� 2E� = 0, �8�

�� 2H� = 0. �9�

Thus the total electromagnetic field within a ZPM medium
behaves in this case like a superposition of an electrostatic
electric and a magnetostatic magnetic field. Introducing cur-

rents inside the slab, i.e., replacing 0 with −�� J� in Eq. �9�,
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setting �=0 in Eq. �4�, and replacing the right-hand side of

Eq. �5� with J�, one obtains the case considered in Ref. 11.
When an s-polarized wave is incident from the air �upper�

half-space on a periodically corrugated interface of the ZPM
�lower� half-space, the total field below the interface, i.e., at
y�0, which satisfies Eqs. �6� and �7�, can be expressed as

E�x,y� = �
n=−�

�

�n exp�i�nx − i�ny� , �10�

where �n=�i��k2−�n
2, Im��n��0, �n=�0+2�n /L, �0

=k sin �, and � is the angle of incidence. In the lossless case,
�n= i ��n� and the y-dependent term in Eq. �10� is reduced to
�n=exp���n �y�, so that any mode in the series over n be-
comes evanescent, except for the case with �n=0 leading to
�n=1. If k�0, this situation occurs at kL sin �=−2�n corre-
sponding to the �−2n�th Bragg angle. In particular, it is real-
ized at �=n=0. For a mode with n=0 and arbitrary �, �n
=exp���0 �y�, which will vanish with increasing ��0� and �y�.
If ��0, Re��n��0 and Im��n��0 simultaneously.

Despite that the modes in the ZPM are evanescent in most
cases, a significant portion of the energy of the incident wave
can tunnel through a rather thin slab of such a medium so
that an exponential decrease of T occurs with increasing k
and/or � leading to a cutoff-type behavior. In the case of a
noncorrugated homogeneous ZPM slab, this effect can be
observed using the above mentioned standard formulas for
reflection/transmission. In the case of a corrugated periodic
ZPM slab, such a behavior is expected to appear in the mul-
timode regime, too, while the exponential decrease depends
on n.

In this paper, we consider two types of structures. In Fig.
1, a PS of the second type is shown, which will further be
referred to as PSII. A PS of the first type �PSI� is easily
obtained from PSII by setting �2=�1. We assume that �=1,
�1=1, and that an incident electromagnetic wave propagates
in the direction of negative y,

Ei�x,y� = E0
i exp�i�0x − i�0y� , �11�

where �0=k cos �. The corrugated boundary is given by

h�x� = h0 + h1 sin�2�x/L� , �12�

with h0−h1�0 and h0+h1�D, so that the corrugation depth
d=2h1.

To solve the scattering problem, we apply the recently
developed fast coupled-integral-equations technique.28 It is
based on the standard volume electric field integral equation,
which reads within 0�y�D,

Ei�x,y� = E�x,y� − k2	
0

D 	
−�

�

G�x − x�,y − y��

 ��x�,y��E�x�,y��dx�dy�, �13�

where E is the total field, which must be solved for. The
kernel of the convolution integral is given by the free-space
Green’s function G�x ,y�= �i /4�H0

�2�
k�x2+y2�, where H0
�2�

denotes the Hankel function of the second-kind and ��x ,y�
= �̃�x ,y�−1, with �̃=�2 for h�x��y�D and �̃=�3 for 0�y
�h�x�.

As � is periodic in the x direction, we expand it into a
Fourier series

��x,y� = �
m=−�

�

�m�y�exp�ivmx� , �14�

where vm=2�m /L and the expansion coefficients are given
by

�m�y� =
1

L
	

0

L

��x,y�exp�− ivmx�dx . �15�

Since the total field is pseudoperiodic, it can also be ex-
panded into a series

E�x,y� = �
n=−�

�

En�y�exp�i�nx� , �16�

where �n=�0+vn. Substituting of Eqs. �15� and �16� into Eq.
�13�, we obtain after some straightforward manipulations the
following coupled integral equations:

E0
i exp�− i�0y��m0

= Em�y� +
k2

2i�m
�

n=−�

� 	
0

D

exp�i�m�y − y����m−n�y��

 En�y��dy�, y � 
0,D�, m = 0, ± 1, ± 2, . . . ,

�17�

where �m=�k2−�m
2 with Im��m��0 and �m0 denote the

propagation constant and the Kronecker delta, respectively.
Further, the values of � and � corresponding to the Rayleigh
wavelengths, i.e., to �m=0, are denoted by �m and �m, re-
spectively. The fast method which has been applied to solve
Eq. �17� is described in Ref. 28.

Once the field distribution within the region 0�x�L, 0
�y�D is found, the Fourier amplitudes �n and �n of modes
�Bragg beams� Rn in the upper half-space and Tn in the lower
one are calculated as

�n = En�D� − �n0E0
i , �18�

FIG. 1. Geometry of the scattering problem.
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�n = En�0� . �19�

Furthermore, we use DEs in order to characterize the energy
distribution between the modes, which is the most important
characteristic of the far field of any PS. According to the
conventional definition,33 reflection �rn� and transmission �tn�
DEs are equal to a part of the total energy in the reflected Rn
and transmitted Tn propagating modes, respectively. Hence
they can be written as follows:

rn = Re��n�n�n
*/W� , �20�

tn = Re��n�n�n
*/W� , �21�

where W is the energy of the incident wave and the asterisk
means complex conjugation. In a lossless case, the sum of all
DE values must be unity if W=1, i.e.,

R + T = 1, �22�

where R=�n=−�
� rn and T=�n=−�

� tn.
For calculations of � dependencies of rn and tn, we as-

sume that Re��eff�=const, keeping in mind, however, that
any two values of � correspond, in fact, to two different
realistic materials. At the same time, no such restriction is
required when the � dependence of the DE is considered at
fixed �, provided that Eqs. �2� and �3� are valid.

III. NUMERICAL RESULTS AND DISCUSSION

A. Periodic structure I: Frequency dependence

We consider now several examples, which demonstrate
basic effects arising in scattering by a PSI. A part of these
effects is illustrated by Fig. 2, where DE values correspond-
ing to �a� all and �b� most of the propagating modes are
shown in the case of an intermediate thickness. One of these
effects manifests itself in the suppression of higher propagat-
ing modes ��n � �0� in transmission, while the contribution of
the higher modes to reflection remains significant. In Fig.
2�a�, only T0 contributes substantially to T, although T−1 and
T−2 are propagating, too. Hence the number of really con-
tributive modes Tn can be less than that of formally propa-
gating modes. This effect appears due to the ZPM. It is close
to the effect of wavefront straightening observed for the
matched zero-index medium in Ref. 11.

It is known that in case of a finite-thickness dielectric
grating, a larger �=�3 results in a larger number of modes
propagating and hence in a more complicated structure of the
field lines inside the dielectric. Decrease of � leads to a
smaller number of propagating modes and to a static field in
the limiting case of �3=0. An illustrative example of a near-
field pattern, which is typical in that a strong effect of the
corrugation above the upper interface and a straightened field
at the lower one are observed, is depicted in Fig. 3 for the
case that kL=3.8 as in Fig. 2�a�. As the result, the field struc-
ture above PSI becomes more complicated than below it,
leading to a larger number of really contributive modes in
reflection than in transmission.

The second important effect originating from zero permit-
tivity is the cutoff-type behavior of T and t0, which is seen in

Fig. 2�b�. Here t0 exponentially decreases and takes almost-
zero values at kL�5.5, while T does so at kL�8.5. These
effects appear despite the fact that T0, T−1, and T−2 are al-
lowed to propagate starting from the same kL values as R0,
R−1, and R−2, respectively. An increase of � leads to shifting
the cut-off towards smaller kL values and to nonzero contri-

FIG. 2. Frequency dependence of DE for a PSI at �a� �=0 and
�b� �=� /3; D /L=1, h0=0.68, h1=0.32, �2=1, and �3=0. Solid,
dashed, thick solid, dotted, and dashed-dotted lines show t0, r0, t−1,
r−1, and r−2, respectively, which correspond to the most contributive
modes; t−2�0 for k��−2. At �=0, rn=r−n, tn= t−n, and t−1�0 for
k��−1.

FIG. 3. Electric field pattern within the region 0�x�L, 0�y
�D for kL=3.8 and the same other parameters as in Fig. 2�a�. In
this case, R=0.41 and T=0.59. The ZPM-dielectric interface is
shown by a dashed line.
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bution of some modes Tn at �n � �0. For the parameters of
Fig. 2�a�, cut-offs of T and t0 take place at kL�16.

It follows from the obtained results that a possibility
should exist to redirect a part of the energy to the upper and
lower half-spaces depending on �, while a part of formally
propagating modes is suppressed, and hence an overmoding
is avoided. For example, in Fig. 2�b�, r0= t0 at kL=1.325
while higher modes in the air half-spaces are still evanescent,
and r0�r−1 at kL=4.45 while only modes R−1 and R0 are
substantially contributive, so that the case of two dominat-
ing, equally contributive modes can be realized in PSI in
both single �k��−1� and multimode �k��−1� regimes.

A PSI shows in some sense intermediate behavior be-
tween structures of the same geometry either made of pure
metal or of pure dielectric. For the metallic PS, the transmit-
ted field vanishes; the dielectric PS is usually characterized
by either a prevalence of transmission �small �3, e.g., �3
=2.1� or a competition of transmission and reflection �large
�3, e.g., �3=11.4� �see Fig. 4�. Although mode competition
occurs in the case of a dielectric, what can lead to prevailing
of a certain mode in transmission, not all these modes disap-
pear starting from some kL. This is the main difference be-
tween the cases with �3=0 and �3=11.4. PSI behaves like a
dielectric grating with rather small �3 at small kL, and like a
metallic one at rather large kL. Note that the cutoff-type be-
havior of t0, which is similar to that seen in Fig. 2, had also
been observed for multilayer grid structures with capacitive
metallic constituents of resonance size elsewhere.33

An increase of D /L results, as compared to Fig. 2, in
reflection dominating over transmission starting from a
smaller kL. An example is shown in Fig. 5, where D /L
=1.5 and d /L=0.96. In this case, R�0.99 starting from
kL�7.5. Besides, the extrema are enhanced and r0 ap-

proaches unity at certain conditions. In this regime, the near-
zone field shows a maximum at y�h�x� �in a similar manner
as in Fig. 3�, which is typical for vacuum modes.

A decrease of D /L leads to an increasing contribution of
the modes Tn with �n � �0, and to a shift of the cutoff effect
towards larger kL. Hence the structure must be thick enough
in order to let the effects described above be well pro-
nounced. On the other hand, an increase of D /L can lead to
a substantial increase of the losses if Im��eff��0. Hence it
must be thin enough in order to keep the losses at a reason-
able level.

An introduction of rather small losses does not lead to any
qualitative change in the relative contribution of the separate
modes, as well as in the behavior of rn and tn vs kL. How-
ever, the regime of �almost� total reflection disappears now.
These features are illustrated in Fig. 6 for the same param-
eters as in Fig. 5, except for Im��eff�. At the parameters of
Fig. 6, absorption A varies from 0.065 to 0.19 at Im��eff�
=0.045 and from 0.022 to 0.07 at Im��eff�=0.015 while kL
varies from 2 to 10. At h0=0.68, h1=0.32, D /L=0.5 and the
same kL, A does not exceed 0.088 at Im��eff�=0.045 and
0.031 at Im��eff�=0.015. Note also, that no unusual behavior
of the DE values corresponding to �n=1 is revealed. The
same holds true for most of the cases considered in the next
sections.

B. Periodic structure II: Frequency dependence

In this section, we emphasize on the effects which appear
due to adding a complementary dielectric layer to the ZPM

FIG. 4. Comparison of transmittance �solid lines� and reflec-
tance �dashed line� for four structures with �3=0 �most upper sub-
plot�, �3= �1.3+ i7.6�2 �second upper subplot�, �3=2.1 �third upper
subplot�, and �3=11.4 �lowest subplot�, at the same geometrical
parameters and � as in Fig. 2�b�. For the second upper subplot,
absorption A=1−R−T is shown by the dotted line.

FIG. 5. Same as Fig. 2�b�, but for D /L=1.5.

FIG. 6. Same as Fig. 5, but for Im��3�=0.045.
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one. A variety of interesting diffraction effects is known for
finite-thickness gratings with dielectric constituents, which
are mostly due to a larger number of propagating modes in
the dielectric than in the air half-spaces. This leads to the
appearance of regimes of bulk and surface modes, whose
particular manifestations are also called “forced surface
modes” and “trapped modes.”34 Such effects like total reflec-
tion and neighboring reflection and transmission peaks are
associated with them.

In line with the so-called two-channel condition, at least
two modes with different propagation constants must be
propagating between the half-spaces �i.e., at least two chan-
nels for energy exchange must be open�, in order to obtain a
total reflection effect.34 In our case, there is no propagating
mode in the ZPM layer, while in the dielectric more than one
mode can be propagating. This occurs if

� � �−1, �23�

where �−1 corresponds to ��−1 /c�2�2−�−1
2 =0.

Our consideration is restricted to the case of �2=2.1. An
illustrative example is presented in Fig. 7. One can see that
suppression of higher modes in transmission, which are al-
lowed to propagate, and a cut-off in t0 and T are common
features for both PSI and PSII. From a comparison of Figs. 2

and 7, the features arising from adding the dielectric layer
are clearly seen. In particular, the zones of slight variations
�plateaus� of rn and tn, and the switching between the modes
at ���n do appear. The frequency range, at which the latter
effect occurs, can be combined with that of the t0 cut-off.
The effect of higher modes is usually stronger for PSII.

A regime with r0�0.99 appears in Fig. 7�b� at kL
=3.365 while two modes propagate in the dielectric at h�x�
�y�D and �−1L /c=3.367. It can be interpreted either as a
maximum of r0 of PSI, which is enhanced and slightly
shifted by a dielectric, or as a shift of the maximum of r0 of
a dielectric structure with the same parameters as in Fig.
7�b�, except for �3=1, by a ZPM layer. For PSI, a maximum
of r0=0.927 occurs at kL=3.324. For the dielectric structure,
r0=1 at kL=3.218. Contrary to the mentioned maximum in
Fig. 2�b�, a surface-mode-type behavior of the field occurs in
this regime, while an evanescent mode shows maximal am-
plitude, ��−1 � / ��0 � �1.64 �see Fig. 8�.

The enhancement of the effects caused by an increase of
the relative volume which is occupied by the dielectric is
illustrated in Fig. 9. In particular, one can see the narrow
peak of r0=1 which arises at kL=5.955, i.e., in the vicinity
of �−1L /c=2�. Such a behavior is typical for dielectric grat-
ings. It can be interpreted rather as a shift of the maximum of
r0=1, which appears for a grating with �2=2.1 and �3=1 at
kL=5.378 �PSI shows a maximum r0=0.289 at kL=6.265�.
Hence an interpretation of this effect as a peak shifting to-
wards kL=�−1L /c when adding a ZPM layer is more flex-
ible.

In the case of the peak in Fig. 9, ��±1 � / ��0 � �2.7, while
the ±1th modes are propagating in the dielectric, but are
evanescent in air. As a result, the field is mostly concentrated
within the dielectric �see Fig. 10�. Hence this regime is for-
mally belonging to the bulk modes. It is seen from Figs. 8
and 10 that in an �almost� total reflection regime, the region
of the strongest field localization depends on the location of
the ZPM-dielectric interface and that of the dielectric-air in-
terface with respect to each other. Note that although the
field is still far from zero within the ZPM layer at y=0, it is
coupled only to evanescent modes of the lower half-space.

From the results obtained it follows that a switching effect
occurs, if Eq. �23� is satisfied. The same remains true with

FIG. 7. Frequency dependence of DE for a PSII with interme-
diate thickness at �a� �=0 and �b� �=� /3; �2=2.1, �3=0. The geo-
metrical parameters are the same as in Fig. 2. Solid, dashed, thick
solid, dotted, and dashed-dotted lines correspond to t0, r0, t−1, r−1,
and r−2, respectively. In case �a�, t−1�0 at k��−1, t−2�0 at k
��−2, tn= t−n, and rn=r−n.

FIG. 8. Electric field pattern within the region 0�x�L, 0�y
�D corresponding to a reflection peak at kL=3.365 in Fig. 7�b�.
The ZPM-dielectric interface is shown by the dashed line.
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respect to the sharp peaks observed. On the other hand, the
plateaus can correspond partially to ���−1 and partially to
���−1.

Varying D /L, h0, and h1, one can realize a part of the
above-described effects in a desired combination. Most of
these effects also exist, if losses due to Im��3��0 are taken
into account. This usually leads to quantitative differences
only, which are increasing with kL and D /L. A sample de-
pendence of A vs kL is depicted in Fig. 11. In comparison to
a PSI, sharp extrema are observed at �=�n, provided that
D /L is large enough. It is worth noting a nonmonotonous
behavior of A vs D /L, which has not been observed for PSI.
However, the typical values of A and its trend to grow in
average with kL are the same.

C. Periodic structure I: Angular dependence

It follows from Snell’s Law30 that when a light beam is
incident from a high-index to a low-index material, and �
exceeds a certain threshold, total reflection occurs. In Fig.

12, this effect is demonstrated for a noncorrugated ZPM slab
and for a PSI with the same parameters as in Fig. 2. For a
PSI, angular cut-off takes place in both single- and multi-
mode regimes. Other effects found at varying kL also have
their analogs at varying �.

Figure 13 demonstrates the angular cut-off in t0, and the
suppression of T−1, a propagating mode. It is worth noting
that in order to obtain these effects, the structure should care-
fully be designed. Indeed, if kL is too small, cut-off can be
realized only in the vicinity of ��� /2. If kL is too large, t0
can be very small even at �=0, and furthermore at larger �.
It follows from the obtained results that a necessary
condition for the appearance of angular cut-offs of T and t0
within a certain range, �l����u, is that kL belongs to a
range of values, which are smaller than those associated with
the frequency cut-off at �l and larger than those at �u.

On the other hand, an increase of D /L simultaneously
leads to a decrease of the t0 value at �=0 and to a decrease of
the ratios max�tn� /max�t0�, n=−1,−2, . . . . As a result, the

FIG. 9. Demonstration of the effect of decreasing the thickness
of the ZPM layer for PSII: h0=0.5, h1=0.4, D /L=1, �2=2.1, �3

=0, and �=0. Solid, dashed, thick solid, dotted, and dashed-dotted
lines correspond to t0, r0, t−1, r−1, and r−2, respectively; tn= t−n and
rn=r−n.

FIG. 10. Electric field pattern within region 0�x�L, 0�y
�D corresponding to a reflection peak at kL=5.955 in Fig. 9. The
ZPM-dielectric interface is shown by the dashed line.

FIG. 11. Absorption vs kL. Thin lines, Im��3�=0.015; thick
lines, Im��3�=0.045. Solid, dashed, and dotted lines correspond to
D /L=1.0, D /L=1.5, and D /L=0.5, respectively; h0=0.68, h1

=0.32, and �=� /3.

FIG. 12. Angular dependencies of T and R for PSI with D /L
=1.0, h0=0.68, and h1=0.32 �thin lines� and a noncorrugated ZPM
slab with h0=1.0 and h1=0 �thick lines�; solid, dashed, dotted, and
dashed-dotted lines correspond to T and R at kD=3.8, and T and R
at kD=2�, respectively.
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contribution of the transmittance to the total energy and the
contribution of the higher modes to the transmission become
weaker. Hence the D /L value should be large enough in
order to suppress the higher modes and to obtain cut-off at
intermediate �, but it should be small enough in order to let
the transmittance be not �almost� zero at least at �=0.

If Im��−1�=0 for all values of � from 0 to � /2, it is not
realistic to obtain cut-offs for all propagating modes in trans-
mission rather far from �=� /2, and furthermore to suppress
all higher modes simultaneously with a significant value of t0
at small �. The thickness needed to realize the former is
usually too large to realize the latter. The case when only the
modes with n=0 propagate at small � and only with n=0 and
−1 at large �, as in Fig. 13, seems to be most interesting from
the point of view of the appearance of both cut-off and sup-
pression effects.

Note that in Fig. 13, r0= t0=0.5 at �=0° and r0=r−1
�0.5 at �=70°. At h0=0.5, h1=0.4 and the same other pa-
rameters as above, r0= t0=0.5 at �=35° and r0=r−1�0.5 at
�=72°. Hence an equal contribution of the desired modes
can be obtained for two �-values simultaneously. Thus the
PS of this type can effectively be used for a redistribution of

the energy between the reflectance and transmittance and be-
tween separate modes, depending on �.

D. Periodic structure II: Angular dependence

Similarity of the effects occurring in the frequency and
angular dependencies of the DE is also present for PSII. In
Fig. 14, several effects are observed, including a cutoff-type
behavior of t0 and various scenarios of the switching be-
tween different modes. A regime with r0 approaching unity
appears at �−1����−1 where �−1 corresponds to the Ray-

FIG. 13. Angular dependence of DE for a PSI with h0=0.68,
h1=0.32, D /L=1.5, and kL=3.8. Solid, dashed, dashed-dotted, and
dotted lines correspond to t0, r0, t−1, and r−1, respectively.

FIG. 14. Angular dependence of DE for a PSII with D /L=1.0,
�2=2.1, �3=0, h0=0.68, and h1=0.32, at kL=3.8. Solid, dashed,
dashed-dotted, and dotted lines correspond to t0, r0, t−1, and r−1,
respectively.

FIG. 15. Demonstrating abnormal effects arising due to the
ZPM layer at �2=2.1, �3=0: �a� D /L=1.0, h0=0.5, h1=0.4, and
kL=7.8; �b� D /L=1.5, h0=0.5, h1=0.4, and kL=3.8; �c� D /L=1.5,
h0=0.68, h1=0.32, and kL=2�. Solid, dashed, thick solid, and dot-
ted lines correspond to t0, r0, t−1, and r−1, respectively. In case �a�,
r−2 is shown by a dashed-dotted line.
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leigh wavelength of the −1th mode in the dielectric. The
roles played here by both the dielectric and the ZPM layers
are the same as in such a regime in Fig. 7�b�. Although
cut-offs of t0 and t−1 are realized for the used parameters
only in the vicinity of �=� /2, these effects can be obtained
in a more pronounced form at intermediate � by increasing
D /L.

An increase of kL leads to the enhancing role of higher
modes in transmission and to a larger number of combina-
tions of simultaneously arising effects as well. The results
obtained show that the condition

� � �−1, �24�

plays the same role as Eq. �23� for the appearance of the
dielectric-related effects in PSII.

We consider now several examples of an abnormal be-
havior of the DE values vs �, which appears due to the
combination of a ZPM and a dielectric layer. They are shown
in Fig. 15. In case �a�, all-angle suppression of higher reflec-
tive modes Rn, �n � �0 takes place, while t0 and t−1 show
cut-offs and rather large and close to each other maximal
values. Note, that in this case, ��1 � ���0 � � ��−1� at the maxi-
mum of t−1. In case �b�, the switching between T0 and R0
occurs at �−1����−1 leading to the neighboring peaks of
r0�1.0 and t0�0.9. Both of them are accompanied by a
rather strong bulk mode, while ��−1 � =max���n � , ��n � �n=−�

� . At
���−1, R−1 is suppressed.

In Fig. 15�c�, one can see sharp maxima of T and t−1
arising at �=�max=� /2−u, u
� /2. At �max����−2
=� /2, T and t−1 fall down to zero, so that R tends to unity in
very close vicinity of �=� /2. The origin of the observed
behavior is not yet understood satisfactorily. Most probably,
it is either similar to the case of two neighboring peaks in
Fig. 15�b� or related to the peculiarities in the appearance of
a nonevanescent static field with �=1, which corresponds to
�=� /2 being a Bragg angle in this case. Note that at �
=�max, ��−2 � =max���n � , ��n � �n=−�

� .
The abnormal effects observed in Figs. 15�a� and 15�c�

arise due to a combination of dielectric and ZPM layers,
since they appear for neither PSI nor the dielectric structure

with �2=2.1 and �3=1, while geometrical parameters are
kept constant. For a part of the used range of � variation, the
suppression of R−1 in Fig. 15�b� can be connected with the
effect of the dielectric layer. However, the energy distribu-
tion between the modes in this case is substantially different
from those in which either the PSI or the dielectric grating
are present. In particular, for the dielectric structure two nar-
row peaks of r0=1 are located at �=25.9° and 40.2°. Once a
ZPM layer is added to it, the two peaks will merge into one
located at ��33°, as shown in Fig. 15�b�.

As in the case of PSI, an introduction of losses with
�Im��3� � �0.05 does not result in a disappearance of any of
the effects revealed. The only exception is related to the re-
gime with R approaching unity. In Fig. 16, A vs � is pre-
sented for PSI and PSII with the same geometrical param-
eters and Re��3� as in Fig. 14. One can see that the presence
of the dielectric at h�x��y�D allows one to decrease the
losses within a wide range of � variation. This range can be
extended, e.g., by increasing kL. It is worth noting that the
peaks of A do not necessarily appear. Usually they corre-
spond to the sharp peaks of the � dependencies of DEs in the
vicinity of �=�n.

An increase of �3 from zero to unity results in a weaker
contribution of higher modes. In turn, the effects found be-
come weaker and disappear finally. On the other hand, there
is no guarantee that these effects are strongest at �3=0.
Hence varying �3 in the vicinity of zero promises to provide
one with additional possibilities to control them. In Fig. 17,
differences caused by changing the sign of �3 are illustrated
in the lossless case. A comparison of Fig. 17 with Fig. 14
shows that all the main features remain. Furthermore, the
presence and location of the regime with r0=1 are not sen-
sitive to the performed variation of �3, despite the above-
discussed possible contribution of both the ULPM and the
dielectric layers to the appearance of this effect.

IV. CONCLUSIONS

In this paper, scattering of an s-polarized plane electro-
magnetic wave by a finite-thickness PS with sinusoidally

FIG. 16. Comparison of the angular dependencies of the absorp-
tion for a PSI �solid lines� and a PSII �dashed lines� at kL=3.8,
D /L=1.0, h0=0.68, and h1=0.32. Thin and thick lines correspond
to Im��3�=0.015 and 0.045, respectively.

FIG. 17. Demonstration of the effect of �3 in the vicinity of
zero: thick lines—�3=−0.1, thin lines—�3=0.1, the other param-
eters are the same as in Fig. 14. Solid, dashed, dotted, and dashed-
dotted lines correspond to t0, r0, r−1, and t−1, respectively.
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corrugated ULPM layer has been studied. The basic effects
have been considered in detail. As was expected, scattering
by such PS shows properties, which are in some sense inter-
mediate to those of structures with the same geometry made
of pure metal and of pure dielectric. Cutoff-type behavior of
t0 and T with increasing frequency and suppression of higher
modes in transmission, which are formally propagating, are
the basic effects for a PSI made of ZPM. In principle, these
effects can be realized for a desired number of propagating
modes. At frequencies which are smaller than cutoff, and for
an appropriate choice of geometrical parameters, one more
cutoff effect can appear, which manifests itself in decreasing
and then vanishing t0 and T at increasing �. The effects men-
tioned are rather related to the peculiar field distribution in-
side a ZPM, which is static for any frequency in the lossless
case.

For PSII, the effects which arise due to the ZPM layer can
be combined in a desired fashion with those due to the di-
electric layer. The influence of these layers on each other can
result in an enhancement/shift of some regimes related with
one of the layers. A rich variety of combinations of the ef-
fects can be realized enabling new possibilities to control the

number and amplitudes of the influential modes, and switch-
ing between various regimes depending on �. The possibility
of an appearance of some effects caused by the presence of
the dielectric can still be predicted by using the so-called
two-channel condition, which is known from the studies of
finite-thickness dielectric and metallo-dielectric gratings.

The thickness of a ZPM layer should be chosen taking
into account two contradictive requirements. On the one
hand, the presence of losses is a natural limitation imposed
on the thickness. On the other hand, the detected effects
caused by a ZPM require a rather large thickness of the layer
in order to be pronounced. Several abnormal effects have
been observed for PSII, which appear due to the combination
of ZPM and dielectric layers. Their detailed investigation as
well as a minimization of the losses is the subject of further
studies. Variation of the metamaterial permittivity from posi-
tive to negative values in the vicinity of zero did not lead to
any qualitatively new behavior compared to the case of
ZPM. The effects studied can be used to extend the potentials
of various optical and microwave technologies using
frequency- and/or angular-selective components.
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