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Nonlinear susceptibility: Evidence for antiferroquadrupolar fluctuations and a nonmagnetic I';
ground state in the heavy fermion superconductor PrOs,Sb,,
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Nonlinear susceptibility (y3;) measurements were performed on single crystals of the heavy fermion super-
conductor PrOs,Sby, in order to probe the nature of the Pr’* ground state in the crystalline electric field.
Calculations of y3(T) have been carried out (i) within a mean field model of intersite magnetic and quadrupolar
interactions for an ionic (zero hybridization) crystal field I'; singlet ground state and a first excited state
magnetic triplet, and (ii) within a two-channel Anderson impurity model assuming a I"5; doublet ground state.
The experimental y3 results are in best agreement with the nonmagnetic I'; ground state in the tetrahedral
crystalline electric field of the Pr’* ions with antiferroquadrupolar intersite coupling and weak antiferromag-

netic intersite coupling.
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I. INTRODUCTION

Intermetallic compounds containing praseodymium pro-
vide a wealth of opportunities with which to investigate qua-
drupolar interactions in strongly correlated electron systems.
In cubic materials, the crystalline electric field (CEF) splits
the J=4 multiplet of Pr’* into orbitally degenerate states that
carry quadrupole moments, i.e., anisotropic charge
distributions.! The interaction between these quadrupole mo-
ments and the conduction electrons or between the quadru-
pole moments themselves can give rise to strongly correlated
electron phenomena such as heavy fermion behavior, qua-
drupolar ordering, and quantum criticality, in a manner
analogous to the interactions of the magnetic moments of
many Ce-, Yb-, or U-based materials. Examples of strong
quadrupolar interactions are found in the filled skutterudite
compounds that have the chemical formula RT,X;,
(R=alkali metal, alkaline earth, rare earth, or actinide;
T=Fe, Ru, Os; X=P, As, Sb).Z* For instance, the com-
pound PrFe P, undergoes a transition to an ordered state
below 6 K that was originally attributed to antiferromagnetic
(AFM) order,’ but later identified with antiferroquadrupolar
(AFQ) order.® The compound PrFe,P,, exhibits quantum
criticality associated with the suppression of the AFQ state in
magnetic fields,’ resulting in the formation of a heavy Fermi
liquid state above the quadrupolar quantum critical point
(QCP).? In contrast, the compound PrFe,Sb, is a heavy fer-
mion magnet,”!? with a crossover to non-Fermi liquid behav-
ior in magnetic fields above H=3 T. The compound
PrOs,Sby, is a heavy fermion superconductor with a transi-
tion temperature 7,.=1.85 K,'"'> which undergoes a transi-
tion to an ordered state in high magnetic fields'? that has
been attributed to antiferroquadrupolar order,'* suggesting
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that the extraordinary normal and superconducting properties
of this compound may be associated with its proximity to a
field-induced quadrupolar QCP, in accord with a previous
conjecture.'* The superconducting properties of PrOs,Sb,
(Refs. 11 and 15-17) are unusual and quite different from
those of other heavy fermion superconductors; this has
prompted speculation that the unconventional superconduc-
tivity may be mediated by quadrupolar fluctuations,'?!8-2!
instead of the magnetic spin fluctuations believed to mediate
Cooper pairing in the Ce- and U-based heavy fermion super-
conductors. A double superconducting transition at
T.,=1.85 K and T.,=1.75 K, observed in a variety of mea-
surements, e.g., specific heat,'>?>?3 magnetization,*? ther-
mal expansion,?® and penetration depth?’-?® suggest a multi-
component order parameter.>3® Evidence for a third
superconducting transition at =~0.6 K has been obtained
from a kink in the lower critical field H,,(T) and the critical
current 1.(T).'® Multiple superconducting phases with dis-
tinct point-node gap structures have also been proposed,
based upon angular-dependent thermal conductivity mea-
surements in magnetic fields.’! Penetration depth measure-
ments reveal that N(7) has a 7> dependence between =~0.1
and 0.6 K, which has been taken as evidence for point nodes
in the gap function and found to be consistent with calcula-
tions based on triplet superconductivity.’> However, the acti-
vated behavior of the magnetic penetration depth determined
from muon-spin-relaxation (uSR) experiments’® and the
nuclear spin-lattice relaxation 1/7; (Ref. 34) indicate an iso-
tropic superconducting gap. Furthermore, zero-field uSR
measurements on PrOs,Sb;, reveal a time-reversal-
symmetry-breaking state below 7,3 which suggests a rather
original superconducting state.

While the CEF ground state has been (more or less) es-
tablished in PrOs,Sb;,, the nature of the quadrupolar fluctua-
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FIG. 1. Magnetization M vs magnetic field H of PrOs,Sb;, (a)

below 1 K and (b) above 1 K with H||[001]. The solid lines are fits
of Eq. (1) to the M(H) data.

tions in this material is less clear. A cubic CEF will split the
Pr3* J=4 multiplet into a nonmagnetic I'; singlet, a nonmag-
netic I'; doublet, and two magnetic triplets (I'y and I's) (in
0, symmetry).! The slightly reduced T}, symmetry appropri-
ate for the filled skutterudite structure causes an additional
mixing of the magnetic triplets (now labeled I‘gl) and Ff)).36
Recent inelastic neutron scattering measurements, consistent
with previous experiments,'>7 reveal a CEF energy-level
scheme (in T, symmetry): I'; ground state and a low-lying
I'? first excited state separated by 6~7.8 K, followed by
I‘il) (135 K) and T'»; (205 K) excited states.’® Neutron dif-
fraction measurements indicate the presence of a small anti-
ferromagnetic moment (wyp,;=0.025 up) parallel to the
[010] direction in magnetic fields above H~5T at
T=0.25 K.'3 A crystalline electric field analysis based on a
I'; ground state suggests that antiferroquadrupolar order
arises from a level crossing of the I'; ground state with an
excited state in magnetic fields.?>*® This crossing of the CEF
levels is believed to give rise to the high-field-ordered phase
(HFOP) in high magnetic fields (H>4T) below
2 K.!2152425 The power law T dependence of the electrical
resistivity!? near the HFOP suggests proximity to an antifer-
roquadrupolar quantum critical point. It has been proposed
that such quadrupolar fluctuations lead to the softening of the
elastic (C,;—C;,)/2 and C,, modes.*!

Measurements of the nonlinear susceptibility y;, the third-
order coefficient in the magnetic field development of the
magnetization, constitute a useful technique for obtaining in-
formation about quadrupolar interactions that was applied to
rare-earth intermetallic compounds by Morin and Schmitt.*?
In addition, in the ionic limit (weak hybridization of f orbit-
als to other states), this technique can distinguish between a
magnetic ground state (in which 3 is isotropic, large, and
negative with a 7~ temperature dependence, as can be seen
by an expansion of the Brillouin function), and a non-
Kramers I'; doublet, in which y; is anisotropic and exhibits a
positive T~! divergence as T— 0 K when the magnetic field
is applied along one of the principal axes; i.e., HII[100].
Nonlinear susceptibility y; measurements can also reveal a
nonmagnetic I'; singlet, which will produce nearly isotropic
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FIG. 2. M vs H of PrOs,Sbj, for 0.4 K=7T<45K with
H||[111]. The solid lines are fits of Eq. (1) to the M(H) data.

and nondivergent nonlinear susceptibility. In this paper, we
present measurements of the nonlinear susceptibility of
PrOs,Sb, in order to probe both the nature of the ground
state and the quadrupolar fluctuations in this material, and
find that our data favor a nonmagnetic I'; crystal field ground
state with induced moment antiferroquadrupolar and antifer-
romagnetic interactions between Pr ions; a nonmagnetic dou-
blet ground state treated within an Anderson impurity model
produces unsatisfactory agreement with the data.

II. EXPERIMENTAL DETAILS

Single crystals of PrOs,Sb,, were grown in an Sb flux.?
Magnetization measurements were performed in a commer-
cial superconducting quantum interference device magneto-
meter at temperatures between 1.8 and 20 K in magnetic
fields up to H=5.5 T. The background signal of the sample
holder was found to be 1-5 % of the total signal, within the
standard deviation of the measurement, and was, therefore,
neglected in the subsequent analysis. Magnetization mea-
surements down to 7=0.35 K up to H=55T were per-
formed in a *He Faraday magnetometer. In this case, the
background magnetization was subtracted from the data. In
general, differences between the two experiments with the
same field and temperature conditions were less than 10%.

Our original magnetic susceptibility x;(7) data (Ref. 11),
used here to determine model parameters, were obtained
from a collection of single crystals grown from an antimony
rich flux. In consequence, a substantial diamagnetic signal
from surface antimony inclusions is likely present. To correct
for this, we matched the maximum in our data to the maxi-
mum in the data from a large single crystal of Ref. 24 and
adjusted the estimated fraction of antimony contribution ac-
cordingly; this corresponds to a 15% weight fraction of an-
timony.

II1. RESULTS

Figures 1 and 2 show representative magnetization M(H)
curves for H||[001] and H||[111], respectively. The data do
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FIG. 3. Nonlinear susceptibility x3(7) of PrOs;Sbj, with
H||[001] (circles) and H||[111] (squares).

not scale as some function of H/T as expected for a magnetic
(I's) ground state. Above 2 K, the M(H) curves have nega-
tive curvature and appear to exhibit positive curvature at
temperatures close to 1 K; an upturn in the magnetization
appears at a magnetic field Hypop~4.5 T below 1 K, indi-
cating the presence of a high-field-ordered phase found in
previous measurements.'>!>2425 In the paramagnetic state,
the third-order susceptibility x; is a measure of the leading
nonlinearity of the magnetization

M=M0+X1H+§H3--- (1)

in the direction of the applied magnetic field H, where M,
takes into account extrinsic effects, e.g., trapped flux in the
superconducting magnet, and y; is the usual magnetic sus-
ceptibility. The nonlinear susceptibility y; was obtained from
fits of the M(H) data to Eq. (1) and is shown in Fig. 3.

For temperatures above 1 K [Fig. 1(b)], fits of Eq. (1) to
the M(H) data for | T<H=<5.5 T were performed to obtain
X3; whereas below 1 K [Fig. 1(a)], the fits to the data were
carried out for magnetic fields less than Hyrpp~4 T and in
the normal state [H,(T) ~1.5-2.2 T (Ref. 11)]. It is possible
that these fits below 1 K somewhat overestimate the nonlin-
ear contribution due to the limited fit range. The magnetic
susceptibility x;(7) determined from these fits agrees well
with bulk measurements.'>?* Fits of the M(H) data for
H||[111] over comparable field ranges (Fig. 2) yield similar
results.

Shown in Fig. 3 is the nonlinear susceptibility y3 vs T for
H||[001] and H||[111]. With decreasing temperature, y; is
negative and reaches a minimum at ~4 K, followed by a
positive maximum at ~1 K, before diverging negatively be-
low 1 K for both field directions. The nonlinear susceptibil-
ity is nearly isotropic (although y; for H||[001] may be
smaller in magnitude than for H||[111]); the T dependence
and magnitude are in excellent agreement with the measure-
ments of Tenya et al.*®
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IV. ANALYSIS
A. I'; ground state calculations

We have modeled the nonlinear susceptibility in the I';
singlet ground state model using the molecular field formal-
ism of Morin and Schmitt*> augmented by the additional
crystal field term appropriate to the tetrahedral symmetry
noted elsewhere.® We have carried this out in the ionic limit
(zero hybridization) of the Anderson model. The tetrahedral
symmetry turns out to be critical to assure a reasonable con-
comitant description of the linear and nonlinear susceptibil-
ity; in the cubic field, it is impossible to get comparable
negative and positive lobes for the nonlinear susceptibility as
we have found here.

We have defined the allowed sixth-order 7 terms in the
crystal field as

Hier= Y[(J2J2,

X7y

— S+ R+ B+ R+ RI+ 1] ()

L+ LT+ 20T

X VX7 z

with J; (i=x,y,z) angular momentum operators in the J=4
ground multiplet. The crystal field Hamiltonian is then deter-
mined from the usual Lea-Leask-Wolf' cubic terms param-
etrized by W,x and the above term. We set the crystal field
parameters by matching to the level scheme determined from
neutron scattering®®; specifically, we placed the I',; doublet
at 205 K (this determines W for a given x) and set Y for the
tetrahedral term by setting the first excited triplet at 7.7 K in
agreement with Ref. 38. The best simultaneous description of
linear and nonlinear susceptibilities is then obtained for
x=0.465, W=3.112 K, and Y=0.166 K. We note that the re-
lation between our Y parameter and y of Refs. 36 and 38 is
y=1.86Y/W. For these parameters, we find the second ex-
cited crystal field triplet Ff) at 134 K in good agreement
with neutron scattering data.!>37-38

To obtain our estimates of y; and y;, we compute nonin-
teracting susceptibilities by numerically adding small mag-
netic fields 4 and normalized stresses 7, (i=[100],[111])
to the crystal field Hamiltonian, computing the free
energy F' from the ionic partition function Z° in the
small applied fields, and estimating the derivatives with
respect to the applied fields via suitable and standard
numerical multipoint formulas. Note that the stresses are
uniaxial along principal axes or body diagonals of the
relevant tetrahedron. The stresses 7; are measured in
units of energy and linearly couple to the quadrupolar
operators [\53(J)2(—J§),2J§—J)2(—J§] for i=[100], and
ISy + I I+ T J T T+, for i=[111].

The relevant noninteracting susceptibilities are

XI(T) = - (9/’1? ];’nl:ov (3)
FFUT,h, 7))

0(T) = = d , 4

qu( ) (777[2 h,r]l:() ( )
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FIG. 4. x5(T) of PrOs,Sb,, with H||[001] (circles) and H||[111]
(squares), along with the I'; ground state calculations as discussed
in the text for H||[001] (solid line) and H||[111] (dashed line).
Inset: Magnetic susceptibility y;(7) along with the I'; ground state
calculations as discussed in Sec. IV A (solid line).

PFUT,h,n;
NINC PTG ) (5)
A dh” |y =0
(94}70(]:};7 7]l)
Xo(T) = — 6T , (6)
i h,nl:O

which are, respectively, the linear magnetic susceptibility,
linear quadrupolar susceptibility, parastriction susceptibility,
and nonlinear magnetic susceptibility. In the latter case, we
differentiate with respect to fields along the z-axis ([100]) or
[111] directions.

Next, we introduce intersite Curie-Weiss interaction pa-
rameters n for magnetic susceptibility, and g; for the quadru-
polar susceptibilities, in terms of which the molecular field

theory of the linear and nonlinear susceptibilities gives*?
0
xi(D)
xi(T) = —5— (7
1 —nx;(T)
xailT) = X(s)i(T) +2g [Xgmi(T)]z

3i - i .

(1= (DT "' [1 = nx )11 - gix(T)]
(8)

Note that while the Pr site has tetrahedral symmetry, the
overall crystal symmetry is cubic and thus has two indepen-
dent x5 components.

We find that the measured linear susceptibility is slightly
suppressed with respect to the noninteracting ionic limit, re-
quiring a weakly antiferromagnetic Curie-Weiss constant
n=-0.12 mol/emu [|nx)(T} )| =0.012, where T . is the
temperature at which the ionic linear susceptibility peaks].
This is shown in the inset to Fig. 4. We note that with this
weak antiferromagnetic coupling and no intersite quadrupo-
lar interactions, the nonlinear susceptibility given by the
above equations shows a similar shape to the data but the
main negative lobe magnitude is too small by approximately
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20% (about 6 emu/mol T3). We further note that the two
lobe characters of the experimental nonlinear susceptibility
require crystal field parameters in this vicinity, and that to fit
the magnitude of x5 requires any antiferromagnetic coupling
to be small, since the fourth power Curie-Weiss factor rap-
idly suppresses the magnitude of y; if n is raised too far in
magnitude.

The term in y; due to quadrupolar interactions is negative
definite for antiferroquadrupolar coupling and a I'; ground
state, and positive definite for subcritical ferroquadrupolar
coupling. Hence, we are guided to fit the data in the param-
eter region with antiferroquadrupolar intersite interactions. It
can be seen from the above equations that the quadrupolar
contribution to y; saturates for infinite antiferroquadrupolar
coupling to the form

XD
[1=nx (D) IXUT)

For our crystal field parameters, and the weak antiferromag-
netic coupling, x3 ... has minima at 3.2 K (4 K) for H||[100]
(H||[[111]) of -14 emu/mol T3 (-12 emu/mol T%). The
leading term in y; [first term on the right-hand side of
Eq. (8)], which is of purely magnetic origin, already contrib-
utes approximately —25 emu/mol T? to x3. To get the requi-
site downward correction of about —5 emu/mol T? from the
quadrupolar term requires contributions at about half of the
minimum values of x3,... This implies nearly critical antifer-
roquadrupolar coupling.

As shown in Fig. 4, we find that to fit the nonlinear sus-
ceptibility best and maintain near isotropy for the [100] and
[111] directions requires strongly antiferroquadrupolar cou-
plings g;, with g;00=-0.158 K (|g100X2100(T100,max)|=0'95’
where the ionic linear [100] quadrupolar susceptibility peaks
at Tygoma)> and g111==0.349 K (|g111x5111(T111.max) | =0.95,
where Ty ., is the temperature at which the linear [111]
susceptibility peaks). Hence, this analysis suggests that
PrOs,Sby, is in close proximity to antiferroquadrupolar tran-
sitions for both field directions. This is consistent with the
observed field-induced ordering and with the zone boundary
softening of magnetic excitations.**

The heavy fermion behavior observed in this material is
not directly accounted for by the ionic model in that some
linear specific heat remains after accounting for the Schottky
anomaly of the excited triplet level. Of course, the Schottky
peak will be broadened in the real material by at least two
effects: (i) in the ionic model, intersite coupling will induce
dispersion which will yield a minimum excitation energy at a
zone center of about 2.6 K; (ii) hybridization will induce
damping and a finite width to the singlet-triplet excitations.
Both mechanisms will enhance the low temperature specific
heat above the ionic Schottky anomaly, and the broadening
will lift the exponential suppression approach of the linear
susceptibility to its low temperature value, which appears
consistent with experiment as well.

X3,qOC(T) ==2 (9)

B. I';; ground state calculations

For completeness, and since earlier work supposed the
possibility of a nonmagnetic ground doublet, we also exam-
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ine the nonlinear susceptibility arising from a non-Kramers
I'5; doublet.

In order to describe the gross features of the experimen-
tally measured y,(7) and y;(7) data assuming a I',; ground
state, we study the two-channel Anderson impurity model*
in the tetrahedral system but in the cubic limit, taking into
account the I'y; quadrupolar doublet ground state in the
J=4 (4f%) configuration of the Pr** ion, as well as all excited
crystal field states in the 4f> configuration, i.e., the 1—‘21),(2)
triplet states and a I'; singlet. For simplicity, we restrict our-
selves to the magnetic I'y doublet (with energy 1.9 eV) in the
J =% (4f%) configuration. We anticipate the qualitative low
temperature behavior to be the same with the inclusion of all
f% and f° excited states. Only valence fluctuations between
4f2 and 41> are considered. In our model, the localized Pr ion
hybridizes via a spherical matrix element V with conduction
electrons carrying both spin (o=1,|) and quadrupolar
(u=+,-) quantum labels. The corresponding Hamiltonian is
given by

H= 2 ekU;LCko',uC_)&rZ E(,.|O'><0'| + E EM|M><M|

kow

+V 2 (CopnmCiglloXM|+H . c.),
kouM

where the Pr’* state |o) represents the magnetic Kramers
doublet with energy E,; and |M) represents the I',s, FZI), Ff),
and I'; states of Pr’*. The operator cz(m creates a conduction
electron with wave number k, spin o, channel index u, and
kinetic energy €,,. In these calculations, the energies of the
excited f-electron states EM—(EFH EF Er, .Er)) and E,
are measured from that of the ground state (EF ) The
Clebsch-Gordan coefficient C,,.), is given by (o] f(w|M)
where f;,, annihilates an f electron. The linear and nonlinear
susceptibilities are evaluated in the framework of the non-
crossing approximation,*®#” which is the lowest order self-
consistent expansion in the hybridization V. This approxima-
tion is known to describe the physics of the two-channel
Anderson model correctly.*

The calculated x5(7T) (with H|| [001] and [111]) is dis-
played in Fig. 5, using values of Tx=0.21 K, V=0.4 eV, and
a CEF level scheme F(2) (10 K), F(l (160 K), and Er,
(370 K), consistent W1th previous results 123738 With this
choice of parameters, we are in the Kondo regime of the
model with an f? occupancy of 0.97 at low temperatures. ys
along [011] is straightforwardly interpolated between [001]
and [111], ie., x3''=(174)x"+(3/4) x5

The negative divergence of y; develops in all directions
theoretically and robustly arises from (i) divergent contribu-
tions from the excited f> magnetic states noted previously*
[these go as —In*(7)/T], and (ii) divergent contributions aris-
ing from “disconnected” diagrams which vary as —1/7 and
are proportional to the quantum weight of Ff) states. Both
contributions are suppressed in the zero hybridization ionic
limit of Ref. 42 by vanishingly small Boltzmann weights.
The model calculations give a positive maximum in y; for
the [111] direction, which corresponds to a sampling of the
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FIG. 5. x3(T) of PrOs,Sb,, with H||[001] (circles) and H||[111]
(squares) along with the Anderson impurity calculations with the
I'»; ground state as discussed in Sec. IV B for H||[001] (solid line)
and H||[111] (dashed line).

ferroquadrupolar response of the (xy,xz,yz) symmetry qua-
drupolar moment of the I‘f) triplet; such a relative positive
value of the [1 11] limit to the [100] limit is found in the ionic
limit for a I''? 4 ground state 1n cubic symmetry, and the finite
quantum weight of the F here leads to the intermediate
temperature maximum.

We note that this theoretical treatment of y; is not in good
agreement with the experimental x;(7) curves (Fig. 3); in
particular, the relatively large anisotropy between the [100]
and [111] directions is not observed in the nearly isotropic
experimental y; data. However, on the basis of the aniso-
tropy, these calculations may be useful in distinguishing be-
tween the two possible nonmagnetic ground states of Pr (or
U) in cubic symmetry. Furthermore, the theory may provide
a more realistic description of the behavior of these materials
containing Pr or U with the following improvements: (i) the
model excludes excited f3 states, and as such, cannot prop-
erly estimate the quantum weight of the Ff) state (an over-
estimate will overemphasize the positive contribution associ-
ated with the Ff) symmetry quadrupolar moment) and (ii)
ignores intersite interactions. These can provide induced mo-
ment antiferromagnetic correlations between F @) magnetic
moments that can (i) reduce x,(0) relative to the peak value,
which may account for the disagreement between theory and
experiment in y;(7), and (ii) induce Ff) symmetry antiferro-
quadrupolar correlations (for the bece symmetry of the skut-
terudites) which, in turn, would reduce the above-mentioned
positive contributions to x; along the [111] direction. (Of
course, these can be suppressed by direct, noninduced anti-
ferroquadrupolar correlations of the I" f) states.)

V. CONCLUSIONS

In summary, nonlinear susceptibility measurements were
performed on the heavy fermion superconductor PrOs,Sb,,
to investigate the ground state properties. Calculations of y3
have been carried out within (i) an interaction ionic limit for
a nonmagnetic singlet ground state, and (ii) a two-channel
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Anderson impurity model assuming a quadrupolar T'p;
ground state. The experimental results, however, are in better
agreement with ionic calculations including antiferroquadru-
polar interactions within a nonmagnetic I'; ground state, sug-
gesting proximity to a quadrupolar quantum critical point in
PrOs,Sby,, in accord with an earlier conjecture.'*

Clearly, the analysis of y; supports the notion that
PrOs,Sby, is close to an antiferroquadrupolar quantum criti-
cal point. This is bolstered empirically by evidence of anti-
ferroquadrupolar order in applied magnetic field,'>!7?4% and
zone boundary softening of singlet-triplet excitations in the
paramagnetic phase.** Hence, our analysis provides further
support for the notion that antiferroquadrupolar fluctuations
mediate superconductivity in this material, and this naturally
can lead to multiple component order parameters in agree-
ment with experimental findings.!>1516.23:31

What is perhaps most surprising is that PrOs,Sb;, could
sustain negligible antiferromagnetic couplings based upon
our analysis of the linear and nonlinear susceptibility while
having large intersite antiferroquadrupolar couplings. If the
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interactions are dominated by either conduction electron me-
diated Coulombic multipole exchange or hybridization
driven exchange, one would anticipate more comparable
magnitudes. At the same time, the relatively large distance
between Pr ions in this structure certainly suggests that weak
coupling is plausible. On the other hand, oscillatory strain
mediated couplings between quadrupole moments are, of
course, possible, and this may be the source of the discrep-
ancy between magnetic and quadrupolar interactions and
merits further examination in this fascinating material.
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