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We study theoretically the propagation of lower-order Lamb waves in one-dimensional composite thin
plates. The dispersion curves of Lamb modes propagating parallel to the surfaces of the thin plates in the
periodic direction are calculated based on the plane wave expansion method. The existence of band gaps for
low-order Lamb wave modes is demonstrated in the systems made of alternating strips of tungsten materials
and silicon resin. The finite element method is employed to calculate the transmitted power spectra, which is
in good agreement with the results by plane wave exposition. A crucial parameter, i.e., the ratio of the plate
thickness �L� to the lattice spacing �D�, is discussed in detail for the influence of formation of band gaps.
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I. INTRODUCTION

In the last few years, the existence of forbidden gaps in
the band structure of acoustic �AC� and elastic �EL� waves
propagating in periodic composite materials has received a
great deal of attention.1–7 For frequencies within the band
gap, the propagation of acoustic or elastic waves is forbidden
in all directions, thus suggesting various applications such as
acoustic filters, ultrasonic silent blocks, acoustic mirrors, etc.
Up to now, bulk and surface acoustic waves in elastic peri-
odic structures have been studied both theoretically8–20 and
experimentally.21–26

On the other hand, there has been a growing interest in
using Lamb waves for a variety of physical, chemical, and
biological sensors. The Lamb waves also have potential ap-
plication to noncontact and nondestructive evaluation and
characterization of sheet materials in industry.27 The operat-
ing principle of Lamb wave sensors is similar to the more
extensively studied surface acoustic wave �SAW� sensors.28

Important advantages over the SAW sensors are obtained by
utilizing the low-order antisymmetric Lamb wave mode, the
A0 mode, which propagates in thin plate that is only a few
micrometers thick. It is certainly more complicated to study
the elastic waves in the composite plate than that of bulk and
surface acoustic waves due to longitudinal and transversal
strain components which couple to each other by reflections
at the plate boundaries with complex wave vectors �Lamb
waves�.

The first attempt to describe the propagation of Lamb
waves with wavelength comparable with the lattice is due to
Auld and co-workers,29,30 who studied two-dimensional
composites within the couple-mode approximation. Alippi
et al.31 have presented an experimental study on stopband
phenomenon of lowest-order Lamb waves in piezoelectric
periodical composite plates and interpreted their results in
terms of a theoretical model, which provides approximate
dispersion curves of the lowest Lamb waves in the frequency
range below the first thickness mode by assuming no cou-
pling between different Lamb modes. The transmissivity of
the finite structure to Lamb wave modes was also calculated
by taking into account the effective plate velocities of the
two constituent materials.32

However, up to now, to our knowledge, there is still no
study on propagation of the Lamb wave in periodical com-

posite plate based on a rigorous theory of elastic wave.
Therefore, it is significant to study propagation of Lamb
waves in the periodic composite systems. In this paper, we
present a theoretical calculation for the dispersion curves of
lower-order Lamb waves in one-dimensional �1-D� compos-
ite thin plates based on a rigorous theory by the plane wave
expansion �PWE� method. The existence of band gaps for
low-order Lamb wave modes in the composite thin plates is
demonstrated for some ranges of the ratio of the plate thick-
ness to lattice spacing. The stopbands calculated for 1-D pe-
riodic structure by PWE method are in good agreement with
the results obtained by the finite element �FE� method. A
crucial parameter, i.e., the ratio of the plate thickness �L� to
the lattice spacing �D�, is discussed in detail for the influence
of formation of band gaps in the dispersion curves.

The paper is organized as follows: In Sec. II we derive the
general equation of motion for the 1-D composite thin plate
that supports Lamb wave modes. In Sec. III, numerical re-
sults calculated for 1-D periodic structure by PWE are given
and the existence of band gaps for lower-order Lamb wave
modes is demonstrated for some ranges of L /D. In Sec. IV,
the FE method is employed to calculate the transmitted
power spectra �TPS�, which is in good agreement with the
results from PWE. The final section contains the concluding
remarks.

II. FORMULATIONS

As shown in Fig. 1, we suppose that the periodic compos-
ite plate consists of material A with width dA, material B with
width dB, lattice spacing D=dA+dB, and filling rate f defined
by f =dA /D. The wave propagates along the x direction of a

FIG. 1. The 1-D periodic composite plate consisting of alternate
tungsten and silicon strips.
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plate bounded by planes z=0 and z=L. We consider a two-
dimensional problem, in which all field components are as-
sumed to be independent of the y direction.

In an inhomogeneous linear elastic medium with no body
force, the equation of motion for displacement vector
u�x ,z , t� can be written as

��x�üp = �q�cpqmn�x��num�, p = 1,2,3, �1�

where ��x� and cpqmn�x� are the x-dependent mass density
and elastic stiffness tensor, respectively. Due to the spatial
periodicity in the x direction, the material constants, ��x� and
cpqmn�x�, can be expanded in the Fourier series with respect
to the 1-D reciprocal lattice vectors �RLVs�. From the Bloch
theorem and by expanding the displacement vector u�x ,z , t�
into Fourier series, one obtains

u�x,z,t� = �
G

ejkxx−j�t�ejGxAGejkzz� , �2�

where kx is a Bloch wave vector, � is the circular frequency,
AG= �AG

1 ,AG
2 ,AG

3 � the amplitude is the amplitude vector of
the partial waves, and kz is the wave number of the partial
waves along the z direction. Substituting Eq. �2� into Eq. �1�,
one obtains homogenous linear equations to determine both
�AG

1 ,AG
2 ,AG

3 � and kz. Supposing that the materials A and B are
cubic materials, it is obvious that the wave motion polarized
in the y direction, namely SH wave, decouples to the wave
motions polarized in the x and z directions, namely, P and SV
waves. We focus our attentions on P and SV waves because
it is relatively simple to discuss the SH wave. If one trun-
cates the expansions of Eq. �2� by choosing n RLVs, one will
obtains 4n eigenvalues kz

�l� �l=1–4n�. For the Lamb waves,
all of the 4n eigenvalues kz

�l� must be included. Accordingly,
the displacement vector of the Lamb waves can be taken of
the form

u�x,z,t� = �
G

�ei�kx+G�x−i�t��
l=1

4n

AGeiKz
�l�z�

= �
G

�ei�kx+G�x−i�t��
l=1

4n

Xl�G
�l�eikz

�l�z� , �3�

where �G
�l� is the associated eigenvector for the eigenvalue

kz
�l�, X= �X1 ,X2 , . . . ,X4n�t �the superscript denotes the trans-

pose� is the weighting coefficient to be determined, and the
prime of the summation expresses that the sum over G is
truncated up to n.

The boundary conditions are the stress-free on the upper
�z=0� and rear �z=L� surfaces

�Tp3�z=0,L = cp3mn�n�um�z=0,L = 0 �p = 1,3� , �4�

where Tpq is the stress tensor and L is the plate thickness.
Equation �4� will lead to 4n homogeneous linear equations
for determining Xl �l=1–4n�. For the existence of a non-
trivial solution of Xl, the determinant of the coefficient ma-
trix of these equations should be equal to zero, which will
bring on the dispersion relation, �=��kx�. In practice, an
alternative search procedure is usually required to find these
�.28,33

III. NUMERICAL SIMULATIONS BY PWE METHOD

The seven RLVs are used in all numerical calculations,
which results in a very good convergence for the materials
�the material A and B are tungsten and silicon resin, respec-
tively� in numerical experiments. The convergence has been
checked by the fact that the dispersion curves calculated do
not change at all, even if one increases the number of RLVs
further. The elastic properties of the materials utilized in the
numerical calculations are given in Ref. 34.

In order to demonstrate the existence of band gaps for
low-order Lamb wave modes in the 1-D periodic structure,
we have calculated the dispersion curve for a cubic medium
�silicon� of a 1 mm thick plate by considering only the fun-
damental term in the Fourier and Floquet series,33 as shown
in Fig. 2�a�. Figure 2�b� displays the dispersion curves of
four lower-order modes along the boundary of the mini-
Brillouin zone with filling ratio f =0.5, L=1.0 mm, and
D=2.0 mm. One can obviously observe the modifications
produced by resonant reflections in the strip lattice. The
dashed vertical lines in Fig. 2�b� identify the wavelengths
that are resonantly reflected by the periodic lattice of strips.

By comparing Fig. 2�a� with Fig. 2�b�, one can easily find
that there exists a band gap from 1065 to 1642 kHz for the
lower-order Lamb modes propagating in the 1-D periodic
structure. The gap width ���� is 577 kHz and the corre-
sponding gap/midgap ratio ��� /�m ,�m is the midgap fre-
quency� is approximately 0.426.

In order to analyze the influence of the ratio L /D for the
band gap width, we also calculate the dispersion curves of

FIG. 2. Schematic representation of the dispersion curve for �a�
a cubic plate �silicon� with L=1.0 mm and �b� the composite thin
plate �tungsten/silicon� with f =0.5, L=1.0 mm, and D=2.0 mm.
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the lower-order modes with f =0.5, L=2.0 mm, and
D=2.0 mm, as shown in Fig. 3. It is apparent that there
are two band gaps �from 806 to 1167 kHz and from
1438 to 1863 kHz, respectively� for the ratio L /D=1. The
gap widths are 361 and 425 kHz, and the corresponding gap/
midgap ratios are about 0.366 and 0.255, respectively.

Basically, there are three parameters that influence the for-
mation of band gaps, i.e., L /D, f , and the contrast between
the physical parameters of the constituents. It is rather intui-
tive that L /D is very crucial for the formation of a band gap.
Figure 4 depicts the gap width of the lowest band gap as a
function of L /D with f =0.5 and D=2 mm for tungsten/
silicon supperlattices. It is noteworthy to point out that the
lowest band gap opens up over a domain of the ratio of L /D
defined by 0.15�L /D�1.64. The maximum value of gap
width appears at L /D	0.53 for the lowest band gap and
reaches 610 kHz as shown in Fig. 4.

It is noted that the value of the gap width of the lowest
band gap in the systems increases monotonously with the
increase of the value of the ratio of L /D until a critical value
and then decreases. In fact, a plate can support a number of
Lamb wave modes depending on the value of the ratio L /	,
where 	 is the acoustic wavelength. When the periodicity of
these Lamb waves matches the lattice spacing, stopbands
appear in the Lamb wave dispersion curves.35 There is a high
interaction when the wavelength of the Lamb wave is close
the lattice constant, which induces mode conversion and re-
flections. When the wavelength of the Lamb wave is differ-
ent from the periodicity of the lattice constant, the interaction
is weak. On the other hand, the midgap frequency of the
forbidden gap is inversely proportional to the lattice spacing
D,4 therefore, the value of the ratio of L /D is important for

the width of the band gap for the Lamb waves in the periodic
composite systems.

IV. TRANSMITTED POWER SPECTRUM (TPS) BY
FINITE ELEMENT METHOD (FEM)

In order to demonstrate further the existence of the band
gaps for the lower-order modes in the 1-D periodic structure,
the FEM is employed to calculate the TPS for the finite pe-
riodic structure. The FE solution involves the discretization
of the domain into a number of elements, approximating the
displacement values interior to the elements in terms of its
nodal value through the shape functions of the chosen ele-
ment and the determination of nodal values.21

Figure 5 shows the configuration of the modified compos-
ite plate in the FE calculations, in which the superlattice with
ten periods �the length is 20 mm� is bounded by two pure
tungsten plates �the length is 100 mm� at two sides. Lamb
waves are excited by the force function f�t� that is a triangle
wave at the x=0, and are received at x=140 mm.36 The gen-
eration source is far from the periodic structure in order to
obtain approximate plane waves when the wave fronts reach
it. The step sizes of temporal and spatial discretization in the
finite model are fine enough for the convergence of the nu-
merical results �increasing the number of elements of the
finite element mesh is equivalent to increasing the number of
harmonic waves in PWE method�. The vertical displacement
of a node at the upper surface of the plate behind the super-
lattice array at x=140 mm is collected as a function of time.
For a sufficiently large number of these vertical displacement
data on the time axis, the displacement fields are Fourier
transformed into the frequency domain to yield the TPS.

Figure 6 show the TPS for the 1-D composite structure
plate with f =0.5, L=1.0 mm, and D=2.0 mm. There is a

FIG. 3. Dispersion curves of Lamb wave modes for the 1-D
composite plate with filling ratio f =0.5, L=2.0 mm, and
D=2.0 mm. There are two band gaps �hatched region�.

FIG. 4. The width of the lowest band gap at the filling fraction
f =0.5 versus the value of L /D.

FIG. 5. Modified plate geometry in the FE
calculations.
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broad region from 1060 to 1630 kHz that is less than
−30 dB. The result shows good agreement with that by PWE
method. The TPS is also depicted in Fig. 6 from a pure
tungsten plate with the same dimensions, and no sharp at-
tenuation in any frequency domain is observed, as seen in
Fig. 6.

For the second sample, f , D, and the configuration are the
same as the first one, and only the thickness of the plate is
different �L=2 mm�. Figure 7 depicts the TPS for the 1-D
plate with periodic structure and without periodic structure.
The frequency range of the gaps of Lamb waves by PWE is
almost the same as those of large attenuation in the calcu-
lated TPS. The first gap extends from the frequency of 804
up to 1176 kHz and the second from 1436 to 1869 kHz,
which are less than −45 dB.

It is interesting to notice that there are some slight dips
centered at about 0.4 MHz in Fig. 6, or 0.5 and 1.3 MHz in
Fig. 7. These dips are attributed to the band gaps of antisym-
metric mode, but not the entire band gap of symmetric and
antisymmetric modes, which can be observed in Figs. 2�b�
and 3, indicated by the arrows 1, 2, and 3. On the other hand,
the lower frequency components of the modes are mainly
excited for the thin plate,27 so that the TPS energy displays a
monotonic decrease as the frequency increases as shown in
Fig. 6. As the plate is thicker, the higher frequency compo-
nents of the modes are also generated, so that the attenuation
of the TPS energy will be slower, as shown in Fig. 7.

V. CONCLUSIONS

We have examined the band structures of lower-order
Lamb wave modes propagating in the 1-D periodic compos-
ite thin plate based on the PWE for infinitely long periodic
systems and have calculated the TPS for finite systems by
using the FE method. As shown, the TPS through a superlat-
tice with ten periods has prominent dips at frequencies cor-
responding to the gaps in band structure. A crucial parameter,
namely, the ratio of L /D, was discussed, and the value of the
ratio of L /D was emerging as critical parameters in deter-
mining the existence of band gaps for the Lamb waves in the
periodic structures. Thus, we can achieve the needed width
of band gaps for Lamb wave by varying the thickness of the
plate.
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