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We present theoretical simulations of the highly nonlinear ultrafast intraband response of photoexcited
biased semiconductor superlattices. Usually, when Bloch oscillating wave packets are created in superlattices,
the required coherences arise purely from a spectrally broad external optical pulse that couples different
Wannier-Stark ladder states. However, we show that if the pulse intensity is high enough, then even if the
optical pulse is spectrally much narrower than the Wannier-Stark ladder spacing, Bloch oscillating wave
packets will be generated by the ultrafast nonadiabatic change in the self-generated internal dc electric field
that arises from the formation of excitons with permanent dipole moments.
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I. INTRODUCTION

The behavior of electrons in periodic potentials in the
presence of external dc and ac electric fields has attracted
considerable attention ever since the early days of the quan-
tum treatment of solids. One of the important effects studied
in this area was Bloch oscillations �BO’s�, which involve the
dynamic behavior of electrons in a periodic potential in the
presence of a uniform, static electric field. BO’s were first
predicted by Zener1 in 1934 based on Bloch’s work2 in 1928.
In a single-particle picture, the electronic eigenstates of a
solid in the presence of an external dc field Fo form the
so-called Wannier-Stark ladder �WSL�, with the energies
given by En=E0+neFod, where d is the lattice period, Fo is
the applied dc field, and n is the WSL index.3–5 BO’s occur
when wave packets formed from a superposition of these
WSL states are generated, for example, by ultrashort optical
pulses. The BO frequency is given by �B�eFod /�, which,
in the single-particle picture, is only a function of the exter-
nal dc field Fo.

It took nearly 60 years from the theoretical prediction of
the existence of BO’s in solids to its experimental
confirmation6–15 in the early 1990s. These experiments and
all that followed were performed via the optical injection of
carriers into undoped biased semiconductor superlattices
�BSSL’s�. Since then, a series of intensive studies of BO’s
have been carried out by a number of groups.9,16–27 In the
time domain, BO’s were first observed indirectly through
four-wave mixing �FWM� experiments10–13 and then were
observed more directly through the emission of terahertz
�THz� radiation from Bloch-oscillating carriers in undoped
BSSL’s.14,15,22,28

The above picture of Bloch-oscillating noninteracting
electron wave packets is clearly not entirely valid for photo-
excited BSSL’s. The factors that can modify this picture in-
clude interband Zener tunneling,29 electron-phonon scatter-
ing, excitonic effects,17,18,30,31 and many-body effects.
Through miniband engineering, Zener tunneling can be
safely neglected for the time periods �a few ps� over which
typical experiments are performed. Also, although electron-
phonon scattering will eventually destroy the coherences,
generally the basic properties of BO’s are not affected by this
scattering as long as the electron miniband is not appreciably

larger than the optical phonon energy �36 meV for GaAs�.
This scattering simply adds general decoherence and dephas-
ing of the wave packet, which can generally be modeled
phenomenologically over the times during which there is still
appreciable wave-packet coherence. Excitonic effects have
been treated by a number of authors.30,32–34 We have shown
previously22,23,28,34 that these effects complicate the response
significantly, but one can still recognize the basic BO’s,
which are in fact excitonic BO’s. Finally, many-body effects
encompass a variety of phenomena, including excitation-
induced dephasing �EID�, hole burning, phase-space filling,
and static and dynamic screening.9,17–21,31,35–43 These effects
all play some role in BSSL’s. However, as we will see, due to
the asymmetry of a BSSL, it is the screening that plays the
dominant role.

In this paper, we use an exciton basis and include exciton-
exciton interactions to account for static and dynamic screen-
ing in the intraband dynamics of photoinjected excitonic
wave packets in BSSL’s. In a previous publication, we
showed that this screening can lead to plasma oscillations
�PO’s� and the density-dependent frequency of BO’s �Ref.

FIG. 1. The calculated linear absorption spectrum for the BSSL
with a bias field of Fo=11.5 kV/cm. Also shown are the power
spectra of the Gaussian optical pulse of Sec. III B and the two
spectrally rectangular pulses of Sec. III C.
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28� in a BSSL. In this work, we show that, due to this
screening, Bloch-oscillating wave packets can be produced
via the nonadiabatic change in the total dc bias field arising
from the self-generated intraband electric field within the
BSSL.

In the standard single-particle picture of BO’s, the coher-
ences involved in the coherent Bloch-oscillating wave pack-
ets arise purely from the external ultrashort optical pulse and
have nothing to do with the many-body interactions among
excitons. In other words, the coherences required to produce
BO’s in a single-particle picture originate from the broad
spectral width of the optical pulse, which is wide enough to
couple different WSL states. This picture is only valid, how-
ever, in the case of low excitation.22,23 At higher optical in-
tensities, where many-body interactions among excitons
have to be taken into account, we find that Bloch-oscillating
wave packets arise even if the exciting optical pulse is so
spectrally narrow that at low densities it cannot couple dif-
ferent WSL states at all. In this case, the necessary coher-
ences between different WSL states are provided by the
nonadiabatic change in the self-induced internal dc electric
field in the BSSL; i.e., we obtain self-generated BO’s
�SBO’s�. We show that these SBO’s only arise in theoretical
models which treat the dynamics nonperturbatively in the
optical field.

The paper is organized as follows. First, in Sec. II, our
formalism for treating intraband dynamics nonperturbatively
in the optical field is presented. In Sec. III, we present the
basic principles of SBO’s and how they are generated by
spectrally narrow pulses. A comparison between SBO’s and
PO’s is also presented. In Sec. IV, we summarize our results.

II. HAMILTONIAN AND DYNAMIC EQUATIONS

Treating the exciton-exciton interaction in the long-
wavelength dipole approximation, the second-quantized
Hamiltonian of the BSSL investigated in an exciton basis
takes the form24,27,28

H = �
�

���B�
† B� + V�− Eopt · Pinter +

1

2�0�b
Pintra · Pintra� ,

�1�

where �0 is the vacuum permittivity, V is the volume of the
system, and B�

† �B�� is the creation �annihilation� operator
for a WSL exciton in the dc field, with internal quantum
number � and energy ���. The quantity �b is the dielectric
constant, which accounts for the background screening of the
Coulomb interaction due to all off-resonant contributions
that are not explicitly taken into account.44 The optical field
takes the form

Eopt�t� = E�t�e−i�ct + c.c.. �2�

where �c is the central laser frequency and E�t� is the ul-
trafast optical pulse envelope. The polarization operator is
defined as

P � Pinter + Pintra, �3�

where Pinter and Pintra denote, respectively, the interband and
intraband polarization. The interband polarization is defined
as

Pinter �
1

V
�
�

�M�B�
† + M�

* B�� , �4�

where

M� = M0
	A
 dz��*�z,z,0� �5�

is the interband dipole matrix element of the �th excitonic
state, ����. In Eq. �5�, M0 is the bulk interband dipole matrix
element and A is the transverse area. The intraband polariza-
tion is defined as

Pintra �
1

V
�

�,��

G�,��B�
† B��, �6�

where G��� is the intraband dipole matrix element between
two excitonic states ���� and �����, given by

G��� = ��� − e�ze − zh������ . �7�

Detailed derivations of these expressions for the polarization
are given in our earlier work.24

Using the exciton Hamiltonian of Eq. �1� and the Heisen-
berg equations of motion, we obtain the dynamic equations

i�
dB�

† �
dt

+ ���� +
i

T�
�B�

† � − Eopt�t� · M�
*

= Eintra�t� · �
��

G��,�B��
† � �8�

and

i�
dB�

† B��
dt

= − ���� − �� +
i

T��
�B�

† B��

+ Eopt�t� · �M�
* B�� − M�B�

† ��

+ Eintra�t� · �
��

�G��,�B��
† B�� − G��,�

* B�
† B���� ,

�9�

where the self-induced intraband electric field is defined as

Eintra�t� = −
1

�0�
Pintra� . �10�

Note that Eintra�t�, in addition to containing an oscillating
portion that generates the THz radiation coming from the
Bloch-oscillating excitons, also contains a quasi-dc portion
Eintra

dc arising from the permanent dipole moment of the exci-
tons. It is this dc component that plays the critical role in the
system dynamics considered in this paper. In Eq. �8�, T� is
the interband dephasing constant and is hereafter referred to
as T2inter. In Eq. �9�, T�� is the intraband dephasing constant
T2intra when ��� and the exciton population lifetime T1ex
when �=�. These time constants account phenomenologi-
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cally for decoherence arising from such processes as carrier-
carrier scattering, carrier-phonon scattering, and impurity
scattering. In addition, the dephasing times account for any
dephasing arising from inhomogeneous broadening due to
spatial fluctuations in the superlattice potential.

In the derivation of Eqs. �8� and �9�, in order to close the
infinite hierarchy of equations, we have employed the factor-
izations

B��
† B��B��

† � = B��
† B���B��

† � , �11�

B��
† B��B��

† B�� = B��
† B���B��

† B�� . �12�

These equations generally follow the principle of a first-
order cluster expansion19 except that we have neglected the
exciton-exciton exchange interaction. However, because we
perform the first-order cluster expansion using an exciton
basis rather than the usual electron and hole basis, the fac-
torizations in Eqs. �11� and �12� make it possible for us to
approximately include the second-order electron-hole Cou-
lomb correlations, which are crucial in accounting for experi-
mental phenomena such as dynamic screening.28 Further-
more, employing the factorizations amounts to treating the
dynamics nonperturbatively in the optical field and the self-
generated internal intraband electric field Eintra is treated self-
consistently. This allows the instantaneous net electric field
to directly affect the exciton dynamics.

After solving the set of coupled nonlinear equations �8�
and �9�, we obtain the intraband polarization by taking the
expectation value of Eq. �6�. The emitted THz radiation sig-
nal is then calculated by taking the second derivative of this
intraband polarization with respect to time. In the dynamics
calculations, both 1s-like excitonic states and higher-
s-symmetry in-plane excitonic states22 �HIES’s� are included
in the basis. The inclusion of HIES’s is necessary to realis-
tically and accurately account for experimental results, even
in the low excitation limit.22 Although, due to state mixing,
the final excitonic eigenstates cannot be rigorously character-
ized as being, say, purely 1s or 2s, for the convenience of
discussion they can be approximately labeled by the pair of
numbers �= �n ,m�, where the index n gives approximately
the nth WSL index as in the single-particle case and m gives
the dominant quantum number for the in-plane radial motion
of the exciton. In this scheme, the intraband dipole of the
�n ,m� state in the z direction is approximately −ned, where
n= . . . ,−2 ,−1 ,0 ,1 ,2 , . . ., as is the case for single-particle
WSL states. The states with m=1 are 1s-like excitonic states,
while the states with m	1 correspond to HIES’s, up to con-
tinuum states.

III. SELF-GENERATED BLOCH OSCILLATIONS

A. Basic principles

Although in the usual experimental situation the coher-
ences required for BO’s are generated by an ultrashort opti-
cal pulse, there are alternative ways to achieve this. In this
work, we are interested in producing coherences and hence
BO’s from the nonadiabatic change in the internal intraband
electric field Eintra�t� in a BSSL. This intraband electric field

is induced by the carriers generated by a spectrally narrow
pulse. To simplify the discussion of how SBO’s occur, let us
for now consider only the 1s excitons. If the center fre-
quency of the spectrally narrow pulse is in resonance with
the �−1,1� state, then to second order in the optical field, it
cannot excite a superposition of excitonic WSL states in the
dc field Fo, but will only excite the �−1,1� state ��
−1��. Now,
for high optical intensities, as more excitons are created, the
total dc field changes from Fo to F�=Fo+Eintra

dc due to the
dipole moments of the generated excitons �see Sec. II�. Thus,
the excitons initially created in the field Fo are no longer
eigenstates of the system with field F�. If the field change
from Fo to F� is adiabatic, then we still have no superposi-
tion state, as �
−1� slowly �i.e., adiabatically� evolves into the
eigenstate, �
−1� �, corresponding to the �−1,1� state in the
total field F�. However, if the change is nonadiabatic, then
we obtain a superposition state of 1s WSL eigenstates �
p�� of
the new field F�. In the limit of an instantaneous change in
the dc field at t=0 �i.e., the “sudden approximation”45�, the
state just after the field change will be ���t=0��= �
−1� so that

���t��=�p
p��
−1�e−ip�B� t �
p�� for t�0. In general, if the field
change is fast enough and large enough such that we are not
in the adiabatic limit, then we expect to obtain a final state
that is some sort of Bloch-oscillating superposition state,
with the amplitude of the BO’s determined to a large degree
by the rate of change of the field.

The generation of Bloch-oscillating wave packets via a
sudden change in the intraband field can also be described in
terms of the spectral content of the intraband field. If we
were to apply an external THz pulse to a photoexcited BSSL,
then Bloch-oscillating wave packets may be generated due to
the THz-pulse-induced coherences between the different
WSL states, even if the exciting optical pulse is spectrally
very narrow and thus generates no BO-related coherences by
itself. In the picture of SBO’s, the role of the external THz
pulse is played by a nonadiabatic change in the internal dc
electric field, the Fourier transform of which contains appre-
ciable THz frequency components. If there are appreciable
THz frequency components corresponding to the WSL spac-
ing frequency �B, then intraband coherences will arise and
we will obtain Bloch-oscillating excitonic wave packets.

B. Simple model for SBO’s

Before considering the effects of exciton-exciton interac-
tions on the self-induced internal intraband field and thus on
SBO’s in BSSL’s, we first consider a simplified model where
the dc electric field change is produced by a changing exter-
nal dc field, rather than by the excitons themselves. We in-
vestigate a GaAs/Ga0.7Al0.3As superlattice with a well width
of 6.7 nm, barrier width of 1.7 nm, and external dc bias field
of 11.5 kV/cm. All other parameters used in the calculation
are given in Ref. 30. The linear absorption spectrum of the
superlattice is shown in Fig. 1. In this work, we model the
intraband dynamics and emitted THz radiation when the
BSSL is excited either by a Gaussian pulse or a spectrally
rectangular pulse �see Fig. 1�. The intensity of the pulse is
characterized by the peak areal excitonic density �per period�
� generated by the pulse. The simulations are performed in-
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cluding HIES’s up to 60 s and two-well basis states with an
along-axis electron-hole separation ranging from−8d to8d;
with this basis, we obtain convergence in our results for the
bias fields and carrier densities considered here.28

For convenience of discussion, in the simple model of this
section, we take the exciton lifetime T1ex to be infinite to
clearly see how coherences are generated by a rapid field
change. However, for the realistic calculations presented in
the following sections, the exciton lifetime T1ex is taken to be
2 ps. The exciton lifetime here refers to the time that an
exciton remains in a particular excitonic eigenstate; it is not
the recombination time for an exciton, which is much longer.
The interband and intraband dephasing times are taken to be
T2inter=0.66 ps and T2intra=1.0 ps, respectively, for all the
simulations in this section. These are chosen to correspond
approximately to those experimentally seen in recent
experiments.46 For these interband and intraband dephasing
times we find that choosing a longer exciton lifetime �e.g.,
�10 ps� has very little effect on the results.

We now show how a rapid change in the bias field of the
BSSL can generate BO’s. We first populate primarily the
�−1,1� WSL state using a temporally long �temporal full
width at half maximum �FWHM� of 2.77 ps� Gaussian pulse
with a spectral FWHM of 0.19 THz �0.77 meV� centered on
the �−1,1� state �see Fig. 1�. This pulse does not create popu-
lations in states such as �−2,1� and �0,1� due to the narrow
spectral width of the pulse; thus, no BO’s are created for low
intensities. Furthermore, as we shall show later, the duration
of the pulse is sufficiently long that it does not generate a
nonadiabatic change in the intraband field and thus will not
result in SBO’s, even for high intensities.

In Fig. 2, we plot the intraband field as a function of time
for this system excited by the long Gaussian pulse. Because
the �−1,1� excitons each have a permanent dipole moment of
approximately ed, a static intraband polarization—and hence
internal intraband electric field—is generated when these ex-
citons are created by the optical pulse. During the excitation
process, as more and more polarized excitons are generated,

the magnitude of this induced intraband quasi-dc field be-
comes larger and larger, until the pulse has passed. Then,
starting at time t0=10 ps, we linearly change the dc field
applied to the BSSL by an amount of −F over a time du-
ration T �see inset, Fig. 2�. As soon as this field change
begins, obvious oscillations �BO’s� appear in the generated
internal intraband electric field. These oscillations decay over
a time of a few ps due to the finite intraband dephasing time
constant T2intra. Thus, we see that the sudden change in the
applied dc field results in the generation of Bloch-oscillating
excitonic wave packets. We now investigate the THz power
radiated from the oscillating excitonic wave packets as a
function of the time duration and magnitude of the applied
dc field change.

In Fig. 3, we present the calculated radiated THz power
per exciton, PTHz, as a function of the time duration T with
F fixed at −2 kV/cm. The radiated THz power is calcu-
lated by taking the square of second derivative of the intra-
band polarization and integrating over time; the emitted
power per exciton is evaluated by dividing this power by the
peak exciton density. As can be seen, the radiated THz power
is strongly related to the time duration T—i.e., the sudden-
ness of the field change. In general, the smaller the T, the
larger the emitted THz power, with negligible THz power for
T�0.5 ps. However, the THz power PTHz becomes essen-
tially saturated when the time duration T falls below
0.02 ps. This is the time duration below which the sudden
approximation becomes valid.45 As we shall show, for the
optical pulses considered in later sections, the time duration
over which the self-induced intraband field changes lies be-
tween the adiabatic �very slow� and the sudden
approximation—i.e., 0.02 ps�T�0.5 ps �Fig. 3�. Thus for
these excitations, at high enough intensities, a coherent
Bloch-oscillating wave packet is self-generated.

In the inset to Fig. 3, we zoom in on the portion of the
curve starting at T=0.5 ps. The small oscillations in the
inset originate from the field-change function shown in the
inset of Fig. 2. The discontinuity in the slope of the applied
field generates multiple sidebands in its power spectrum. As
T increases, the sidebands in the power spectrum of the

FIG. 2. The calculated intraband electric field as a function of
time. Also shown is the temporal evolution of the intensity of the
exciting Gaussian pulse and �schematically� the change in the bias
field �inset�. The simulation is done for a density of �=0.95
�1010 cm−2.

FIG. 3. Radiated THz emission power per exciton as a function
of the time duration over which electric field change occurs for
F=−2 kV/cm.
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field-change function shift toward zero frequency. If for a
specific T two of the sidebands appear at �= ±�B, then
WSL transitions are excited and the radiated THz power is a
local maximum.26

Next we investigate the relation of the radiated THz
power per exciton to the amplitude of the field change F.
To clearly show such a relation, we plot, in Fig. 4, PTHz
versus 1/T for three different values of F. For the range
of F considered, we see that the radiated THz power
strongly depends on the amplitude of the field change within
the BSSL. Returning to the intraband field change induced
by the optical pulse �see Fig. 2�, we note that for the approxi-
mately linearly varying portion from −0.3 to −2.3 kV/cm,
T is approximately 2.0 ps. Thus, referring to Fig. 3, we see
that this optical pulse alone will not generate appreciable
coherences, as is evidenced by the lack of oscillations near
t=0 in the intraband field plotted in Fig. 2.

From the above discussions, we see that BO’s can occur if
a nonadiabatic field change is introduced in the BSSL. The
power of the THz radiation from the SBO’s is determined
mainly by two factors: the suddenness of the field change,
which is characterized by the time duration T, and the am-
plitude of the field change F. As expected, appreciable
BO’s are only generated if the time over which the field
changes is less than or comparable to the inverse of the fre-
quency separation, vB, of the WSL levels—i.e., if T��B
�Fig. 3�, where �B is the Bloch oscillation period, which is
around 0.42 ps for the BSSL considered here.

C. SBO’s generated by spectrally narrow pulses

In Sec. III B, to clearly separate the contribution of the
nonadiabatic field change to SBO’s from other sources that
may also generate coherences, we let the change in the dc
field occur long after the optical pulse was gone �see Fig. 2�.
However, we have also found �not shown� that SBO’s will
occur in this same model if the field change happens while
the Gaussian pulse is still present, which is closer to the
actual physical situation that we will now examine.

We consider excitation with a spectrally rectangular pulse
centered on the �−1,1� excitonic state. Unlike in the simple

model described in Sec. III B, here the dc field change is
produced by the intraband field generated by the excitons
themselves rather than by a simulated external one. The
spectral width of the pulse is 1.5 THz �6.2 meV; see Fig. 1�,
which has been chosen such that it is narrower than the spac-
ings between either the single particle or 1 s excitonic WSL
states, which are approximately 10.4 meV �or 2.4 THz�.

Figure 5�a� shows the unnormalized self-generated intra-
band electric field as a function of time for different exciton
densities. For the lowest density, there are almost no oscilla-
tions in Eintra�t�; the oscillations in the corresponding THz
field shown in Fig. 5�b� arise entirely from the initial-dipole
�ID� response, which is roughly the one-cycle THz oscilla-

FIG. 4. Radiated THz power per exciton as a function of 1/T
for different amplitudes F of field change.

FIG. 5. �a� The calculated Eintra�t� for different densities. Also
shown is the temporal evolution of the intensity of the exciting
optical pulse. �b� The calculated, normalized, emitted THz fields
�field per exciton� for the same densities as in �a�. The densities are
in units of 1010 cm−2.

FIG. 6. The calculated THz spectra per exciton for different
exciton densities for excitation via the spectrally rectangular pulse
with a FWHM of 1.5 THz �6.2 meV� �see Fig. 1�. The densities are
in the units of 1010 cm−2.
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tion associated with the sudden creation of excitons with
permanent dipole moments.47 The ID oscillations have a fre-
quency of approximately 0.8 THz as can be seen in Fig. 6,
where the power spectra of the emitted THz fields are plotted
for a variety of densities.

As the density is increased, the peak frequency of the ID
oscillation is blueshifted from 0.78 THz to 1.25 THz when
the density changes from 0.02 to 0.88 �1010 cm−2� �see Fig.
6�. What is even more striking is that, as the density is in-
creased, large oscillations in the intraband field also arise,
which generates a substantial THz field long after the optical
pulse is gone �see Fig. 5�. These oscillations manifest them-
selves as a second peak in the THz power spectrum near
1.8 THz �see Fig. 6�. Thus, a nonlinear optical response is
being generated with a frequency much greater than the dif-
ference frequency between any of the spectral components of
the exciting pulse. As we shall show, these oscillations are
self-generated BO’s. They are a clear signature of a nonlinear
response well beyond second order in the optical field. Even
for optical pulses that are more spectrally narrow �and hence
longer in time�, these SBO’s can occur. In Fig. 7, we plot the
THz spectrum arising from excitation with an spectrally rect-
angular optical pulse with a spectral width of 1.06 THz
�4.4 meV; see Fig. 1� and an intensity such that the peak
excitonic density is �=0.99�1010 cm−2. As can be seen,
there is a strong peak in the THz emission spectrum at
1.83 THz for this excitonic density.

As discussed in the simple model of Sec. III B, the THz
power per exciton arising from SBO’s depends strongly on
two main factors: the suddenness and amplitude of the inter-
nal intraband field change. This is also true in the physically
realistic simulations considered here. As the density is in-
creased, the amplitude of the field change is also increased
�Fig. 5�a�� and the THz power per exciton increases �Fig. 6�.

Regarding the suddenness of the field change, the situa-
tion with realistic excitation is more complicated than the
simulated quasistep function shown in the inset to Fig. 2. As
shown in Fig. 5�a�, the slope of Eintra changes continuously
during the excitation process. To allow comparison to the
results of Sec. III B, we first consider the time duration over
which the field changes from −1 kV/cm to −2 kV/cm for

the case of �=1.06�1010 cm−2; this time duration is just
0.19 ps as shown in Fig. 5�a�. Comparing this to the case of
F=−1 kV/cm in Fig. 4 at 1 /T=1/0.19 ps�5.26 THz
�marked by a star�, we see that the field indeed varies nona-
diabatically and thus should produce appreciable THz emis-
sion power, as shown in Fig. 5�b�. Now, even if we consider
the time over which the field changes by −2 kV/cm from
−0.5 to −2.5 kV/cm, the time duration is still only 0.38 ps.
Thus, referring to Fig. 3 �marked by star� we see that this rate
of change also falls within the nonadiabatic change range.
Thus, it is clear from both these comparisons that we would
expect to see SBO’s due to the nonadiabatic field change for
this density, but that we are far from the sudden approxima-
tion.

For moderate to high excitations, the suddenness of the
field change is enhanced due to the blue shifting of the n
�0 WSL states with time.28 As the dc field builds up, the
WSL energies are renormalized, as can be seen in the red-
shift in the SBO frequency with increasing density �see Fig.
6�. Thus, while only �−1,1� excitons are created near the
beginning of the pulse, towards the end of the pulse, largely
�−2,1� excitons are created since they are now in resonance
with the pulse spectrum. Thus the total intraband electric
field changes more quickly than it would if only �−1,1� ex-
citons were created. Therefore, the change in the intraband
electric field becomes steeper and the ID-generated THz
emission blueshifts as the density increases �Fig. 6�. This can
be seen in Fig. 5�b� where the normalized THz emission
corresponding to the highest density completes its first oscil-
lation cycle much earlier than the ones with lower densities.
This indicates that the Eintra corresponding to the highest ex-
citation approaches its maximum faster than the ones with
the lower excitations. This density-dependent self-steepening
process helps to increase the suddenness of field change and
thus considerably enhances the THz power emitted due to
SBO’s.

FIG. 7. The calculated THz spectra per exciton for excitation via
the spectrally rectangular pulse with a FHWM of 1.06 THz
�4.4 meV�.

FIG. 8. The peak THz frequency as a function of exciton density
for plasma oscillations, nonadiabatic BO’s, and initial dipole re-
sponse for excitation via the spectrally rectangular pulse with a
FWHM of 1.5 THz �6.2 meV� �see Fig. 1�. Also shown is the fre-
quency versus density given by the expression from standard
plasma theory �Eq. �13��.
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D. Comparison to plasma oscillations

In previous work,28 we have shown that at very high den-
sities ���1011 cm−2�, BO’s evolve into PO’s due to dynamic
screening. To confirm that the SBO’s being investigated are
indeed BO’s and not PO’s, we use the data from the calcu-
lated spectra to plot in Fig. 8 the density-dependent peak
THz frequency for plasma oscillations, SBO’s, and initial
dipole response. To fit the numerically calculated plasma fre-
quency, we also plot a plasma frequency curve using the
usual density-dependent plasma expression48

�pl =	 e2n0

�0�bmpl
* , �13�

where n0=�d is the volume density and mpl
* is the reduced

effective plasma mass for the electron-hole pairs. Taking the
plasma mass to be a fitting parameter, we find that we obtain
an excellent fit to the nonperturbative results using Eq. �13�
with a plasma mass of mpl

* =0.125m0, where m0 is the free
electron mass.49

As discussed in the previous section, due to the increasing
self-induced dc field within the superlattice, we see that the
SBO peak redshifts with increasing density from
1.82 THz to 1.64 THz at the highest density; this is in direct
contrast to the blueshift expected for PO’s. When extrapolat-
ing the frequency of PO’s to low exciton densities from the
plasma frequency curve obtained by Eq. �13�, we find that
the frequencies of SBO’s are much larger than those of PO’s
at the corresponding densities. Moreover, the normalized am-
plitude of the SBO’s goes up as density goes up �Fig. 6�,
while the normalized amplitude of PO’s always goes down

as density goes up �not shown�. It is therefore clear that the
oscillations that we have identified as SBO are not PO’s and
can only be attributed to SBO’s.

IV. CONCLUSIONS

We have calculated the highly nonlinear ultrafast intra-
band response of a BSSL. In particular, we have demon-
strated a new and surprising mechanism for the generation of
BO’s based on the nonadiabatic change of the self-induced
internal dc field in the BSSL. By examining the effects of a
rapid change in the internal bias field of a BSSL and via
direct simulation, we clearly demonstrate the origin of these
oscillations and show that they can be clearly distinguished
from plasma oscillations. Given that the changes in the in-
traband fields described in this work have been experimen-
tally seen for Gaussian-pulse excitation,28 we are confident
that further ultrafast experiments can and should be done on
this system to demonstrate this exciting new nonlinear effect.

The system dynamics were modeled employing an exci-
ton formalism. In order to simplify the calculations, we ne-
glected so-called phase-space filling effects24,28 that arise
from the deviation of excitons from perfect bosons. How-
ever, for the densities at which the SBO’s appear, it is easy to
show that such effects will be quite weak.27 However, in
future work we hope to include such effects, along with mi-
croscopic scattering mechanisms.
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