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Effective Hall properties of three-dimensional two-component disordered composite have been calculated.
Our evaluations are based on ideas of renormalization group transformations, a fractal structure model, and an
iterative averaging method. For the critical exponents of Hall coefficient t1 �p� pc� and s1 �p� pc� the follow-
ing approximate values were obtained for various magnetic fields H: H→0, 1.8� t1�2.2, 1.2�s1�2.2; H
=102, 0� t1�0.2, 0.8�s1�2; and H→�, s1� t1�0. Our results show agreement both with theoretical results
�within the framework of effective medium theory, percolation theory� and with experimental data. It was
shown that the calculations based on the iterative averaging method reveal agreement with the effective
medium theory in the large interval of conductivity ratio: 1��2 /�1�10−2 and with the percolation theory
when conductivity ratio tends to zero: �2 /�1→0.
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I. INTRODUCTION

The effective conductivity evaluation for a disordered me-
dium is a sufficiently complicated problem that is of interest
both in theoretical and experimental studies. A fundamental
and satisfactory solution to the effective conductivity evalu-
ation problem has been obtained within the framework of
percolation theory for the metal �with conductivity
�1�-nonmetal �with conductivity �2� composite when there is
no magnetic field �H=0� and the conductivity ratio �ratio of
the components conductivities� tends to zero ��2 /�1→0�:1

�0 � �p − pc�t, p � pc,

�0 � �pc − p�−s, p � pc, �1�

where p is the concentration of the metallic component ��1�
and pc is the percolation threshold. The index “0” means that
the magnetic field equals zero �H=0�. The critical exponents
of conductivity �t ,s� in the two- and three-dimensional cases
according to Ref. 1 have such approximate values:

t � 1.3, s � 0.5 �d = 2� ,

t � 1.6, s � 0.62 �d = 3� . �2�

When the conductivity ratio is in the range 1��2 /�1
�10−2 the effective properties of randomly inhomogeneous
composite can be satisfactorily described by the effective
medium theory:2

�0 = �1f�x,p�, x =
�2

�1
, f�x,p� = a + �a2 +

1

2
x�1/2

,

a =
1

2
��3

2
p −

1

2
��1 − x� +

1

2
x� . �3�

Thorough analysis of previous works revealed no ad-
equate theory, which would describe the effective conductiv-
ity for the range of the conductivity ratio 0��2 /�1�10−2.
The solution to the problem of evaluating the effective con-

ductivity for disordered composite becomes even more com-
plicated over a nonzero magnetic field �H�0�.

Researchers made a number of attempts3,4 to analyze the
galvanomagnetic properties of inhomogeneous medium. The
effective conductivity tensor �̂ was introduced in order to
evaluate the effective galvanomagnetic properties:

	j
 = �̂	E
 ,

�̂ = � �11 �12 0

− �12 �22 0

0 0 �33
� . �4�

The angular brackets mean the average over a volume V:

	j
 =
1

V
� j�r�d3r, 	E
 =

1

V
� E�r�d3r , �5�

where j�r� and E�r� are the random functions of the coordi-
nates. Suppose that Ohm’s law is locally satisfied, so that

j�r� = �̂�r�E�r� ,

�̂�r� = � �11�r� �12�r� 0

− �12�r� �22�r� 0

0 0 �33�r�
� . �6�

The conductivity tensor �̂�r� may then be expressed as

�̂ij�r� = �̂ij
s �r� + �̂ij

a �r� ,

where �̂ij
s �r� is the symmetric part of the conductivity tensor


�̂ij
s �r�= �̂ ji

s �r�� and �̂ij
a �r� is the antisymmetric part of the

tensor 
�̂ij
a �r�=−�̂ ji

a �r��.
A field notation Ohm’s law in such a medium is

j + j 	 
�r�=�0�r�E , �7�

where 
�r�=
�r�n is the Hall parameter which is directed
along the magnetic field H=Hn. Relations between the Hall
coefficient R, the Hall parameter 
, the mobility �, and the
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density n of carriers with charge e look as follows:

R = −



�H
=

�

�
=

1

en
. �8�

From the above expression we can make certain conclusions,
which provide physical insight to the Hall coefficient R and
the Hall parameter 
:

R � n−1, 
 � − � . �9�

Let y be the mobility ratio �the ratio of the mobilities of
components� like x in Eq. �3�:

y =
�2

�1
. �10�

From Eqs. �9� and �10� it follows that


2


1
= y ;

R2

R1
=

n1

n2
=

y

x
. �11�

In other words, we can express any ratio of the Hall proper-
ties through two parameters: conductivity ratio x and mobil-
ity ratio y.

The conductivity tensor �̂�r� according to Eqs. �6� and �7�
will then read

�̂�r� =
�0�r�

1 + 
2�r�� 1 − 
�r� 0


�r� 1 0

0 0 1 + 
2�r�
� . �12�

This tensor satisfactorily describes the conductivity of non-
compensated metals and semiconductors.

The first successful attempt to get an exact solution for the
effective Hall properties of a composite was made in Refs. 5
and 6. Authors acting independently of each other have given
a computational method for the effective Hall properties for
two-dimensional two-phase systems with statistically equiva-
lent and isotropic allocations of the first and second phase
�p1= p2=0.5�.

It was supposed that each of the phases is characterized
by two parameters: the ohmic conductivity �0�r� and the
Hall factor 
�r�. However, each of the properties �0�r� and

�r� from conductivity tensor �12� accepts only two values:
�0=�1 and 
=
1 in the first phase, and �0=�2 and 
=
2 in
the second phase. The essence of ideas described in Refs. 5
and 6 revolves around linear transformations from the old
fields �j ,E� to new fields �j� ,E��. The macroscopic proper-
ties of the new system are equivalent to those of the original
system. These transformations can be applied only to a two-
dimensional system �extendable to a case of columnar
microstructure7�, since in such case they do not change the
laws governing a direct current, namely

j = bn 	 E, E = dn 	 j , �13�

j� = a�j� + b�n 	 E�, E� = c�E� + d�n 	 j�. �14�

The transformations �13� and �14� allow one to calculate the
effective galvanomagnetic properties of two-dimensional
�2D� inhomogeneous medium when only the conductivity
fluctuates and the Hall factors of both components are equal,

i.e., �1��2, 
1=
2.5,6 If we apply a requirement of comple-
mentarity, i.e., in the first phase ��1 ,
1� we have ��=�2,

�=−
2, and in the second phase ��2 ,
2� we have ��=�1,

�=−
1 then we shall obtain the following results for the
effective Hall properties:

� = 	�
�	�
� 1

�
� + 
1

2�	�
� 1

�
� − 1��−1/2

,


 = 
1�	�
� 1

�
� + 
1

2�	�
� 1

�
� − 1��−1/2

. �15�

Here the symbol “	 
” means volume average. The transfor-
mations �13� and �14� led to a result for another case, when
only the Hall parameter fluctuates, however, the conductivi-
ties of the components are equal, i.e., �1=�2, 
1�
2.5,6

In Ref. 8 the solution for the more general case ��1��2,

1�
2� has been obtained. It was given by inserting the
additional coefficients to the transformation �13�:

j = aj� + bn 	 E�, E = cE� + dn 	 j�.

This transformation in Ref. 8 led to the following results for
the effective Hall properties:

� =� �1�2

1 + ��1
2 − �2
1�2/��1
2 + �2

2�
,


 = �

1 + 
2

�1 + �2
. �16�

It is interesting to note that in the absence of a magnetic field
�
1=
2=0� both Eqs. �15� and �16� lead to the classical re-
sult �=��1�2.

The above approach is known as Keller-Dykhne method.
It is a powerful tool in many studies of the transport prob-
lem. Therefore it is no surprise that attempts were made to
extend it in various ways,9,10,7 including even application to
the fractional quantum Hall effect.11 Particularly, numerical
computations for a 2D composite were carried out in Ref. 9.
Furthermore, new perturbation analysis was proposed in Ref.
10 and a composite with a columnar microstructure was
studied in Ref. 7.

The behavior of Hall coefficient near the percolation
threshold pc in a composite containing a dielectric and me-
tallic phase has been studied in Ref. 1 for


1 = 
2,
R1

R2
=

�2

�1
� 1.

Two concentration value regions were considered: before
and after the percolation threshold. The behavior of the ef-
fective Hall coefficient for 
� p− pc�1 was described by
the following power dependence:

R�p� = R1�p − pc�−s1, p � pc, �17�

where s1 is a critical exponent for the Hall coefficient. s1
=0 for two-dimensional medium �d=2� and s1=0.9 for three
dimensions �d=3�.

For 1� pc− p�
 the effective Hall coefficient was de-
scribed by another power dependence:
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R�p� = R2�pc − p�t1, pc � p , �18�

where t1 is the critical exponent of the Hall coefficient: t1
�1.1, d=2; t1�1.62, d=3.1

The author of Ref. 12 provided the first quantitative test
of the random resistor network model. Resistor networks,
from which resistors are removed at random, provide the
natural generalization of the lattice models for which perco-
lation thresholds and percolation probabilities have previ-
ously been considered. Except close to threshold, Monte
Carlo data for the models based on bond percolation give
good agreement with a simple effective medium theory,
which can also treat continuous media. In Ref. 13 the authors
employed the random resistor network model to determine
behavior of low-field Hall effect in a 3D “metal-nonmetal”
composite near the percolation threshold. Note that such an
approach12,13 gives satisfactory approximate results when
pc� p�1. For the following power laws for effective values
of ohmic conductivity �, Hall coefficient R, and Hall con-
ductivity �12 the authors13 obtained the critical exponents:

�/�1 � �p − pc�t, R/R1 � �p − pc�−s1,

�12/�12
�1� � �p − pc�t2, p � pc,

pc = 0.2465, t = 1.64 ± 0.04,

s1 = 0.29 ± 0.05, t2 = 3.0 ± 0.1, �19�

where t2 is the critical exponent for the Hall conductivity
�12. However, authors14 found that in three dimensions the
effective conductivity obeys a quadratic law ��p���p− pc�2,
so that t=2.

Further, such scaling assumptions were made by the au-
thors of Ref. 13 in their subsequent publication:15

�12 − �12
�1�

�12
�2� − �12

�1� = �p − pc�t2F�12
�Z�,

� − �1

�2 − �1
= �p − pc�tF��Z� ,

�2

�1
� 1, �p − pc� � 1, Z =

�2/�1

�p − pc�t+s , �20�

where F�12
, F� are the scaling functions with scaling argu-

ment Z. This time in Ref. 15 a more accurate value of the
conductivity critical exponent has been used, namely t
=1.95. A similar approach was applied in Ref. 16 to describe
the behavior of a three-constituent metal-insulator-
superconductor composite.

The authors in Ref. 17 studied the multifractal properties
of the current distribution of the three-dimensional random
resistor network at the percolation threshold. Measuring the
second, the fourth, and the sixth moments of the current
distribution allowed them to find that t�2.01. The author of
Ref. 18 reported such a result for a three-dimensional simple
cubic lattice: t=2.14±0.02, and quoted such a result for the
critical exponent s: s=0.9±0.1.

In Ref. 19 it was argued that in carbon-black polymer
composites long-range interactions could drive the system
towards the mean-field regime for which t=3.0.

The authors of Ref. 2 used the following formulas ob-
tained by combining formulas of the effective medium
theory with formulas of the percolation theory to calculate
the effective Hall properties of a composite:

�0/�1 = �1 − p/pc�−1,

R/R1 = �y/x��1 − p/pc�2 + �3 − p/pc�2�1 − xy�p ,

�/�1 = y�1 − p/pc�2 + x�3 − p/pc�2�1 − p/pc�−1�1 − xy�p .

�21�

Here concentration pc is the percolation probability pc=1/3;
� the Hall mobility; x=�2 /�1 the conductivity ratio; and y
=�2 /�1 the mobility ratio of the components. These formu-
las describe the behavior of the effective properties satisfac-
torily only in the concentration range 0.4� p�1.

The authors of Ref. 20 studied the effective medium
theory approximations for linear composite media by means
of a path integral formalism. For the conductivity critical
exponents they obtained s=0, t=2 in any spatial dimension
d�2. The perturbation theory for a 3D composite has been
described in Refs. 3, 21, and 22. Note that both the effective
medium theory and the perturbation theory more or less ac-
curately describe the composite only in certain intervals of
the components Hall properties and concentrations, where
the corresponding assumptions are valid. It is essential, that
if 
�1, then �12��11 
see Eq. �12��. Therefore even for
small inhomogeneities, when �0 and 
 fluctuate weakly
���0 /�0�1, �
 /
�1�, the fluctuation of �12�
−1 is essen-
tial in comparison with �11�
−2 and perturbation theory is
not applicable. Note that when 
�1 the fluctuation of �12
according to Eqs. �8� and �12� is caused by the fluctuation of
density of carriers n.

From the above brief review it follows that the adequate
theoretical model of galvanomagnetic properties of compos-
ites with random structure still does not exist for a three-
dimensional case. We are not aware of any works where the
influence of fractal and random structure of a 3D composite
on the effective galvanomagnetic properties has been ana-
lyzed.

In the following section, the detailed analysis of effective
Hall properties of a 3D two-component composite will be
carried out based on the fractal structure model and the it-
erative averaging method.

II. FRACTAL STRUCTURE MODEL AND ITERATIVE
AVERAGING METHOD

A lattice with a random distribution of parameters was
chosen as an appropriate model of the chaotic structure of an
inhomogeneous material. Spatial microinhomogeneities �i.e.,
system components� were modeled by the lattice junctions,
and the interjunction bonds simulated their contacts with
neighbors �see Fig. 1�.

The main ensemble of bonds � f�l , p� was obtained by
means of the following iterative process. At the initial step
�k=0� the finite lattice has an edge size l and probability p
for a bond between neighboring lattice junctions to be un-
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broken �or “colored” with a definite color, so that bonds of
the same color were assumed to have identical properties�.
For a two-component system it is convenient to choose two
colors: black for the areas filled by a well conducting phase
��1 ,
1� with concentration p and white for the bad conduc-
tor ��2 ,
2� regions with concentration �1− p�. At the follow-
ing steps �k=1,2 , . . . ,n� each bond of the lattice was re-
placed by a lattice generated at the previous step �Fig. 2�.
The scale of a lattice at the following steps is defined as

Lk = lk+1. �22�

The iteration process stops at the step �k=n� when properties
of the lattice do not depend on the number of iteration steps
n. Consequently, the scale of a lattice equals Ln=�, where �
is a correlation length. The set of bonds � f�l , p� obtained by
means of an iterative procedure depends on the size of an
initial lattice l and a bulk concentration of black connections
p.

There are two types of connection sets possible in a lat-
tice: the connecting set and nonconnecting set of bonds. For-
mation of a connecting set is manifested by the presence in
the set of complete �black� bonds connecting two opposite
sides of the lattice. Formation of a nonconnecting set is
manifested by the absence in the set of complete �black�
bonds connecting two opposite sides. The probability Y�p� of

connecting set formation was calculated as a relation of the
connecting set number to a number of all possible configu-
rations. Probability function Y�p� for three-dimensional rect-
angular lattice d=3, l=2 was calculated by a similar method
to Ref. 18 �see Fig. 3� and looks as follows:

Y�p� = 5p2�1 − p�12 + 68p3�1 − p�11 + 398p4�1 − p�10

+ 1298p5�1 − p�9 + 2575p6�1 − p�8 + 3288p7�1 − p�7

+ 2977p8�1 − p�6 + 2000p9�1 − p�5 + 1001p10�1 − p�4

+ 364p11�1 − p�3 + 91p12�1 − p�2 + 14p13�1 − p� + p14.

�23�

The percolation threshold pc can be calculated from the fol-
lowing equation:

Y�p� = p .

The probability of nonconnecting set formation equals 
1
−Y�p��. The relation between the probability function Y�p�
and the corresponding probability density f�p� looks as

Y�p� =� f�p�dp .

The value of the derivative of the function Y�p� at a fixed
point p= pc allows us to detect a type of the fixed point:

�dY�p�
dp

�
p=pc

= � ,

if ��1 then the fixed point p= pc is stable, if ��1 then the
fixed point p= pc is unstable.

FIG. 1. Modeling of the chaotic structure of a composite.

FIG. 2. Formation of the next iteration step.

FIG. 3. Probability function Y�p� and its derivative f�p� for 3D
rectangular lattice �l=2�. The intersection of the coordinate axes
bisector 
Y�p�= p� with the curve Y�p� defines the percolation
threshold pc.
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The function Y�p� 
Eq. �23�� inside the interval �0, 1� has
one fixed unstable point pc�0.178 where ��1.958. The
point p= pc is a percolation threshold, i.e., a nonconnecting
set transforms into a connecting set at p�0.178. Note that
the probability function Y�p� becomes more complicated for
a larger 3D lattice. To our knowledge the function Y�p� has
no analytical expression like Eq. �23� already for l=3 as of
yet.

Now, if we know the values of the � and the unit cell size
l, we can calculate the critical exponent � for the correlation
length �:

� =
ln l

ln �
. �24�

The critical exponent � defines the critical behavior of the
correlation length as23–25

� � �p − pc�−�. �25�

Hence at the first step of iterative process �zero step� the
length of a lattice edge equals L0= l. Hall properties of the
first �black� component are �CS

�0�=�1, 
CS
�0�=
1 and properties

of the second �white� component are �NCS
�0� =�2, 
NCS

�0� =
2.
Bulk concentration of the “black” component equals p. At
the next step of iteration process �first step� the length of
lattice edge according to Eq. �22� equals L1= l2 and the bond
concentration of the same color, for instance, black ��1 ,
1�,
is p1=Y�p�. At the following steps we have

p2 = Y�p1�, L2 = l3,

. . . ,

pk = Y�pk−1�, Lk = lk+1. �26�

Growth of the fractal random set � f�l , p� of bonds stops
at the kth step of iteration in fixed stable point 0 or 1 for
function pk=Y�pk−1�:

lim
k→�

pk = �1, p � pc,

0, p � pc.
� �27�

Each of the bonds from the fractal random set � f�l , p� at the
kth step possesses the Hall properties ��k ,
k�, namely, ohmic
conductivity and a Hall parameter.

We now consider a two-phase 3D system with the distri-
bution function similar to Ref. 18:

p��� = �1 − p���� − �2
�0�� + p��� − �1

�0�� ,

p�
� = �1 − p���
 − 
2
�0�� + p��
 − 
1

�0�� , �28�

where ��x� is the Dirac delta function; p the probability that
the actual local region possesses the following Hall proper-
ties: �1

�0�=�1, 
1
�0�=
1; and �1− p� the probability that the

actual local region possesses other Hall properties: �2
�0�=�2,


2
�0�=
2.

After k iterative steps the distribution function will be

p��� = p��� − ��k�� ,

p�
� = p��
 − 
�k�� ,

and in the limit of large k we have the desired effective
values

lim
k→�

�CS
�k� = lim

k→�
�NCS

�k� = � ,

lim
k→�


CS
�k� = lim

k→�

NCS

�k� = 
 . �29�

III. RESULTS AND DISCUSSION

For the purpose of the calculation of the effective Hall
properties of 3D composite the model of a cube inside a cube
�see the Appendix� was applied. At each step of the iterative
process evaluation of the Hall properties of connecting and
nonconnecting set structures was carried out based on a ru-
dimentary cell of a cube inside a cube. The continuous array
from the well conducting �black� phase with a cube from a
poorly conducting �white� phase inserted forms the connect-
ing set 
Fig. 4�a��, and continuous array from a poorly con-
ducting �white� phase with a cube from a well conducting
�black� phase inserted forms the nonconnecting set 
Fig.
4�b��.

Hence at the kth iterative step, if Lk�� �� is the correla-
tion length� the composite has the self-similar random struc-
ture consisting of unit cells comprised of a cube inside a
cube.

The calculations were made for a two-component 3D
composite with random structure. First we shall consider the
comparison of the result for the effective conductivity calcu-
lated by means of the iterative method with the calculation
under formulas �3� obtained on the basis of effective medium
theory model when H=0.

Figure 5 shows the comparison between results for the
effective conductivity obtained by means of the iterative
method �continuous� and the calculation under the formula
�3� obtained on the basis of the effective medium theory
model �dashed�. The comparison �Fig. 5� reveals their close
agreement for the conductivity ratio x=�2 /�1�10−2. How-

FIG. 4. Modeling of connecting and nonconnecting sets.
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ever, if x�10−2 the calculations show essential discrepancy
when the concentration is 0.1� p�0.5. This discrepancy
grows as x→�.

Figure 6 shows the comparison between the results for the
effective conductivity obtained by means of the iterative
method �continuous� calculation under formula �3� obtained
on the basis of the effective medium theory model �dashed�
and computational modeling.2

The comparison shows close agreement between the itera-
tive method of computation �continuous� and the numerical
experiment �dotted�. There is an essential discrepancy be-
tween the self-consistent field approximation �dashed� and
the numerical experiment �Fig. 6�. The discrepancy of self-
consistent field approximation �dashed� with the numerical
experiment �Fig. 6� already has been observed in Ref. 2.

Hence the iterative method of computation is in close
agreement with the effective medium theory model at
�2 /�1�10−2 and coincides with the results of computational
modeling at �2 /�1→0. It gives grounds to conclude that the
iterative method satisfactorily describes the effective conduc-
tivity of a 3D composite with a random structure.

The analysis of effective conductivity for a 3D composite
with a random structure becomes more complicated if H
�0 because for H=0 the effective conductivity depends on
only two parameters: volume concentration p and conductiv-
ity ratio x of the components �x=�2 /�1�. If H�0, however,
the effective conductivity as well as the effective Hall param-
eter depends on four parameters: �x , p� mentioned above, H,
and the mobility ratio y=�1 /�2: ��p ,H ,x ,y�, R�p ,H ,x ,y�.

Figure 7 shows results of calculations for the effective
conductivity near the percolation threshold when the conduc-
tivities of components differ essentially, however, their Hall
factors are equal �x=10−10, y=1� for various values of the
magnetic field H. We took such values of the Hall properties
in order to focus on effects caused by the fluctuation of den-
sity of carriers n 
Eqs. �8�–�11��. If H=0 
Fig. 7�a�� a “clas-
sic” cluster growth occurs in a composite when the bulk
concentration of the first component increases from zero to
the percolation threshold. Above the percolation threshold
connecting sets of bonds exist in the composite and behavior
of the medium is similar to the complete metallic phase �first
component�. However, if the magnetic field is nonzero 
Figs.
7�b� and 7�c��, both below and above the percolation thresh-
old conductivity decreases. If H=0 in both components the
carrier has a straight-line trajectory. The carrier passes the
distance between collisions which is equal to free path l. If
we apply the magnetic field H�0, then the trajectory of a
carrier is a cycloid segment. The length of the segment is less
than free path long because the carrier passes a lesser path in
the same time � between collisions; and so the drift speed
and, consequently, mobility � decreases, i.e., the conductiv-
ity in both components decreases. It was taken into account
in Eq. �12� mathematically. As shown in Figs. 7�b� and 7�c�,
the magnetic field changes the sign of the power law �1�
below the percolation threshold and does not change the
character of the power law above the percolation threshold.

In order to describe the critical behavior of the galvano-
magnetic properties quantitatively, we now define the loga-
rithmic derivatives ��, �R of the conductivity and of the
Hall’s coefficient as

���p,H,x,y� =
log10
��p + 
p,H,x,y�� − log10
��p,H,x,y��

log10
p + 
p − pc� − log10
p − pc�
,

FIG. 5. The comparison of the calculations for the relative ef-
fective conductivity, obtained by effective medium theory and by
means of the iterative method at various conductivity ratios x
=10−5, 10−4, 10−3, 10−2, and 10−1.

FIG. 6. The comparison of cal-
culations for the relative effective
conductivity, obtained by effective
medium theory, by means of an it-
erative method and by the compu-
tational modeling for x=10−5.
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�R�p,H,x,y� =
log10
R�p + 
p,H,x,y�� − log10
R�p,H,x,y��

log10
p + 
p − pc� − log10
p − pc�
.

We note again that the galvanomagnetic properties near the
percolation threshold are described by the following depen-
dencies:

� � �pc − p�−s if �pc − p� � 0,

� � �p − pc�t if �p − pc� � 0,

R � �pc − p�t1 if �pc − p� � 0,

R � �p − pc�−s1 if �p − pc� � 0.

The critical exponents t ,s and t1 ,s1 may be obtained if we
find the values of the functions �� and �R at fixed x and y
�x=10−10, y=1� in the percolation limit �p→pc�:

t�H� = lim
p→pc+0

���p,H�, t1�H� = lim
p→pc+0

�R�p,H� ,

s�H� = lim
p→pc−0

���p,H�, s1�H� = lim
p→pc−0

�R�p,H� .

The calculations for the critical exponents from the above
formulas for the dependencies of conductivity on concentra-
tion according to Fig. 7 give the following approximate val-
ues:

H → 0, 0.8 � s � 0.9, 2.2 � t � 3;

H = 102, − 1.4 � s � − 0.9, 2.2 � t � 3;

H → �, − 1.2 � s � − 1.1, 3 � t � 4. �30�

Figure 8 shows the results of the calculations for the de-
pendency of relative effective Hall coefficient on the bulk
concentration of the first component near the percolation
threshold at the same Hall properties of the components as in
Fig. 7 �x=10−10, y=1� for various values of magnetic field H.
When there is no magnetic field, behavior of the Hall coef-
ficient is described by power laws �17� and �18�. It is easy to
understand such a character of the dependency of relative
effective Hall coefficient on the bulk concentration. If �1
=�2, then from Eq. �8� we obtain the following relationship
between dependencies in Figs. 7�a� and 8�a�:

R2

R1
=

�1

�2
.

However, if we apply the nonzero magnetic field, there is no
dependency of relative effective Hall coefficient on concen-
tration below the percolation threshold 
Figs. 8�b� and 8�c��
because of decrease of the mobility, mentioned above. In this
case we have 
Eq. �8��

FIG. 7. The dependence of the relative effective conductivity
�a�, �c�, �e� and the logarithmic derivative of effective conductivity
�b�, �d�, �f� on concentration near the percolation threshold when the
conductivities of components differ essentially but their Hall factors
are equal �x=10−10, y=1�: �a� and �b� H→0; �c� and �d� H=102;
and �e� and �f� H→�.

FIG. 8. The dependence of the relative Hall coefficient �a�, �c�,
�e� and logarithmic derivative of the relative Hall coefficient �b�,
�d�, �f� on concentration near the percolation threshold when the
conductivities of components differ essentially, however, their Hall
factors are equal �x=10−10, y=1�: �a� and �b� H→0; �c� and �d�
H=102; and �e� and �f� H→�.
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R2

R1
=

�1�2

�2�1
.

Evidently, the decrease of mobility compensates the conduc-
tivity increase.

According to the calculation of critical exponents from
formulas �17� and �18� for the dependencies of the effective
Hall coefficient on concentration �Fig. 8� the following ap-
proximate values were obtained:

H → 0, 1.8 � t1 � 2.2, 1.2 � s1 � 2.2;

H = 102, 0 � t1 � 0.2, 0.8 � s1 � 2;

H → �, s1 � t1 � 0. �31�

From the brief review in the previous section it follows
that today the critical exponents t and s are thoroughly in-
vestigated in literature when H=0. The upper limits of the
critical exponents in our calculations are slightly exceeded
then those reported by most of the authors mentioned in the
previous section. Hence our calculations in the percolation
limit �near p= pc� which correspond to the upper limits of the
critical exponents can be considered as the analysis of the
qualitative dependence of the effective Hall properties. The
accuracy of the effective Hall properties calculation depends
on the adequacy of the probability function Y�p�, the equa-
tions �A23� and �A25�, and the actual structure of the inho-
mogeneous medium.

Figure 9 shows the results of calculation for the depen-
dencies of the relative effective Hall coefficient Fig. 9�a� and

the relative effective conductivity Fig. 9�b� on the bulk con-
centration of the first component when the values of conduc-
tivities of components are equal �x=1� and the Hall factor in
the second component is very small �
2=10−10
1, y=10−10�
for various values of the magnetic field H. We took such
values of the Hall properties in order to focus on effects
caused by the fluctuation of mobility of carriers � 
Eqs.
�8�–�11��.

The Hall coefficient sharply increases at small concentra-
tions p�0 when H=0 �Fig. 9�. Effective conductivity for
this case does not depend on concentration �Fig. 9�. When a
magnetic field grows, the sudden jump of the Hall coefficient
at p�0 departs from the percolation threshold p= pc 
Fig.
9�a��. Furthermore, in the dependence of the effective con-
ductivity on magnetic field a minimum exists near the per-
colation threshold the depth of which tends to zero as H
→� 
Fig. 9�b��. This is caused by the appearance of the
rotating currents induced by the difference in the Hall coef-
ficients of the components. Certain terms in formula �A18�
correspond to the rotating currents �see Application�.

Figure 10 shows results of calculation for the effective
relative Hall coefficient �Fig. 10� at the same values of pa-
rameters as Eq. �9�, however with another value for the pa-
rameter y=0.1. Hence the Hall coefficient varies smoothly
with concentration when H�0, moreover, a jump exists near
the percolation threshold when H→� �Fig. 10�. The depen-
dence of effective conductivity is roughly the same as Fig. 9.
Here we took such values of the Hall properties in order to
focus both on effects caused by the fluctuation of density of
carriers n and on effects caused by the fluctuation of mobility
of carriers � 
Eqs. �8�–�11��.

Fluctuations in the dependence of the effective Hall coef-
ficient exist when the value of the Hall coefficient in the
second component is about R2�105R1 if H�0 at p� pc. In
the range p� pc the effective Hall coefficient decreases
steadily to the value R1.

For H=104 the effective Hall coefficient decreases
steadily from R2 to R1 in the range 0� p� pc. For p� pc the
effective Hall coefficient is equal to R1 and does not depend
on the concentration. For the given parameters the effective
conductivity practically does not depend on the magnetic

FIG. 9. The dependence of the relative effective Hall coefficient
�a� and the relative effective conductivity �b� on the concentration
and on the magnetic field when the Hall factors of components
differ essentially, however, their conductivities are equal �x=1, y
=10−10�.

FIG. 10. The dependence of the relative effective Hall coeffi-
cient on the concentration and on the magnetic field when x=1, y
=0.1.
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field H. Discrepancies in the range p� pc are unimportant.
Figure 11 shows the comparison between the calculation
of the effective Hall coefficient and results of two
experiments.26,2

Fractal properties

Figure 12 shows the dependence of the effective Hall
properties of a composite on the scale �the number of itera-
tions which according to Eq. �22� is equal to n=ln Ln / ln l
−1� near the percolation threshold pc. According to calcula-
tions �Fig. 12�, the dependence of the effective Hall proper-
ties of a composite on the scale can be divided into two
ranges.

For n�5 �Fig. 12�, the composite exhibits properties of a
fractal object with the characteristic power law dependence
of such properties �conductivity � and Hall coefficient R� on
the scale

R � �Ln��2, �2 � 1.92, n � 5, H → 0,

� � �Ln��1, �1 � 3.0, n � 5, H → 0. �32�

For n�5 �Fig. 12� the Hall properties do not depend on
the scale, i.e., Euclidean geometry prevails. Here the com-
posite can be described as a quasihomogeneous �“gray”� me-
dium, whose properties correspond to the effective values of
properties. When n�5, the transformation between a fractal
and a quasihomogeneous mode of behavior of Hall proper-
ties exists. In other words, the scale n�=5 determines the
correlation length �.

Note again that the accuracy of calculation by the iterative
method for the Hall properties of a 3D composite with cha-
otic structure depends on the calculation accuracy of prob-
ability function Y�p� �probability that the point belongs to
the connecting set�. The probability function Y�p� describes
the random structure of a composite completely in the per-
colation threshold: it defines the value of the percolation
threshold pc and the correlation length critical exponent �

Eq. �24��. The correlation length is a very important charac-
teristic of the composite: it defines the region where the com-
posite exhibits properties of a fractal object: L0�Ln��.
Moreover, the different unit cells possess the different prob-
ability functions Y�p�. The different values of the critical
exponent � exerts certain influence �essentially near the per-
colation threshold� on the critical behavior of the Hall pa-
rameters. We plan to consider this problem in our future
publication.

A rough approximation is the computation of the Hall
properties of a connecting set and nonconnecting set based
on cube inside cube cell by formulas from the Appendix.
Hence our results can be considered as the analysis of
qualitative dependencies of the effective Hall properties
�Figs. 5–12�. In the future we shall calculate the probability

FIG. 11. The comparison between the calculations and the ex-
periments for the dependencies of effective Hall coefficient of com-
posites Bi-Cd �a� and for NaxWO3 �b� on the concentration of a
phase of one of the components.

FIG. 12. The dependence of the relative effective Hall coeffi-
cient �a� and the relative effective conductivity �b� on a scale.
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function Y�p� and the Hall properties of the connecting set
and nonconnecting set more accurately.

IV. CONCLUSION

The iterative averaging method allows us to study the
Hall properties of the composite over a large range of differ-
ent parameters: concentrations, conductivities, Hall coeffi-
cients of components, and a magnetic field.

A number of interesting results have been obtained �due
to our fractal model of structure and the iterative averaging
method� for the Hall properties of the composite, e.g., the
considered logarithmic derivative allows one to obtain the
critical exponents for the Hall coefficient �Fig. 8� and con-
ductivity �Fig. 7� for various values of the magnetic field H.
When �1=�2 �Fig. 9� effective conductivity is a constant if
H=0 and tends to zero if H→� near the percolation thresh-
old. On the left from the percolation threshold �p� pc� the
rise of the Hall coefficient is more rapid as the magnetic field
increases �Fig. 9�. On the right from the percolation thresh-
old �p� pc� the Hall coefficient practically does not depend
on the concentration p.

The iterative averaging method allows us to obtain the
specific dependencies of the effective Hall properties on a
scale �number of iteration steps�. This dependence yields in-
formation about geometry prevailing at a given scale. The
transformation to the regime of Euclidean geometry �quasi-
homogeneous medium� occurs on a characteristic scale �
where the logarithm of a property ceases to depend on a
scale. Note that the scale �, as well as dependencies of the
effective Hall properties, is multiparametric dependency.

Our results are more general than the results of the effec-
tive medium theory, percolation theory, and perturbation
theory, since in our model there are not any small parameters
whereas our renormalization function �23� is exact at any
value of p.

Our model describes the effective Hall properties of a 3D
disordered composite with the same degree of accuracy as
the following conditions are applicable to a composite:

�1� conductivity tensor in both components of the com-
posite can be written as Eq. �12�;

�2� cube inside a cube cell is suitable for the description
of actual composite structure; and

�3� renormalization probability function Y�p� 
Eq. �23��
with the percolation threshold pc is applicable for actual el-
ementary cell.

Our general aims in future publications are the more ac-
curate calculation of the probability function Y�p�, a less
crude approximation for the model of the elementary cell,
and use of different probability functions Y�p� in our calcu-
lations in order to illustrate their influence on the critical
behavior of the Hall properties of a three-dimensional com-
posite.

APPENDIX

1. Galvanomagnetic properties of cube inside a cube
elementary cell

Suppose that the magnetic field H is directed vertically
�along the axis Ox3� and the current 	j1
 is directed horizon-

tally along Ox1, as shown in Fig. 13. Take the size of the
outer cube as 1 and the size of the inner cube as d. The
volume concentration and the size of the inner cube are now
related by the formula d=�3 p.

Ohm’s law is then

j = �̂E , �A1�

where

� = � �11 �12 0

− �12 �22 0

0 0 �33
�, E = �E1

E2

E3
�, j = �j1

j2

j3
� .

We can express this equation as

E = �̂j , �A2�

where

� = ��11 − �12 0

�12 �22 0

0 0 �33
� .

Now we carry out a conventional partition of the cube
inside a cube cell into layered structures so that it is possible
to compose the cell from them. Next we calculate the Hall
properties of the cube inside a cube cell approximately by
means of step-by-step averaging of Hall properties of layered
structures. Hence the approximate evaluation of the Hall
properties of the cube inside a cube cell is reduced to
the evaluation of the properties of a layered medium �see
Fig. 13�.

2. Galvanomagnetic properties of layered structures

We shall consider three different cases of orientation for
the magnetic field H, current 	j1
, and direction of layers
�Fig. 14�.

a. Orientation a

In this case the layers are parallel to the current 	j1
 and
perpendicular to the field H. According to Fig. 14�a� the
currents and the fields obey the following conditions:

	j1
 = p	j1
�1�
 + �1 − p�	j1

�2�
 ,

	E1
 = 	E1
�1�
 = 	E1

�2�
 ,

	j2
 = p	j2
�1�
 + �1 − p�	j2

�2�
 ,

FIG. 13. The “cube inside cube” model.
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	E2
 = 	E2
�1�
 = 	E2

�2�
 , �A3�

where angular brackets 	 
 mean space average 
Eq. �5�� and
upper index means the content of the layer �first or second
component�:

	f
 =
1

V
�

V

f�r�d3r, 	f �i�
 =
1

Vi
�

Vi

f�r�d3r . �A4�

According to conditions �A3� we will express longitudinal
current 	j1
 and Hall current 	j2
 in the first component as
follows:

	j1
�1�
 = �1	j1
 ,

	j2
�1�
 = �2	j1
 , �A5�

where

�2 =
�p�11

�2� + �1 − p��11
�1���11

�2� + �p�12
�2� + �1 − p��12

�1���12
�2�

�p�11
�2� + �1 − p��11

�1��2 + �p�12
�2� + �1 − p��12

�1��2 ,

�1 =
�p�11

�2� + �1 − p��11
�1���12

�2� + �p�12
�2� + �1 − p��12

�1���11
�2�

�p�11
�2� + �1 − p��11

�1��2 + �p�12
�2� + �1 − p��12

�1��2 .

�A6�

From conditions �A3� it follows that the expression for
Hall field 	E2
 in case �a� looks like

	E2
 = �12
�1�	j1

�1�
 + �11
�1�	j2

�1�
 = ��12
�1��1 + �11

�1��2�	j1
 . �A7�

The expression in parentheses is nondiagonal element �12
�a�

of tensor �̂. For case �a� it looks like

�12
�a� = �12

�1��1 + �11
�1��2. �A8�

From conditions �A3� and from law �A2� it follows that
the longitudinal field 	E1
 in case �a� is equal to

	E1
 = �11
�1�	j1

�1�
 − �12
�1�	j2

�1�
 = ��11
�1��1 − �12

�1��2�	j1
 . �A9�

The expression in parentheses is diagonal element �11
�a� of

tensor �̂. For case �a� it looks like

�11
�a� = �11

�1��1 − �12
�1��2. �A10�

b. Orientation b

In this case the layers are parallel to the current 	j1
 and
parallel to the field H. According to Fig. 14�b� currents and
fields obey the following conditions:

	j1
 = 	j1
�a�
 = 	j1

�2�
 ,

	E1
 = p	E1
�a�
 + �1 − p�	E1

�2�
 ,

	j2
 = p	j2
�a�
 + �1 − p�	j2

�2�
 ,

	E2
 = 	E2
�a�
 = 	E2

�2�
 . �A11�

From now on the alphabetic upper indexes specify that the
fields and currents belong to the corresponding region. As we
can see in Fig. 14, the area �a� in case �b� is just a layer with
averaged properties �A8� and �A10�.

According to conditions �A11� we will express the Hall
current 	j2
 in the layer �a� as follows:

	j2
�a�
 = �3	j1
 , �A12�

where

�3 =
�1 − p���12

�2� − �12
�a��

p��11
�a� + �11

�2��
. �A13�

From conditions �A11� and from law �A2�, it follows that
Hall field 	E2
 in case �b� is equal to

	E2
 = �12
�a�	j1

�a�
 + �11
�a�	j2

�a�
 = ��12
�a� + �11

�a��3�	j1
 . �A14�

The expression in parentheses in Eq. �A14� is nondiago-
nal element �12

�a� of tensor �̂ for case �b�:

�12
�b� = �12

�a� + �11
�a��3. �A15�

From conditions �A11�, it follows that the expression for
longitudinal field 	E1
 in case �b� looks as follows:

	E1
 = p	E1
�a�
 + �1 − p�	E1

�2�


= p��11
�a�	j1
 − �12

�a�	j2
�a�
� + �1 − p���11

�2�	j1
 − �12
�2�	j2

�2�
� .

�A16�

According to conditions �A11�, we will express the Hall
currents as follows:

	j2
�a�
 =

�12
�b� − �12

�a�

�11
�a� 	j1
 ,

	j2
�2�
 =

�12
�b� − �12

�2�

�11
�2� 	j1
 . �A17�

From Eqs. �A16� and �A17�, it follows that 	E1
= �¯�
		j1
 and diagonal element �11

�b� of tensor �̂ for case �b� is
equal to

�11
�b� = p��11

�a� − �12
�a��12

�b� − �12
�a�

�11
�a� �

+ �1 − p���11
�2� − �12

�2��12
�b� − �12

�2�

�11
�2� � . �A18�

As �12=RH, from Eq. �A18� it follows that the ohmic
resistivity �11

�b��H2. Hence the existence of dependence on a
field is defined by a difference between Hall coefficients
�R1−R2� of components. If this difference is not equal to

FIG. 14. The layered structure of cube inside a cube cell.
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zero �R1�R2�, at a composite there are rotational Hall cur-
rents. These currents give the contribution to the ohmic re-
sistivity �and to the ohmic conductivity, respectively� which
depends on a magnetic field H. Hence if there are even small
inhomogeneities in the substance, then the “saturation” ��11
→��, H→�� does not appear for the ohmic resistance with
the increase of a magnetic field.

c. Orientation c

In this case the layers are parallel to the current 	j1
 and
perpendicular to the field H. According to Fig. 14�c� the
currents and the fields obey the following conditions:

	j1
 = p	j1
�b�
 + �1 − p�	j1

�2�
 ,

	E1
 = 	E1
�b�
 = 	E1

�2�
 ,

	j2
 = 	j2
�b�
 = 	j2

�2�
 ,

	E2
 = p	E2
�b�
 + �1 − p�	E2

�2�
 . �A19�

According to conditions �A19� we shall express the lon-
gitudinal current 	j1
 in the layer “b” as follows:

	j1
�b�
 = �4	j1
 , �A20�

where

�4 =
�11

�2�

�1 − p��11
�b� + p�11

�2� . �A21�

From conditions �A19� and from expression �A20�, it fol-
lows that expression for the Hall field 	E2
 in case �c� looks
like

	E2
 = p�12
�b�	j1

�b�
 + �1 − p��12
�2�	j1

�2�


= ��4p�12
�b� + �4�1 − p��12

�2��	j1
 . �A22�

The expression in parentheses in Eq. �A19� is the nondi-
agonal element �12

�a� of tensor �̂ for case �c�, i.e., for the whole
“cube inside cube” cell:

�12
�c� = �4
p�12

�b� + �1 − p��12
�2�� . �A23�

From conditions �A19� it follows that the expression for
longitudinal field 	E1
 in case �c� looks like

	E1
 = �11
�b�	j1
 − �12

�b�	j2
�b�
 = �11

�b��4	j1
 , �A24�

i.e.,

�11
�c� = �11

�b��4 = �11
�b� �11

�2�

�1 − p��11
�b� + p�11

�2� . �A25�

Note that the case shown in Fig. 13 corresponds to non-
connecting set structure and expressions �A23� and �A25�
describe the average properties of a nonconnecting set. To
obtain similar expressions for connecting set structure, it is
necessary in all the calculations of the Appendix to make
consistent the change of variables:

�11
�i� → �11

�j�, �12
�i� → �12

�j�,

p → �1 − p�, i, j = 1,2. �A26�

As a result we shall obtain the expressions similar to Eqs.
�A23� and �A25�, but for a connecting set structure. These
expressions are also used for calculation of the effective Hall
properties of 3D composite.
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