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In order to model the phase-coherent scattering of electrons in two-dimensional electron gases in the
presence of Rashba spin-orbit coupling, a general partial-wave expansion is developed for scattering from a
cylindrically symmetric potential. The theory is applied to possible electron flow imaging experiments using a
moveable scanning probe microscope tip. In such experiments, it is demonstrated theoretically that the Rashba
spin-orbit coupling can give rise to spin interference effects, even for unpolarized electrons at nonzero tem-

perature and no magnetic field.
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I. INTRODUCTION
There has been recent interest!~ in utilizing the spin de-
gree of freedom in semiconductor devices, where the charge
carrier’s spin provides an additional degree of control and
flexibility towards developing devices that are faster and
more efficient devices than conventional electronic devices.
One component of potential “spintronic” devices, the spin
transistor proposed by Datta and Das,* modulates the current
passing through a semiconductor due to the presence of the
spin-orbit interaction, which couples the electron’s spin with
its kinematical motion. Interest in the spin transistor has gen-
erated numerous theoretical and experimental investigations
into the spin dynamics under the spin-orbit interaction in
two-dimensional electron gases (2DEG).

In layered semiconductors devices, the two predominant
sources of spin-orbit coupling arise from either structure in-
version asymmetry (SIA or Rashba interaction®) or bulk in-
version asymmetry (BIA or Dresselhaus interaction®). The
BIA spin-orbit interaction arises from the breaking of inver-
sion symmetry by the inherent asymmetry of the atomic ar-
rangement in the structure and is not very amenable to ex-
ternal manipulation. The Rashba spin-orbit coupling, on the
other hand, arises from band bending at the interfaces be-
tween semiconductor layers and/or any external electric
fields applied to the the device. Unlike the Dresselhaus cou-
pling, the strength of the Rashba coupling can be partially
controlled by application of an external electric field” and in
principle can be made the dominant form of spin-orbit inter-
action in the 2DEG. Such tunability of the Rashba interac-
tion is ideally suited for applications in spintronic devices,
and as such, only the Rashba spin-orbit coupling will be
considered in this study.

Numerous studies have been conducted on the diffusive
transport of spins in the presence of spin-orbit coupling®-'°
in order to investigate a variety of phenomena, such as the
spin Hall effect.'’'> Most of the studies were conducted up
to the first-Born approximation for the scattering from non-
magnetic impurities, and the results were disorder averaged.
However, there are many cases where such statistical theo-
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ries are not warranted. For example, coherent scattering from
a fixed set of impurities, which give rise to quantum inter-
ference effects induced by multiple-scattering events from
the localized impurities, cannot be described by such statis-
tical theories. One method of tackling such problems is mul-
tiple scattering theory, which has been routinely used in op-
tical and acoustic scattering and has been proposed as a
method for understanding the fringing patterns in recent im-
aging experiments on electron flow in 2DEG.'>!# In scatter-
ing theory, the effect of a scatterer k can be localized to a
point in space at the center of the scatterer 7, such that an

operator f‘k can be constructed which generates the scattered
wave W(R) from the incident wave ®;,(R) evaluated at the
site of the scatterer R=r}:

W(R) = Dyy(R) + W(R) = Dyy(R) + [T1(R, A Dyu(D)]

r=re

(1)

The subscript 7=7, means to operate 7,(R, 7) upon ®;,(7) and
evaluate the result at 7=7;. In the presence of N point scat-
terers, the total wave function is then given by

N

W(R) = Dy(R) + 2 [T(R AW, @)
k=1

Thus the complete wave function can be found if

[YA",((R,f)‘I’(?)];:;k is known at each scatter k.

In the following article, a multiple-scattering theory in the
presence of Rashba spin-orbit coupling in a 2DEG is devel-
oped. The general formalism is presented, along with the

explicit calculation of the scattering operator f"k for a cylin-
drically symmetric well/barrier, which will be used as a
model for impurities in a 2DEG. As an application, the meth-
odology is applied to possible flux measurements for phase-
coherent transport in a 2DEG with Rashba spin-orbit inter-
action in the presence of a scanning probe microscope (SPM)
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tip in zero magnetic field. Additional interference effects
arise in the flux measurements due to spin interference ef-
fects caused by the Rashba coupling.

II. SCATTERING FROM A CYLINDRICALLY SYMMETRIC
POTENTIAL: PARTIAL-WAVE EXPANSION

The Hamiltonian for a 2DEG in the presence of the
Rashba spin-orbit interaction and impurities is given by

) )
14 14 a o, A A ~
X* Y* - g(pYO-X - PxGy) + V(x,y) =Hy+ V(x,y),

2m
(3)

where G; are the Pauli spin matrices and « is the Rashba
spin-orbit coupling constant. The eigenstates and corre-
sponding eigenvalues for the free-particle Hamiltonian with

H=

2m

Rashba spin-orbit coupling I:IO, are given by
|k(6), £ (60)) = |ky = k cos(6),ky =k sin(6))| = (0))  (4)

h2i>
E,. = - ¥ ak, (5)
2m
where
k
tan( ) = X
ky
+(0) = ( 1 ) ©)
+ = _/_ b
B V2 \xexp(—if)

and k= k3 +k3.

The dispersion relation in Eq. (5) represents two parabolic
bands centered upon k==m"a/h’. For states propagating
with their momentum vectors making an angle 6 with respect

to the ¥ axis and for an energy £ =0, there exists a twofold
degeneracy with the degenerate states given by

. 1
|kl(0)s +(0)>:|k1(0)> \/g(exp(_ 10))’ (7)

. 1 1
|k2(6),~ (6)) = Ikz(b’))\/;(_ exp(—i9)>’ (8)

where El(z):kl(z)[cos(ﬁ)f’+ sin(6)X] with

m'a m'a\> 2m'E
m'a m‘a\? 2m'E
b= N ) e O

The states |k(6),+(6)) and |ky(6),—(6)) represent plane-
wave states whose spin states are quantized in the plane,
perpendicular to the momentum direction.

In polar coordinates, which are useful when considering
scattering from a localized, cylindrically symmetric poten-

tial, I:IO can be written as
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. ﬁz(az 14

P 1 a2>
=——|—=+——+=—
0 2m*\ o ror rPof

0 (,0)<a L a)

exp(i®)| —+——

) P ar rado
+ia PR

i
-l ——-—— 0
exp(=1 )<z9r r&ﬂ)
(10)

The eigenstates of I:IO which represent states propagating out-
ward from or towards a particular origin 7; can be written as

(R|Xi1.p) = Xi1(RE)

- i ( H ) |R - 7)) )
- — > B
N2\~ iH} | (ky|R = Fi])exp(- i6)

(RIX; |2 = X, (R.E)
Hi (k| R — 7)) )

J”k_
=exp(ilt9)\—i( -
iHy | (ky|R = Fi|)exp(— i6)

2V2

(11)

where Hj(z) are Hankel functions given by Hj(z)
=J/(z)£iY/(z), and k, and k, are given in Eq. (9). A similar
solution to Eq. (10) for a cylindrical well has been given
before.'>!® The states x7';())(R, E) satisfy a flux orthogonality

condition through a circular surface surrounding the origin,
7, which is given by

1 I S SN R
| K cllIRONRON +TIRONRONN X, - R(O)O
0
= ﬁ_liﬁl,méa,b’ (12)
m

where the current operator Jis given by

PP % )ua (225 )i )
m h m h

The states in Eq. (11) can be used to generate the scatter-
ing operator T, [Eq. (1)] for scattering in the presence of
Rashba spin-orbit coupling. The following treatment follows
closely a previous treatment for constructing f“k in the ab-
sence of spin-orbit coupling.!” We will begin by solving the

Schrodinger equation for an eigenstate of I:IO [Eq. (3)] inci-
dent upon a cylindrically symmetric potential centered at 7,
V,(r), as shown in Fig. 1. V,(7) is given by

Vo for [F-r] <a,
Vi(r) = . 14
() 0 for [F=r>a, (14)
where a is the radius of the scattering potential. Consider the
case of an incident wave propagating with momentum &,
=ki[cos(00)f/ + sin(ﬁo))z'], where = denotes a particular
eigenstate of H, [|k.(6p),+(6))=|k;(6y),+(6)) and

035325-2



MULTIPLE-SCATTERING THEORY FOR TWO-...

o RN

i

FIG. 1. Scattering of an incident plane wave CID;(IE) [Eq. (15)]

from a potential located at 7, Vk(ﬁ) [Eq. (14)]. The various angles
and vectors used in Egs. (15) and (16) are illustrated.

|k_(65),—(60))=|ky(6,),—(6p)) given in Egs. (7) and (8)]. The
incident wave function @i(R) written in a coordinate system
centered about the scatterer at 7 is given by

% (R) = = explik ﬁ)( )
£ (R) = —= exp(ik, - .
=R TP L exp(— i)

exp(ik, - 7 )explik, r&.7, c0s(6 - Hg)]

1
02°

1 o 1
( exp(—zﬁo)) V2 exp(lki.rk)(iexp(—i%))

(2 Tiker )it eXp(ll[ﬁR 90])) (15)

[=—00

where TR7= |R—7,| is the distance measured from the center

of the scatterer and 0§k is the angle with respect to the Y axis
of the vector 7, i.e.,

(R-7) -V +i(R -

explitf) = X (16)

TR,

The wave function outside of the scatterer |R—r,|>a can
therefore be written as

v (R) d; (R) +\PS(R) (17)

where the scattered wave function W$(R) can be written as

WE(R) = E X RE) + £ (RE).  (18)

[=—

The wave function inside the cylindrical potential \Ifﬁ(ﬁ) can

be similarly written for |[R—7|<a as
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Wi (R) = E dy _[XZT(R,E—VO)"'XZT(R,E— Vo)l

[=—0
1 - -
+ a7 IXL(RE= Vo) +xi (RE= V)] (19)

Note that Eq. (19) contains both incoming and outgoing
states [as given in Eq. (11)] in order to remove the Y; terms

in xj;(,)» Which are singular at R=7,.

From the continuity equations of the Schrodinger equa-
tions, \I’f(IE) and \I’ﬁ(ﬁ) must satisfy the following condi-
tions for all R such that |R—7,|=

ViR - 7| =a) = Wi(R -7 = ), (20)
ViR fi2
2m" or |R-7 |=a 2m’a
0 exp(i6f) N
—ia " “E(R -7 =a)

exp(-if) 0

hZ

P
2m a

2 GVHR)
2m* or

R~7=a

0 exp(iﬁgk) .
—iag ‘I'ﬁ(|R_rk|:a)

exp(- i6f)
e

In the following discussion, ap=a, i.e., the spin-orbit cou-
pling strength is the same inside and outside the well.

The solutions for the various coefficients d; and f; are
given in Appendix A for a cylindrical well/barrier. In the
following, we are interested in studying the wave function
away from the scatterer, so the relevant coefficients are f
and f , which can be written for convenience as

71

fr!=2i" exp(ik, - 7)exp(— imo)l_kr,
VK|

Al
Y

fi%=2i" explik, - r)exp(— il6,) (22)

»\'||~

/

=

2

The coefficients f and f depend upon the energy and the
form of the potential but do not depend upon the initial di-
rection of the incident momentum vector 6, (different poten-
tials will generate a different dependence of the coefficients
upon 6, E, etc.). Thus the scattered wave function ‘Ifﬁ(ls)
can be written as

WER) = 2 i exp(zz[eR 00) (T (R s, (23)

[=—

where
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T =1 X (R = FLEX+ (00| + £ X (R = A EXC= (80) [T+ [ X0 (R = P EX+ (80| + X7 (R = A EX= (6)]]
Hi(kyrgz)A] exp(i6)H,(k 1k ;) B]

1
2\~ exp(= i€ )iH, (kyrg )A] = expli(6y— 67)1iH) i (krg z)B)

1 Hy(kor z)A exp(i0)H (krz 7) B}
+ = - - (24)
2\ exp(= i6})iH, (karg 7 )AT - expli(6o— 6) )it (korg z)B]
|
where Dyy,(R) = explil 6) i (R). (26)
~{= ﬁj+fj, E;IC operator ﬁ, which satisfies the above equation is given
R aP, bP
Bi=J/ -7/, (25) D1=< . ;i“), (27)
cPiy diP
where H=Hj in Eq. (24) (the + sign will be implicitly =~ where
assumed for the Hankel function for the rest of this paper). / J J I
The operators T‘k’, in Egs. (23) and (24) appear to generate = (m Fo el A ) (28)
the Ith partial wave from the incident wave function ®,, AR-X) dR-Y)

evaluated at the site of the scatterer. The only problem with
this interpretation are the various factors of exp(il6,) occur-
ring in Egs. (23) and (24). Since different incident waves will
possess or be a superposition of different incident momen-
tum directions (i.e., €, in Fig. 1), an additional operator
needs to be constructed which generates the various factors

with 130=1. The construction and full expression for 15, is
given in the Appendix B.

The operator which generates the scattered wave from the
wave incident upon scatterer k, T}, can finally be written as

)

of exp(ilf,) from the incident wave with energy E. The op- Ty= > i'exp(~il 92)6;;(16 Is (29)
erator ﬁ, can be constructed such that for any given state of =
the form |®;,)=c,|k,(0)), +(6y))+clk2(6,) ,—(6,)), where
|
o] Hikirg ) —i exp(i6f)Hpy (kirg 7) (;,1}, 0 )
1=75 . B} 12
2 i exp(— iHZ)Hm(klré,;k) H(kyrg ) 0 1y
1 H/(erIE,;k) i eXp(ia?k)H[_l (kzrﬁ’;k) (t]%,ll 0 (30)
*t5 . i 2
2\-; exp(— iﬁgk)H,H(kzr,},;k) Hi(kyrg ;) 0 1

where 1}, =A% a,+B% ¢\, #5=A b+ B d), 11 =A a4 BY ¢y, and £75=—AY2b,_ — BY2d,. From the values for the various
=" and fi** calculated in Appendix A for a cylindrically symmetric barrier/well, it can be shown that 7,'=r", and ;)

=ti2_,. Note that the form of f‘k is the same for all cylindrically symmetric scatterers; the values of the scattering amplitudes f’fj
depend upon the actual potential used for the cylindrically symmetric scatterer.

III. MULTIPLE SCATTERING THEORY

For N isolated scatterers, the overall wave function at R can be written as
N

W(R) = 0;y(R) + 2 [T W(R) ]z, (31)

k=1

Equation (31) indicates that if the value of \I’(IE) and its derivatives [due to the 13, dependence of fk in Eq. (29)] at each
scatterer is known, the entire wave function W(R) is completely determined. In principle, the values of W(R) and its derivatives
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at each scatterer can be found using Eq. (31). In practice, it is only practical to calculate the first few derivatives of ‘I’(ﬁ) at
each scatterer. When the size of the scatterer (or in general, the scattering length) is much smaller than the wavelengths, i.e.,

kia<<1 and k,a<<1, the only significant contribution to fk comes from the /=0 term in Eq. (29). This is analogous to the
heavily studied “s-wave” scattering models, and in the following discussion, only the /=0 term in Eq. (29) will be considered.

IV. LOW-ENERGY SCATTERING LIMIT

In the limit k;;)a<<1, Eq. (31) can be approximated as

N
W(R) = Pyp(R) + 2 GH(R)W (7). (32)
k=1
where G{ can be written as
a1 Hy(kyrg ;) ieXp(iG%)Hl(klr,i;k) Lol Hy(kyrg 7) —iexp(i&%)Hl(kzré’;k) ,
Gy(R) = 5 - i ot 5 - i fio-
i exp(- it9§k)H1 (kirgy7) H(k, rR,Fk) —iexp(- it9§k)H1 (karg 7,) Hy(korg ;)
(33)
|
It should be noted that Eqs. (32) and (33) are similar to the - 7 _ -
Lippmann-Schwinger equation for a potential V() com- Gy(R) = o P /| krg gt D
prised of N delta functions V(r)=2,V,8(F—r;), which has Rory
been used before in previous studies of the spin dynamics in _ — A Gé R ) 0’5
the presence of spin-orbit coupling.®!'*!® From the X| = ionU 5% Ulkarg i, + 61, 07).
Lippmann-Schwinger equation, the wave function in the
presence of V() is given by (36)
where
W(R) = B,,(R) + f G.(R7E)V ARV (Ddr r btk (m_*a)2+ 2’
2 h? h*
N
= D,,(R) + 2 ViG (R 7L E)W (7). (34) ky—ky, am"
k=1 ko= TR
where G +(§,Fk,E) is the Green’s function in the presence of 7! | Vo + |2 |\*’E
Rashba spin-orbit coupling, which is given by Eq. (C13) in = W,
Appendix C and is similar in form to GS(R). The form of Va
Glé(R) would be identical to é+(R,7k) if — f}( o|\"’krz— |fio|\“"k_1
1 B 2\k ky
ho _ki
=T (35)
o ko . o(fko
exp(iogy) = a4 o
In general, Eq. (35) is not satisfied, although for ka<<1 Eq. L0
(35) is approximately correct. The difference G,(R,7,E), A/iozo
and GX(R) can be understood as follows: G,(R,7,,E) propa- explidy) = i 2| (37)
1k 0tk0

gates the scattered wave function from the S-function poten-
tial, whereas éz‘)(ﬁ) propagates the scattered wave function and U (0, ¢) is a rotation operator given by
from the finite-sized potential V,(7) [Eq. (14)], which, in the & &
6 function limit (a—0, Vy— oo, ’JTVOCl —+Vk) does not U(e, (b)=exp<i—&z>exp(i0&x)exp<—i—é'z>. (38)
scatter (i.e., the scattering coefficients tkO and tkO vanish). 2 2

Far away from the scatterers (k;3)g 7, >1), Eq. (33) can  Equation (33) contains a dynamical factor which depends
be written as upon the distance from scatterer k multiplied by a sum of two
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rotation operators. In the presence of spin-orbit coupling, the
low-energy limit scattered wave functions possess an
“s-wave” character and also a “p-wave” character due to the
0§k dependence in Eq. (33), which vanishes in the limit as
a—0.

In the calculations to be performed, ot /7, ~0.05 and
8¢y <1. In this case, Eq. (33) can be approximately written

as [for k1(2)|§—7k| >17:

- _ 2 1= T A ) R
GS(R) = z‘k - CXp<l|:krR’;k - Z + ¢k:| ) U(karR,;k’ 0%)
R,r

(39)

which now contains a dynamical, distance-dependent factor
times a single rotation operator lA/(kar,g,;k, ng ), which corre-
sponds to a rotation by an angle karﬁ,;k about the spin-orbit
field for propagation along the direction (R—7,)/|R—7. In
this limit, the total wave function in the presence of N scat-
terers is given by

W(R)=D(R) + 2 T;
J

X Olkori s, V(7). (40)

From Eq. (40), knowing the value of the wave function at
each scatterer k, W(r,), completely determines the total wave

function ‘P(Is). The various values of W(7;) can be found by

setting R=r in Bq. (32) for each scatterer k. This provides a
system of 2N linear equations to solve for the various W(r;).
The resulting system of equations can be expressed in matrix
form as

MV =, (41)

where ¥ and ¢ are 2N by 1 matrices where ‘IAI(Zk— 1)
=WI(7), W)=Y 7), d2k-1)=¢!(7), (2k)=¢'7),
and M is a 2N by 2N matrix where M(m,m)=1 for m=1 to
m=2N, and for k,j e[1,N] and k# j,

M2k =1,2j - 1) == [G)(7)]1.15
M(2k,2j) = = [G)(7) ]2
M(2k = 1,2j) == [G)(7)]1 2,

M(2k,2j = 1) == [G)(7) .1 (42)

where GJ(r;) is given in Eq. (33). Once M is specified, ¥

can be found by inverting M as follows:

V=M. (43)
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V. APPLICATIONS TO FLUX MEASUREMENTS IN TWO-
DIMENSIONAL ELECTRON GASES IN THE
PRESENCE OF RASHBA SPIN-ORBIT COUPLING

Recent experiments'>!%? have imaged electron flow
through a quantum point contact (QPC) in a 2DEG by moni-
toring the changes in conductance through the QPC as a
moveable SPM tip is scanned above the surface of a hetero-
structure. The SPM tip generates a Lorentzian-shaped poten-
tial in the 2DEG with its height determined by the voltage of
the SPM tip and its width given by the distance from the tip
to the 2DEG.?! This tip-induced potential can backscatter
electrons in the 2DEG. As the SPM tip is scanned above the
surface of the heterostructure, the backscattered current into
the QPC is monitored, and the change in conductance is
mapped out as a function of SPM tip position. Placing the tip
over regions of large electron flow results in a larger change
in conductance (since more electrons are backscattered in
this case) than placing the tip over regions of low electron
flow (where fewer electrons are backscattered). In this man-
ner, a map of the electron flow is generated. Numerical
studies'32%2223 have demonstrated that the resulting conduc-
tance images mirrors the actual electron flow in the 2DEG.
However, interference effects induced by the SPM tip itself
are also observed on top of the electrons flow pattern. Inter-
ference between the single scattering trajectory from the
SPM tip with the single scattering trajectories from random
impurities within the sample generates interference fringes
spaced at half the Fermi wavelength atop the conductance
maps;'31920-22 these fringes are not in the actual electron
flow. Recently, additional interference effects for electrons
emitted from a single QPC were also reported for an SPM tip
in the presence of a fixed reflector gate.?* In this experiment,
interference fringes result not only from the interference be-
tween the single scattering trajectories of the reflector gate
and the SPM tip but also from the interference of the double
scattering trajectories involving the reflector gate and the
single scattering trajectory from the SPM tip. The observed
interference fringes due to these multiple-scattering trajecto-
ries can complicate backing out the actual electron flow from
the conductance map.>>-?’

The samples used in the above experimental studies were
GaAs/AlGaAs heterostructures, which have very low spin-
orbit coupling®® («=3X 107! eV m), and the experimental
results were well described by quantum simulations and cal-
culations in the absence of spin-orbit coupling.!'314.1922.24.29
However, other samples can possess considerably larger
spin-orbit coupling,® such as InAs, which can have a=4
% 107" eV m. The question therefore arises as to what ef-
fects or signatures of spin-orbit coupling exist in electron
flow imaging experiments using a moveable SPM tip.

Figure 2 shows the setup under consideration. A point
source is used to inject electrons into the 2DEG (analogous
to a QPC). The injected electrons are backscattered by ran-
dom impurities present in the sample and by the potential
generated by the SPM tip placed above the surface of the
2DEG. The backscattered current into the detection QPC is

then measured as a function of the SPM tip position R,. In
the setup shown in Fig. 2, the possibility that the detection
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Detector

Emitter

FIG. 2. Electrons injected by the emitter QPC (represented by
®;,) are backscattered due to random impurities in the 2DEG along
with a moveable “scatterer” generated by an SPM above the 2DEG
surface. Measurements of the backscattered flux into the detector
QPC as a function of the SPM tip position 1%, can be used to image
the electron flow from the emitter.

QPC can be separate from the emitter QPC is allowed. Such
experimental geometries have been used in magnetic focus-
sing experiments in the past.’!

The injected electrons from the emitter are taken to be an

unpolarized beam comprised of an equal mixture of the cy-

lindrical wavelike states CI)l(IS) and (1)2(13), which are given
by

q’1(§) = exp<i§>[Xo,1(13) + Xo,l(fs)],

y(R) =i exp(if)[xw%) Sxu® @)

Each state represents current of 7ik/m” being injected into the
emitter, as shown in Fig. 2. Far away from the source, the
states can be approximated as

e 0 ’

- 1 I,
@I(R)=Fexp(ik|R|)U(ka s
|R|

2

- 4 7
w(R, E) = ;62 :—k cos(ﬁd)—\I’T(rk)\I’(rk) _ :—%\I’T(rk)U (ko 0)

k "kd k.d

+——
m™m Jj<k

detik < _ (cos(ﬂd) +cos(&)
0

2\rkd d

XexpllE(r g~ ) + 6y~ il} +He) + 0 S -
TR <k NTjara
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()
o\, ) ¢e

where 6, is the given with respect to the emitter. Note that
when a— 0, the states @, and ®, correspond to a spin up
and spin down electron being injected from the point source.

The net current injected into the detector is given by the
following formula:

> 1 > A
D,(R) = \ﬁ exp(ik|R|) U(k
7|R|

/2
M= 6f delJx(€)sin(6) + Jy()cos(O)],  (47)

—7/2

where

h - - o
JX(E) = ; Im[‘PT(R)VX\I’(R)]k:g+ %‘I’T(E)C}Y\I’(a,

f . - a .
Jy(é) = o Im[W"(R)VyW(R)]g-c— E‘I" (ax¥(e),
(48)

and é=dcos(f)Y+sin(6)X]. In the actual experiment/
simulation, the current injected into the detector is measured
as a function of tip position several microns away from the
detector. As will be discussed later, the interference between
the incident waves and the scattered waves can be neglected
in Eq. (47) due to thermal averaging, so only the scattered
wave function W needs to be considered. Phase-coherent
transport is assumed in the application of Eq. (47). Addition-
ally, since the width of the detector is taken to be negligible,
only the current operator of W evaluated at the detector
needs to taken into account in Eq. (47). The injected current
into the detector becomes

HR)VyW(R,)] - %‘wg(ﬁd)&st(ﬁd)) .

(49)

(ﬁ
n=2el —
m

Using the form of the wave function in Eq. (40) evaluated at
the site of the detector, the injected current can then be writ-
ten as a function of tip position and energy as

{5111(220‘1)(”4_ sin (Hd)(rx} Ulkoria 0 (7,)

—1—) (VR U kot g B Uk gy 00 )W (7))

i ([cosw;-’)]z +[cos(g)1” 1)
2

X{WI(7y) lﬁ(kark»d’ %)&Xﬁ(ka’"j,d’ Qi!)w(f/)exp[i’?(rj,d — )+ = dl+Hed
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dea 01 sin(&?)cos(&?) + sin(&i)cos(ﬁz)
TR NT alka 2

XAV F) U (ko s ) Gy Okt 00 )W (F)explik(ry g = ri ) + ;= ]+ Hee ), (50

where the energy dependence of #(ﬁt’ E) comes in through ~ Where Ep is the Fermi energy. All quantities calculated will
be thermally averaged using Eq. (51). The thermally aver-

th depend f both k and 7,. Since all i-
© energy cependence o 5o anc f SINCe av expen aged injected current is then given by

ments are done at nonzero temperatures, thermal averaging
of Eq. (50) becomes necessary. Assuming the injected cur-
rent is a result of a small potential drop 6V over the emitter
QPC and that the electrons on both sides of the emitter QPC _ o
can b.e de.scrlped as being free 2DEG, th.e energy .wqght%ng u(R) =~ J w(R,LE)f (E)dE. (52)
function is simply related to the Fermi-Dirac distribution 0

function f(E) and is given by

exp(E_EF ) Since w(R,) contains interference terms that go as

kgT - (51) k exp(ikr) (where r is some length related to the various
kgT 1 +ex <E - EF) distances in the system), the following integral®? will be use-
P ful in evaluating Eq. (52):

e} _ _ _ )\ _
- f kf'(E)exp(ikr)dE = — 2iky exp(ikgr)sinh™ (\yr)[ 1 = N coth(Nyr)] + == exp(ikpr)sinh™ (\yr)[K2r — 2\ coth(A77)]
0 kp

A — _
-z exp(ikpr)sinh ™' (\r)\Fr{coth?(\z7) + sinh 2 (\y7)] = exp(ikgr)sinh ' (\;7)g(r, T,Er),  (53)
kg
where \y=kpmkzT(2Er)~". For large r, interference terms in ,u,(Is,) decay as rexp(=A\;7). For T=3 K, Ep=16 meV, m"
=0.022m,, (where my is the free electron mass), A;=2.35 um™!, which allows one to neglect the interference between the

incoming wave and scattered wave when calculating x(R,) many microns away from the QPC.

A. The single-scattering limit

Before considering the case of multiple scattering (which can only be analytically solved for simple cases), it is useful to
consider the single-scattering case for an unpolarized beam (i.e., averaged over the incident waves ®, [Eq. (44)] and @, [Eq.
(44)]). In this case, the value of the wave function at scatterer k is given by

N 1 . 1
Vi (ry) = —— eXP(lk”e,k) U(kare,k’ 9];)(0 ) (54)
Y 7Tre’k
for incident wave ®, [Eq. (45)] and
N 1 . 0
W) = == explikr. ) Ulkateso 0)| | (55)
AY 7Tre’k

for incident wave @, [Eq. (46)].
First consider the case when the detector and the emitter are one and the same. The spin averaged (i.e., averaged over

incident waves @, and ®,) and thermally averaged change in flux as a function of tip position A,U,(I_é,,E)z ,u,(Isl,E)
—,u(IE,:OO,E) is given by
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A,LL(R)Z) ~ 26ﬁEF{ 772<123T)2}—2005(‘9;1) + 2¢ h
F

D) * + A *
= m 12 ! (rlip,d)2 mm

cos(#) +cos(¢) _
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tit, expli2kp2(rp.a = Tia) + & — Pl
Ttip.d"k.d

X sinh™ [2N (g g = r1.0)18[2(rip.a — rea)- T.Ep] + Hoc.

+
12

Ep

_ Z_ﬁi[ nﬁ(kgr)z}_zcoswf)
- 772 m* lt (rtip,d)

where F(R,) is some nonoscillatory function which depends
on the particular configuration of scatterers, along with a
some angular dependence of the tip and a exponential damp-
ing factor depending upon the tip position from the scatter-
ers. Spin-orbit effects are not seen in Eq. (56) due to the fact
that for electrons moving along effective one-dimensional
trajectories, the amount of spin rotation induced is simply
proportional to the net distance the electrons have traversed.
Since an electron which is directly scattered back to the de-
tector has effectively traveled no net distance, the net spin
rotation is zero. Another way to see this is that

U(karkyd,ﬁlg)ﬁ(kare,k,ﬁﬁ):f when the emitter and detector
are one and the same, since ry,=r,; and 0Z=6’e‘+77. As

shown at the end of Appendix C, the above conclusions also
hold if the approximation to é’é(R) in Eq. (39) is not made.

Consider the case explicitly illustrated in Fig. 2 where the
detector and the emitter are two distinct entities. In this case,
an electron does not traverse the same path back to the de-
tector, and the effects of spin-orbit coupling do not average
away in the flux calculation. Performing the thermal averag-
ing and spin averaging [using Egs. (45) and (46)], Au(R,)
can be written as

2_eﬁEF[ | w ( kBT>2]?2 cos(#)

Aw(R) = E
F

+explikprg)

Zm | 12

X[Gy(R,)explik,rs) + G(R,exp(~ ikyrs)]
+explikpr)[ G3(R,)exp(ikrp)

+ G4(13,)exp(— ik, rp)]+H.c., (57)

re,tiprtip,d

where rg=7, i, +7ipg and 7p=ryp 4=, ip> and where G(R)),

Gz(lst), G3(13,), and G4(13,) are nonoscillatory functions of tip
position which depend upon the particular configuration of
scatterers. From Eq. (57), the expected elliptical fringes

spaced at kprg=2n7 with the detector and the emitter acting
as the foci of the ellipse are present; however, the amplitude
of these oscillations are now modulated by the Rashba spin-
orbit coupling. Since the electron trajectories from the emit-
ter to the detector QPC are now two dimensional, the elec-
tron’s spin will undergo a trajectory-dependent spin rotation
for each pathway between the emitter and the detector QPC.
The interference between different pathways will thus have
an additional, spin-dependent modulation. Such an amplitude

>+ F(Ii)exp(iﬂ:Frﬁp,d) +H.c., (56)

modulation is similar to the D’yakonov-Perel’ model of spin
dephasing in the presence of spin-orbit coupling.>33 The first
two oscillatory terms in Eq. (57) G;(R,) and G,(R,) lead to
elliptical amplitude modulations of the regular fringes spaced
at k,rg=2n1r, while the G; and G, terms in Eq. (57) lead to
a hyperbolic amplitude modulation spaced at k,rp=2n1,
with the foci of the hyperbola again being the detector and
the emitter. Interference between the terms G, and G5 and
between the terms G, and Gy lead to fringes at k.rp
=2n1r for ry,s=const. Likewise, interference between the
terms G; and G4 and between the terms G, and G5 lead to
fringes at k,ryp, 4=2n for r, ;,=const. The presence of all
four types of fringe patterns leads to a checkered pattern in

A,u(iél). This can be seen in the calculation of A,LL(IE,) in Eq.
(57) which is shown in Fig. 3(a). In this simulation, the emit-

ter was placed at 7,=1.5 um X and the detector was placed
3 um away at 7,=—1.5 um X. In addition, the thermal aver-

age of Au(R,) was evaluated by numerically integrating Eq.
(52) over the interval Ep+6kgT, and the following param-
eters were used (similar to the parameters found for InAs°):
m"=0.022m, (where m, is the free electron mass), E
=16 meV, T=3 K, and a=4X10""" eV m which gives a
spin rotation length [i.e., the length required to rotate the spin
by 180° of I,=mh?/(2m"a)] of 134 nm. (For comparison,
spin rotation lengths of /.=~ 1.8 um were found for hetero-
structures of GaAs/AlGaAs in a past study.”®) Scatterers
were randomly placed in the region [Y,X]=(0 um,6 um)
X (-6 um,6 wm)  with a  scatterer density  of
20 scatterers per wm?>. All scatterers were modeled as cylin-
drical wells or barriers, with the well depths randomly cho-
sen between +.04 eV. The coupling constants, 7, were evalu-
ated using Eq. (37) and the results in Appendix A. The radius
of the barriers/wells were all taken to be a=3 nm, which

gave kpa=~0.3 so that a model of s-wave scatterers could be
used. The tip was modeled as a hard disc (i.e., infinite bar-
rier) with the radius of the tip chosen to be a=3 nm. Al-
though the width of the actual depletion area induced by the
tip in the 2DEG is probably on the order of 100 nm, the
above radius was chosen to be consistent with the s-wave
model used in the calculations (further studies incorporating
higher partial wave scattering in the presence of Rashba cou-
pling are currently being carried out and will be addressed at
a later time). Figure 3(a) is a typical result from the calcula-
tions performed on numerous scatterer configurations. In ad-

dition to the kinematical elliptical fringes spaced at kprg
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FIG. 3. Simulation of A,u(lé,) [Eq. (57)] for an unpolarized
beam of electrons injected from an emitter located at 7,=1.5 um X
and observed at a detector located at 7;=—1.5 um X (A) with and
(B) without Rashba spin-orbit coupling for the same random con-
figuration of scatterers. A scatterer density of 20 scatterers per um?
was chosen; each scatterer was modeled as a cylindrical barrier/well
of radius 3 nm with the height/depth of the potential randomly cho-
sen between +.04 eV. The tip was modeled as a hard disc of radius
3 nm. In (A), the amplitude of A,u(ﬁt) is modulated by the Rashba
spin-orbit interaction, due to the fact that electrons traveling from
the emitter to the detector undergo net spin rotations. In (B), the
expected elliptical fringes are observed. The same, arbitrary scale
for A M(}E,) was used in both (A) and (B). The following parameters

were used in the simulation: m"=0.022m,, T=3 K, Er=16 meV,
a=4%x10""" eV m.

=2nm, the hyperbolic and elliptical modulations are clearly
present in Fig. 3(a), along with the circularlike fringes about
the emitter and the detector, which leads to a checkered pat-
tern.

For a comparison, simulations were also performed for
the same scattering configurations and coupling constants but
without the Rashba spin-orbit coupling (=0 eV m). The
fermi energy of these simulations E; was chosen to be
slightly higher in energy than E, in Fig. 3(a) so that the
magnitude of the fermi vectors was the same for both simu-
lations, i.e., lgfp:l;F. As expected, only regular elliptical
fringes about the emitter and detector are shown in Fig. 3(b),
with any resulting modulation arising from the particular
scatterer configuration. Note that the intensities of the fringes
are larger when the tip is near to the detector than the corre-
sponding fringes in the presence of Rashba coupling. Figures
4(a) and 4(b) demonstrates this more clearly by plotting a

slice of A,u,(ls,) [shown in Figs. 3(a) and 3(b)] along the ¥
axis, passing through the detector. Near the detector, the

PHYSICAL REVIEW B 73, 035325 (2006)
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FIG. 4. Slices of A/.L(I_é,) through the detector at 7,=—1.5 um X.
The plots shown in (A) and (B) come from Fig. 3. Modulations are
clearly evident in (A) due to spin-orbit coupling. Note also that the
intensity of the fringes is larger in the absence of spin-orbit cou-
pling [(B) vs (A)]. However, the fringe intensities also depend upon
the configuration of the random impurities. (C) and (D) show the
same slice of A,LL(I%I) for a different configuration of scatterers. Note
again that modulations due to Rashba coupling are present in (C)
and not in (D).

magnitude of A,u,(lst) is greater in the absence of Rashba

coupling. However, the magnitudes of Au(R,) with and
without spin-orbit coupling are comparable far away from
the detector. This is due to the fact that far away from the
detector and emitter, the scattered wave functions can
no longer resolve the detector and the emitter, i.e.,
U (kari.a»65) U (koTe o, 0) = 1, which makes Au(R,) indepen-
dent of «a. It must be stressed, however, that although the
form of the fringe pattern is robust to scatterer configura-
tions, the overall intensity does depend on the scattering con-
figuration. Figures 4(c) and 4(d) give the same slice through
a system with a different set of scatterers.

B. Two scatterer solution

As mentioned earlier, if there is only one QPC, the effects
of spin-orbit coupling are not observed if the electron trajec-
tories from and towards the QPC are purely one dimensional.
As shown in Fig. 5, two-dimensional multiple-scattering tra-
jectories exist for electrons exiting and arriving at the detec-
tor. Consider the case of two scatterers: a moveable scatterer

at 13, and a fixed scatterer at 7,. In addition, both the tip and
the fixed scatterer will be modeled as being infinite potential
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—— —

FIG. 5. Possible multiple scattering trajectories which result in a
net spin rotation applied to spins which make round trips from the
emitter back to the emitter. Since the path is two dimensional, a net
spin rotation results, even when the detector and the emitter are the
same.

barriers of radius 3 nm. Using Eq. (43), the value of the
wave function at each of the two scatterers is given by

W(R,) = N, P(R) -\, Gy(R)D(F,), (58)

V() = A D) - N, GHF)D(R)), (59)

where \,,=(1-Det[G{(7)])~". This includes all orders of
scattering between the two scatterers (i.e., any number of
bounces between the two scatterers). The change in current

as a function of R, in the presence of the fixed scatterer at 7
and a random configuration of weak scatterers can be found
by inserting Egs. (58) and (59) into Eq. (50) and performing
the thermal average using Eq. (52). Since 7<<1 in the s-wave

limit, it is useful to expand A ,u,(ﬁt) in powers of 7. The single
scattering contribution has already been discussed, and is
given in Eq. (56), which is order 7. The next term of order
7, which involves the interference between the trajectories
shown in Fig. 5 and the single scattering trajectories, can be
written as

Ayuu(R,) = expliRRS) K\ (R)explikoRs) + Kn(R)explikoRo)]
+ exp(ikRg)[K;(R,)exp(— ik, Rs)
+ K, (R,)exp(= ik R )] + exp(ikR )
X[Ly(R)exp(ik Rs) + Lo(R,)exp(ik Rp)]
+ exp(ikRp)[L3(R,)exp(— ik Rs)
+Ly(R,)exp(= ik R )] + He., (60)

where Rg=rg,  +7 i, and Rp=rg, s~ 7, The functions

K 1(13,), K2(13,), K3(I$,), and K4(I$,) (which mostly represent
the interference between the impurity single scattering events
and the trajectories shown in Fig. 5) are nonoscillatory func-

tions of 13, which depend upon the configuration of random
scatterers, whereas the functions L,(R,), L,(R,), Lx(R,), and
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FIG. 6. Calculation of |A(3),u,(13,)| in Eq. (60) for a fixed hard
disc scatterer of radius 3 nm located at 7g=1.7 um X+2.4 pum Y.
The modulations due to Rashba spin-orbit coupling are seen, similar
to those shown in Fig. 3. These modulations mainly result from the
interference between the trajectories shown in Fig. 5 and the single
scattering trajectories from the tip and fixed scatterer. The flux scale
and parameters used in the calculation of |A(3) 1(R))| are the same as
those given in Fig. 3.

L4(I$,) [which represent the interference between the single
scattering trajectories (for the tip and the fixed impurity) and
the multiple-scattering trajectories shown in Fig. 5] are

nonoscillatory functions of R, which only depend upon the
position of the fixed scatterer at 7,. Figure 6 shows a simu-

lation of |A(3),u,(13,)| in Eq. (60) for a fixed, hard disc scatterer

of radius 3 nm located at F¢=1.7 um X+2.4 pum Y. The
detector/emitter QPC was placed at (X,Y)=(0 wm,0 um).
Figure 6 represents the evaluation of Eq. (60) for the follow-
ing parameters: T=3 K, m"=0.022m,, a=4Xx10"""eV m,
and E;=16 meV (the same parameters as those given in Fig.
3). The random impurities were again modeled as cylindrical
wells/barriers of radius 3 nm with depth/height randomly
chosen between +.04 eV and with a scatterer density of
20 scatterers per um”. Modulations due to spin-orbit cou-
pling are again present, as predicted in Eq. (60).

If the scattering amplitudes 7 become large, then higher
orders (i.e., multiple bounces) must also be included. The
interference between these different trajectories can lead to
resonances induced by the scattering configuration. For the
trajectories shown in Fig. 5, however, no resonances due to
spin rotation can be generated, since no net spin rotation is
generated if the particle bounces from scatterer A to scatterer
B and back to scatterer A again, as shown in Fig. 7(a). The
lack of spin rotation for such trajectories can be seen using

the exact form of élé(l_é) given in Eq. (33) as follows:

GARpGE(Ry) = 1. (61)

However, for three or more scatterers [as shown in Fig. 7(b)],
there exist trajectories which will give a net spin rotation.
Calculating possible interference effects between multiple
scattering trajectories requires using higher partial waves
[Eq. (29)] than the simple s-wave scattering models studied
mostly in this paper, and will be investigated in the future.
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FIG. 7. Possible higher-order scattering processes. For two scat-
terers shown in (A), if the electron bounces between scatterer A and
B, no net spin rotation results. For three or more scatterers, how-
ever, net spin rotation can occur. Such a possibility is shown in (B),
where an electron traveling from A to C to B to A undergoes a spin
rotation.

VI. CONCLUSIONS

In this paper, a partial wave expansion for scattering from
a cylindrical potential in the presence of Rashba spin-orbit
coupling was developed and was used to construct an opera-

tor f"k which generates the scattered wave from the incident
wave at scatterer k. This allowed for the development of
point scattering models beyond the s-wave limit. The often
studied s-wave scattering from J-function potentials are
shown to be different from the s-wave models developed in
this work due to the fact that cylindrical wells and barriers do
not scatter in the J-function limit; however, both models give
the same qualitative results for the flux calculations pre-
sented in this work. Although only s waves were discussed
herein, extensions to higher partial wave scattering can be
readily performed using the formalism developed in this

work. Additionally, the operator f"k and the calculated

Green’s function G,(F,,7,,E) can be used to apply all the
scattering theory machinery to study 2DEG confined in a
variety of geometries.

The Rashba spin-orbit coupling was shown to generate
additional interference fringes in possible electron imaging
experiments which were produced using a moveable scan-
ning probe microscope tip. In the single-scattering limit,
spin-orbit coupling does not produce any modulation in the
observed flux using a single quantum point contact. This is
due to the fact that no net spin rotation is generated from
effective one-dimensional trajectories which start and end at
the same location. If the injected current through a separate
quantum point contact is measured instead, interference ef-
fects due to Rashba coupling are observed from the various
two-dimensional trajectories from the emitter to the detector.
This is due to the noncommutation of the resulting spin ro-
tations along the trajectory, which results in spin-orbit-
related interference effects. These interference effects are
similar to the D’yakonov-Perel’ mechanism of spin dephas-
ing observed in electron systems. If multiple-scattering ef-
fects are also included, a single quantum point contact can
again be used to observe the spin interference caused by the
Rashba spin-orbit coupling.

In the future, calculations involving higher partial waves
and stronger scattering will be performed in order to look for
possible spin resonances resulting from interference between

PHYSICAL REVIEW B 73, 035325 (2006)

the various multiple scattering trajectories. In addition, more
realistic simulations of the scattering induced by a scanning
probe microscope tip, requiring other partial waves in addi-
tion to the s waves, will be performed. Finally, the multiple-
scattering theory presented in this work can also be used to
study scattering and polarization profiles generated in quan-
tum wires where phase coherence effects between the scat-
tered waves can now be fully taken into account.
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APPENDIX A: SOLUTION FOR SCATTERING FROM A
BARRIER OR WELL

For the problem of the square well/barrier centered about
> Eqs. (20) and (21) require the various f; and dj for
|F—7|=a to satisfy the following equations:

+ r/_ r’_
N T (koa) + Nk Hi(kya) + Vkof T2 H (kya)

— -
= \”K]dli].]l(Kla) + \“’sz?z.]l(Kza),

i)\-l_'—.]l_l(kia) + \‘"klﬁlHl_l(kla) - \“”sz'ltzHl_l(kza)

[ 1 [ 2
=\rdy Ty (k10) =N iodi T -y (k20),

Nikod| (kua) + K527 H (kya) + k372 H) (kya)

= K?/zdfljl'(Kla) + K%/Zd;"zl,'(/(za),

+k \7J, (kea) + K H] (ka) = k72 H, (koa)
= k)°d ] (ka) - K37dT L (k00) (A1)
where

)\f =2;! exp(ilgi - rexp(—il6p). (A2)

Using Eq. (A1), the various values for the coefficients d*',
d%, f7', and f7* can be found. In order to simplify the pre-
sentation of the solution to Eq. (A1), the following functions
will be introduced to simplify the solutions:

A(p.q.a) =J(pa)J,_(qa) + J(qa)J,_(pa),
AA(p.g.a) =J;(pa)J|_ (qa) + J|(qa)]|_ (pa),
¢/(p.q.a) =J_\(qa)H/(pa) + (- 1)°J/(qa)H|_,(pa),

pA(q,r,a)
qAA(q,r,a)

+ (= D (ra) ] (pa)] - g"(p,r.a),

G/(p.g.r.a) = [J1-1(ra)H; (pa)
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Foky,q.r.a) =[J_(ra)J (k.a) + (= DbJ]_ (kea)J| (ra)]. (A3)
= (= D"y (kea))(ra)]
k+A1(C], r, Cl)
- W ra)J;(k.a) i i i
gAA(q,r,a) -1 ! The solution to the above equations can be written as

Flz(kx, K, Kz’a)Gzz(kzv K, Kl,a) - Fll (kt, Ky, K1,a)G1] (kz, Ky, Kzﬂ)

fil=N—= =N
\"kl[Gzz(kl,K19K2,4)G12(k2’612”<1,a) - Gzl (kl’K2’Kl’a)Gll (ky, K1, K2,a) ] vk,
P Fl(ky, k1, k0,0) G| (ky, o, K1,0) = Fl (ks K3, K1,0) G (K, K1, K,) B :z
=N T =N
Vko[ G| (ky, 1, K2,0) G| (K, i1 ,@) = G (K, Ky K1,0) G (Ky, K1, K@) ] vk,

g = )\i‘]l—l(Kza)Jl(kia) * J(kya)J )y (k.a)
=N

V/K_1A(K1,K2,a)
+ 7\21 Fzz(ki,K1,Kz,a)[gzz(kl,Kz,a)Gzz(kz,Kz»Kl,a) —81(k2,K2)G11(k1,K2,K17a)]
A(KI’KZ’a) \/K_I[G]z(kla Ky, Kz’a)G[z(kZ’ K, Kl’a) - Gll(klaK29 Kl’a)G[l(kZ’ KviZ’a)]
_ )\li Fll(k13K29Kl’a)[g[z(khK29a)G]1(k29KI’K2’a) _gl(kZ’KZ)Glz(kl’Klsta)]
A(K15K2>a) \’/K_l[Glz(klaKl’Kba)G%(stKZ»Klsa) - Gll(klsK%Kl?a)GZl(kZ’KI’KZ’a)] ,

P )\iJl—l(Kla)Jl(kia) + Ji(ka)J - (k.a)
=N

\‘"EA(Ksz’a)
+ 7\;; Flz(ki’Ktha)[gll(kl’Kl’a)Glz(kaZ’Kl’a) +gz(kal)Gll(kl’KZ’Kl’a)]
Ak, k2,0) \’/K_z[Gzz(kl,Kl,Kz,a)G%(kz,Kz,Kl,a) — G (ky, k2, k1,0)G) (ka, K1, K2,0) ]
N F)(kako.k1.0)[g) (ki k1.0)G) (ky, k1. K0.a) + 8% (koo k1) G (K K1 Kp1)]

A(Kl, Kz,a) \r/K_z[Glz(kl,K],Kz,a)Glz(kz, K2,Kl,a) - Gll(kl,Kz, Kl,a)Gll(kz, K],Kz,a)] .

(A4)

It is useful to consider the limiting case of a hard disc, i.e., APPENDIX B: CONSTRUCTION OF D,

Vy—ce. In this case,
For an arbitrary plane wave state specifed by energy E

= m'a +i 2m”| Vo and with incident momentum vectors making an angle of 6,
T2 nr with respect to the Y axis,
ma . [2m|V| VIR A " B -
Ky=-— 72 +1 72 (A5) ( ( ») = | —= exp(ik, ~R)< ) ) +—= exp(ik, - R)
¥ (R) V2 exp(=ibp)/ 2
with |Vy| —c°. In this limit, the coefficients are given by 1
o N Jik.@)Hy(kya) + T,y (kea) H (kya) ~ (— exp(=i6y) ) 1 B1)
! \/k_lHl(kla)Hl—l(kZa) + H/(kya)H,_,(ka)’
. an operator ﬁ, can be constructed such that
[ N Jika)H (kya) F Jiy (kea)H (k,a) (A6)
' g Hka)Hi (la) + Hikpa)Hy_y (ki) (VIR U (R)
. L . D, .| =exp(il6y) .- (B2)
Note also that in the opposite limit of an infinite well, V, P
——oo, the expressions for ;' and f;* are the same as those )
given in Eq. (A6). First define the operator P; by
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. (1 9 g\
oLt i) )
lI| Ry Ry

with Py=1. Exponential functions of the form exp(ilg-IS),

where Igzk[cos(eo)f/ +sin(t90))A(], are eigenfunctions of f’],
where

P expik - R) = k! exp(il6)exp(ik - R). (B4)

PHYSICAL REVIEW B 73, 035325 (2006)

The operator 51 can be decomposed in terms of the op-
erators 13, as follows:

A a,P, bP
D1=< zAz ! iﬂ), (B5)
Py diP

where the coefficients a;, b;, ¢;, and d; need to be determined.
Operating D, on W(R) in Eq. (B1):

D (‘PT(IE) ) _ Aexp(ilty)exp(ik; §)< ak! + bl ) LB explilfy)exp(ik, - R) ( aky - bkl )
! .| = = . - = . _
VLR V2 exp(= i) (c k=" + dilly V2 — exp(= i) (dikd — c k=1
V(R)
=exp(ilf) . (B6)
WH(R)
|
The various coefficients must therefore satisfy (‘I’T( IE)) wade |:\I,1( 0,) Ry ( 1 )
- = — = ¢ .
VY(R) o L 2 exp(=i6)
akl + b= 1, ,
V(6 13~1?2<00>< 1 )
+ — e .
V2 —exp(—i6})
akll = b+ =1, 2m
= f d6,W(6,). (B9)
0
Clk|1l_l‘ + dlk|1l| =1, Operating ﬁ, upon \I'(ﬁ) gives
D (qﬁ(ﬁ)) fhda (il6)W(6y).  (B10)
_ .= exp(i .
d1k|21|—clklzl =1, (B7) : PY(R) o ’ ’
which gives APPENDIX C: THE GREEN’S FUNCTION IN THE
PRESENCE OF SPIN-ORBIT COUPLING
Kl ] The Green’s function in the presence of Rashba spin-orbit
2 1

a= T T T
k|21+1\k|11\ +k|ll+1\k|21\

k|21\ _ k|11\

TR ST
kTR + kTR

k\zl\_k\ll\
CU= Tt 1
=t gl=1gl!

=1 | i1
ky '+ ky

S NI (B8)

For an arbitrary eigenstate of H, [ Eq. (3)] with energy E,

interaction has a simple form in momentum space and can be
written as

~ ) 1
G.(E)=-lim —
0 H-F+ie
0 (27h) .o 2m |kl 2m'E
|k| —T— e +ie

X[1 + Gy cos(¢p) — Gy sin(¢p)]

+ie
h

i f > |k)K]
0 (2mh)? . 2m'lkla 2m'E
|k[* + 2 T

X[1 = Gy cos(¢h) + Gy sin(p)], (C1)
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where ¢ is the angle k makes with the respect to the Y axis.
The form of the Green’s function in Eq. (C1) has been used
in numerous studies of spin dynamics in 2DEGS. The posi-
tion space representation of the Green’s function
G.(F\ .y, E)=(F1|G.(E)|F,), however, has not been used to
the best of the authors’ knowledge. In the presence of a scat-
tering potential V(7) the total wave function with energy E is
related to G,(7,,7,,E) and V(7) by the Lipmann-Schwinger
equation

W(R) = D(R) + f diG (R,FE)VHV(),  (C2)

PHYSICAL REVIEW B 73, 035325 (2006)

Before calculating G, (7,7, E), it is worth noting that the

Rashba Hamiltonian H, [ Eq. (3)] is invariant to combined
rotations in spin and space about the Z axis:

Hy=M(0)HM'(6), (C3)

M(6) = exp(— igiz> exp(— igoz> =R(0)Z(0). (C4)

Due to the above symmetry, the Green’s function is also
invariant:

- o G.(E) = M(O)G(E)M'(6). (C5)
where ®(R) would be the wave function in the absence of
the scattering potential V(7). From Eq. (C5), it follows that
|
(FIGLE)R) = (R |MT(OM(O)GEM (OM(O)|F) = Z (0RO |G(E)|R(0)7)Z(6). (C6)
G.(F,,F,E) can be written as
A -m" . k-Ai k-Ai N
Gt(rl’rZaE) = hm n P f dk ej(p( ;) * eXI:( ;) * + eXp(k . }:))
e—0 (27h) ~, 2m alk| 2m'E o 2am’|k| 2m'E
||+T— + |k|—7— P tie
Gx cos(¢y) — Gy sin(¢by) Gx cos(¢y) — Gy sin(¢by) ©
- 2m"alk] 2m'E - 2am’|k| 2m'E |
|k| —T— P tie |k| T— P +ie

where 7=7,—7,. In evaluating Eq. (C7), it is advantageous to take 7 to be along say the ¥ axis. If 7=r[cos(6)Y+sin(6)X], then
R(6)|7)=|rY). Therefore, using Eq. (C6), Eq. (C7) can be written as

é+-)’Q7E _1
(r1,75,E) eli%(2ﬂ-h)2

T k explikr cos(¢)]1
f "‘4 dk((k—kltie)(mkz)*

k explikr cos(¢)]1 )
(k+k)(k—kyxie)

k(z*(o)[frx cos() — oy sin($)1Z(0)  Z'(O)[ 6y cos(¢h) — Gy sin(¢)]Z( e))
_ : _ : , (C8)
(k—kl)(k+k2il€) (k+klil€)(k—k2)
where
ma ma\r 2m'E
m ma\? 2m'E
w5 5 ©

The integrals in Eq. (C8) can be readily evaluated. The term in (A?t(fl,r},E) proportional to the identity matrix is given by

. —*fm d(ﬁf ( k exp[ik;.’ cos(¢)] .

k explikr cos(¢)] ) ;

0 (277H)? (k—k,xie)k+ky) (k+k))(k—ky+i€)
- (. k k k k < im
= lim mzf dk ol r)( Ly L 2 2 .>1=_”"2< H+(k1r)+ H*(kzr)>
-0 27h ky+ko\k+k, k—k xie k+k, k—-kytie 207\ ky +
(C10)

which is just the weighted average of two free particle Green’s function with different wave vectors k; and k.
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Using the following two integrals:

0

0

The terms in Eq. (C8) proportional to &y and &y are given by

kZ'(6)[ Gy cos(p) — Gy sin(¢)1Z(6)

2 21
f d¢ explikr cos(¢p)Jk cos(¢p) = — l&_arf d¢ explikr cos(¢p)] = - ia—i271']0(kr).
0

PHYSICAL REVIEW B 73, 035325 (2006)

2
f d ¢ explikr cos(¢)]sin(¢p) =0,

(C11)

_ KZ ()16 cos(d) - Gy sin(¢)12(6)

(k—kl)(k+kzi lE)

(k+k1 =+ l€)(k—k2)

_m* 2 Joo
Iim ——— d dk
” Jo(kr)( 1

lim ! 77(0)6,2(6) af dk
= —— ag- -
27h? 0r)y Tk vk \k+k,

e—0

*

B S ACAC)

2(kl+k2)ﬁ2 ar [H+(k1") H+(k2”):|—

The Green’s function G.(F,,7,,E) can finally be written as

.m k ( H+(k1r)
2ﬁ2k1+k2 iH (k,r)exp(—i6)

%

éi(Fh;Z’E) =-

As noted earlier, G, (7,,7,,E) is similar in form to the GS(R)
operator [ Eq. (33)] found in the partial wave scattering
analysis given in the text. It is worth pointing out that, as was

the case for G (R) G (r,,rz,E)G (rz,r],E)Ml i.e., no net
spin rotation is observed when the particle traverses no net
distance along a one-dimensional path.

Consider the experiment shown in Fig. 2 for the case
when the detector and the emitter are one and the same. With

the approximation to CA}S(IE) made in Eq. (39), it was con-
cluded that Rashba spin-orbit coupling does not give rise to

modulations in the net current as a function of R, [ Eq. (56)].
It is worth pointing out that the conclusion reached by Eq.
(56) is valid, even if the approximation in Eq. (39) is not
made. Treating the emitter as a point source, the scattered
wave function at the detector/emitter is given by Eq. (32):

N N
V(i) = 2> GAF)W(F) = 2 GEF)G (PP E) 7y
k=1 k=1

(C14)

where 7 represents the spin state of the injected electron [can
be taken to be either ((1)) or ((1)) or some linear combination of

the two]. It is easy to show, however, that G’é(?d)é+(7k,7d,E)

2[0X cos(6) — dy sm(ﬁ)](

in(kw)exp(z'm) ok (
Hﬁ(klr)

1 1 1 )
+ — —_—
k—kliié k+k2 k—kziif

H+(k2r)) (C12)
ky+

H(kyr) — iH(kyr)exp(i6) )
— iH7 (kyr)exp(—i6) Hi(kar)
(C13)

"2k, + ky

is not proportional to the identity matrix. For lgrk,d>l,
Gi(7) G (74,74, E) can be written as

Al A exp(i2k;
Gg(rd)G+(rk’rd,E) o M
Tkd
y ( ay by exp(id)) )
by exp(-i6,) a '
(C15)
where
[ky [ky
aip= tkO fk 0
ky k,
b= kzt"o kltko (Cl6)

Eq. (C15) indicates that the incident spin state, 7, is modified
after following the effective 1D trajectory [although Eq.
(C15) does not represent a spin rotation since it is not uni-
tary]. However, the only distance dependent factor in Eq.

(C15) contains kry ; and does not depend upon k,. Calcula-

tions of Au(R,) therefore will not possess any modulations
which depend upon the Rashba interaction k, supporting the
original conclusions made in Eq. (56).
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