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Electron wave functions in diamond and zinc-blende semiconductors
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New electron wave functions at the center of the Brillouin zone are given for the valence and conduction
bands of semiconductor crystals with diamond and zinc-blende lattice symmetries. They are analyzed in the
absence of spin-orbit coupling and take into account the lack of inversion symmetry in zinc-blende lattices
compared to diamond ones. For this reason, our wave functions differ from the traditionally used ones. In
particular, for zinc-blende symmetry crystals, they provide nonvanishing intravalence band matrix elements of
momentum p in accordance with group theory selection rules.
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I. INTRODUCTION

This study of semiconductor crystals was initially moti-
vated by the discrepancies which exist between theory and
experiment in applied problems. The discrepancies we ob-
served are linked to the dynamics of polarization modes in
GaAs-based vertical cavity lasers.! They have been finally
attributed? to incorrect evaluation of the interband transition
matrix elements in dipole approximation,®* when traditional
wave functions® for conduction and valence bands have been
used. The fact that wave functions, especially for valence
bands, have to be modified can be seen from the following
observation: lack of inversion symmetry in zinc-blende
structures implies that intraband matrix elements of momen-
tum operator P in the valence bands are nonvanishing.

For a majority of zinc-blende semiconductors, the wave
functions in the valence bands transform at the center of the
Brillouin zone (BZ), as I'g (heavy and light hole bands) and
I'; (split-off band) which are extra representations of the
double group®® T, where I'y® D'/?=T'¢+T';. The momen-
tum p transforms as the I', representation of both point and
double groups T,. Since the direct products I'y®I'y (for the
point group) and I'g® I, (for the double group) contain, re-
spectively, I'y and I'y representations (I'y;® I'y=I";+1'5+1',
+T5 and I'y®@I'y=T¢+I;+2I%),” one should expect that the
intravalence band matrix elements of p are nonzero with and
without spin-orbit interaction. However, such matrix ele-

ments are zero for traditionally employed wave
functions>!%!"  (e.g., without spin-orbit interaction,
(X|p|Y)=0).

In this paper, we construct the wave functions as
combinations'>!3 of cubic harmonics!4'® (CHs). Our ap-
proach to construct the crystal wave functions is based on
transformation properties of point group CHs analyzed at
nonequivalent lattice sites. In our study, conduction and va-
lence band wave functions in crystals of diamond and zinc-
blende lattice symmetries are analyzed assuming that the
zinc-blende lattice is a perturbation of a diamond lattice. Our
wave functions take into account the lack of inversion sym-
metry in zinc-blende structures and lead to nonvanishing in-
travalence band matrix elements of the momentum operator.
Since p acts on coordinate functions and not on spinorial
ones, we focus here on spinless wave functions. Our wave
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functions for zinc-blende crystals significantly differ from
the usual cubic harmonics of the point group'® used in the
fundamental work of Kane.> These conventional functions
actually assume the spherical symmetry of the crystalline
potential on each lattice site.

The paper is organized as follows. In Sec. II, we obtain
the wave functions for the valence and conduction bands in
diamond and zinc-blende crystal structures. In Sec. III we
summarize our main results and compare our wave functions
with the traditionally used ones: |S) for the conduction band
and a set of functions {|X),|Y),|Z)} for valence bands of
III-V semiconductors.

II. WAVE FUNCTIONS
A. Nonprimitive translation

At the T point of the BZ, the wave functions are just the
periodic Bloch functions u,(r). In zinc-blende symmetry
crystals (such as GaAs), u,(r) are given by linear combina-
tions of corresponding basis set of the irreducible represen-
tation (IR) of T, group.'>!3-20-22 However, the lack of inver-
sion symmetry has to be taken into account in zinc-blende
semiconductors as opposed to the invariance of diamond
semiconductors under inversion followed by nonprimitive
translation on Tz(ia,ia,ia) (see the Appendix). To con-
struct such periodic crystal wave functions, symmetrized
plane wave representation!>2%2324 of CHs will be used. The
principle issues are the number and the order of spatial har-
monics involved in such orbital expansions.

In Si, Ge, and GaAs crystals, the atomic orbitals of the
outermost electrons contributing to the valence bands extend
to a few lattice constants from the nuclei. The related crystal
wave functions are relatively flat. Therefore, in numerical
simulations, the plane wave approximation method is more
efficient and suitable than the method using the linear com-
binations of atomic orbitals.'> Accordingly, in our simplified
analytical treatment, we just use main-order spatial harmon-
ics which form the topmost valence bands and the few first
conduction bands of an empty lattice. These eight plane
waves as well as their combinations, symmetrized under the
T, point group, are well-known and they are given in the
Appendix [Egs. (Al) and (A2), respectively].
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The symmetrized plane waves (SPWs) of Eq. (A2) only
take into account the rotations of the 7; point group. They do
not take into consideration the nonprimitive translations of
the lattice. Nevertheless, in Ref. 5, [S) and a set of
{IX),|Y),|Z)} harmonics are used as conduction and valence
bands wave functions with definite angular momentum quan-
tum numbers. On the other hand, a nonprimitive translation

operator T= exp{—iTp/#i}, which shifts the coordinate origin
from an A- type to B-type sublattice (see the Appendix),
implies the following relationships between the CHs:

7\S) = i|- ixYz), T|-iXYZ)=ilS),

T-xv)=iliz), TixX)=il-YvZ), (1)

and those obtained by cyclic permutation (CP) of X, Y, and
Z. Therefore a harmonic of L=0 (L=1) in the vicinity of an
A-type ion, has L=2 (L=3) under rotations about B-type site.
The wave states cannot thus be characterized by the angular
momentum number L.

The matrix elements of a physical quantity must be inde-
pendent of the choice of coordinate origin. For example,

nonvanishing matrix elements of the momentum operator in
the SPWs basis (A2) are

P=(S|p,|iX) = (= iXYZ|p,|- YZ) = (- XY|p,i¥)
= (= XY|p,|iX), 2

where P is a real number and other relationships can be
obtained by simultaneous CP of x, y, z and of X, Y, and Z.
Relationships (1) and (2) are consistent with an arbitrary
choice of the coordinate origin. Thus a matrix element of p
evaluated at the A-type sublattice site is identical to the one
calculated at the B-type sublattice site, using the same states
(e.g, (S|p,|iX)=(-iXYZ|p,|-YZ)). This property is inexplic-
itly used in Refs. 5 and 6, as p is considered to be a physical
quantity operator, but relationships (1) are ignored.

B. Crystal potential

In zinc-blende and diamond lattices, the effective Hartree-
Fock potential V(r) is a scalar which transforms as I'; under
the 7, point group rotations. The asymptotic behavior of
V(r) in the vicinity of a lattice site is given by the multipole

expansion:?3?3

r r
V() = VT () + vm{ ;(f)} ‘ vm{ ;(f)}

I',(i)

a6

+Vs(r) . 3)
where V,(r) is the radial part of a 2--pole potential (r=|r|).
The angular part is given by a cubic harmonic of the form
{I',(L)/a"}. In Eq. (3), summation is over the different orders
L of T';-type CHs. In particular, the angular part of a mono-
pole (first term) is {I";(s)}ec1 and the one of an octopole
(second term) is {I",(f)/a’} = xyz/a>. Note that this octopole
term is absent in cubic symmetry lattices which contain the
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coordinate inversion as an element of the rotational sub-
group. Thus, in a lattice with full cubic symmetry (for ex-
ample, in sodium), the function {xyz} is a B-type cubic har-
monic. It transforms as I'; irreducible representation of O,
point group, while the potential transforms as I'{ and con-
tains only a-type CHs.!30

1. Diamond lattice

Diamond lattice is invariant under the symmetry operator
71 (coordinate inversion followed by translation on 7).

Therefore, the effective single-electron Hamiltonian,
H=p*/2m+V(r), and the potential (3) verify
H=(THHTH™, V=THW(TDH™. (4)

Correspondingly, the wave functions built from SPWs basis
(A2) have to be invariant or anti-invariant under operator 71.
Using Eq. (1), and noting that L-order CHs (A2) are multi-

plied by (—1)% under the inversion J, the following important
wave functions are obtained at the BZ center of diamond-
type semiconductors:

S)+i|-iXYZ
IS+ XYZ) = 8+ x72) El >, (5)
N
L vzEx)= |- YZ) +i|iX)
V2 ’
B |- ZX) £ i|iY)
-ZXFY)=—"F—,
V2
- XY) £iliZ
|—XYIZ)=%, (6)
V

where functions (5) transform as I'; and functions (6) as I',
representations of 7, point group. Functions with the upper

(lower) sign are symmetric (antisymmetric) under 77 opera-
tor (for example, TI|S=XYZ)==%|S=XYZ)). As these func-
tions define the symmetry of u,(r) in diamond lattice, the
potential (3) is diagonal in this new basis set:

Vor(r) = VIIS + XYZ)(S + XYZ| + VI[S - XYZ)(S - XYZ|

+ X V-YZ-XX-YZ-X]|
CP{X,Y.Z}

+ > VI-YZ+XN-YZ+X|, (7)
CP{X,Y,Z}

where summation is over cyclic permutations of X, Y, and Z.
An analysis of the asymptotic behavior of potential (7) in the
vicinity of a lattice site (r<<a) shows that the potential con-
tains 2%-pole moments with L up to 6 in the expansion (3).
Note that, if Vi=V: and V=V, the octopole terms (%xyz)
cancel out and the potential (7) corresponds to a lattice with
full cubic symmetry. Since we focus on diamond and zinc-
blende structures, we assume that V. # V¢ and V, # V.
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The solution of an effective single-electron Hamiltonian
with potential (7) is straightforward and yields the energy
bands (Eg, ES, Ey, and EY) at I' point of BZ:

2 2

3P
E'=—+ V2 EY'=—4+V"1 8
S Tom o C X Tom Y ®
where bands E§ and E§ are nondegenerate and are associated
with symmetric and antisymmetric wave functions (5), re-
spectively. Bands E} and EY are associated with symmetric
and antisymmetric functions (6) and each of them is triply

degenerated.

Relations between matrix elements V. and Vi as well as
those between elements V; and V; are established by exam-
ining functions (5) and (6) along the [111] crystalline direc-
tion and noting that

scen{ e e3e{ 3¢
% COoS 2§+ cos 2§,

. 3 A s
—iXYZ x| sm(—§) -3 sm(—§),
2 2

wren{ e (34
- o Cos 2§ —Cos 25,

iX o sin(%-r§> +isin<g§), 9)

where r=£7, and 7 is a vector of nonprimitive translation in
a diamond lattice. Within a lattice unit cell, the symmetric
states with probability densities [S+XYZ|?> and |-YZ-X|?
have a better overlap with the potential of both ions located
at £=0 and £=1, respectively (these ions belong to different
fce sublattices). Therefore Vi <V¢ and V; <V;. Thus, among
I';-type harmonics (5), the symmetric state |S+XYZ) has
lower energy than the antisymmetric state |S—XYZ), that is
E<ES. For I' i-type functions (6), the degenerated symmet-
ric states |~YZ-X), |-ZX-Y), and |[-XY-Z) have lower en-
ergy than the antisymmetric ones |-YZ+X), |-ZX+Y), and
|-XY+Z), such that EY<EY.

In diamond and Si crystals,'’?® the valence and conduc-
tion band wave functions transform, in the absence of spin-
orbit coupling, as I3 and [I75 three-dimensional
representations?’ of the point group O}, of the full cubic sym-
metry. It is usually assumed'' that these are e-type CHs in
the valence bands and &-type CHs in the conduction bands.
At the same time, under 7, point group, both sets of func-
tions transform as I’y representation. Consequently, under
symmetry operations of OZ space group in a diamond lattice,
we have to associate these states with symmetric and anti-
symmetric wave functions (6). Energy bands (8) are then
such that ES,<Ey<E <Ej. Among these eight states, the
three lowest energy states originate from the valence band
states of the empty lattice.”” Therefore, at the I" point of BZ,
the valence band energy is E,=E}. This band is triply degen-
erated and wave states u,yz, U,zx, and u,yy are given by
symmetric functions (6) such that u,y,=|-YZ-X) (and CPs).
The conduction band is also triply degenerated. The energy
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is E.=E%, and wave states u.x, u.y, and u,, are antisymmet-
ric functions (6) of the form u.x=|-YZ+X) (and CPs). Con-
trary to traditional wave functions, we thus obtain the bond-
ing and antibonding configurations of - and S-type CHs for
the valence and conduction bands.

In Ge crystal,'’? in the absence of the spin-orbit cou-
pling, the valence band wave functions transform as I'3
while the conduction band state belongs to the I", represen-
tation of O), point group. These functions belong to, respec-
tively, I'y and I'; representations of the 7, point group. Under
symmetry operations of OZ space group, we have to associate
these states with symmetric wave functions in Egs. (6) and
(5) assuming that the order of the energy bands (8) is E}
<Eg<Ey<Ej. The valence band is triply degenerated. The
energy is E,=E} and wave functions have the symmetric
form u,y,=|-YZ-X) (and CPs). The wave state of nonde-
generated conduction band E,=E} is u.yy;=|S+XYZ). As in
the valence bands of Si crystal, we obtain the bonding con-
figurations of e- and &-type CHs contrary to traditional
e-type CHs. In the conduction band, we obtain the bonding
configuration of a- and B-type CHs instead of the usual
B-type harmonic.

In diamond lattice-symmetry crystals, all intraband matrix
elements of momentum P vanish. For example,

(-YZF X

) B +i P
pl-ZX FY)= 3(— YZ|pz|lY> - ?<1X|pz|—ZX>

=0. (10)

2. Zinc-blende lattice

In a II-V semiconductor crystal with zinc-blende sym-

metry lattice, the 11 operation is absent. The potential can be
considered as a perturbed potential of a crystal with diamond
lattice (7):

\>T5(r) = f/oz(r) +AV(r). (11)

The perturbation AV accounts for the reduced symmetry of
the Tﬁ space group lattice and results in off-diagonal terms in
the Hamiltonian expressed in the basis of functions (5) and

(6). The general form of AV(r) is
AV(r) = VAB|S - XYZ)(S + XYZ| + Vf3*|s + XYZ)(S - XYZ|

+ X

CP{X.Y.Z}

VABl—YZ+ XX~ YZ-X]|

+ S Ve yz-X)N(-YZ+X|. (12)
CPIX.Y.Z}

Other off-diagonal terms do not appear because the Hamil-
tonian with potential (11) has to be of the block-diagonal
form with respect to I'; and I’ representations of T, group.
The energy bands of such Hamiltonian at the BZ center are
given by

3P Vi+ Ve 1
Ei= 4=t (V- V) +dlv?

2 (13
2m 2 (13)
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3P2 Ve+Vy 1 ,
e e Uiz\’/(V‘;—V;)2+4|VﬁB

2 (14
2m 2 (14)

where E_<E_ and E,<E,. The bands E_ and E_ are non-
degenerated, while both E; and E; bands are triply degener-
ated. The wave functions of corresponding states are

e

5
ug=ClS=XYZ)+ IS +XYZ), (15)
5,
u,=C,/|S+XYZ) - EC|S—XYZ>, (16)
+ 53 + +
wy=Cyl-YZ+X)+ F|_ YZ-X), uyy, uy,, (17)
v
_ 0y _ _
Uyx = Cv|_ YZ-X)- E|— YZ+X), wuyy, uy (18)
with
1 v‘j,l} - Vz v
Cc,v = \’,—5 1+ 50,0 V,:g >
VAB
8= == (19)

Expressions for u, and u;, follow from u}, by cyclic per-
mutation of X, Y, and Z. Functions uf transform as I'; and
functions u:X’Y’Z as I'y representations of T, point group.

In GaAs crystal, at the BZ center, the valence band wave
functions’ (heavy hole, light hole, and split-off bands) form
the bases of I'y® D2 =I"g+I; representations of T, point
group. Conduction band states belong to I'; ® D2 =T rep-
resentation. In the absence of spin-orbit interaction, valence
and conduction band wave functions transform as I'y and
I'; representations. It follows that if we take into account the
TZ space group of the crystal lattice, these states have to be
associated with wave functions (18) and (16), such that the
bands (13) and (14) are ordered according to the energy
scale: E, <E_<E;<E. The valence band is triply degener-
ated. The energy is E,=E, and the wave states are given by
the functions u,y ., in Eq. (18). In the conduction band of
energy E.=E_, the wave function is u, in Eq. (16).

In crystals with zinc-blende lattice, the momentum opera-
tor p has nonzero intraband matrix elements in the I'y bands
formed by wave functions (17) or (18). For example, in the
valence band of GaAs, the intraband matrix elements are of
the form:

A - . i ~ s Im(VAB)
<qu|pz|”uY> = l(év - 51))(_ YZ|pz|lY> =-2pP Vg—vvév >
(20)

where it is assumed [see Eq. (21)] that |5,|< 1. Other non-
vanishing matrix elements can be obtained from Eq. (20) by
cyclic permutation of x(X), y(Y), and z(Z).

One of the most important consequences of these results
is that the k-p Hamiltonian restricted on valence bands has
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linear terms in k. This indicates that there exists an energy
band which is linear in k in the vicinity of the BZ center. On
the contrary to what has previously been assumed for
GaAs, '3 energy terms, which are linear in k, exist even in
the absence of spin-orbit coupling. These linear terms are
small,*® which implies |5,/ <1 in Eq. (19), and

AB

VC U
V?‘,U - Vi‘,v .
Note that in the conduction band of GaAs (15), like in the

other band of I'; symmetry (16), the intraband matrix ele-
ment is null.

C

21

cv = 1’ c,v

III. DISCUSSIONS AND CONCLUSION

The core of our analysis is the polynomial representation
of wave functions. The wave functions and the crystal poten-
tial are represented in the form of CHs polynomials. Our
analytical expressions for the electron wave states account
for nonprimitive translations of the diamond lattice and the
lack of inversion symmetry in the zinc-blende structures.
These expressions significantly differ from the traditionally
used ones.

In the traditional wave function basis, in particular in the
one employed by Kane,> the expansion of the potential
operator is V(r)=V,[S)S|+V,|X)X|+V,|Y){Y|+V,|Z)(Z|. In
the vicinity of a lattice site, this potential is of spherical
symmetry because (x*+y>+z%)/a® transforms under rotations
as an s-type spherical harmonic. In the framework of the
crystal field theory, as initiated by Bethe, this is a crude
approximation. The crystal field theory assumes that if an
atom is a part of a crystal structure, the electrostatic potential
which is experienced by an electron in that atom is no longer
spherically symmetrical but has the symmetry of the corre-
sponding crystallographic group.?? From expression (3) for
the multipole expansion of potential, we find out that only a
monopole term of this expansion is taken into account when
traditional wave functions are used. It must be noticed that
our expressions for potentials in diamond (7) and zinc-
blende [(11) and (12)] structures take into account 2"-pole
moments of potential with L up to 6. These are the main-
order terms associated with different energy bands. They do
not result from a perturbation analysis.

Consider two well-known commutators of an arbitrary

potential V(r) and angular momentum L:

[L,V(r)]=—i[r X VV],

[L2,V(r)]=2(r-VV) +r(r- V)V V-r2V2V - 2i[r X VV]L.
(22)

These operators are only null for a central symmetry field
[i.e., V(r)=V(|r|) and VV=r/r 3V/dr]. Therefore the spheri-
cal symmetry of the traditional crystalline potential allows
the quantum number L to be assigned to an electron wave
state in the crystal,>>3! which is actually a well-known fact.
Thus, without spin-orbit coupling,’ the conduction band was
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previously associated to the unique s-state |S) of L=0 and the
valence band to p-states {|X),|Y),|Z)} of L=1. Apart from
the fact that the conventional functions do not distinguish the
diamond and zinc-blende lattices, the restriction of wave
function to a unique order L of symmetry orbitals corre-
sponds to a crystal-field approximation, in which an electron
transfer is not allowed.?® The wave functions have to include
symmetry orbitals of different orders L in order to take the
possibility of an electron transfer in the crystal into account.

Our wave functions are the eigensolutions of the Hamil-
tonian taking multipole potential contributions into account.
Since the potentials used for diamond [Eq. (7)] and zinc-
blende [Egs. (11) and (12)] structures are different, the cor-
responding wave functions explicitly account for the lack of
inversion symmetry in zinc-blende with respect to diamond.
They provide nonzero intraband matrix elements of p in the
I';-symmetry bands of zinc-blende lattice crystals, in accor-
dance with the group theory selection rules. In particular, the
valence band wave functions for GaAs [Eq. (18)] result in
matrix elements of p given by Eq. (20). In accordance with
the same selection rules, we have vanishing matrix elements
of p in the conduction band of GaAs [wave function Eq.
(16)]. In diamond symmetry crystals, the matrix elements of
p are null for intraband transitions in both conduction and
valence bands [wave functions (5) and (6), and matrix ele-
ments (10)].

If we now compare our wave functions for zinc-blende
[Egs. (15)-(18)] with expansion on symmetry orbitals given
by Dresselhaus [see Egs. (14) and (17) of Ref. 7], the higher
order CHs are taken into account by a small perturbation of
the two lowest order CHs associated with wave functions of
the unperturbed diamond structure.'? On the contrary, in our
expressions, even for the unperturbed diamond structure, the
higher-order CHs (with L=2 or 3) and the harmonics of the
two lowest orders (of L=0 or 1) contribute equally in the
wave functions [Egs. (5) and (6)]. The same holds for our
wave functions in zinc-blende semiconductors. As required
in crystal-field symmetry, these wave states are no longer the

proper states of the angular momentum operator L. High-
order cubic harmonics do not simply improve the accuracy
of wave functions, but drastically tailor the transformation
properties.

In III-V semiconductors with important spin-orbit inter-
action (e.g., in GaAs), the wave functions with definite full
angular momentum J and its projection M; are usually
employed.>”” However, as we discussed above, nonspheri-
cally symmetrical potential does not allow one to use such
spherical harmonics as wave functions.

In this work, the spin-orbit coupling has not yet been
taken into account. Nevertheless it is possible to appreciate
its impact on allowed radiative transitions in zinc-blende
semiconductors. In GaAs, at the center of the BZ, a set of
interband optical transitions, such as |%;i%>—>|%; ¥ %} (in
the usual |J;M;) notation), is forbidden in the dipole ap-
proximation by M selection rule. At the same time, at a
general point of BZ (k #0), these transitions are allowed due
to band mixing effect. We expect that in the case of functions
(16) and (18) used as an angular part of the basis set, such
transitions will be allowed even at the center of the Brillouin
zone.
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APPENDIX: SYMMETRIZED PLANE WAVES OF T,
GROUP

The lattice of a zinc-blende symmetry crystal is composed
of two interpenetrating face-centered-cubic (fcc) sublattices
of different ions (of type A and B, respectively). It has a
symmorphic space group Tf,, associated with fcc subgroup of
translations and T, subgroup of rotations.’

In diamond symmetry crystals, two fcc sublattices are
identical. The diamond lattice has OZ space group”’ and its
invariant subgroup of rotations and nonprimitive translations
contains 48 elements: 24 elements of 7,; and 24 additional
elements composed from (i) rotations of T, followed by (ii)
inversion about the same lattice site and then by (iii) non-
primitive translations on Tz(ia, ia, ia) along the main cube
diagonal (a is the period of fcc sublattice).

At the center of the BZ of zinc-blende and diamond-type
semiconductors, there are eight plane waves originating from
nearest equivalent I'-points of reciprocal lattice at
(x27/a,x27/a,+2mw/a) that form the topmost valance
bands of empty lattice:?’

ei(277/u)(x+y+z)

F 5= (2 71_)3/2 ’
ei(27'r/a)(x—y—z)
b= Qm?
ei(27'r/a)(—x+y—z)
Fy= Qm?
ei(27r/a)(—x—y+z)
F.= Qr 3/2 (A1)

and their complex conjugated F:,Fi,Ft,Fj. These periodic
functions are normalized on a lattice unit cell® and provide a
representation that is reducible under the symmetry opera-
tions of the tetrahedron point group:3

1
S= ’—E{Fﬁ Fi+Fy+F +ccl;
v

1
—iXYZ= Tg{FJ +F +F +F,—cch
V’

1
—YZ= —§{FS +F,~F,~F.+cc}, —ZX, —XY;
\!
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1
iX = \Tg{Fs"'Fx_Fy_FZ_C'C'}’ iY,iZ,

where the symmetrized combinations of plane waves?
(SPWs) of types —ZX and —XY (or iY and iZ) follow from
—YZ (or iX, respectively) by simultaneous cyclic permuta-
tions of x, y, z and of X, Y, and Z. In these expressions, c.c.
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stands for complex conjugated; capital letters indicate the
main term of Taylor expansion on parameter |r|/a and cor-
respondence to the CHs. The phases of I'4(p) and I'y(d) har-
monics [and of I';(s) and I';(f) harmonics, respectively] are
such that both SPWs sets give identical representations of the
T, group.
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