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On-top pair-correlation function in the homogeneous electron liquid
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The ladder theory, in which the Bethe-Goldstone equation for the effective potential between two scattering
particles plays a central role, is well known for its satisfactory description of the short-range correlations in the
homogeneous electron liquid. By solving exactly the Bethe-Goldstone equation in the limit of large transfer
momentum between two scattering particles, we obtain accurate results for the on-top pair-correlation function
£(0), in both three dimensions and two dimensions. Furthermore, we prove, in general, that the ladder theory
satisfies the cusp condition for the pair-correlation function g(r) at zero distance r=0.
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I. INTRODUCTION

The pair-correlation function g(r) is one of the key con-
cepts in describing the correlation effects, arising from Pauli
exclusion principle and Coulomb interaction, in the homoge-
neous electron liquid (or gas).! It also plays a significant role
in the constructions of the exchange-correlation energy den-
sity functionals in density-functional theory (DFT),? since in
such constructions the homogeneous electron system is con-
ventionally taken as a reference system. A great deal of the-
oretical progress has recently been made in giving an accu-
rate evaluation of g(r), or the more specific spin-resolved
pair-correlation  functions g,,(r), with g(r):%[gT 1(r)
+g11(r)].*® Huge progress has also been made with the de-
velopments in quantum Monte Carlo (QMC) techniques. The
QMC results provide rather accurate values for g(r) at inter-
mediate  electron-electron  distances.!®!"  Unfortunately,
present QMC calculations are not capable of providing
equivalently accurate evaluation for g(r) at very short ranges
and, particularly, the on-top pair-correlation function g(0),
which has been well known to play a special role in DFT.!?
In fact, definite discrepancies exist in the present data of
g(0), extrapolated from the QMC results for short-range
g(r) #1013 Fyuture work in QMC calculations aimed at
achieving higher accuracy in the short-range g(r) would be
desirable. In two dimensions (2D),'! though a similar prob-
lem exists, much better accuracy in g(0) has already been
obtained from QMC calculations than in three dimensions
(3D).

The important implication of g(0), which arises totally
from g, (0) since g;1(0)=0, was also realized in many-body
theory long ago because the random phase approximation
(RPA),'* due to its lack of an accurate description of the
short-range electron correlations, yields erroneous negative
values for g(0) when the electron densities are not suffi-
ciently high."> It is well known that, in many-body theory,
the long-range correlations can be rather successfully taken
into account in the RPA, while the short-range correlations
can be properly described by the ladder theory (LT).'®!° In
this paper, we attempt to investigate the short-range correla-
tions in terms of g(0) in the LT, in both 3D and 2D. In fact,
investigations in this direction date back long ago and a great
deal of achievement has been made.'®-%3
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It is necessary here to give some introduction to the LT.
The effective interaction V,,(p,p’;q) in the LT between two
scattering electrons with respective momenta p and p’ satis-
fies the Bethe-Goldstone equation?®

V,/(p.p":q) =v(q) + 2 v(q—k) X D(p,p’":K)V,;(p.p":k).
k

(1)

where v(g) is the Fourier transform of the Coulomb poten-
tial, n(p)=0(kr—p) is the momentum distribution in the non-
interacting ground state, kp is the Fermi momentum, and €
=#%p?/2m. Here D(p,p’;K) is defined as

[1-n(p+k)][1-n(p'- k)].

Ep + €pr - 6p+k - €pr_k

D(p,p’;k) = (2)

The momenta p and p’ of the scattering particles in Eq. (1)
are restricted in the Fermi sphere.

As mentioned above, the RPA gives a poor description of
the short-range correlations of the electrons, especially for
g(r) as r—0. In fact, the results for g; (r) in the RPA violate
the cusp condition!7-20-27-30

ey 2
or r=0— (d- l)aBg“(O)’ 3)

where d=3, 2 is the number of spatial dimensions and ay is
the Bohr radius. It was shown recently that the pair-
correlation function obtained from the first-order perturba-
tion calculation does satisfy the cusp condition within first
order,’!

(1)

17 r 1

et —1(0). 4)
ar =0 4B

in 3D, where g%ll)(r) and gﬁ)(r) are the pair-correlation func-
tion to the first order and the zeroth order of the electron
interaction, respectively, but not the full cusp condition of
Eq. (3). In fact, the latter cannot be satisfied in any finite-
order perturbation calculations since it results from all
multiple-scattering processes as any two electrons coalesce.
In this paper, we prove that g (r) calculated from
Verdp,p';q) of Eq. (1) satisfies the cusp condition (see also
Refs. 20,32). This indicates the reliablity of the LT in the
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calculations of the pair-correlation function at short range.

To solve for V,;(p.p’;q) in Eq. (1) and calculate the
corresponding pair-correlation function fully numerically is
rather difficult. Effort was made in Ref. 20, but with results
subject to limitation to a high-density region (r;=<4) due to
slow convergence in the numerical calculation in the lower-
density region. Here r,=(3/47n)"?/ay in 3D. [See also Ref.
21, in which, however, g(r) was calculated approximately
with V,;(0,0;q) instead.] Therefore, instead of solving
Vdp.p':q) fully, a common approximation employed to
calculate the short-range g(r) is to replace the momenta of
scattering electrons p and p’ in V,;(p.p’:q) by zero. This
approximation is generally believed to be reasonable in
evaluating g(r) at small r. In fact, the short-range structure of
g1)(r) is determined by the large-g behavior of the corre-
sponding static structure factor S;|(¢), the Fourier conjuga-
tion of the former. Accordingly, it is determined, in the LT,
by that of the effective potential V,{p,p’;q) at large mo-
mentum transfer [see Eq. (40) in Sec. IIT and Eq. (B2) in
Appendix B]. Notice that p, p’ <k in Eq. (1). Thus, in the
limiting case of calculating g4 (0), it should be well justified
to replace p and p’ by zero in V,;(p.p’:q) in Eq. (1),

1 -n(k)
2€

Ve(0.0:9) =v(g) - X v(g - k) X V,(0,0:k).
k

)

A frequently used approach to solving Eq. (5) in the lit-
erature is making the following approximation in the Cou-
lomb kernel in the momentum summation;'8:21:24.33.34

vig-k)=v(g) (¢>k); =vk) (k>q). (6)

With the preceding approximation, an analytical solution for
V;(0,0;q) was obtained which yields the following well-
known result for g; (0) in 3D:!8-33:34

211(0) = [\2n5/1, (V8N T, (7)

where \;=2ar,/m with a=(4/9m)"3. A similar result was
obtained in 2D,?!

211(0) = [I(V4N)T 2, )

where N\,=r,/\2 with r,=1/\mmag in 2D. In Egs. (7) and
(8), I,(x) is the nth-order modified Bessel function.

In this paper we have managed to solve exactly Eq. (5)—
i.e., without making the approximation of Eq. (6). Our re-
sults for g4 (0) are

45(45 + 24N5 + 403) 2
g”(o) = P 3 (9)
2025 +3105N5 + 151273 + 256\3

in 3D, and

15(64 + 25N, + 3)\2) 2
gTL(O) = - 2 2 3 B (10)
960 + 1335\, + 500N3 + 64\3

in 2D. Equations (9) and (10) are the main results of this
paper.

The paper is organized as follows: In Sec. II, we solve Eq.
(5) exactly both in 3D and 2D. In Sec. III, we derive analyti-
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cally the expressions of Egs. (9) and (10) for g;,(0). We then
compare our results with previous ones in the literature in
Sec. IV. Section V is devoted to conclusions. Some technical
points on the solutions for the effective potentials are given
in Appendix A. In Appendix B, we prove the cusp condition
in the LT.

II. EXACT SOLUTION TO THE BETHE-GOLDSTONE
INTEGRAL EQUATION AT LARGE TRANSFER
MOMENTUM

In this section, we present our solution to Eq. (5) at large
momentum transfer q in the effective potential in both 3D
and 2D. To this end, we denote V,;(0,0;q) as V,;{(q) and
reduce the momenta with unit k; and potentials with v(kp),
respectively. We present our solution for the 3D case in sub-
section A and the 2D case in subsection B, separately.

A.3D

After carrying out the angular integrations in the summa-
tion of the momentum k, Eq. (5) becomes

1 A (7 1. |g+k
Ve-(q):———f dkV,(k)—In|——|.  (11)
ff q2 2 . ff C]k q- k
We expand V,4(q) in powers of 1/,
o] an
Verrq) = > 7 (12)
n=0

It can be easily confirmed by iteration that no odd power
terms in the expansion of V,4(q) exist in the solution to Eq.
(11). The erroneous odd-power terms introduced into V,/q)
in Refs. 18,33,34 are purely due to the approximation made
in the Coulomb kernel in Eq. (6). We substitute Eq. (12) into
Eq. (11) and obtain

- a, | B -
=>5- M3, 13
g) q2n+2 qz qua" 2n+3 (13)
where
* 1 q+k
M2n+3(Q)=fl dkk2n+31n qu , n= 0. (14)

By carrying through partial integration on the right-hand side
of Eq. (14), one has

1 qg+1
M2n+3(‘1) = 2I’l+2|:1nq— 1 —2‘1‘Dn+1(l])} > (15)

where

“ 1 1
‘Dn+1(Q)=J1 dkk2n+2 e (16)

®,.,(g) defined in the preceding equation can be evaluated
to be
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n

q)n+1(q) == E

m=0

1 1 1 g+1
+ n .
q2m+2 2(7’! _ m) +1 2q2n+3 q- 1

(17)

Substituting Eq. (17) into Eq. (15) yields

1[2”:1 1

M =
243(q) n+1| .5 " 2(n-m)+ 1

1 1 -1
+—< 2+2—1)lnq ] n=0. (18)
2\ g™ qg+1

Finally, substituting Eq. (18) into Eq. (13) and comparing
the same power orders of 1/g, one obtains the following
equations for a,,:

a
=1-\ = 19
do 3rz)2n+1 (19)
and
A oo
g, =——3 -5 4 n=1. (20)

T an+ 1S 2(-n)+ 1

Equations (19) and (20) for a, can be solved exactly in
principle. In fact, by making the truncation of a,=0 for n
=3, a nearly exact solution can be obtained as

45(45 + 24N 5 + 402
go= 220+ B 1)
D;
15N5(45 + 8\
4 = 3( 3)’ (22)
D;
and
45053 + 4N
gy = RO+ ) (23)
Ds
where
D3 =2025+ 3105\ 5 + 1512\3 + 256\3. (24)

In Appendix A, we show that the preceding solution for
aop, which is directly related to g;/(0), as shown in the next
section, is very close to the exact numerical solution to Egs.
(19) and (20). In fact, the large-momentum behavior of
V.f(q) is dominated by the leading terms in the large-g ex-
pansion of V,{(g) in Eq. (12), and hence a truncation solu-
tion like the preceding one is almost exact.

B. 2D

In 2D, we make use of the expression

2 A 1
T__ f drela k)= (25)
lq - K| r

and rewrite Eq. (5) as follows:
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1 Ay 1 P 1
Verdq) =;— w f dk6(k - 1)pVeff(k) X f dre'@%) r;'

(26)

Carrying out the angular integrations of k and r, we have

1 - “
Veilq) = P A, fo dr fl dk;Veff(k) X Jo(gr)Jo(kr),

27

where J,(x) is the nth-order Bessel function. We expand
V.rq) in the powers of 1/q as follows:

Cn
Veff(q) = E T+l (28)
n=0 9

No even-power terms exist in the solution to Eq. (27). Again,
the erroneous even-power terms>' appear in Vrdq) due to
the approximation made in Eq. (6).

We substitute Eq. (28) into Eq. (27) and obtain

- Cy I M
E ol — T _22 Cn—lNZn(q)’ (29)
n=0 9 q q n=1
where
ee] o] 1
N,,(q) = dxJo(x) dk@]o(kx/q). (30)
0 1

Carrying out the integration over k in Eq. (30), one obtains

(n—-1)!

Na(q) = ,,,21 (-2)m! !

Xf dxJo(xlg)J,(x)/Ix", n=1. (31)
0

The integral on the right-hand side of Eq. (31) can be ex-

pressed in terms of the hypergeometric function as follows:?

1
- F(E)
f dxJo(xlq)J,,(x)/Ix" = 7
0 2’”F(1)F(m+—)
2
1 1 1
X F(—,—m+—;1;_2), n=1,
2 2 g
(32)
where I'(a) is the gamma function. Therefore, one has

(n-1)!
(n-m)!2m-1)!"!

Ny(g) =2 (=2
m=1
1 1 1
XF(—,—m+—;1;—2>, n=1. (33)
2 2 g

Substituting Eq. (33) into Eq. (29) and comparing the same
power orders of 1/¢, one finally gets
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c
=1-\ & 34
0 znz‘zoznn (34
and
@ I
. (2n)! "
=M= 52 el 2 (-2)
27"n!"5 m=0
Cm+1)2m—-1)---2m-2n+3) (35)
(I-m)!'Cm+1)"1! ’
forn=1.

Similarly to the 3D case, Egs. (34) and (35) can be solved
exactly in principle. In fact, a nearly exact solution can be
obtained as follows by the truncation of ¢,=0 for n=3:

15(64 + 25\, + 3\2
co= ( : 2 , (36)
D,
30N,(8 + N\
¢ = 2(—2)’ (37)
D,
and
450, (1 + N
C2 - M , (38)
D,
where
D5 =960 + 1335X, + 509\3 + 64\3. (39)

III. RESULTS FOR gy (r) AT SMALL r

The spin-antiparallel pair-correlation function in the LT
can be shown to be!?!

4 , 2
g1 ()= ;2 "1+ D(p.p’;q) X Vi (p.p":9)e'""| ",
p.p’ a
(40)
where the prime on the summations over p and p’ means the
restrictions 0=<p and p’ <kp. Below we present the results

for the 3D and 2D cases in subsections A and B, respectively.
We will reduce r with unit 1/kg.

A. 3D
Using the approximate solution V,A{q) for V,.Ap.p":q),
one obtains®®
2

8u(”)= {1 —7\3f queff(Q)jo(Cl”)] . (41)
1

Trivially,
2

g1,(0) = ll - MJ dqveff(q)] - (42)
1

With the expression of Eq. (12), one has
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211(0)=ag. (43)

Equation (19) has been made use of in obtaining the preced-
ing result. The expression for « is given in Eq. (21), with
which we obtain the final result of Eq. (9). Furthermore, it is
straightforward to show, from Eq. (41), that, at small r,

g1 (r)=g(0)+ g)gg”(O)r. (44)

In 2D, one has

« 2
g (= |:1 - Mf dqéveff(Q)JO(qr)] . (45)

1

A similar derivation to that in the 3D case leads to

g11(0)=c§ (46)

or, by the use of Eq. (36), the final result of Eq. (10). Fur-
thermore, from Eq. (45), one can obtain

g11(r) =g1,(0) +2N\,g,(0)r, (47)

Evidently, the cusp condition of Eq. (3) is satified in both
Egs. (44) and (47). In fact, in Appendix B we shall show that
Eq. (3) is satisfied, in general, in the full ladder theory.

IV. COMPARISONS AND DISCUSSIONS

First of all, at limiting high density, we have, from Eq.

(9)7
£11(0)=1-2\3=1-0.663r,, (48)

in 3D. Equation (48) is the same as the corresponding
Yasuhara’s result.>> We note that, the first-order perturbation
calculation,'>?7313¢ which is believed to approach the
exact result at the high-density limit, yields a result of 1
—-0.7317r,. We plot g(0) X r, calculated from Eq. (9) in Fig.
1, in comparison with that calculated from Eq. (7).!83334
Notice that the discrepancy between Egs. (7) and (9), which
appears not minor, arises purely from the approximation of
Eq. (6) made in obtaining Eq. (7) in Yasuhara’s theory. In
effect, Lowy and Brown'? had thrown doubt on the validity
of the approximation of Eq. (6). We hence justify their doubt,
at least for the limiting short-range correlations. The result
calculated from two-electron wave functions (geminals), ob-
tained from the Schrodinger equation with a two-body scat-
tering potential in Ref. 37 is also shown in Fig. 1 (see also
later developments in the geminal approach in Refs. 5,8,38).

It might be useful to mention that the Bethe-Goldstone
equation is essentially the two-body Schrodinger equation
with the effects of the Fermi-gas background taken into ac-
count explicitly. Thus, in methodology, an approach to the
pair-correlation function based on the Bethe-Goldstone equa-
tion is closely related to the geminal approach. In both, it is
assumed that the contribution from two-body interaction
dominates the short-range correlations. This should be essen-
tially exact for the limiting case of g(0). Hence, to achieve a
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FIG. 1. On-top pair-correlation function multiplied by r, in 3D.
The result of this work [Eq. (9)] is compared with Eq. (7) (Yasuha-
ra’s formula in Refs. 18,33,34) and the Overhauser formula [Eq.
(26) in Ref. 37].

better understanding of the results for g(0), further investi-
gation into the relation between the LT and the geminal
method might be helpful.

In Fig. 2, we plot g(0) X r, in 2D calculated from Eq. (10),
together with that from Eq. (8).2! Once again, we emphasize
that the discrepancy is totally due to the approximation of
Eq. (6) made in obtaining Eq. (8). However, at limiting high
density, both equations yield the following same result:

For a comparison, we have also shown in Fig. 2 the result of
Eq. (17) in Ref. 7, which was proposed by Polini et al. based
on an interpolation between the first-order (second-order in
terms of the correlation energy) calculation for the weak-
coupling limit and Overhauser-type calculation’” for the
strong-coupling limit.

V. CONCLUSIONS

The proper approach to the short-range electron correla-
tions in many-body theory is the ladder theory, in which the

0.3 T T T T

2D

Polini et al.

015 /-~

g0)x 15

This work
0.1

0.05

I

FIG. 2. On-top pair-correlation function multiplied by r, in 2D.
The result of this work [Eq. (10)] is compared with Eq. (8) (formula
of Nagano et al. in Ref. 21) and the formula of Polini et al. [Eq.
(17) in Ref. 7].
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effective potential between two scattering particles satisfies
the Bethe-Goldstone equation of Eq. (1). In this paper, we
have shown in detail that the ladder theory satisfies the cusp
condition for the pair-correlation function in the homoge-
neous electron liquid. This enhances our belief in the capa-
bility of the ladder theory in describing the short-range cor-
relations, especially in calculating the pair-correlation
function.

The main results obtained in this paper are, in effect, Egs.
(9) and (10) given in the Introduction, in three dimensions
and two dimensions, respectively, for the on-top pair-
correlation function in the homogeneous electron liquid.
These results have been derived by solving Eq. (5), in which
the two scattering particles in the Bethe-Goldstone equation
are approximately taken to be static. This approximation
should be reasonable since the limiting short-range structure
of the pair-correlation function is dominated by the large-
transfer-momentum behavior of the effective potential in the
ladder theory. The major theoretical progress made in this
paper is that we have removed the approximation of Eq. (6)
frequently made in the literature for the Coulomb kernel in
solving Eq. (5). Our solution to Eq. (5) is thus exact.

A final remark might be necessary. Though our solution to
Eq. (5) for the effective potential V,;(0,0;q) between two
scattering particles is exact, the latter is approximate to
V.rAp.p’:q) in the ladder theory. Furthermore, the fact that
the ladder theory (without the approximation of p=p’=0)
can properly describe the short-range correlations does not
necessarily imply that it is capable of yielding exact g(0).
Therefore, the results in Egs. (9) and (10) by no means can
be regarded as “exact.”
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APPENDIX A: THE SOLUTIONS TO EQS. (19) and (20)
AND EQS. (34) and (35)

A nearly exact solution for a, to Egs. (19) and (20) has
been given in Eq. (21) in Sec. III by the truncation of a,
=0 for n=3. Below we give the solution for a, by the trun-
cation of a,=0 for n=4:

_ 175(14175 + 9585\, + 2520\ + 256)3)

(10 = — N (Al)
D;
10505(7875 + 24805 + 256\2
0= 5( 248013 3) ’ (A2)
D;
10504(1575 + 2280\ + 256\2
ay= 12 BN (a3

D,

and
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FIG. 3. ag calculated from Egs. (21) and (A1), together with the
exact numerical result. The inset shows the large-r, region.

17505(405 + 576\ 5 + 256)\3)
a3 = — .
D,

(Ad)

where

D = 2480625 + 4158000\ 5 + 243720013 + 6348803
+65536\3. (A5)

In Fig. 3, we plot the results for a calculated from Egs. (21)
and (A1), together with the corresponding exact numerical
solution to Egs. (19) and (20). There is basically no differ-
ence among them. We present the expressions of Egs.
(A1)—(A4) above for possible future reference.

Similar expressions for the 2D case are given below:

35(12288 + 6000\, + 112173 + 8O\3)

Co — , (A6)
D,
1680\, (64 + 14\, + \2
‘= o + 140 2)’ (A7)
D,
1050,(192 + 207\, + 16\2
. o 207h 2)’ (A8)
D,
and
350N,(24 + 25\, + 8\2
. o 250 2)’ (A9)
D,
where

D, = 430080 + 640080\, + 290307\3 + 55472\3 + 4096\
(A10)

The corresponding illustration is given in Fig. 4.

To more clearly show that the present analytical solutions
to V,;{q) are nearly exact, we have numerically solved Eq.
(5) in both 3D and 2D. In Fig. 5, the exact numerical solu-
tion, in 3D, is compared with that of Eq. (12) with the trun-
cation made in Sec. I A and a, a,, and a, given in Egs.
(21)—(23). They turn out to be rather close. We have also
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1 T T T '
oof — Exactresult .~~~ 4

Co

Is

FIG. 4. ¢, calculated from Egs. (36) and (A6), together with
exact numerical result. The inset shows the large-r; region.

included the result of Eq. (12) with the truncation made in
this appendix and ay, a;, a,, and a3 given in Egs. (A1)-(A4).
A similar illustration for the 2D case is presented in Fig. 6.

APPENDIX B: CUSP CONDITION
IN THE LADDER THEORY

Due to the singularity of the Coulomb potential between
electrons, the many-body Schrodinger wave function has a
cusp when any two electrons coalesce.’*~*! This fact leads to
the cusp condition of Eq. (3) (Ref. 17, 20, and 27-30) for the
pair-correlation function (also known as Kimball relation in
the literature of many-electron theory). It was claimed in
Ref. 20 that the cusp condition is valid in the LT. However,
recently it was claimed? that Eq. (3) is not satisfied in the
LT. In this appendix, we give a rigorous proof for Eq. (3) in
the LT. The proof will be formulated in 3D.

We start with the definition of the spin-antiparallel static
structure factor as follows:

0.8

07

0.6

05

04

Verr(@) / Vkp)

03

02

0
0.5

q/kp

FIG. 5. V,4(q) [in units of V(kp)] as a function of g/ky for rg
=2, 5, 10 in 3D. The solid lines, exact numerical solution to Eq. (5);
dotted lines, Eq. (12) with ay, a;, a, given in Egs. (21)—(23), and
a,=0 for n=3; dashed lines, Eq. (12) with a, a;, a,, a3 given in
Egs. (A1)—~(A4), and a,=0 for n=4.
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0.6 T T

0.5

03

Voer(@) / Vikg)

02

0
0.5 1 1.5 2 25 3

q/kp

FIG. 6. V,4(q) [in units of V(kp)] as a function of g/kg for r,
=2, 5, 10 in 2D. The solid lines, exact numerical solution to Eq. (5);
dotted lines, Eq. (28) with ¢y, ¢y, ¢, given in Egs. (36)—(38), and
¢,=0 for n=3; dashed lines, Eq. (28) with ¢, ¢, ¢, c3 given in
Egs. (A6)—(A9), and ¢,=0 for n=4.

1
$11(9) =~ - @) - S By (B1)

where 7,(q) is the spin-resolved density operator and N is
the particle number. It has been shown that the spin-
antiparallel static structure factor in the LT can be expressed
in terms of the effective potential of Eq. (1) as'7?!

1
Si(q) = ;E ’[ZD(p,p’ ;) V,i(p.p":q)
p.p’

+ 2, D(p.p’:kK)V,;(p.p":k) X D(p,p’:k
k

)V, (p.p'k —q)]. (B2)

Next we examine the large-momentum structure of S; l(‘I)'
For p, p' <kp and ¢ — =, one has, from Egs. (1),

D(p.p";Q)Ves(p:p";q)

2€

1
=-—v(g) X [1 + 2, D(p.p":K)V,(p.p":K) |,
q k

(B3)

which evidently goes to zero in the order of O(1/4*). There-
fore,
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> D(p.p";k)V(p.p’ k)
k
X D(p.p";q-K)V,(p.p':q - k)

1
=——v(g)| 1+ 2 D(p,p";K)V,(p,p’:K)

Eq k
X 2, D(p,p';K')V(p.p':K'). (B4)
kl
In obtaining Eq. (B4), we have used the relation
lim 2, f(k)f(q - k) = 2(q) >, f(k) (BS)
q—* Kk k

if lim,_...f(q) ~O(1/ g"). It seems that a mistake occurs in
Ref. 32 due to a possible miss of the factor 2 on the right-
hand side of the preceding equation, as it was employed to
derive Eq. (12) from Eq. (11) in Ref. 32.

Substituting Egs. (B3) and (B4) into Eq. (B2), one has

IU(Q) , ’ ’ 2
Su@=--"L% [1+2D(p,p k) X V,(p.p ;k)] .
4 pp’ k

(B6)
On the other hand, from Eq. (40), we have

4
g1(0="53 ’[1 + 3 D(p.p1q) X vef_-f<p,p';q>]2.

p.p a
(B7)
Comparing Egs. (B6) and (B7) yields
2me’nm
Su(f])=—78m(0)' (B8)

Equation (B8) was also given in Ref. 20. Combining the
preceding result with the well-known relation?’
J r
limg*S;(q) =—2mmn 98,(1) ,
q—® ar =0

(B9)

one proves the cusp condition of Eq. (3) in the LT.
The above proof can be straightforwardly extended to the
2D case. In fact, in 2D, it can be similarly shown

7T€2nm

ST1(4)=—78T1(0), (B10)
in the LT. Combining the above result with the relation*?
1 d
1imq3SH(q)=——Trn 8" , (B11)
g—® 2 ar =0

leads to Eq. (3) for the 2D case.

'For reviews, see K. S. Singwi and M. P. Tosi, in Solid State
Physics, edited by H. Ehrenreich, F. Seitz, and D. Turnbull (Aca-
demic, New York, 1981), Vol. 36, p. 177; S. Ichimaru, Rev.
Mod. Phys. 54, 1017 (1982).

2P. Hohenberg and W. Kohn, Phys. Rev. 136, B864 (1964); W.
Kohn and L. J. Sham, Phys. Rev. 140, A1133 (1965); O. Gun-
narsson and B. 1. Lundqvist, Phys. Rev. B 13, 4724 (1976); S.
Lundqvist and N. H. March, Theory of Inhomogeneous Electron

035106-7



ZHIXIN QIAN

Gas (Plenum, New York, 1983).

3]. P. Perdew and Y. Wang, Phys. Rev. B 46, 12947 (1992).

4P. Gori-Giorgi, F. Sacchetti, and G. B. Bachelet, Phys. Rev. B 61,
7353 (2000).

3P. Gori-Giorgi and J. P. Perdew, Phys. Rev. B 64, 155102 (2001).

5P. Gori-Giorgi and J. P. Perdew, Phys. Rev. B 66, 165118 (2002);
69, 041103(R) (2004).

7M. Polini, G. Sica, B. Davoudi, and M. P. Tosi, J. Phys.: Condens.
Matter 13, 3591 (2001).

8B. Davoudi, M. Polini, R. Asgari, and M. P. Tosi, Phys. Rev. B
66, 075110 (2002).

°1. Nagy, J. 1. Juaristi, R. Diez Muino, and P. M. Echenique, Phys.
Rev. B 67, 073102 (2003); I. Nagy, R. Diez Muino, J. I. Juaristi,
and P. M. Echenique, Phys. Rev. B 69, 233105 (2004).

10W. E. Pickett and J. Q. Broughton, Phys. Rev. B 48, 14859
(1993); G. Ortiz and P. Ballone, ibid. 50, 1391 (1994); 56, 9970
(1997).

1B, Tanatar and D. M. Ceperley, Phys. Rev. B 39, 5005 (1989); Y.
Kwon, D. M. Ceperley, and R. M. Martin, ibid. 48, 12037
(1993); F. Rapisarda and G. Senatore, Aust. J. Phys. 49, 161
(1996); P. Gori-Giorgi, S. Moroni, and G. B. Bachelet, Phys.
Rev. B 70, 115102 (2004).

12K Burke, J. P. Perdew, and M. Ernzerhof, J. Chem. Phys. 109,
3760 (1998).

BR. Asgari, M. Polini, B. Davoudi, and M. P. Tosi, Solid State
Commun. 125, 139 (2003).

14G. D. Mahan, Many-Particle Physics (Plenum, New York, 1981).

I5A. Glick and R. A. Ferrell, Ann. Phys. (N.Y.) 11, 359 (1959); S.
Ueda, Prog. Theor. Phys. 26, 45 (1961). For later theoretical
developments, see K. S. Singwi, M. P. Tosi, R. H. Land, and A.
Sjolander, Phys. Rev. 176, 589 (1968).

1B, B. J. Hede and J. P. Carbotte, Can. J. Phys. 50, 1756 (1972).

7H. Yasuhara, Physica (Amsterdam) 78, 420 (1974).

I8H. Yasuhara, J. Phys. Soc. Jpn. 36, 361 (1974).

D. N. Lowy and G. E. Brown, Phys. Rev. B 12, 2138 (1975); K.
Bedell and G. E. Brown, ibid. 17, 4512 (1978).

PHYSICAL REVIEW B 73, 035106 (2006)

20Y. Qusaka, H. Suehiro, and H. Yasuhara, J. Phys. C 18, 4471
(1985).

21S. Nagano, K. S. Singwi, and S. Ohnishi, Phys. Rev. B 29, 1209
(1984); 31, 3166 (1985).

22K. Takayanagi, and E. Lipparini, Phys. Rev. B 54, 8122 (1996).
T. Suwa, K. Takayanagi, and E. Lipparini, ibid. 69, 115105
(2004).

2L. Calmels and A. Gold, Phys. Rev. B 57, 1436 (1998).

24L. A. Pugnaloni, A. A. Melgarejo, and F. Vericat, J. Phys.: Con-
dens. Matter 11, 2607 (1999).

25 A. Yurtsever and B. Tanatar, Phys. Rev. B 63, 125320 (2001).

26H. Bethe and J. Goldstone, Proc. R. Soc. London, Ser. A 238, 551
(1957).

27]. C. Kimball, Phys. Rev. A 7, 1648 (1973); J. Phys. A 8, 1513
(1975); Phys. Rev. B 14, 2371 (1976).

2 A. K. Rajagopal, J. C. Kimball, and M. Banerjee, Phys. Rev. B
18, 2339 (1973).

V. A. Rassolov and D. M. Chipman, J. Chem. Phys. 104, 9908
(1996).

30X. Y. Pan and V. Sahni, Phys. Rev. A 67, 012501 (2003).

31V, A. Rassolov, J. A. Pople, and M. A. Ratner, Phys. Rev. B 59,
15625 (1999); ibid. 62, 2232 (2000).

32]. Cioslowski and P. Ziesche, Phys. Rev. B 71, 125105 (2005).

3H. Yasuhara, Solid State Commun. 11, 1481 (1972).

34Y. Isawa and H. Yasuhara, Solid State Commun. 46, 807 (1983).

1. S. Gradshteyn and I. M. Ryzhik, Table of Integrals, Series, and
Products (Academic Press, New York, 1980).

3D, J. W. Geldart, Can. J. Phys. 45, 3139 (1967).

37 A. W. Overhauser, Can. J. Phys. 73, 683 (1995).

38]. Moreno and D. C. Marinescu, J. Phys.: Condens. Matter 15,
6321 (2003).

3¥T. Kato, Commun. Pure Appl. Math. 10, 151 (1957).

40W. A. Bingel, Z. Naturforsch. A 18, 1249 (1963).

4IR. T. Pack and W. B. Brown, J. Chem. Phys. 45, 556 (1966).

7. Qian, Phys. Rev. B 70, 235118 (2004).

035106-8



