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Quasielastic light scattering �QELS� has been investigated in the crystals of TiO2 �rutile�, ZnSe, silicon, and
SrTiO3. The temperature dependence of the linewidth for the QELS has been measured in detail by backward
light scattering interferometry and by impulsive stimulated thermal scattering technique in the temperature
range from 5 to 670 K. The quasielastically scattered spectra observed consist of two components, which can
be classified into two types, namely, types I and II, depending on the linewidth. The analyses have shown that
the linewidth of the QELS I changes from the well-known q2 to a q1 dependence with either decreasing
temperature or increasing q, where q is the wave-vector transfer in the scattering experiment. It has been found
that the linewidth of the QELS I in arbitrary phonon regimes including “hydrodynamic,” “collisionless,” and
“intermediate” can be roughly estimated solely in terms of average sound velocity and the “phonon Knudsen

number” ql̄, where l̄ is the mean free path of thermal phonons. A broad doublet spectrum, which was first
reported by Hehlen et al. in Phys. Rev. Lett. 75, 2416 �1995�, has been observed in SrTiO3 at low tempera-
tures, and its origin has been also discussed in terms of phonon Knudsen number.
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I. INTRODUCTION

Quasielastic light scattering �QELS�, which is often alter-
natively referred to as the “central peak” phenomenon, ap-
pears in Rayleigh-Brillouin spectra in many crystalline di-
electrics, and has captured considerable attention in
spectroscopy due to the relationship with phase transi-
tions.1–10 The high-performance interferometer11 has encour-
aged observations of QELS in dielectric crystals,3,4 and a
number of mechanisms responsible for the spectra in a vari-
ety of frequency ranges have been reviewed:5,8 QELS may
arise from a number of origins and often two or more of
these are active in a single material at the same time.

While QELS is often associated with critical phenomena,
it has been observed not only in the materials that exhibit
phase transitions,5–9,12 but also in those which are considered
to be unrelated to phase transitions, such as silicon4,13 or
diamond.14 Furthermore, it has been found that the spectra
consist of two quasielastic components, which have tempera-
ture and wave-vector dependences common in a number of
materials.12–17 We refer to the narrower and the broader
QELS components as types I and II, respectively, in this
paper. The QELS I had been just considered as arising due to
diffusive entropy fluctuations before it was pointed out that
entropy fluctuation was not appropriate for the origin of the
QELS at low temperatures.13–15 In that case, nondiffusive
�nonthermodynamic� “two-phonon difference scattering”
must be considered as a lowest order approximation, and it
has succeeded in explaining the behavior of the QELS I at
low temperatures qualitatively and semiquantitatively.15 The
two phonon difference scattering predicts a linear-in-q de-
pendence for the type-I linewidth, where q is the wave-
vector transfer, in contrast to the well-known q2 dependence
due to diffusive entropy fluctuations. However, there seems
to have been little discussion on the consistency between the
two frameworks or on the transition from one to the other
from both theoretical and experimental points of view. Also,

it is suggested that the QELS I can never extend out to the
Brillouin peaks,15 and the QELS II is often observed cou-
pling to the Brillouin peaks giving rise to asymmetric Bril-
louin line shapes.9,17 These imply that along with the well-
known intensity relation, the so-called Landau-Placzek
relation,18,19 there should be an undiscussed and unrevealed
connection between Brillouin scattering and the two QELS
components concerning their frequency and wave vector.

In this paper, we investigate the frequency and wave-
vector dependences of QELS in crystals of TiO2 �rutile�,
ZnSe, silicon, and SrTiO3 with continuously changing pho-
non regimes from hydrodynamic to collisionless. In rutile,
we extend the temperature range up to 670 K in order to
investigate the transition of the phonon regime from hydro-
dynamic to collisionless in more detail than in the previous
report.15 In SrTiO3 and silicon, although the two component
QELS has been already pointed out,12,16 the temperature de-
pendence of the linewidth of the QELS I has not been given
so far. In addition to the conventional light scattering tech-
nique, we have made use of impulsive stimulated thermal
scattering �ISTS�,20 which is a technique utilizing laser-
induced dynamic gratings:21 while the former enables un-
equilibrated, “collisionless” phonon regime, the latter real-
izes equilibrated “hydrodynamic” phonon regime. The
intermediate regime between the two limiting phonon re-
gimes has been achieved by changing temperature. We ana-
lyze the linewidths of both types of QELS normalizing by
the Brillouin frequency in each sample, and show that there
is a common relation between the linewidth of the QELS I
and the Brillouin frequency in all the samples investigated.
Transition from quadratic to linear dependence on q for the
type-I linewidth has been found in some of the samples, and
we discuss the consistency between the hydrodynamic and
collisionless phonon regimes.

In Sec. II, we review the theoretical background concern-
ing QELS in crystals, and introduce the “phonon Knudsen
number.” Also we reconsider the mean free path �MFP� of
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phonons in detail. Experimental details are described in Sec.
III, and the results for both backscattering and ISTS are pre-
sented in Sec. IV. In Sec. V, we discuss the relation between
the QELS and the Brillouin frequency in each of the phonon
regimes introducing an average Brillouin frequency.

II. THEORETICAL BACKGROUND

A. The phonon Knudsen number and phonon regimes

Let us consider light scattering in a crystal. When the
temperature of the crystal is high and the number of phonons
is sufficiently large, phonon collisions occur frequently and
local thermal equilibrium is well established. In this case, it
can be considered that the incident light is scattered by fluc-
tuations in temperature �or equivalently in entropy�. This
“thermal” light scattering leads to a diffusive Rayleigh cen-
tral peak, which is often called entropy-fluctuation light scat-
tering �EFLS�.22 It is well known that the linewidth �half
width at half maximum �HWHM�� of EFLS is given as
�EFLS=Dthq

2, where Dth is the thermal diffusivity and q is
the magnitude of the transferred wave vector. This condition
for the heat transport theory to be valid is often referred to as
the “collision-dominated” or “hydrodynamic phonon re-
gime.”13,14 In the opposite limit, where phonons rarely col-
lide, phonon transport theory is no longer valid and tempera-
ture or entropy cannot be defined locally. In this case, non-
thermodynamic scattering processes must be taken into
account, and we should rather consider that light is scattered
as a consequence of simultaneous creation and annihilation
of a few phonons �two-phonon difference light scatter-
ing�.6,13–15 This limiting condition is often referred to as the
“collisionless phonon regime.” In general cases between the
two regimes, however, neither the phonon hydrodynamics
nor the two-phonon scattering model is adequate: for this
intermediate regime no light scattering theory is available so
far to the best of our knowledge.

In general, the criterion for hydrodynamics to be valid for

a system is determined whether l̄ /��1 or not, where l̄ is the
mean free path �MFP� of constituent particles and � is a
characteristic length. This value l̄ /��Kn is called the
“Knudsen number,” which represents the reciprocal number
of collision frequency over the length �. In terms of Kn, the
criteria for the hydrodynamic, the intermediate, and the col-
lisionless phonon regimes can be written as Kn�1, Kn�1,
and Kn�1, respectively. Since the characteristic length scale
in a light scattering experiment is defined by q−1, the Knud-
sen number in a light scattering experiment for a phonon gas
is defined as

Kn = ql̄ . �1�

We refer to Eq. �1� as the “phonon Knudsen number” here-
after. In light scattering experiments, q can be varied by
changing the scattering angle � since q is defined as

q = 2n
2�

	
sin

�

2
, �2�

where n, 	, and � represent the refractive index, the wave-
length of the incident light, and the scattering angle, respec-

tively. The MFP of phonons can be calculated from macro-
scopic quantities from the well-known relation that

Dth =
1

3
v̄l̄ , �3�

where v̄ is the mean sound velocity.23 For v̄ we adopt the
Debye’s mean velocity, viz., v̄−3= �1/3��vLA

−3 +2vTA
−3 � with vLA

and vTA being longitudinal and transverse acoustic velocities,
respectively, and isotropy is also assumed for simplicity.

In any phonon regimes mentioned above, we can consider
that light is scattered by the fluctuations in the phonon den-
sity in crystals.5,7,8 Therefore, we can characterize light scat-
tering due to phonon-density fluctuations by the phonon
Knudsen number. The concept to characterize dielectric
properties in terms of phonon Knudsen number is also be-
coming essential in studies of heat-transport in nanoscale
structures,24 where dimensions of sample are close to the
MFP of phonons even at relatively high temperatures.

In a back-scattering configuration with a visible light
source, q is of the order from 107 to 108 m−1, while in a
forward-scattering with a small scattering angle of 
1°, q
can be reduced to a value of the order of less than 105 m−1.

Since l̄ ranges from 10−9 to 10−4 m �Ref. 23� by changing
temperature, we can, therefore, visit arbitrary phonon re-

gimes from hydrodynamic �ql̄�1� to collisionless �ql̄�1�,
simply by changing the scattering angle � or temperature. In
a forward light scattering experiment, however, one usually
encounters a difficulty in detecting the weak scattered light
out of the intense source light, which propagates almost in
the same direction as the signal light. However, a time-
domain light scattering technique introduced by Nelson and
co-workers20,21 called impulsive stimulated thermal scatter-
ing �ISTS� can overcome the above difficulty. The ISTS can
reduce � to less than 1°, yielding a q of the order of 104 m−1

or smaller.
We have, thus, performed two kinds of experiment, one of

which is the backward light scattering interferometry with
��180° and the other is the ISTS with �
1°. In both mea-
surements, the temperature was widely varied ranging from
T��D /100 to T��D, where �D is the Debye temperature.
The experimental details of these two methods will be de-
scribed in Sec. III.

B. The mean free path of phonons

Here we should comment in detail on the MFP of phonons

that we consider in this paper. It should be noted that l̄ is the
MFP for all of the thermally excited phonons, rather than that
of a specific phonon mode with a specific frequency or wave
vector. The MFP of acoustic phonons measured in Brillouin
scattering spectroscopy,25 say lB, is obtained from the line-
width of the spectra, viz., lB=vB /�B, where vB and �B are the
velocity of the acoustic phonon and the linewidth of the Bril-
louin line, respectively; the amplitude of the acoustic wave is
attenuated by 1/e when it travels a distance of lB. The works
on crystalline quartz,25–28 for example, have revealed that lB
is longer than 10−4 m at room temperature, giving qlB�104,
indicating that the observed phonon does not undergo any
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collision until it travels a distance of several hundred wave-
lengths even at relatively high temperatures. That is why we
can observe sharp Brillouin peaks in solids even at high tem-
peratures, but the fact that the observed Brillouin phonon is
“collision-free” appears to contradict the fact that ql̄�1 at
high temperatures. However, it can be shown that ql̄�qlB, or
more simply, l̄� lB, is actually general for solids at relatively
high temperatures, and then we find that the simultaneous
existence of the collision-dominated EFLS and the collision-
free Brillouin component at relatively high temperatures is,
of course, physically consistent. We present a simple discus-
sion on that point below.

We consider a relatively high temperature such that T
��D, which is required for thermohydrodynamics to be al-
ways valid. According to Akhieser’s theory,29,30 the acoustic
attenuation rate per unit time �B for sufficiently high tem-
peratures is given as

�B =
G

2 CV�̄

3�vB
2 �B

2T =
3�l

2BT

CV
�B

2 �̄ , �4�

where G=3�lB /CV is the averaged Grüneisen constant, �l is
the linear thermal expansion coefficient, B is the bulk modu-
lus, CV is the heat capacity per unit volume, �̄ is the relax-
ation time or mean free time for thermal phonons, i.e.,

�̄ =
l̄

v̄
, �5�

� is the mass density, and �B is the angular frequency of the
acoustic phonon observed in Brillouin scattering, i.e.,

�B = qvB. �6�

The Rayleigh linewidth �R at sufficiently high temperatures
corresponds to �EFLS as described in Sec. II A, so that

�R = Dthq
2 =

1

3
v̄l̄q2 =

1

3
	 v̄

vB

2

�B
2 �̄ , �7�

where we have used Eqs. �3�, �5�, and �6�. Equations �4� and
�7� give a ratio of the linewidth of the Rayleigh component
to that of the Brillouin as

�R

�B
=

1

3
	 v̄

vB

2 CV

�l
2BT

. �8�

Assuming that �l is of the order of 10−5 to 10−6 K−1, which is
typical for most solids at room temperature, and that v̄ is
close to vB, we find that �R /�B has a value of order 102. Note
that �R /�B does depend on temperature and that �R and �B
are never proportional to each other despite the appearance
of Eq. �8�. In fact, �R and �B have opposite temperature
dependences: on cooling, Rayleigh component broadens
while Brillouin peaks sharpen.

Similar to Eq. �8�, a relation between the phonon Knudsen

number ql̄ and a quantity qlB is obtained:

�ql̄��qlB� �
1

3

v̄
vB

CV

�l
2BT

, �9�

which gives a value of order 102 for ordinary solids. This

indicates that ql̄ and qlB can differ by orders of magnitude if
one of them is much smaller or much larger than a few tens.

In fact, since ql̄�1 �hydrodynamic phonon regime�, we see
from Eq. �9� that qlB�1. For example, in crystalline quartz
at room temperature, the right-hand side of Eq. �9� gives
CV / �3�l

2BT��300 with �l=8.5�10−5 K−1,31 B�c11=9.4
�1010 Pa,27 and T=300 K. On the other hand, from the re-
ported Brillouin linewidth27 and thermal diffusivity,32,33 and

using a typical value of q�5�107 m−1, ql̄ and qlB can be
estimated to be �0.15 and �2300, respectively. These yield

�ql̄��qlB��350, which is in good agreement with the value
calculated by Eq. �9�. Thus, we may regard that Eq. �9� can

give a reasonable quantitative relation between l̄ and lB in
hydrodynamic phonon regime.

The fact that lB is much longer than l̄ can be interpreted
that the frequencies of the phonons participating in Rayleigh
and Brillouin scattering differ by orders of magnitude. Bril-
louin scattering is considered to be due to the first order
Raman process or “single particle scattering,” in which a
phonon with momentum �q and energy ��B is picked up. In
contrast, Rayleigh scattering of light is considered to be due
to second or higher order Raman processes, which involve
two or more Umklapp phonons in the whole Brillouin
zone.5,13–15,34 Therefore, the frequency of the phonons that
predominantly contribute to the Rayleigh scattering extends
to ��D=kB�D / � �1013 rad/s, which is several hundred
times higher than �B, where �D is the Debye frequency.
Since the higher is the frequency of a phonon the more
strongly it undergoes attenuation,68 such high-frequency
“Rayleigh phonons” have much shorter MFP than that of
low-frequency Brillouin phonons. It is also important to
point out that the shorter the free path, the more effectively it
contributes to thermal resistance �or, equivalently, reduces
thermal conductivity�. For example, a phonon collision after
a free flight of a length L has a thousand times smaller con-
tribution than a collision after 1 /1000L flight. In fact, we
obtain an effective attenuation of these two successive colli-
sions as Leff

−1 =1/L+1000/L�1000/L. Therefore, the MFP
estimated from Eq. �3� or �EFLS should effectively reflect the
contributions from the shortest free paths of phonons. Since
the density of states for the zone boundary phonons are much
higher than those for the zone center phonons, the phonon
collisions at relatively high temperatures are considered to be
dominated by the phonons in the zone boundary. Thus, l̄
should be contributed largely from the zone-boundary
phonons, resulting in a much shorter l̄ than lB.

While lB has � and q dependences, l̄ does not essentially

have frequency and wave-vector dependences because l̄ is
considered to be obtained by averaging for all the phonons in
the whole Brillouin zone for the crystal. Although the MFP
of each phonon does have � and q dependences as one could
obtain from “one-phonon” scattering experiments such as
Brillouin scattering, one cannot find such strong � and q
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dependences in a zone-averaged MFP, i.e., in l̄. Since lB de-
pends not only on temperature but also on frequency and
wave vector, it is not appropriate that we define the Knudsen
number of phonon gas in terms of lB. The phonon Knudsen

number ql̄ is considered to properly characterize the length

scale of the phonon gas because l̄ depends basically only on
temperature, i.e., only on phonon occupation number. It
should be added that lB is never inversely proportional to l̄

despite the appearance of Eq. �9�. Instead, lB and l̄ should
have a similar temperature dependence because both of them
are inversely proportional to the occupation number of ther-
mal phonons essentially. From the above discussions, it is
concluded that the simultaneous existence of the collision-
dominated Rayleigh �EFLS� and the collision-free sharp
Brillouin lines at relatively high temperatures is consistent.

III. EXPERIMENTAL

A. Backscattering experiment

In the backscattering experiments, a Sandercock-type tan-
dem Fabry-Pérot interferometer6 was employed. The experi-
mental setup is depicted in Fig. 1. The dark counting rate of
the photomultiplier tube �Hamamatsu R464-S� was measured
to be approximately 0.8 counts per second on average with-
out a cooler. The focal length and the aperture of the
focusing/collecting lens was 150 and 50 mm, respectively,
giving an F number of 3.0, which gave less than 2/3 the
collection efficiency that reported by Stoddart and Comins.16

The free spectral range �FSR� of the interferometer was
varied from 10 to 300 GHz, which was obtained from mirror
spacings ranging from 1.5 to 0.05 cm, and the finesse was
more than 55. Effect of higher order transmission in a
Sandercock-type interferometer, which has been reported
recently,35–37 can cause a “knee” in combining the spectra
obtained in different FSRs, and use of interference filters has
been suggested for obtaining correct spectral line shapes in
decades of frequency range. Although we have not utilized
such compensation techniques, we consider that our analyses
suffer little because we have not analyzed the “combined”
spectra but have analyzed those obtained in one FSR in the
least-squares fit. Thus artifactual spectral “knees” are not
considered to be present in our analysis although the reported
transmission effect may still give a constant background,36

which can be reasonably taken into account by adding a
baseline parameter in the least-squares fit.

The samples investigated were crystals of TiO2 �rutile�,
ZnSe, silicon, and SrTiO3 crystals because we found that the
intensities of the QELS were strong enough to investigate the
temperature variations.17 Wehner and Klein have introduced
solid state enhancement factor for the Rayleigh component
as22

RWK = RLP�1 − r�2,

where RLP is the Landau-Placzek ratio and r is the enhance-
ment parameter defined as

r � −
	 �n

�T



u

�V	 �n

�u



T

,

where u is strain and �V is the volume expansion coefficient.
We have found that the values of �1−r�2 in the materials we
have investigated are relatively large; 260 for rutile, �48 for
ZnSe, and 45 for SrTiO3. We have not given the value for
silicon because the photoelastic constants and temperature
coefficient of refractive index for visible wavelength were
not available.69 The relatively large enhancement for the
Rayleigh component can be ascribed to the fact that
��n /�T�u, the temperature coefficient of refractive index at
constant strain �i.e., without being accompanied by thermal
expansion�, in these materials is relatively large.38–40 Note
that literature values of temperature coefficients of refractive
index are usually measured at constant pressure, so they in-
clude both pure thermo-optic effect and that just due to ther-
mal expansion.22 The contribution from thermal expansion
can be estimated to be −p�l,

22 where p is an average photo-
elastic constant, and this has a value of the order of
−10−7 1 /K. The pure thermo-optic coefficient ��n /�T�u in
rutile at room temperature has been estimated to be −1.3
�10−4 /K,31,38,41 which is even twice as large as that of
“quantum-paraelectric” SrTiO3 at the same temperature.40 It
is important to note that the sign of ��n /�T�u in the above
two materials is negative while that in ZnSe is positive. The
negative sign of ��n /�T�u in rutile and SrTiO3 is due to the
fact that these two materials are “incipient ferroelectrics,”
which are dielectrics with weak ferroelectriclike nature. This
indicates that thermo-optic effect, i.e., coupling between
phonon gas and light, which is negligible in gases and liq-
uids, can be strong in ferroelectrics or “incipient” ferroelec-
trics such as rutile or SrTiO3. Semiconductors with absorp-
tion edge in visible wavelength region have also relatively
large ��n /�T�u probably because of the temperature depen-
dence of energy band gap. ZnSe is an orange-colored semi-
conductor with absorption edge of 480 nm at 300 K.39 The
refractive index and its temperature coefficient for a nearly
resonant excitation light source are larger than those in trans-
parent region. Although the values of ��n /�T�u for the em-
ployed wavelengths 	=514.5 and 476.5 nm are not avail-
able, it has been reported that ��n /�T�u for 	�632.8 nm can
be larger than +10−4 /K,42 which is as large an absolute value
as that of ��n /�T�u in rutile. Note that liquids also have large
dn /dT, but it is largely due to thermal expansion. Further-

FIG. 1. Experimental setup for backscattering ��=180��.
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more, the liquids’ ��n /���T is much larger than ��n /�T��,
where we have replaced strain u with density �.

The samples of rutile, ZnSe, and SrTiO3 were bulk crys-
tals, while that of silicon was a wafer with a thickness of
1 mm. The scattering angle was 180±9.4�, and the values of
q were estimated to be 7.3�107, 7.5�107, 10.2�107, 6.0
�107 m−1 in rutile, ZnSe, silicon, and SrTiO3, respectively.
The directions of q in the sample crystals were rather
roughly chosen, and they were approximately in the direc-
tions of crystalline �100�, �110�, �111�, and �001� for rutile,
ZnSe, silicon, and SrTiO3, respectively. However, slightly
different directions were occasionally adopted when the
samples were slightly tilted for reduction of parasitic elastic
scattering intensity from the surface of the samples. The
wavelength of the light source �Ar+ laser� was 514.5 nm for
rutile, silicon, and SrTiO3, and 476.5 and 514.5 nm for ZnSe.
The samples were placed either in a flow-type cryostat or in
a oven, and the temperature was changed from 4.2 to 673 K
for rutile, from 200 to 600 K for silicon, and from 4.2 to
300 K for ZnSe and SrTiO3.

B. Impulsive stimulated thermal scattering (ISTS)

1. Principle of measurement

Although it is hard to obtain a small q value in ordinary
light scattering experiments, it can be fairly easily realized in
the well-established technique of ISTS.20,21 In ISTS, the
fringes formed by the two intersecting pulsed pump beams
heats up the sample locally, and then the provided heat dif-
fuses to realize thermal equilibrium. Since the “hot fringes”
act as a diffraction grating with a pitch of 2� /q, with another
probing continuous-wave �cw� light beam incident into the
sample, the temporal evolution of the transient grating can be
observed in real time by monitoring the Brag-diffracted in-
tensity of the probe cw beam. If the pulse width is broader
than 2� /�B, the Brillouin component cannot be resolved,
and the diffracted light intensity has a time dependence as20

Iprobe = A exp�− 2�t� + B , �10�

where A and B are constants and � is the relaxation rate. The
factor 2 in the exponent appears because Iprobe� �Eprobe�2,
where the probe field Eprobe decays as exp�−�t�. For the hy-
drodynamic phonon regime, � corresponds to the rate of
thermal diffusion, i.e., �=Dthq

2. In the ISTS, Eq. �2� can be
approximated as

q =
2�

	
� , �11�

where � is now the intersecting angle of the two pump beams
measured outside the sample. Note that the refractive index n
is not present in Eq. �11� in contrast to Eq. �2� because of
cancellation of n due to Snell’s law at the sample boundary.
For visible light with 2� /	�107 m−1, the value of q can be
reduced to less than 105 m−1 by setting � to 
10 mrad,
which is easily achieved in the ISTS configuration by focus-
ing the two parallel pump beams, which are separated by

1 cm, at a distance of �1 m.

2. Experimental setup for ISTS

The experimental setup for the ISTS is depicted in Fig. 2.
The pump laser was the second harmonic of a pulsed
Nd:yttrium-aluminum-garnet �YAG� laser, and the wave-
length was 532 nm. Since all the samples investigated except
Si are transparent around 530 nm, the thermal grating is con-
sidered to be generated by two-photon absorption of the two
intersecting light pulses. The pulse width and the repetition
rate were 8 ns and 10 Hz, respectively. The pump beam was
split by a beam splitter and each of the split beams was
reflected twice by two mirrors, one of which was spatially
shifted by an X stage to change the separation between the
two pump beams at the position of the focusing lens. Note
that in this modified Sagnac interferometer the two split light
pulses are always synchronized at the position of the focus-
ing lens because the path lengths are the same for the two
paths. The intersecting angle of the two pump beams was
varied by changing either the beam separation at the position
of the focusing lens or the focal length of the lens. The probe
laser was a cw Ar+ laser oscillating in a single longitudinal
mode at 488 nm. To prevent samples from heating by the
probe beam, an acousto-optic modulator �AOM� was in-
serted into the probe beam path to reduce its duty. The probe
beam was focused into the sample by a 1 m focal lens. After
filtering the pump light by a short-wave-pass dichroic mirror
and a diffraction grating, the signal light was detected by a
photomultiplier tube and the amplified signal was monitored
by a digital oscilloscope �300 MHz� and recorded by a com-
puter after 30 time averages. We did not investigate the sili-
con sample by ISTS not only because silicon is opaque for
the above light sources, but also because the sample of sili-
con was a wafer with a thickness of 1 mm, which was diffi-
cult to measure by the present ISTS apparatus. The values of

FIG. 2. Experimental setup for ISTS. Here,
AOM represents acousto-optic modulator. The
modified Sagnac interferometer, which is en-
closed with the dashed lines, enables continuous
change of beam separation without causing any
time delay between the two separated pulses at
the focused position.
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q employed for all the investigated samples were 1.54
�105, 1.37�105, 1.08�105, 9.12�104, and 8.07�104

m−1, which were estimated from Eq. �11� from the measured
�’s �the beam separations divided by the focal length�. Again,
the directions of q in the crystals were rather roughly chosen,
and they are almost the same as those employed in the back-
scattering experiments described in Sec. III A.

IV. EXPERIMENTAL RESULTS

A. Results for backscattering

The backscattering spectra obtained in rutile, ZnSe, sili-
con, and SrTiO3 are shown in Figs. 3–6, respectively. All the
spectra presented here were recorded with parallel incident
and scattered light polarizations, i.e., with either VV or HH
configurations, where V and H represent vertical and hori-
zontal polarizations, respectively. We will refer to the nar-
rower component as “type I” and to the broader one as “type

II” as labeled in the figures. Note that the elastically scattered
peaks are removed from all the spectra. We see that the
QELS I does not extend beyond the longitudinal acoustic
�LA� Brillouin peaks, whereas the QELS II spreads out to the
Brillouin lines and usually couples to them, resulting in the
asymmetric line shapes for the Brillouin component as can
be seen in Figs. 3, 4, and 6. In the spectra of silicon, we
cannot clearly resolve the QELS II and separate it from type
I for two reasons. First, the QELS II is far weaker than the
QELS I. Second, the linewidth of the QELS I is not suffi-
ciently narrow compared to that of the weak QELS II, mak-
ing it difficult to distinguish the QELS II from the spectral
tail of type I. However, the linewidth of the QELS II, which
we have obtained at room temperature, is in good agreement
with that reported by Stoddart and Comins,16 where the
QELS II was recorded more clearly and the asymmetry of
the LA Brillouin lines was also clear. Nevertheless, we can-
not give an accurate temperature dependence of the QELS II
in silicon because of the insufficient signal-to-noise ratio. A

FIG. 3. �Color online� Backscattered spectrum observed in rutile
at 297 K with q � �100�. The LAs and TAs represent longitudinal and
transverse acoustic Brillouin lines, respectively. The two QELS
components are labeled as types I and II. The smooth curve is a
Lorentzian fit to the QELS I. Note that the vertical scales are nor-
malized at the peak height of the LA Brillouin component. Also
note that the middle and the lower spectra are constructed by com-
bining the spectra obtained at different resolutions.

FIG. 4. �Color online� Backscattered spectrum observed in ZnSe
at 297 K with q � �110�. The LAs and TAs represent longitudinal and
transverse acoustic Brillouin lines, respectively. The two QELS
components are labeled as types I and II. The smooth curve is a
Lorentzian fit to the type I QELS. Note that the vertical scales are
normalized at the peak height of the LA Brillouin component. Also
note that the middle and the lower spectra are constructed by com-
bining the spectra obtained at different resolutions.
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wider free spectral range of the interferometer might give
better resolution as a trade-off with signal to noise ratio.

For the QELS I, the spectra have been successfully fitted
by Lorentzians with appropriate constant backgrounds,
which reasonably approximate the much wider QELS II in
the relevant frequency range for the type-I spectra. The fitted
curves are also presented in Figs. 3–6. Although the type-II
QELS has no necessity to become a Lorentzian,14–16 it has
been also well fitted by Lorentzians in rutile, ZnSe, and
SrTiO3 by removing the Brillouin lines and the QELS I from
the spectra when performing least-squares fit. In silicon,
however, the scattering intensity was so weak that either
Lorentzian or Gaussian could be poorly fitted to the QELS II.
In other samples, decomposition into the two types of QELS
was easier at relatively high temperatures because the two
QELS exhibit opposite temperature dependence and the dif-
ference in their linewidth is larger at higher temperatures as
we will see later in this section. At relatively low tempera-
tures, however, we had to fit a double unshifted Lorentzian to
the composite of the two QELS. We will describe our fitting
procedure in more detail later in this section.

This kind of two-component QELS has been observed in
several materials such as KTaO3,12 diamond,14 and sili-
con.4,13,16 However, detailed temperature dependences of the
intensity and the linewidth for both types of QELS have been
investigated only recently for rutile,15 and a unified explana-
tion for both components in terms of two-phonon difference
Raman processes has also been suggested. The QELS I has
been ascribed to entropy fluctuations in the hydrodynamic
phonon regime, while in the collisionless regime this com-
ponent must be considered as arising due to two-phonon dif-
ference Raman processes, in which two phonons on a single
phonon branch participate.14,15 On the other hand, the QELS
II has been ascribed to two-phonon difference Raman pro-
cesses, in which two phonons on different phonon branches
participate.15 In general, the width of the QELS II has little q
dependence, and almost linearly decreases with decreasing
temperature as reported long ago in KTaO3,12 diamond,14

and recently in rutile.15 While the QELS II has been ex-
plained qualitatively by two phonon difference scattering,

FIG. 5. �Color online� Backscattered spectrum observed in sili-
con at comparable temperatures of 523 K �upper� and 473 K
�lower� with q � �111�. The LAs and SRs represent the Brillouin
scattering due to longitudinal acoustic and surface Rayleigh modes,
respectively. The two QELS components are labeled as types I and
II. The smooth curve is a Lorentzian fit to the type-I QELS. Note
that the vertical scales are normalized at the peak height of the LA
Brillouin component. In the lower trace, the QELS II is very weak
and cannot be well separated from the components of the type I and
the Brillouin.

FIG. 6. �Color online� Backscattered spectrum observed in
SrTiO3 297 K with q � �001�. The LAs and TAs represent longitudi-
nal and transverse acoustic Brillouin lines, respectively. The two
QELS components are labeled as type I and II. The smooth curve is
a Lorentzian fit to the type-I QELS. Note that the vertical scales are
normalized at the peak height of the LA Brillouin component. Also
note that the middle and the lower spectra are constructed by com-
bining the spectra obtained at different resolutions.
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any quantitative explanation has not been given so far except
for the temperature dependence of the integrated intensity in
rutile,15 and room for more detailed study has been still left
for the origin of this component. It can be considered that
both types of QELS arise from phonon-density fluctuations
in the sense that the number of phonons is changed via lattice
anharmonicity in both kinds of light scattering processes.5 It
may be noted that the unified explanation for the two com-
ponent QELS in terms of the simple two-phonon difference
light scattering model implies that QELS due to phonon-
density fluctuations in dielectric crystals should essentially
consist of two components, namely, QELS I and II in our
terminology. In the remaining part of this paper, however, we
will refer inlarge part to the linewidth of the QELS I because
the linewidth of the QELS II does not exhibit q-dependence
and also because it has too high frequency �� THz� to in-
vestigate by our ISTS apparatus.

For rutile, we have investigated the temperature variation
of the spectra in a wider temperature range, i.e., from 20 to
600 K, than that presented in Ref. 15 because the Debye
temperature of rutile is relatively high43 �760 K� and we con-
sider that it is important to investigate the higher temperature
region in order to characterize the phonon regime in this
material.

For ZnSe, an interesting resonance light scattering effect34

has been observed at 297 K when the wavelength of the
excitation light was 476.5 nm, which was close to the ab-
sorption edge of ZnSe at room temperature.39 The resonance
effect greatly enhanced the scattering intensity not only for
the LA Brillouin lines44–46 but also for the both types of
QELS component. However, we could not find differences in
both line shapes and linewidths of all the scattering compo-
nents within the experimental error when the different exci-
tation wavelengths were employed. We have also observed in
the ZnSe sample a luminescence around the excitation wave-
length of 514.5 nm at temperatures lower than approximately
100 K. The intensity of the luminescence was comparable to
or stronger than the QELS II at lower temperatures, and it
gave rise to slanted background in the spectra. However, the
origin of this luminescence is not yet clear so far and the
discussion regarding this will not be included in this paper.
Although we were able to see the QELS II in ZnSe at tem-
peratures as low as 100 K, we analyzed it only for 150, 200,
and 297 K because of its weak intensity, the relatively strong
luminescence, and the linewidth not wide enough to be sepa-
rated from the QELS I at low temperatures. The spectrum in
Fig. 4 was obtained with excitation wavelength of 514.5 nm.

The temperature dependences of the linewidth of the
QELS I and II, to which we refer as �I and �II, respectively,
are shown in Fig. 7. Note that the ordinate axes are measured
in units of angular frequency �rad/s� rather than in units of
frequency �� /2��. The plotted points represent the measured
linewidths �half width at half maximum� and the curves are
the values derived from macroscopic theory, viz., Dthq

2. The
values for Dth were obtained from the relation Dth=� / ��C�,
where �, �, and C are the thermal conductivity, the mass
density, and the specific heat, respectively, which were avail-
able in the literatures.32,33,39,47–49 We have extrapolated the
unavailable values for Dth for rutile at temperatures above
400 K, taking into account that Dth�T−1 at high tempera-
tures because of Eq. �3�.

In Fig. 7, the measured �I’s are considerably narrower
than Dthq

2 at relatively low temperatures except for SrTiO3.
The values of the phonon Knudsen number at the lowest
temperatures in rutile, ZnSe, and silicon are estimated to be
78, 22, and 20, respectively, while that in SrTiO3 to be 0.81.

FIG. 7. �Color online� The temperature dependence of the line-
width for the type I and II QELS’s measured by backscattering in
TiO2 �rutile� �q=7.34�107 m−1�, ZnSe �q=7.49�107 m−1�, sili-
con �q=10.2�107 m−1�, and SrTiO3 �q=6.00�107 m−1�. The
circles and the triangles represent �I and �II, respectively. The solid
curves represent the Dthq2 values. Note that the ordinate axes is
scaled logarithmically and the unit is in angular frequency rather
than in units of frequency �� /2��.
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Thus, it is considered that this large difference between the
measured �I and Dthq

2 for rutile, ZnSe, and silicon is due to
the fact that the phonon Knudsen number ql̄ is larger than
unity in these low temperature regions, and the macroscopic
quantities cannot be defined locally.13–15,17 On the other

hand, in SrTiO3, the small value of ql̄ implies that phonon
collisions are still frequent at temperatures as low as 70 K.

The linewidths of the QELS II, �II, is also plotted as open
triangles. In contrast to �I, �II was almost independent of q
values, and nearly linearly decreases with decreasing tem-
perature �when plotted with linear ordinate axis� as reported
earlier.12,15 In silicon, however, we could not investigate the
q dependence of �II. Although there is no report on the clear
q dependence of the broader QELS in silicon, the asymmet-
ric Brillouin line shape reported by Stoddart and Comins16 is
likely evidence that this broader component in silicon can be
identified as QELS II.

The linewidths of the QELS I presented in Fig. 7 have
been obtained basically by least-squares fit of a Lorentzian in
the frequency ranges for the type-I QELS, with the intensity
of the much broader QELS II as a constant background. �II
has been obtained by excluding the Brillouin lines and the
QELS I in the fit. However, in some low-temperature re-
gions, �II may narrow to become only several times broader
than �I. In this case, it was hard to fit a single Lorentzian in
the type-I frequency region, so we have fitted unshifted
double Lorentzians with different linewidths and intensities
for such spectra: appropriate initial values for the fitting pa-
rameters have given a reasonable result taking into account
the temperature dependences of both �I and �II. At even
lower temperatures where the two linewidths would coin-
cide, we found that only either type-I or -II QELS was actu-
ally visible: only type I was visible in rutile, ZnSe, and sili-
con, while only the QELS II in SrTiO3. In practice, the least-
squares fit succeeded if the linewidths were different by
more than a factor of 10. However, the spectra at 100 K or
below in ZnSe could not be reasonably fitted even with the
double unshifted Lorentzians because the linewidths and the
intensities of the two QELS components were too close to
each other. The values of �II for silicon contain large uncer-
tainties, which are shown as error bars in Fig. 7, not only
because of its weak scattering intensity and low signal to
noise ratio in our experiment but also because of the exis-
tence of the relatively broad and intense type-I QELS and
Brillouin components, which obscure the accurate line shape
of the QELS II.16 In fact, �II could not be obtained by least-
squares fit and was read directly from the spectra with re-
moving and interpolating the frequency range for the QELS
I and the Brillouin lines. Nevertheless, our value of �II in
silicon at 300 K is in good agreement with that reported by
Stoddart and Comins16 at room temperature: the reported
“300- to 400-GHz full width” in units of frequency gives 940
to 1300 Grad/s half width in units of angular frequency,
which enters in the same range as our value. Note that �II in
silicon at 300 K is accidentally close to Dthq

2, which might
cause misidentification of the QELS II as an EFLS.

For SrTiO3, the two component QELS was reported about
thirty years ago,12 but detailed spectral variation of the type-I
QELS �EFLS� in a wide range of temperature has not yet

been reported to the best of our knowledge. We show in Fig.
8 the spectral variation of the QELS I in SrTiO3 in the tem-
perature range from 72 to 297 K. Except the temperature of
72 K, a single Lorentzian with a constant background has
been successfully fitted to the QELS I, while for 72 K a
double unshifted Lorentzian with different widths has been
assumed and fitted because the QELS II was not broad
enough to be regarded as a flat baseline at this temperature. It
should be noted that in Fig. 7 the measured �I in SrTiO3 is
almost equal to Dthq

2 at all temperatures investigated ��72
K�, indicating that the phonon density is much higher in this
material than in others investigated. The well-known struc-
tural phase transition in SrTiO3 at 105 K exhibited little di-
vergent behavior on the linewidths of both types of QELS
within the experimental error as reported earlier,3 while the
Brillouin linewidth considerably increased and the total scat-
tering intensity, including the Brillouin lines and the two
QELS components, slightly increased around 105 K. This
slightly divergent behavior of �I is consistent with the tem-
perature dependences of the thermal conductivity50 and the
specific heat,48,49 whose reported relative changes accompa-
nied by the phase transition at 105 K is as small as 2%,
which is too small to be distinguished in the present appara-
tus. However, a more careful investigation of �I around
105 K in SrTiO3 may reveal a relatively small but steep
changes in the thermal diffusivity as one can expect from the
detailed temperature dependences of the specific heat49 and
the elastic constants.51

In SrTiO3 at lower temperatures, where the QELS I was
not visible, however, a broad doublet spectrum as shown in

FIG. 8. �Color online� Temperature variation of the type-I QELS
in SrTiO3. The dots are the experimental spectra and the smooth
curves are least-squares fits. For 72 K, a double unshifted Lorentz-
ian has been assumed and fitted.
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Fig. 9 has been found. This was first observed by Hehlen et
al.,9 in an oriented �single domain� sample of SrTiO3 and has
been tentatively explained as arising due to second
sound,9,52–54 or more recently reproposed to be due to two-
phonon difference scattering,55 but the origin for this compo-

nent is still controversial. In our experiment, the direction of
q was chosen to be almost parallel to crystalline �100� direc-
tion of cubic symmetry, and the signal was observed in the
same polarization direction of the incident light. Not as the
previous report,9 our sample seems to have multiple domains
below 105 K since we have not applied any uniaxial pressure
to orient the domains in the same direction. Thus, the direc-
tion of q in the tetragonal symmetry could not be determined
explicitly. The frequency shift and the linewidth of the dou-
blet was in good agreement with that reported by Hehlen et
al.9

B. ISTS results

The temporal profiles measured in the ISTS are similar in
all the samples investigated, namely, rutile, ZnSe, and
SrTiO3. Typical ISTS signals measured in the sample of
rutile at various temperatures are shown in Fig. 10 as an
example. The traces in the left half of Fig. 10 are displayed
from 0 to 100 �s, while those in the right half are from 0 to
5 �s. As the temperature is lowered, the exponential decay
becomes faster because the thermal diffusivity increases with
decreasing temperature.

In addition to the signal due to thermal diffusion, there is
a much faster component superposed on the thermal diffu-
sion profile at relatively high temperatures in all the samples
investigated: in rutile, for example, it is seen in Fig. 10 at
temperatures 296 and 202 K. We consider this fast compo-
nent as arising from third order nonlinear susceptibility for

FIG. 9. �Color online� The broad doublet spectra observed in
SrTiO3: from the upper trace, 297, 200, 153, 110, 90, 76, 60, 50, 40,
30, and 15 K. The arrows indicate the broad doublet, and the LA’s
and TA’s represent longitudinal and transverse acoustic Brillouin
lines, respectively. The direction of q was chosen to be almost par-
allel to crystalline �100� direction in cubic symmetry. The TA Bril-
louin frequency changes across the structural phase transition tem-
perature of 105 K.

FIG. 10. Temperature depen-
dence of the ISTS signal in TiO2

�rutile� in the temperature range
from 6 to 296 K. The left graphs
are traced from 0 to 100 �s, while
the right ones are traced from 0 to
5 �s. The origin of the spikes ap-
pearing at temperatures 296 and
202 K is discussed in the text.
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ZnSe, and as arising from spatial distribution of excitons,
which are excited via two-photon absorption of the pump
light, for rutile and SrTiO3. Furthermore, in SrTiO3, there is
another component which decays much more slowly than the
thermal diffusion signal. We consider this slower component
in SrTiO3 to be due to relaxation from an energy level lo-
cated between the valence and conduction bands, so called
“midgap level,” whose lifetime is known to be very long.56

Although these additional components are of interest, they
are out of the main subject of this article, and we will not
refer to them hereafter.

The temperature dependence of �I obtained by ISTS is
shown in Fig. 11 for rutile, ZnSe, and SrTiO3 with normal-
ized by q2. Note that �I /q2 is expected to be equal to Dth in
the hydrodynamic regime. The solid curves are interpolations
of the Dth values obtained from the literatures.32,33,39,47 In
contrast to the results for backscattering shown in Fig. 7, the
measured values of �I /q2 now follow the Dth curves even at
fairly low temperatures for all the three materials investi-
gated. These results indicate that the probe light is scattered
by a gas of phonons and the macroscopic heat-transport
theory actually remains valid even at low temperatures,
namely, �50 K for rutile and ZnSe, and �15 K for SrTiO3.
Below these temperatures, however, the measured values of
�I /q2 begin to deviate from Dth curves on cooling just as we
have seen in the backscattering experiments, probably indi-
cating that the macroscopic theory is no longer valid at such
low temperatures also in the ISTS. We will discuss on this
point later in Sec. V B.

For SrTiO3, it is very interesting to point out that the
measured �I /q2 values are well reproduced by Dth at all the
temperatures investigated except the lowest 6 K. The sug-
gested possibility for the existence of second sound in
SrTiO3 below 40 K �Refs. 9 and 52–54� is closely related to
the phonon Knudsen number through the well-known “win-
dow condition.”57 It is known that the energy of the trans-
verse optical phonon modes in SrTiO3 are anomalously
low53 and, therefore, there should be many phonons excited
even at low temperatures.52 In fact, both the ISTS and the
back-scattering results clearly indicate that there are excep-
tionally many phonons �or more rigorously, many phonon
collisions� even at low temperatures in SrTiO3. This is a very
interesting fact in connection with the possible existence of
second sound in SrTiO3. We will present more detailed dis-
cussions on the results in SrTiO3 in Sec. V A.

V. DISCUSSIONS

We have shown in Sec. IV the experimental results of the
temperature dependence of �I for various magnitudes of q.
Now we consider to unify the data presented so far, by plot-

ting the measured �I against the phonon Knudsen number ql̄.
We use the same literature values for Dth as those employed

in the earlier part of this article in the estimation of l̄. In
terms of v̄ in Eq. �3�, we define an average Brillouin fre-
quency as follows:

�̄B = qv̄ . �12�

Note that we neglect any anisotropy of crystal lattices and
variations of phonon-collision type58,59 for simplicity in the

discussions made here. We also define I as a type-I line-
width normalized by the average Brillouin frequency �̄B, i.e.,

I =
�I

�̄B

.

Similarly, we define the normalized linewidth for �II mea-
sured by backscattering as

FIG. 11. Temperature dependence of �I measured by ISTS in
TiO2 �rutile�, ZnSe, and SrTiO3. The ordinate axes are logarithmi-
cally scaled and normalized by q2 for direct comparison with Dth.
The values of q are indicated in the inset. The measured values well
follow the Dth curves in a wide range of temperature.
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II =
�II

�B
.

Figure 12 is a plot of I and II against the phonon Knud-
sen number ql̄. For the ISTS data, we have plotted only the
measured points for q=80 700 and 153 500 m−1, which are,
respectively, the smallest and the largest values of q em-
ployed in our ISTS experiments. For �II in silicon, only the
room temperature value is presented here because of the
large uncertainties at other temperatures. It is surprising that
all the normalized linewidth of QELS I measured in different
materials seem to coincide in a certain function of phonon
Knudsen number. In addition, we see that II has a �ql̄�−1

dependence and II�1 in rutile, ZnSe, and SrTiO3.
In the following part of this section, we discuss on the

three types of phonon regime, namely, the hydrodynamic, the
collisionless, and the intermediate regimes, in detail with ref-
erence to Fig. 12. Also an empirical function that can be
fitted to the measured I as a function of ql̄ is introduced and
discussed. We also present a brief discussion on II concern-
ing its magnitude and dependence on the phonon Knudsen
number ql̄.

A. The hydrodynamic regime—the entropy-fluctuation
light scattering

In Fig. 12, the hydrodynamic phonon regime corresponds
to the region such that ql̄�1. We find that I in the hydro-
dynamic phonon regime is proportional to the phonon Knud-
sen number ql̄ because the slope is approximately 1 in the
log-log plot. In fact, a simple linear function such as

I � 0.31ql̄ �13�

was successfully fitted to the region ql̄�0.001. This is in
good agreement with what is expected for the EFLS with a

well-known q2 dependence for its linewidth, i.e.,

�I = Dthq
2 =

1

3
�̄Bql̄ , �14�

where we have used Eqs. �3� and �12�. Equations �13� and
�14� are shown in Fig. 12 as solid and dashed lines, respec-
tively, which almost coincide with each other.

Furthermore, we find in Fig. 12 that I is substantially
smaller than unity, i.e., �I��̄B, in the hydrodynamic regime.
Therefore, we may say that the linewidth of an EFLS must
be sufficiently smaller than the Brillouin frequency. In fact,

in the hydrodynamic phonon regime, since ql̄�1,

�EFLS

�B
=

1

3

v̄
vB

ql̄ � 1.

This equivalently means that a QELS, whose linewidth is not
sufficiently narrower than the Brillouin frequency or extends
out of the LA-Brillouin peaks, is not an EFLS even if its
linewidth is close to Dthq

2 because of the violation of local
thermal equilibrium. For example, as can be seen in Fig. 7,
the QELS observed in silicon with a linewidth �Dthq

2 at
room temperature was first identified as EFLS,60 but it has
been later reassigned to QELS II instead of EFLS �Ref. 16�
since the spectrum did extend out of the LA-Brillouin peaks.
In the frequency region higher than �B, entropy fluctuation
or other thermodynamic quantities cannot contribute to light
scattering because local thermal equilibrium is not achieved
so fast, and such macroscopic quantities can no longer be
considered. In stead, we have to consider some kinetic scat-
tering models such as second order light scattering for such
fast processes.5,7,8,13,15

FIG. 12. �Color online� The
linewidths of the QELS I and II in
the units of the average Brillouin
frequency versus the phonon

Knudsen number ql̄. Legends for
the symbols are shown in the fig-
ure. The ISTS data points circled
by the oval are considered as arti-
facts, and they should be shifted

to ql̄
1 according to the discus-
sion made in the text. For �II in
silicon, only the room temperature
value is presented here because of
the lack of accuracy for other
temperatures.
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B. The collisionless regime

In the collisionless regime, i.e., when ql̄�1, I tends to
become constant, viz., �0.2 or �0.02, with increasing pho-
non Knudsen number as shown in Fig. 12. The two different
limiting values, i.e., �0.2 and �0.02, correspond to the re-
sults obtained by the backscattering and the ISTS experi-
ments, respectively. However, we consider the latter value as

an artifact due to overestimation of l̄ in plotting the ISTS
data in Fig. 12.

In the ISTS, a thermal grating, or more rigorously, a
“phonon-density grating” is generated by the two pump elec-
tric fields: the initial phonon density is high along the ridges
of the grating, which are periodically spaced with a spatial
period of 2� /qISTS, where qISTS is the magnitude of wave-
vector transfer in ISTS. If the temperature is sufficiently high

such that l̄�2� /qISTS, then ISTS can give a correct thermal

diffusivity. However, we consider that l̄ does not exceed
�2� /qISTS or �1/qISTS in the ISTS because a phonon dis-
tribution with a spatial period of 2� /qISTS is always gener-
ated forcibly by the pump laser. In other words, even if the
phonon density outside the generated grating is very low, a
phonon inside a grating ridge always has neighbor phonons
to collide with within a distance of 2� /qISTS. This means that
the MFP of phonons in the ISTS cannot be longer than the
generated grating pitch. Thus, the longest MFP of phonons
possible in the ISTS should be effectively of the order of
2� /qISTS or 1 /qISTS even though the MFP of phonons could
become longer outside the thermal grating. Since we have
used Eq. �3� with the thermal diffusivity measured in rela-

tively large samples32,33,39,47 and estimated the values of l̄ to
be much larger than qISTS

−1 in plotting Fig. 12, the ISTS data

points circled by the oval in Fig. 12 should be shifted to ql̄


1 because l̄ is not considered to exceed �1/qISTS in the

ISTS. We consider that the limitation for l̄ has also made the
measured �I /q2 in the ISTS in Fig. 11 deviate from curves of
Dth at the lowest temperatures. In fact, the measured I’s are

almost unchanged from their value at ql̄�0.3. This indicates
that the effective MFP of phonons for ISTS does remain
approximately 4 �m. This is obviously much shorter than
the sample boundary dimensions, which can limit the MFP
of phonons.

According to the above discussion, we assume that the

correct limit for I when ql̄�1 is determined from the back-
scattering measurements to be approximately 0.15 to 0.3. For
I to be constant for large phonon Knudsen number means
that �I is linearly proportional to q in the collisionless limit

�I = K�̄B = Kv̄q �ql̄ � 1� , �15�

where K stands for a number between �0.15 and �0.3, i.e.,
the limiting value of I. The linear q dependence of the line-
width appears to contradict the q2 dependence in the hydro-
dynamic regime. However, this qualitatively agrees well with
the explanation presented in Ref. 15 in terms of light scatter-
ing due to two-phonon difference processes from a single
phonon branch. In fact, it has been proposed that �I should
be proportional to the Brillouin frequency of the acoustic

phonon modes which are responsible for scattering of light.
The limiting value of K�̄B is also quantitatively comparable
to the simulated results of the two-phonon difference theory,
viz., �I→ �0.3�̄B as T→0.15 Furthermore, the previously
reported value of �I�250 GHz in C �diamond�,14 which was
measured at 628 K �=0.28�D� with q=5.6�107 m−1 ��
=146° �, v̄=1.36�104 m/s, and ql̄�1.9, gives �I�0.33�̄B.
This is also in good agreement with Eq. �15�.

The above discussions show that for any value of phonon
Knudsen number

�I 
 0.3�̄B,

i.e., the spectrum of a QELS I does not extend out to the
Brillouin peaks in all the phonon regimes. This is an impor-
tant criterion for a QELS to be classed as type I.

C. An empirical formula for �I

Before we proceed to describing the intermediate phonon
regime, we try to fit a function that reproduces the measured

I values for given ql̄’s. The fact that I is proportional to ql̄

for a small ql̄ and is constant for a large ql̄ reminds us of a
simple test function as

I = a�1 − e−bql̄� , �16�

where a and b are constants to be estimated via least-squares
fit. Although we cannot give a physical interpretation for the
formula at the present time, this test function does reproduce

the behavior of I for a wide range of ql̄. In fact, we find that

�I �abv̄l̄q2 �for ql̄ � 1� ,

av̄q �for ql̄ � 1� ,

i.e., the q2 and q1 dependences of �I are reproduced, and we
could successfully fit Eq. �16� to the measured values of the
I. The fitting result is shown in Fig. 13. The dashed line is

again the theoretical linear function �1/3�ql̄. In order to
avoid the fitting instability for relatively large values of I,
we first calculated the common logarithm of I values and
then fitted the common logarithm of Eq. �16�. In addition, we
have omitted the artifact data points here, which we have
described before in Sec. V B. The least-squares fit produced
a standard deviation of approximately 0.1, which indicates
that the fit was performed with a reasonably good accuracy
in a wide range of I.

The best-fit results obtained for the parameters were a

=0.16±0.02 and b=1.7±0.09. These yield �I�0.28v̄l̄q2 for
hydrodynamic regime, which is comparable to but slightly

smaller than the theoretical �I= �1/3�v̄l̄q2. However, as we
have described before, fitting only to the measured points in

the pure hydrodynamic regime, namely, ql̄
0.001, has given

a better result, viz., �I�0.31v̄l̄q2. For the collisionless re-
gime, the best-fit results have given the limiting value of �I
as �0.16�̄B. Since the measured values of I actually lie
between 0.15 and 0.3, the fitted value of a is, of course, not
conclusive. We consider that the value of a may be affected
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by the choice of v̄, i.e., the direction of q, or by anisotropy,
which we have ignored so far.

D. The intermediate regime

In the intermediate regime, i.e., when ql̄�1, I is neither

proportional to ql̄ nor a constant as shown in Figs. 12 and 13.
To the best of our knowledge, no light scattering theory for
this intermediate phonon regime is available so far. However,
we can tell from the fitted curve in Fig. 13 that when ql̄
�1

�I � 0.13�̄B,

that is, the linewidth of QELS I in the intermediate phonon
regime should lie slightly above 0.1�̄B. At the present time,
we are working on an analysis for our experimental results,
employing a novel theory called “extended thermody-
namics,”61 which has been developed recently. This might
provide a theoretical formula for I against a wide range of

ql̄, including this intermediate phonon regime. It might also
give a physical interpretation for the empirical function �16�.

E. The linewidth of QELS II

In Fig. 12, we see that II is approximately reciprocally

proportional to ql̄ for small values of ql̄, i.e., at relatively
high temperatures, although data for ZnSe have rather large
uncertainties. In rutile and SrTiO3, the product of the phonon

Knudsen number ql̄ and II has values between approxi-
mately 0.3 and 0.5. This can be explained from the fact that
the QELS II has an approximately linear T dependence and

little q dependence.12,15 Since l̄ is inversely proportional to T
at high temperatures, where QELS II is visible, II is consid-

ered to be inversely proportional to ql̄. However, the origin
for the linear-in-T dependence of the QELS II is not clear
even now. It should be noted that II seems to be larger than
unity for all the samples investigated. This indicates that �II

is always larger than �B, and we see that the QELS II is not
a consequence of thermodynamic phonon processes because
of the discussion made in Sec. V A.

F. On the broad doublet in SrTiO3

Here we discuss on the possibility of second sound for the
broad doublet, which has been observed in SrTiO3. Since
second sound is a wave of entropy, a light scattering spec-
trum of second sound should gradually change from an
EFLS �or a QELS I� into a doublet with decreasing temper-
ature.62,63 If the missing QELS I in SrTiO3 below �70 K
was essentially absent at low temperatures, then it might
imply that the QELS I might, just as theoretically predicted,
evolve into the observed broad doublet across the tempera-
ture of �70 K on cooling.

The window condition, which has to be fulfilled for the
propagation of second sound, is given in the form57

�R
−1 � �SS � �N

−1, �17�

where �R and �N are the mean free time for the resistive
�Umklapp plus impurity� and the Normal scattering of
phonons, respectively. Hehlen et al.9 have discussed the pos-
sibility of second sound for this doublet, but they have re-
ported that they could not estimate �R due to the lack of the
thermal diffusivity data for an oriented SrTiO3 in the low-T
tetragonal phase. However, the effective phonon collision
process contributing thermal diffusion is considered to be the
resistive process,23 and therefore our ISTS results now en-
able us to directly estimate �R from Eqs. �5� and �14�. Equa-
tion �17� can be alternatively written in terms of the phonon
Knudsen number as follows:

qlN � 1 � qlR, �18�

where lN= v̄�N and lR= v̄�R are the MFP for the normal and
resistive scattering processes, respectively. Here we have as-
sumed that vSS��1/�3�vLA� v̄, where vSS is the second
sound velocity, and this is a reasonably good approximation

FIG. 13. �Color online� The least-squares fit
of common logarithm of Eq. �16� to that of the
measured I �solid line�. The ordinate axis mea-
sures the common logarithm of I. The dashed

line is the linear function �1/3�ql̄, which is ex-
pected from heat transport theory.
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for most solids.57 Equation �18� can be interpreted that col-
lisionless and hydrodynamic regimes are necessary for resis-
tive and normal phonons, respectively.

For the temperature of 15 K in SrTiO3, we obtain a value
of MFP as lR�1.4�10−7 m from the measured �I using
Eqs. �5� and �14� with v̄=5500 m/s. With the value of the
wave-vector transfer employed in the backscattering experi-
ment, q=6.0�107 m−1, we see that qlR=8.4, which is larger
than unity, but not too large as in the case of other materials:
in rutile, for example, qlR�ql̄ at 20 K is as large as 80.
Although accurate estimation for lN is not available, it is
predicted52 that lN can be exceptionally shorter than lR in
quantum paraelectrics such as SrTiO3 and KTaO3 due to
additional collisions between the soft transverse optic
phonons and the acoustic phonons, both of which are long-
wave �zone center� phonons and can conserve the quasimo-
mentum. If we assume that �N��1/10��R,64 qlN can be esti-
mated to be approximately 0.8, indicating that the window of
Eqs. �17� and �18� is slightly open for the backscattering
experiment. If we adopt a shorter �N or lN, the window could
be more widely open. The “resistive” phonon Knudsen num-
ber qlR in SrTiO3 ranges from 1 to 33 with decreasing tem-
perature from 50 K down to 5 K. If lN is actually shorter
than lR to a certain degree, this is consistent with the emer-
gence of the broad doublet shown in Fig. 9. Furthermore, our
recent analysis in terms of extended thermodynamics61,65

suggests that even when lN is comparable to lR and even
when qlN�1, QELS I may change into a doublet spectrum,
which can be considered as light scattering by a rather dilute
�and overdamped� phonon population similar to second
sound.66 Since the second-sound window is closed in this
case, the second sound is not considered to propagate as a
well-defined wave. This excitation may, however, still give
rise to a spectral doublet instead of a QELS. In such a con-
dition, since both resistive and normal phonons are viewed
as in collisionless regime, the scattering of light might be
better modeled rather by light scattering due to two-phonon
difference processes from a single phonon branch13,15,55 than
by light scattering by second sound.

Recent reports55,67 do not support the second sound sce-
nario, but they have not completely ruled out its possibility.
Furthermore, it seems that they have neither referred to the
existence of the EFLS nor have they pointed out the disap-
pearance of the EFLS. With the available data, however, it is
hard to decompose the present spectra in SrTiO3 at low tem-
peratures into QELS I, QELS II, and broad doublet for a few
reasons. First, �II at low temperatures below 70 K is as nar-
row as Dthq

2. Second, the spectral tails of the doublet almost
overlap that of the QELS II. It is not expected that ISTS in
SrTiO3 could detect second sound because the window �18�
is located in a range far above unity for a small value of q
employed in the ISTS, viz., 1�qlN ,qlR. A light scattering
experiment with as small scattering angle as ��30� may
help separate the spectra of the QELS I and the doublet from
the QELS II because changing � does not bring about sig-
nificant effects on QELS II while it does on QELS I and on
the doublet.9

VI. SUMMARY

We observed the QELS in the crystals of TiO2 �rutile�,
ZnSe, silicon, and SrTiO3. While the QELS II does extend

far out to the Brillouin peaks, we have shown that the QELS
I never broadens to beyond the Brillouin peaks. By using the
backscattering and the ISTS apparatus, we measured the
temperature and wave-vector dependences of �I. We have
confirmed that the QELS I can be regarded as EFLS and �I
exhibits the well-known q2 dependence in the hydrodynamic
phonon regime, i.e., for ql̄�1. Although the model of two
phonon difference scattering from a single phonon branch
has given a linear-in-q dependence for �I in the collisionless
phonon regime,15 the consistency with the thermodynamic q2

dependence in the hydrodynamic phonon regime had not
been discussed. However, we have experimentally confirmed
for the first time to the best of our knowledge that the q2

dependence of �I gradually changes into a q1 dependence
with increasing phonon Knudsen number toward collision-

less phonon regime ql̄�1. We have found that the limiting
linewidth of the QELS I in the collisionless phonon regime is
likely to lie around �0.2�̄B. It is worth noting that in SrTiO3
�I has been found to be always proportional to q2, which
clearly indicates that there are actually many phonon colli-
sions even at as low temperatures as 40 K in this material.
This is an interesting result with regard to the possible exis-
tence of second sound in quantum paraelectrics such as
SrTiO3 and with regard to the observed broad doublet
spectrum,9,52 on which we have given a brief discussion in
terms of phonon Knudsen number. It is also interesting to
point out that �I measured in the ISTS also tends to be pro-
portional to q at the lowest temperatures in the ISTS, as has
been discussed in Sec. V B. The mechanisms of forming the
transient grating and of the diffraction of probe light should

be accordingly reconsidered for the case when l̄ approaches
the pitch of the transient grating because conventional ISTS
theories have implicitly assumed only local thermal
equilibrium.20,21

We have also performed least-squares fit of an empirical
function to the measured values of I. The fitting result
agrees quite well with the predictions by the heat transport
theory and the two-phonon difference scattering theory in the
hydrodynamic and collisionless limits, respectively. The re-
sult has also allowed us, for the first time to our knowledge,
to estimate that QELS I should have a width slightly larger
than ��1/10��̄B in the intermediate phonon regime, where

ql̄�1.
Further experimental and theoretical studies are necessary

to find a rigorous function for �I against arbitrary phonon
Knudsen number. This has to be done by extending both
macroscopic and microscopic theories: from our ongoing
analyses, we feel that the macroscopic extension in terms of
extended thermodynamics61,65 seems to be able to bridge the
two limiting phonon regimes. Also further studies are needed
to understand the ISTS at low temperatures. The QELS II
must be investigated in further detail in connection with the
QELS I because the two-component QELS due to phonon-
density fluctuations is seemingly universal in dielectric crys-
tals.
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