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We present first-principles density functional theory calculations of the diffusion activation energies of Mg,
Si, and the 3d transition metals Sc–Zn in Al. In general, the calculated activation energies are underestimated
with respect to experiments by 5–25%. The trend seen in experiments, namely, that impurities around Ti, V,
and Cr have high diffusion activation energies leading to “anomalously” slow diffusion, is well reproduced in
the present calculations. We provide an explanation in terms of electrostatic screening effects.
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I. INTRODUCTION

Atomic diffusion governs the rate of evolution toward
metastable and stable phases in alloys. Impurity diffusion,
representing the low-concentration limit of general inter-
atomic diffusion, is of special theoretical and practical
importance.1,2 In order to model chemical diffusion on an
atomic level, this limiting case is important to understand.

First-principles density functional theory �DFT� calcula-
tions may provide detailed information about the mecha-
nisms and energetics of diffusion. Such calculations have
been applied to study self-diffusion,3 hydrogen diffusion,4

and substitutional impurity diffusion5 in metals. However, to
connect experimentally measured diffusion parameters �pref-
actors and activation energies� to calculated parameters is not
straightforward. Provided that the diffusion mechanisms are
known, one has to account for quantum effects at tempera-
tures below the Debye temperature, and anharmonic lattice
vibrations at high temperatures. This, together with often
substantial uncertainties in the measured diffusion data them-
selves, makes it difficult to judge the accuracy and useful-
ness of theoretical predictions.

In this paper, we present extensive first-principles DFT
calculations of the diffusion activation energies �in short, dif-
fusion energies� of Mg, Si, and the 3d transition metals
�TM’s� in Al. Our motivation for choosing these host and
impurity systems is twofold. First, Al is a model material in
solid-state physics and materials science. Well-established
diffusion parameters exist for most impurities in this study;
see a recent compilation in Ref. 6. Second, most of the im-
purities considered here are important alloying elements in
commercial Al alloys, often in low concentrations. There-
fore, their diffusion rates are of direct importance in the
modeling of nucleation and growth processes in these mate-
rials.

The paper is organized as follows. The theory underlying
the present calculations is summarized in Sec. II. In Sec. III,
we first detail the calculations of the microscopic diffusion
energies without spin polarization. Then, in separate calcula-
tions, the effects of spin polarization and of correlation in the
atomic migration jumps are taken into account. In Sec. IV,
the results are compared with available experimental data,
and finally we discuss the trend in the diffusion energies over
the TM series and compare to that in a recent similar study of
TM impurity diffusion in Ni.5 Conclusions are drawn in
Sec. V.

II. CALCULATIONAL DETAILS

For vacancy-mediated diffusion, the diffusion rate D at
temperature T is given by1

D = D0f exp�− �HIV + HI
m�/kBT� �1�

where D0 is a prefactor with dimension length2 per unit time,
f is the correlation factor �see below�, and kB is the Boltz-
mann constant. HIV denotes the energy of forming a vacancy
next to an impurity �the vacancy formation energy minus the
impurity-vacancy binding energy� and HI

m is the impurity
migration energy.

In the classical approximation, and assuming harmonic
lattice vibrations, HIV may be calculated from

HIV = EIV
tot�AlN−2,I,V� − EI

tot�AlN−1,I� +
1

N
EB

tot�AlN� �2�

where N is the number of lattice points �LP’s�, and EIV
tot

�AlN−2 , I ,V�, EI
tot �AlN−1 , I� and EB

tot �AlN� are the total ener-
gies of the fully relaxed impurity-vacancy �Fig. 1�a��, impu-
rity, and bulk systems, respectively. The structural relaxation
includes the volume and shape of the supercell.

The impurity migration energy is similarly given by

HI
m = ETS

tot�AlN−2,I,V� − EIV
tot�AlN−2,I,V� �3�

where ETS
tot �AlN−2 , I ,V� is the energy of the unstable transi-

tion state �TS� in Fig. 1�b�. Again, all coordinates �except the
unstable reaction coordinate� are fully relaxed. This gives for
the “microscopic” diffusion energy HD�HIV+HI

m

FIG. 1. A �111� plane of atoms illustrating atomic migration
steps relevant for impurity diffusion in fcc crystals. �a� Impurity
migration is denoted m, impurity-vacancy reorientation is denoted
r, and impurity-vacancy dissociation is denoted d. �b� The transition
state of the impurity migration process.
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HD = ETS
tot�AlN−2,I,V� − EI

tot�AlN−1,I� +
1

N
EB

tot�AlN� . �4�

It is seen that the impurity-vacancy state is an intermediate
step whose energy cancels in the calculation of the total dif-
fusion energy.

We have calculated HIV and HI
m using the DFT method as

implemented in the program VASP.7 It uses plane waves and
pseudopotentials to describe the electronic structure of the
system. Both the local density approximation �LDA� and the
generalized gradient approximation �GGA� by Perdew and
Wang8 were used to account for the exchange-correlation
energy.

Most calculations were done using a 5�5�5 k-point
mesh in a 64 LP supercell. Inspection of Table I reveals that
this choice of k-point mesh seems to systematically underes-
timate the diffusion energy. Due to limited computer re-
sources, we have retained the 5�5�5 grid, keeping in mind
that a 0.05–0.15 eV shift up in HD is expected.

III. RESULTS

Figure 2 shows the resulting HIV and HD for Si, Mg, and
Sc–Zn in Al using nonmagnetic calculations and ultrasoft
pseudopotentials.9 It is seen that the GGA underestimates
HIV and HD with respect to the LDA values. This is related to
electronic edge effects and may in principle be compensated
for.3,10,11

The effect of spin polarization of the TM impurities Ti–Ni
needs extra consideration. It was calculated separately using

the “projector augmented wave” pseudopotentials.12 Using a
2�2�2 k-point mesh, 108 LP systems were relaxed in non
magnetic calculations. Then, spin-polarized calculations
were carried out for volumes of the corresponding nonmag-
netic systems �thus neglecting the “magnetic stress”�. It is
seen in Fig. 3 that spin polarization decreases the diffusion
energy for the impurities Cr, Mn, and Fe. Calculations have
revealed a similar effect for the activation energies of the 3d
TM’s in Ni.5

The development of spin-polarized solutions was very
sensitive, e.g., to the initial atomic structure. In general, the
spin polarization disappeared if the four nearest-neighbor Al
atoms were too close to the TM impurity in the TS. We
therefore expanded the lattice slightly before the relaxation.
In Co for example, a spin moment was initially present, but
was out-balanced by the ionic relaxation, which lowered the
elastic energy of the system.

The magnetic moment of TM impurities in Al bulk and
clusters has been extensively studied both experimentally
and theoretically �see Refs. 13 and 14 and references
therein�. It depends sensitively both on the local structure
�the distance from the impurity to the nearest-neighbor Al
atoms� and on the total volume. The present calculations
show that one may expect this effect to be even more pro-
nounced for the TM impurity at the transition state. We
therefore regard this as a suitable area for future, more sys-
tematic studies.

Next, we consider the correlation factor f in Eq. �1�. Its
effect on the effective macroscopic diffusion energy, as it is
measured in tracer diffusion experiments, is seen by differ-
entiating Eq. �1�,

In order to calculate f , as a function of temperature, we make
use of the five-frequency model.2 It neglects impurity-
vacancy interactions beyond first nearest neighbors, an as-
sumption that may be questionable in Al.15 However, we
have retained this first level of approximation. The correla-
tion factor is then given by �for a fcc lattice�

f =
�r + �dF��a/�0�/2

�m + �r + �dF��a/�0�/2
�6�

where �r, �d, and �m are jump frequencies of the reorienta-
tion, dissociation, and migration steps indicated in Fig. 1. �0
is the host atom migration frequency and F is a function of
�a /�0 where �a is the association step. We used F�1�
=5.15.2 We calculated all relevant jump frequencies �

TABLE I. Convergence of impurity diffusion energies with re-
spect to k-point density and supercell size. The energies �in eV�
refer to GGA calculations.

N=64
4�4�4

N=64
5�5�5

N=64
6�6�6

N=125
4�4�4

Cr 2.42 2.35 2.37 2.40

Cu 1.02 0.95 0.99 1.03

Al 1.04 0.91

FIG. 2. Calculated microscopic impurity diffusion energies HD.
The impurity-vacancy formation energy is also shown. Horizontal
lines show the Al vacancy formation �lower lines� and self-diffusion
�upper lines� energies, calulated using the GGA �solid� or LDA
�dashed� exchange-correlation approximations.

FIG. 3. The energy difference between spin-polarized and non-
spin-polarized calculations of the impurity and transition states,
respectively.
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=�0 exp�−H /kBT� as follows. The atom migration energies H
were calculated in 32 lattice-point cells using 4�4�4 k
points.16 The corresponding attempt frequencies �0 were es-
timated using the commonly occurring linear relation be-
tween activation energies H and the logarithm of the micro-
scopic prefactor, ln �0=a+bH. Based on calculated point-
defect migration parameters in Al we used b=4.89 eV−1.11 It
is interesting to note that the corresponding empirical con-
stant for impurity diffusion in Al is b=6.22 eV−1.6

For the TMs, where HI
m is large compared with the disso-

ciation step, f �1 because it is more likely that a migration
step is followed by dissociation than by a new migration
step. In this case, the next migration step requires binding to
a new vacancy, and it will be uncorrelated with the previous
jump. This means that d ln f /d�1/kBT��0. In the case of Mg
and Zn, there is a transition from correlated to more uncor-
related impurity jumps over the temperature interval of inter-
est leading to a finite d ln f /d�1/kBT� �see Fig. 4�.

Adding up the diffusion energies in Fig. 2 and the correc-
tions due to spin polarization and correlation effects, we ob-
tain the total effective diffusion energies HD,calc. They are
plotted in Fig. 5 together with the available experimental
data. It is seen that the general feature, namely, the increased
diffusion energies around Ti, V, and Cr, is well reproduced in
our calculations. This is largely due to a corresponding
strong variation in the impurity migration energies HI

m. The
variation in the impurity-vacancy formation energy is
smaller by a factor of 4–5. Therefore, the explanation for the
anomalously slow diffusion of Ti–Fe should be sought not in
the impurity-vacancy formation energy but in the impurity
migration energy.

IV. DISCUSSION

Among the experimental impurity diffusion activation en-
ergies in Fig. 5, we regard Cr, Mn, Fe, Co, Cu, Zn, Mg, and
Si to be more accurate than the others �see Refs. 6 and 18�.
With the exception of Co and Fe, they are 5–25% higher in
energy than the calculated energies. It is known from simu-
lations, in the case of Cu and Al, that anharmonic lattice
vibrations lead to an increase in defect formation and migra-
tion energies.3,11,19 In the case of Al, the increase in HD is
about 10–15%. We find it plausible that a similar increase in
the effective diffusion energies is present in the case of im-
purity diffusion in Al. However, to actually calculate this
effect is difficult, since it stems from explicit anharmonic
terms.20 Such a calculation therefore requires the use of
model potentials for each host-impurity system in question.

The situation with Co is reversed; the diffusion activation
energy is overestimated by 15% compared with the experi-
mental value. From different sets of experiments18 we esti-
mate HD,exp to 1.80±0.1 eV, i.e., clearly below our calcu-
lated energy. Considering the trends in Fig. 5, one may
suspect that there is a lowering of the Co diffusion energy
due to spin polarization at the TS, but in our calculations we
have not been able to find such a solution.

In a recent paper, Janotti et al.5 present first-principles
calculations of TM impurity diffusion energies in Ni. They
find an inverse relation between the atomic radius and the
diffusion energy, i.e., larger atoms diffuse faster than smaller
atoms, and argue that this should hold also for impurity dif-
fusion in other metals. The case of 3d impurity diffusion is
complicated by the effect of magnetism, but it is still instruc-
tive to contrast the present study with that of Janotti et al.
Among the 3d transition metals, Mn, Fe, Co, and Ni have the
smallest radii, while the slowest diffusers �with the highest
activation energies� in Al are Ti, V, and Cr as seen in Fig. 5.
The reason for this difference is most likely that Al, unlike
Ni, is a free-electron-like metal. For such hosts, the electro-
static interaction between an impurity atom and a vacancy,
acting effectively as a positive point charge, has been related
to HD in the so-called half-vacancy model.2 Our preliminary
calculations show that this model is of limited value in ex-
plaining the trends in Al. However, we note the striking simi-
larity between the variations in the residual resistivity and
the diffusion energies, as a function of valence �see Fig. 6�.
The residual resistivity is in turn related to the scattering of

FIG. 4. The effective energy barrier −d ln f /d�1/kBT� for Mg
and Zn �see Eq. �5��. The results were obtained by numerical dif-
ferentiation of Eq. �6�.

FIG. 5. Calculated macroscopic diffusion energies compared to
experimental energies �from Refs. 1, 6, and 17�.

FIG. 6. The nonmagnetic diffusion energies from Fig. 2
�squares� and the residual resistivity per unit concentration of im-
purities in Al �circles�, �Ref. 23� taken from Ref. 24.
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electrons by a screened impurity ion.2,21 This nontrivial cor-
relation therefore indicates two things. One is that electro-
static effects play a major role for the diffusion energies in
Al. The other is that the diffusion energy depends on the
impurity state itself because the efficiency of electron scat-
tering on impurities, generally in the absence of vacancies, is
correlated with the activation energy of vacancy-assisted dif-
fusion.

Further insight can be gained by considering the chemical
energy �Echem, defined here as the energy of the relaxed
host+impurity system �EI

tot� minus the sum of the energies of
the host matrix only �at the same ionic positions�, and the
impurity atom. Table II shows �Echem for the impurity state
and the transition state for Sc, Cr, Fe, and Zn. There is a
large lowering in energy due to the promotion of the valence
electrons to the conduction band �compare, e.g., to total en-
ergies calculated in Ref. 22�. This leaves the impurity ion as
an effective point charge. Further energy lowering is there-
fore possible through screening of the impurity. This mecha-
nism is less effective in the TS, because the ion is partly
surrounded by electronic voids. Therefore

�ED,chem � �ETS
chem − �EI

chem �7�

becomes large and positive for TM’s in the middle, with a
shift to the left, in the 3d series.

We also calculated the corresponding strain energy asso-
ciated with the impurity and transition states as the total
energy of the Al matrix without the impurity, relative to the
unstrained corresponding systems. The variation in

�ED,str � �ETS
str − �EI

str �8�

is much smaller than the variation in �ED,chem, showing that
chemical effects rather than strain effects explain the trend in
Fig. 2.

V. CONCLUSIONS

In conclusion, we have presented extensive calculations
of impurity diffusion activation energies in Al. The large
activation energies for the impurities around Ti, V, and Cr are
a consequence of large impurity migration energies for these
elements. We relate this to reduced screening of the impurity
at the transition state. Spin polarization decreases HD for Cr
and Mn substantially �−0.75 eV for Mn�. The agreement be-
tween the present calculations and measured activation ener-
gies in the literature is generally good. The systematic devia-
tion, with HD,expt /HD,calc typically within 1.1–1.2, may at
least partly be due to the neglect of anharmonic lattice vibra-
tions in our calculations.
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