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An analysis of the pure dephasing of a single quantum dot embedded in a half-space or a free-standing slab
due to the interaction of the carriers with confined acoustic phonons is presented. We discuss the time depen-
dence of the polarization and the relative volume change based on exact expressions which hold for ultrafast
excitation. We find that the proximity of the quantum dot to a surface leaves distinct traces in the polarization
and in the case of the half-space leads to an additional decay. In the case of the slab the polarization shows a
pronounced periodic structure depending on the width of the slab.
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I. INTRODUCTION

In the past years semiconductor quantum dots �QDs� have
become the basis for several optoelectronic applications, like
lasers1 or single photon sources2 and they are discussed as
building blocks for quantum information devices.3 In most
modern frabrication techniques the QDs are grown within
layered structures and are usually located near interfaces or
surfaces. In order to obtain a thorough understanding of the
optical properties of QDs it is therefore of great interest to
study how they are influenced by the proximity to a surface.

One of the properties that is expected to differ signifi-
cantly from the behavior far away from surfaces is the
carrier-phonon interaction, since the phonon modes in con-
fined structures are quite unlike those in an infinite bulk. The
reason for this is the reflection of phonons at the surfaces
which features a partial mode conversion between longitudi-
nal and transverse phonons as well as the existence of sur-
face phonons.

Based on the classical treatment of confined acoustic
waves4,5 the quantum mechanical study of confined phonon
modes has become well established.6 With the growing tech-
nological importance of semiconductor heterostructures this
field has been extended to focus on the implications these
phonons have for the description of quantum wells, wires
and dots.7–11 In the past the influence of confined optical
phonons has been studied intensely,12–16 because optical
phonons often provide a dominant channel for energy relax-
ation of electrons in low dimensional structures. But also the
interest in acoustic phonons has grown. While some of these
studies have investigated the acoustic phonon modes in half-
space geometries,17,18 others have concentrated on so called
free-standing structures surrounded by vacuum19–25 or nano-
structures embedded in another material.25 Today, such free-
standing structures are far from presenting only a theoretical
model, but can be manufactured and characterized26,27 and
they are promising candidates for nanoelectromechanical ap-
plications.

Most works restricted themselves to a semiclassical de-
scription of the carrier-confined phonon interaction, i.e., the
calculation of scattering rates from Fermi’s golden rule.

However, it has been shown28–30 that in particular in QD
structures at low temperatures and for small dot sizes the
carrier dynamics and phonon dynamics are mainly governed
by processes which cannot be described within a Markov
approximation and therefore require a full quantum kinetic
approach. These processes, often referred to as pure dephas-
ing, will be studied in this paper.

We will concentrate on the influence of confined phonon
modes on the decay of the optical polarization of a QD em-
bedded in a half-space or a free-standing slab after the exci-
tation with a short laser pulse. The excitation of a QD with
an ultrashort laser pulse leads to the buildup of a phonon
occupation within the QD. Part of this occupation remains
within the QD and forms a stable polaron, while the other
part carries away the surplus energy in form of a phonon
wave packet traveling outward with sound velocity.31 This
wave packet is responsible for the irreversible decay of the
polarization. In the presence of a surface it is to be expected
that it is reflected and reenters the QD. In this paper we want
to study, how the coherence of the quantum dot system is
influenced by this reencounter of the phonon wave packet.
Since for many materials such as GaAs typically the main
contribution to the carrier-phonon interaction in a QD is
given by the coupling via deformation potential to acoustic
phonons we will restrict ourselves to this interaction mecha-
nism. Other coupling mechanisms like the coupling to piezo-
electric and polar optical coupling may become relevant in
strongly polar materials such as GaN �Ref. 32� and are
straight forward to include when needed.

The paper is organized as follows. In Sec. II we present
the theory necessary for our study. First, we briefly discuss
the general theoretical description of phonons in confined
structures. In the Secs. II A and II B we specialize the dis-
cussion to phonon modes in a half-space and a slab. A short
section on the pure dephasing in QDs �Sec. II C� completes
the theoretical part. We then discuss the results of numerical
simulations in Sec. III, first for the half-space and then for
the slab and end with our conclusions in Sec. IV. The Ap-
pendix shows the detailed expressions for the electron-
phonon coupling matrix elements of the various phonon
modes.
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II. THEORY

Phonon modes in confined structures differ strongly from
those in an infinite bulk system. In confined structures lon-
gitudinal and transverse phonons are coupled via the bound-
ary conditions even in isotropic media unlike in the case of
electromagnetic waves.5 When acoustic phonons impinge on
a surface, there is in general a partial conversion between
longitudinal and transverse phonons. This leads to phonon
modes, which cannot strictly be classified as longitudinal or
transverse.

Another effect that must be accounted for when surfaces
are involved is the existence of so-called surface phonons.
Unlike for the bulklike modes the displacement field associ-
ated with surface phonons is concentrated in the close prox-
imity of the surface. The amplitude decreases exponentially
with increasing distance from the surface. The bulklike
modes therefore present standing waves in the direction of
confinement, while the surface modes are evanescent. Bulk-
like and surface modes do, however, still not form a com-
plete set of eigenmodes of the lattice. Rather, a third type of
modes must be taken into account which we will denote as
mixed modes, because they show the typical behavior of sur-
face modes in their longitudinal component and the behavior
of bulklike modes in their transverse component.

The starting point for the derivation of phonon modes is
the wave equation for the displacement field which, for free-
standing interfaces, has to be complemented by the boundary
condition of a stress-free surface.33,34 This yields a set of
modes which are characterized by a complete set of quantum
numbers �. The quantum numbers chosen here are �
= �q� ,ql ,m�, where m stands for the different phonon types
described in detail in the following, q� is the wave vector in
the plane parallel to the surface, and ql is the z component of
the wave vector of the longitudinal part of the mode. The
quantization of the complete elastic displacement field u�r , t�
is then given by

u�r,t� = �
�

� �

2���

b�

1

2�
eiq�r�u��z� + h.c., �1�

where h.c. denotes the hermitian conjugate, u��z� is the dis-
placement mode function and b��b�

†� stands for the destruc-
tion �creation� operator for a phonon of the mode �. The sum
in the above expression is of symbolic nature, it stands for a
summation over the discrete modes and an integration over
the continuous modes.

The different phonon types can be classified in terms of
their dispersion ��. However, it is sometimes more instruc-
tive to do so with regard to their surface velocity cs=�� /q�.
The surface modes, which are often called Rayleigh waves,
have surface velocities smaller than the transverse sound ve-
locity ct. The bulklike modes are characterized by surface
velocities larger than the longitudinal sound velocity cl,
while the modes with a mixed surface and bulklike character
have surface velocities in the range ct�cs�cl. For the
purely transverse modes the surface velocities are larger than
the transverse sound velocity: cs�ct.

For the deformation potential coupling of carriers and
phonons the interaction is mediated by a potential, which is

proportional to the relative volume change �V /V associated
with longitudinal phonons. This interaction potential vc-ph
can be expressed as35

vc-ph�r� = Dc�V

V
= Dcdiv u�r,t� , �2�

where Dc stands for the deformation potential of the conduc-
tion �c=e� or the valence �c=h� band. The carrier-phonon
Hamiltonian in second quantization can then be expressed in
terms of the phonon displacement field and the field opera-
tors for the carriers 	 and 	†

Hc-ph =� d3r	†�r�vc-ph�r�	�r� . �3�

In this paper we model the QD as a two level system with an
upper level for the electron and a lower level for the hole.
For small QDs, in which further levels are energetically far
away, this is a good approximation. The field operator can
then be written as

	�r� = 
e�r�c + 
h�r�d†, �4�

where c† and c �d† and d� represent the creation and destruc-
tion operators for an electron �hole� in the lowest �upper-
most� conduction- �valence-� band state and 
e�r��
h�r�� is
the electron �hole� wave function. Since the interband cou-
pling due to phonons is negligible, one obtains the following
expression for the interaction Hamiltonian

Hc-ph = ��
�

�g�
eb�c

†c − g�
hb�d

†d + h.c.� . �5�

The electron �hole-� phonon coupling matrix element is rep-
resented by g�

e�g�
h�. The form of the coupling matrix element

depends strongly on the confined phonon mode involved as
will be discussed in the following sections and in the Appen-
dix. In any case the coupling matrix element always factor-
izes into two parts

g�
c = G�

cF�
c �6�

with c� 	e ,h
. The first part G�
c stands for the coupling ma-

trix elements of bulklike electron and hole states. In the sec-
ond part, the form factor F�

c, the confined carrier wave func-
tions enter and it therefore accounts for the carrier
confinement. For a QD in an infinite system these functions
read

G�
c = Dc� 1

2�����2��3q �7�

and

F�
c =� �
c�r��2eiqrd3r �8�

with q= �q� and 
c�r� is the carrier wave function. In the
cases of a half-space and a slab, which are the subject of the
present paper, both functions will be modified. The explicit
expressions for the various modes will be given in the Ap-
pendix.
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A. Phonons in a half-space

The phonon modes in a half-space have been previously
analyzed in Ref. 6, where also a proof for their orthonormal-
ity and completeness is given. Here, however, unlike in Ref.
6 we choose ql as the second quantum number for all modes
involving a longitudinal component, since this component
couples to the carrier system. In addition this is the natural
quantum number for unconfined longitudinal phonons. Thus
our results can be more readily compared with those ob-
tained in an infinite bulk system. Our modes are therefore
orthonormalized with respect to ql, so that the normalization
constants are different from those in Ref. 6. In a half-space
there are purely transverse phonons and others, which are a
mixture of transverse and longitudinal ones. Since for the
following analysis of the carrier-phonon coupling via defor-
mation potential the purely transverse modes are of no im-
portance, they will not be considered here.

The two orthogonal modes with cs�cl are denoted by
different names in the literature. In seismography they are
usually called the mixed P-SV modes. Following the nomen-
clature of the phonon modes in a slab, we will refer to them
as the dilatational and the flexural modes. These names be-
come clearer if first taking a look at the slab case. In the slab
the dilatational modes displace the two surfaces with a phase
shift of � causing contractions and expansions of the slab
width. For the flexural modes the surfaces are displaced in
phase, so that the wave bends the slab without changing its
width. In the case of the flexural modes of the half-space the
divergence of the displacement field, which describes the
relative volume change, vanishes at the surface, i.e., at z=0.
The dispersion relation for these modes is given by

�q�,ql,dil
2 = �q�,ql,flex

2 = cl
2�q�

2 + ql
2� = ct

2�q�
2 + qt

2� , �9�

where qt is the z component of the wave vector of the trans-
verse part of the mode.

For the mixed modes with cl�cs�ct the dispersion rela-
tion reads �q�,ql,mix

2 =cl
2�q�

2−ql
2�=ct

2�q�
2+qt

2�. With regard to ql

these modes resemble evanescent surface modes while with
regard to qt they have the properties of standing bulklike
modes.

The surface or Rayleigh modes are the only phonon
modes in the half-space which are discrete with respect to ql.
This means that not all ql are allowed. The possible values
for ql depend on the sound velocities of the material
concerned6 and for GaAs one finds ql=0.81q� and �q�,ql,sur

=cl
2�q�

2−ql
2�=ct

2�q�
2−qt

2�, so that the surface velocity is
smaller than ct.

The deformation potential coupling matrix elements for
these modes are given in Appendix A.

B. Phonons in a slab

Let us now consider the case of a slab with two bound-
aries at z= ±d /2. The phonon modes in such a slab are cal-
culated in Ref. 4, and are also given in Refs. 21 and 33. For
the slab the different phonon modes can be written in a more
compact form than in the half-space if ql and qt are permitted
to be either real or purely imaginary and if the following

three combinations are possible: ql ,qt are both real, ql ,qt are
both purely imaginary, or qt is real and ql purely imaginary.
The relation in Eq. �9� thus describes all three former cases
and can yield modes with surface velocity cs larger than cl,
between cl and ct, and smaller than ct. As in the half-space
the full set of quantum numbers needed to describe the
modes is �= �q� ,ql ,m�. However, unlike in the half-space ql

and qt are now always discrete. For the dilatational modes
the possible values for ql and qt are determined by the equa-
tions

tan qtd/2

tan qld/2
= −

4q�
2qlqt

�q�
2 − qt

2�2 , �10�

while for the flexural modes we have

tan qld/2

tan qtd/2
= −

4q�
2qlqt

�q�
2 − qt

2�2 . �11�

Because of the possible imaginary value of the qz compo-
nents the modes can be written in a very compact form,
which includes the bulklike modes, the surface modes, and
those with mixed character all in two expressions. The cou-
pling matrix elements for the case of slab geometry are given
in Appendix B.

C. Dephasing

In this paper we want to analyze the influence of confined
phonons on the optical properties of a QD. Specifically, we
are interested in the dephasing of the optical polarization
through the interaction of carriers with confined phonons and
the resulting phonon dynamics.

It is known, that for low temperatures and small QDs the
main contribution to the loss of coherence is given by the
process of pure dephasing.28–30 To study the light-induced
dynamics the system described above has to be comple-
mented by the usual dipole coupling to the light field. For the
case of excitation by a �-like laser pulse of arbitrary strength
the polarization can be calculated exactly. It is given by31

P�t� = M0
*�dc = M0

*p�t� = ��t�
iM0

*sin�f�
2

e−i�̄te−i�
�

���2sin���t�

� exp�− �
�

���2�1 − cos���t���1 + 2n��� , �12�

where

n� ª
1

e
���

kBT − 1
�13�

denotes the equilibrium phonon occupation at temperature
T and �ªg� /�� is a dimensionless coupling strength,
where g�ªg�

e−g�
h. The polaron shifted gap energy is given

by �̄ª�−�������2 and f is the pulse area. Note, that this
expression for the polarization is exact with regard to the
carrier-light and carrier-phonon interaction. It should also be
added, that the limit of ultrashort pulses is reached for pulses
which are shorter than the characteristic time scale for
carrier-phonon interaction processes. For typical QDs this is

COUPLED POLARIZATION AND ACOUSTIC-PHONON… PHYSICAL REVIEW B 72, 245336 �2005�

245336-3



fulfilled for pulses shorter than a few hundred
femtoseconds.30

The excitation of a QD with an ultrashort pulse leads to
the creation of phonons. Since for the coupling via deforma-
tion potential only the longitudinal phonons are important, it
is instructive to look at the relative volume change connected
with these phonons.36 The relative volume change is given
by

�V

V
= div u�r,t� =

1

2�
�

�

S�Rql,m
�z��b�e

iq�r� + b�
†e−iq�r�� ,

�14�

with S�=G�
c /Dc and

Rql,m
�z� = �cos qlz , if m = dil

sin qlz , if m = flex

e−qlz, if m = mix or m = sur
� �15�

for the half-space and

Rql,m
�z� = �cos qlz , if m = dil

sin qlz , if m = flex
� �16�

for the slab. With the exact result31,36

�b� = sin2� f

2
��

*�e−i��t − 1� �17�

one then finds for the expectation value

� �V

V
� =

1

�
sin2� f

2
�Re��

�

S�Rql,m
�z��

*�e−i��t − 1�eiq�r�� ,

�18�

where Re	…
 denotes the real part. In Ref. 31 it has been
shown analytically that for acoustic phonons in a bulk sys-
tem this function corresponds to an outgoing spherical wave
packet and a part which remains in the dot region. In the
present case, where the phonon modes are more complicated
this cannot be seen so easily. However, we will see from the
numerical evaluation in Sec. III that also here we have these
two parts.

The relative volume change is a very intuitive variable. It
describes the change of the potential which mediates the
carrier-phonon interaction. However, this change does not
fully represent the variable which couples back to the in-
duced polarization. In particular, the volume change is not
responsible for its dephasing. In the following we will there-
fore introduce a complex volume change. Its real part corre-
sponds to the relative volume change and leads to a fre-
quency shift of the polarization, thus describing the polaron
created by the carrier-phonon interaction. The imaginary part
induces the dephasing.

With the help of the equation for the field-free evolution
that follows the ultrafast laser action the change of the po-
larization can be described by

d

dt
�dc = − i��dc −

i

�
� d3r�De�
e�2 − Dh�
h�2��dc

�V

V
� ,

�19�

with

�dc
�V

V
� =

1

2�
�

�

S�Rql,m
�z���b�dceiq�r� + �b�

†dce−iq�r�� .

�20�

Using again the exact solution for the ultrashort pulse
excitation,31 we obtain

�dc
�V

V
� =

p�t�
2�

�
�

S�Rql,m
�z��− ��ei��t − 1�n�e

−iq�r�

+ �
*�e−i��t − 1��1 + n��eiq�r�� ¬ p�t�y�r,t� .

�21�

It is interesting to see, that now the equation of motion for
the polarization can be written as

d

dt
p�t� = − i�p�t� −

i

�
Y�t�p�t� , �22�

where

Y�t� =� �De�
e�r��2 − Dh�
h�r��2�y�r,t�d3r . �23�

One thus finds for the square modulus of the polarization

d

dt
�p�t��2 =

2

�
Im	Y�t�
�p�t��2. �24�

Im	…
 denoting the imaginary part. Since in this paper we
concentrate on the behavior of the polarization at very low
temperatures, we have in the limiting case T=0 K:

y�r,t�T=0 =
1

2�
�

�

S�Rql,m
�z��

*�e−i��t − 1�eiq�r� . �25�

Obviously except for a constant factor the real part of
y�r , t�T=0 corresponds to the relative volume change dis-
cussed above �see Eq. �18��. However, it is the imaginary
part which is responsible for the dephasing of the polariza-
tion. We will refer to y�r , t�T=0 as the complex volume
change, the real part being the actual relative volume change
and the imaginary part, the imaginary volume change, being
responsible for the dephasing.

III. RESULTS

A. Half-space

In this section we shall discuss the optical polarization of
a QD embedded in a half-space. As in an infinite crystal31 the
excitation with an ultrashort pulse leads to the creation of a
phonon occupation which separates into two parts: An occu-
pation that remains within the QD and forms a stable polaron
and a phonon wave packet, that travels into the surrounding
of the QD. In an infinite crystal, once the phonon wave
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packet has left the QD, the carriers can no longer interact
with it and the polarization, hence, remains at a constant
value. In a half-space, however, the situation is different. The
phonons traveling into the direction of the surface are re-
flected and those with a sufficiently small q� reenter the QD
and allow the carriers to interact with the phonons again. We
will show that this leaves a distinct trace in the polarization.

Let us consider an ellipsoidal QD with a lateral size of
Lx,y =3 nm and a vertical size of Lz=1.5 nm. These sizes
refer to the full width at half maximum of the electron charge
distribution with an assumed Gaussian shape. The optical
polarization for such a QD located at different distances from
the surface is shown in Fig. 1�a�. The solid line depicts the
polarization in an infinite crystal. First, we notice that indeed
for increasing distance from the surface the polarization ap-
proaches the bulk curve. Second, we observe a pronounced
dip at a time which increases with increasing distance from
the surface. This dip occurs roughly at a time t=2l /cl, where
l denotes the distance between the center of the QD and the
surface, and thus corresponds to the time when the reflected
wave packet returns to the dot. In addition, we can see, that
the polarization in the infinite bulk system and those in a
half-space are identical until t� l /cl. At this time the emitted
wave packet reaches the surface. After this a slow decay
begins, which is due to the influence of the surface phonons,
as can be seen from Fig. 1�b� where the same calculations
have been performed, however, with the surface phonons
switched off. Indeed, here the slow decay is absent.

Let us now interpret this behavior with the help of the
complex volume change and concentrate on the QD located
10 nm away from the surface. Shortly after the laser pulse a
relative volume change begins to build up within the QD as
can be seen in Fig. 2�a�, where the real volume change is

plotted as a function of z at different times.38 Part of this
deformation wave travels outward in the form of a stable
wave packet and the part emitted into the direction of the
surface reaches it at t�1.96 ps. Then the wave packet is
reflected with a phase jump and reenters the QD at t
�3.9 ps. It then passes and leaves the QD. The reentrance of
the wave packet into the QD corresponds to the dip seen in
the polarization. The sharp structures in the polarization are
observable exactly as long as the wave packet needs to pass
the QD.

The slow decay in the polarization can be best understood
with the help of the imaginary volume change shown in Fig.
2�b� which is responsible for the dephasing. When compar-
ing the real and the imaginary volume change one sees
clearly, that the imaginary volume change is broader with a
long sloped shape. It is also created within the QD and trav-
els outward, just as it would in an infinite crystal. The wave
packet reaches the surface, is reflected and then travels back
to the QD and through it, keeping this sloped shape.

This behavior is due to the surface phonons and is respon-
sible for the onset of the decay already at approximately t
=2 ps, which is only about half of the time 2l /cl for the
return of the reflected wave packet. The surface phonons
have a displacement which is largest at the surface and de-
creases exponentially with increasing distance to the surface.
If the QD is not too far away from the surface, part of the
lattice displacement caused by the surface phonons extends
into the QD and also allows carriers and phonons to interact.
Since the surface phonons do not present a traveling wave in
the z direction, they are restricted to progressing along the
surface. The wave packet is a superposition of all phonon
modes within the half-space. Therefore even directly after

FIG. 1. Optical polarization induced by an ultrashort laser pulse
at T=4 K. The distance l of the center of the QD from the surface
is varied. The QD has a vertical size of 1.5 nm and a lateral size of
3 nm. �a� with, �b� without surface phonons.

FIG. 2. Complex volume change at different times in the z di-
rection �i.e., at x=y=0� for a QD located at a distance of 10 nm
from the surface �z=0�. �a� Real part, �b� imaginary part. The QD
has a vertical size of 1.5 nm and a lateral size of 3 nm.
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the excitation all these modes including the surface phonons
form the volume change seen in Fig. 2�b�. However, only
after the wave packet reaches the surface does their influence
become visible. At earlier times their effect is compensated
for by superpositions of the propagating modes. If the QD is
located at a greater distance l from the surface the sharp
structure occurs at a later time corresponding to t�2l /cl and
its amplitude is weaker. The weaker amplitude is due to the
fact, that the initially emitted wave packet is spread over a
larger space and therefore only a smaller portion of the total
phonon occupation is reflected into the direction of the QD.
Additionally, the strength of the slow decay is also lessened
by a larger distance from the surface, since the displacement
of the surface phonons and thus their influence on the QD
decreases exponentially with increasing distance. While for a
distance of 5 nm it leads to an additional decay of about
15%, at a distance of 20 nm this is reduced to approximately
3% of the initial polarization.

The influence of the surface phonons not only depends on
the distance of the QD from the surface, but also on its
lateral size as Fig. 3 shows. Here the QD is kept at a 10 nm
distance, but the lateral size is varied. The vertical size re-
mains unchanged and is given by 1.5 nm. The thin solid lines
show the polarization for a QD of the same size but in the
absence of a surface. For all shown QDs the sharp features
occur at the same time, since the QDs size does not change
the distance the wave packet has to travel from and to the
QD. However the strength of the slow decay depends
strongly on the size. For a spherical QD of 1.5 nm the dif-
ference between the polarization without a surface �solid
line� and the polarization with a surface �dashed line� is al-
most undiscernable. At a lateral size of 12 nm, the difference
is quite large and the contribution of the surface phonons is
nearly 40% of the total dephasing. This can be easily under-
stood, since if the QD has a greater lateral size the created
surface phonons have to travel a longer distance in the x , y
plane in order to leave the region where they can influence
the QD.

As a last aspect of a QDs behavior in a half-space we
want to study its absorption spectrum. It is easily calculated
as the imaginary part of the fourier transform of the linear
polarization. Figure 4 shows such spectra for a QD located at

the distances of 5 and 10 nm from the surface. The size of
the dots was chosen as in Fig. 1. Also note, that these spectra
were obtained by first multipling the polarization with a
weak exponential decay e−t with =1/500 1/ps which ac-
counts phenomenologically for the finite width of the zero-
phonon line �ZPL�.

The overall shape of the spectra resembles that of a QD in
an infinite bulk:37 they show a discrete ZPL as well as a
broad acoustic background which is separated from the ZPL
by a dip. Due to the low temperature this background is
highly asymmetric. In addition to this behavior we now also
see pronounced oscillations in the acoustic background,
where the oscillation period and amplitude depends on the
QDs distance from the surface. If this distance increases the
amplitude gets weaker, so that in the limit of an infinite dis-
tance the spectrum is completely smooth. The frequency dif-
ference �� between two neighboring maxima in the spec-
trum is constant and corresponds to the time the wave packet
requires to travel from the QD to the surface and back again.

B. Slab

In this section we shall now study the influence of the
confined phonon modes in a slab on polarization and lattice
displacement. Unlike in the half-space the intially emitted
phonon wave packet now does not only reenter the QD once,
but is reflected from both surfaces of the slab and thus passes
through the QD over and over again, however, with decreas-
ing amplitude.

Let us begin with a QD located in the center of the slab.
In such a scenario the waves reflected from both sides of the

FIG. 3. Optical polarization for QDs of different lateral sizes
located at a distance of 10 nm from the surface. The thin, solid lines
present the polarization for the same dot size but in an infinte bulk.
Vertical size: 1.5 nm.

FIG. 4. Absorption spectra of QDs located at different distances
from the surface, �a� 5 nm, �b� 10 nm. Temperature: T=4 K.L�

=3 nm, Lz=1.5 nm.
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slab always reenter the QD at the same time making the fine
structure of the polarization rather easy to understand.

Figure 5 shows the polarization for a QD in the center of
slabs of 10 and 20 nm width. Note, that here a logarithmical
scale was chosen in order to allow for a better visibility of
the fine structure. First, we will analyze the polarization in
the 20 nm slab. To interpret the results we will simulta-
neously discuss Fig. 6, which shows the relative volume
change for this scenario. For the first few picoseconds the
polarization looks very much like that for a QD in a half-
space with a 10 nm distance to the surface �Fig. 1�. The first
sharp feature which in the plot is marked as A happens, when
the reflected wave packet reenters the QD. As can be clearly

seen in Fig. 6 this begins after a time t�d /cl, where d de-
notes the width of the slab. Since in a slab a wave is reflected
from both sides the amplitude of this oscillation is twice as
large as for the similar situation in the half-space. After an-
other d /cl the wave has been reflected a second time and
reenters the QD again. This point is marked in Fig. 5 as B. It
is tempting to think that the second reentrance of the phonon
wave packet would lead to a second sharp structure resulting
in a further decrease of the polarization. However, we now
find a sharp feature which first increases the polarization and
then decreases it. This behavior can be understood with the
help of Fig. 6. After about 6 ps the wave is reflected a second
time. But since each reflection involves a phase jump, the
phase of the wave is now opposite to the wave after the first
reflection. Therefore, the reentering waves alternatingly lead
to structures with opposite phases. This prevents the polar-
ization from being destroyed step by step as each wave
packet reenters the QD. As can be seen when comparing both
polarizations in Fig. 5, the periodicity of these repeating
structures depends on the slab width. With progressing time,
the amplitude of this large oscillation becomes weaker, so
that the polarization remains at a finite value which after a
long time is asymptotically constant.

Let us return to the case d=20 nm. Until now we have
only accounted for the longitudinal phonons, which are not
converted during the reflection process. However, as dis-
cussed in Sec. II, during each reflection longitudinal waves
are partially converted to transverse waves and �after the first
reflection� vice versa. The transverse waves created in the
first reflection do not cause a relative volume change, but
nevertheless they can be seen in Fig. 6 indirectly. During the
second reflection these transverse phonons are in part recon-
verted into longitudinal phonons, which do cause a relative
volume change. Since the sound velocity of transverse
phonons is smaller than that of longitudinal ones, they reach
the surface later than the longitudinal ones. Therefore, after
the longitudinal phonons have been reflected for a second
time, a second wave packet can be seen in the relative vol-
ume change. It is rather weak, but can be discerned in Fig. 6
at t=8 ps in the dip of the relative volume change close to
the surfaces and again at t=8.5 ps, where it has traveled
approximately 4 nm into the direction of the QD. This packet
reenters the QD after 9.8 ps and is therefore responsible for
the dip marked as C in Fig. 5. In the following reflections
these conversions occur again and again creating more and
more separate wave packets that reach the QD at different
times. Therefore, after C, the fine structure of the polariza-
tion becomes more complicated and after some time the
separate dips are blurred.

Let us now take a look at QDs that are located at different
positions within the slab. Figure 7 shows the polarization for
a QD in a slab of 40 nm width at different positions within
the slab. Here a stands for the QDs displacement from the
center of the slab. One can see clearly, that now the sharp
features occur at quite different times, depending on the dis-
tance which the wave packets have to travel. For the two
QDs in the plot, that are not located in the middle of the slab,
the first reentrance of the phonon wave packets initially emit-
ted into opposite directions does not occur at the same time.
One can now differentiate between two oscillations in the

FIG. 5. Optical polarization after the excitation with an ul-
trashort laser pulse for a QD located in the center of a slab of 20 nm
width �solid line� and in the center of a slab of 10 nm width �dashed
line�. Temperature: T=4 K.L� =3 nm, Lz=1.5 nm.

FIG. 6. Relative �a� and imaginary volume change �b� for a QD
located in a slab of 20 nm width.
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polarization, which both show the characteristics of the first
reenterance �first a dip, then a peak�. With decreasing a these
two oscillations move closer together in time and are united
for the case a=0 nm. However, all wave packets reenter the
QD for a second time after about 15 ps, when they have
passed the slab twice, regardless of their starting point. This
very pronounced oscillation therefore shows the characteris-
tics of the second reenterance �first a peak, then a dip�.

As a last result let us take a look at the absorption spectra
of QDs located in the middle of a slab calculated at a tem-
perature of 4 K. Figure 8 shows spectra for two slab widths:
20 and 40 nm. The corresponding polarizations can be seen
in Figs. 5 and 7.

Again, the overall shape of the spectra resembles those in
an infinite bulk, but is superposed by a complex fine struc-
ture. Especially striking are two strong peaks located at the
same distance to the left and right of the ZPL. These peaks
can be interpreted as van Hove singularities. For a slab with
d=20 nm they are found at energies �0.8 1/ ps from the
ZPL. This corresponds to a minimum in the dispersion rela-
tion �q�,ql,dil for a finite q�, which is therefore connected with
an infinite density of states. Note, that since here the QD is
located in the center of the slab only the phonon frequencies
of the dilatational modes are of importance. For increasing
slab width this minimum in the dispersion relation is found
at lower frequencies, so that these peaks are closer to the
ZPL for the larger slab in Fig. 8�b�. Evidence for this van
Hove singularity has also been found in the study of trans-
port properties of a double quantum dot embedded in a
slab:23,24 the phonon emission rates showed a related effect.
The frequencies of the singularities found in Ref. 23 agree
very well with those presented here.

In addition the spectra show steplike features, which can
be explained with the structure of the dispersion relation. The
phonon frequencies �q�,ql,dil can be regarded as separated into
subbands for the different discrete values of ql. Each step in
the absorption spectrum corresponds to the onset of a phonon
subband.

IV. CONCLUSION

In this paper we have analyzed the optical polarization
induced by an ultrashort laser pulse and the resulting relative
volume change of the surrounding lattice for QDs located in
half-space and free-standing slabs. It was shown that the
proximity of the QD to a surface results in distinct signatures
in the optical polarization which cannot be found in situa-
tions where the QD is located in an infinite bulk. In a half-
space the initially emitted phonon wave packet, when reen-
tering the QD, leads to a sharp feature in the polarization and
the involved surface phonons induce an additional decay.
Depending on the vicinity of the QD to the surface and the
size of the QD parallel to the surface, these surface phonons
can induce an additional decay of up to several tens of per-
cents of the decay in the absence of a surface. In a slab, the
decay is not increased step by step with each reentrance of
the phonons into the QD, as could be expected. Rather, the
phase jump in the reflection of the phonon wave packet leads
to an oscillatory behavior, so that the polarization remains at
a finite value at all times as in the case of dots in an infinite
bulk system. Interestingly, in the case of a slab also the trans-
verse phonons leave a weak but clearly visible trace in the
optical polarization although they do not couple directly to
the electrons and holes. The reason is that they can be cre-
ated by mode conversion during a reflection process and at
the next reflection they can be converted back to longitudinal
waves which again couple to the QD states.

A common feature of both geometries investigated is the
fact that we find structures in the time-dependent polariza-
tion or, equivalently, in the absorption spectra which are di-
rectly related to the time a longitudinal acoustic phonon
needs to travel from the QD to the surface and back to the

FIG. 7. Optical polarization after an excitation with an ultrashort
laser pulse and for a temperature of 4 K for QDs located at different
positions within a slab of 40 nm width.

FIG. 8. Absorption spectra of QDs located in the middle of two
different slabs, �a� d=20 nm, �b� d=40 nm. Temperature: T
=4 K. L� =3 nm, Lz=1.5 nm. The polarizations were multiplied
with an exponential decay with =1/100 1/ps.
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QD. If the distance of the QD from the surface is known, this
is a well known value. Therefore it should be easily possible
to separate the phenomena studied here from other phenom-
ena like, e.g., a partial phonon confinement in the QD or
surface-related features which are not associated with
phonons.
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APPENDIX A: DEFORMATION POTENTIAL COUPLING
IN A HALF-SPACE

1. Dilatational and Flexural Modes

The coupling matrix element for the dilatational modes is
given by

Gq�,ql,dil
c = −

Dc

2�
� 1

2���q�,ql,dil
Ndil2q�

2qt�q�
2 + ql

2� �A1�

with the normalization factor

�Ndil�2 =
ql

2�
�q�

2qt�q�
2 + ql

2��q�
2qtql +

1

4
�q�

2 − qt
2�2��−1

�A2�

and the form factor

Fq�,ql,dil
c = �

HS

�
c�r��2eiq�r�cos qlz d3r . �A3�

Here the integration runs over the complete half-space de-
noted by HS. The coupling matrix element for the flexural
modes is

Gq�,ql,flex
c = −

Dc

2�
� 1

2���q�,ql,flex
Nflex2�q�

2 − qt
2�qt�q�

2 + ql
2�

�A4�

with the normalization factor

�Nflex�2 =
1

2�
�qt

2�q�
2 + ql

2��q�
2qtql +

1

4
�q�

2 − qt
2�2��−1

�A5�

and the form factor

Fq�,ql,flex
c = �

HS

�
c�r��2eiq�r�sin qlz d3r . �A6�

2. Mixed Modes

The coupling matrix element for the mixed modes is
given by

Gq�,ql,mix
c =

Dc

2�
� 1

2���q�,ql,mix
Nmix2q�

2qt�qt
2 − q�

2��ql
2 − q�

2�

�A7�

with the normalization factor

�Nmix�2 =
ql

2�
��q�

2 − ql
2�q�

2qt�4q�
4qt

2ql
2 +

1

4
�qt

2 − q�
2�4��−1

�A8�

and the form factor

Fq�,ql,mix
c = �

HS

�
c�r��2eiq�r�e−qlzd3r . �A9�

3. Rayleigh Modes

The coupling matrix element for the surface modes is
given by

Gq�,ql,sur
c =

Dc

2�
� 1

2���q�,ql,sur
Nsur�q�

2 + qt
2��q�

2 − ql
2�

�A10�

with

�Nsur�2 = � 1

2ql
�q�

2 + qt
2�2�q�

2 + ql
2� + 4

1

2qt
q�

2ql
2�q�

2 + qt
2� − 4�q�

2

+ qt
2�q�

2ql�−1

�A11�

and

Fq�,ql,sur
c = �

HS

�
c�r��2eiq�r�e−qlzd3r . �A12�

APPENDIX B: DEFORMATION POTENTIAL COUPLING
IN A SLAB

In the case of a slab ql and qt can be either both real, both
purely imaginary or qt can be real and ql purely imaginary.

1. Dilatational Modes

The coupling matrix element for the dilatational modes in
slab geometry is given by

Gq�,ql,dil
c =

Dc

2�
� 1

2���q�,ql,dil
Fdil�qt

2 − q�
2��ql

2 + q�
2�sin

dqt

2

�B1�

with the form factor

Fq�,ql,dil
c = �

slab
�
c�r��2eiq�r�cos qlz d3r . �B2�

If ql and qt are both real or both purely imaginary, the nor-
malization factor reads20
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Fdil
−2 =

1

8qlqt
�2dql

3qt
5 + 4dql

3qt
3q�

2 + 2dqlqt
5q�

2 + 10dql
3qtq�

4

− 4dqlqt
3q�

4 + 2dqlqtq�
6 − 8dql

3qtq�
2�qt

2 + q�
2�cos dql

− 2dqlqt�qt
2 − q�

2�2�ql
2 + q�

2�cos dqt + 2qt�− qt
2 + q�

2��ql
2qt

2

+ 7ql
2q�

2 − qt
2q�

2 + q�
4�sin dql + 8ql

3q�
2�qt

2 − q�
2�sin dqt

+ �ql
2qt

5 + 4ql
3qt

2q�
2 + 6ql

2qt
3q�

2 − qt
5q�

2 − 4ql
3q�

4 − 7ql
2qtq�

4

+ 2qt
3q�

4 − qtq�
6�sin d�ql − qt� + �ql

2qt
5 − 4ql

3qt
2q�

2

+ 6ql
2qt

3q�
2 − qt

5q�
2 + 4ql

3q�
4 − 7ql

2qtq�
4 + 2qt

3q�
4

− qtq�
6�sin d�ql + qt�� , �B3�

and if qt is real and ql= ipl is purely imaginary, then we have

Fdil
−2 =

1

4plqt
�− dpl

3qt
5 − 2dpl

3qt
3q�

2 + dplqt
5q�

2 − 5dpl
3qtq�

4

− 2dplqt
3q�

4 + dplqtq�
6 + 4dpl

3qtq�
2�qt

2 + q�
2�cosh dpl

+ dplqt�pl
2 − q�

2��qt
2 − q�

2�2cos dqt + �pl
2qt

5 + 6pl
2qt

3q�
2

+ qt
5q�

2 − 7pl
2qtq�

4 − 2qt
3q�

4 + qtq�
6�sinh dpl + 4pl

3q�
2�− qt

2

+ q�
2�sin dqt − 4pl

3q�
2�q�

2 − qt
2�cosh dplsin dqt + �− pl

2qt
5

− 6pl
2qt

3q�
2 − qt

5q�
2 + 7pl

2qtq�
4 + 2qt

3q�
4

− qtq�
6�sinh dpl cos dqt� . �B4�

2. Flexural Modes

The coupling matrix element involving the flexural modes
is given by

Gq�,ql,flex
c =

Dc

2�
� 1

2���q�,ql,flex
Fflex�qt

2 − q�
2��ql

2 + q�
2�cos

dqt

2

�B5�

with the form factor

Fq�,ql,flex
c = �

slab
�
c�r��2eiq�r�sin qlz d3r . �B6�

If ql and qt are both real or both purely imaginary, the nor-
malization factor for the flexural modes is20

Fflex
−2 =

1

8qlqt
�2dql

3qt
5 + 4dql

3qt
3q�

2 + 2dqlqt
5q�

2 + 10dql
3qtq�

4

− 4dqlqt
3q�

4 + 2dqlqtq�
6 + 8dql

3qtq�
2�qt

2 + q�
2�cos dql

+ 2dqlqt�qt
2 − q�

2�2�ql
2 + q�

2�cos dqt + 2qt�qt
2 − q�

2��ql
2qt

2

+ 7ql
2q�

2 − qt
2q�

2 + q�
4�sin dql + 8ql

3q�
2�− qt

2 + q�
2�sin dqt

+ �ql
2qt

5 + 4ql
3qt

2q�
2 + 6ql

2qt
3q�

2 − qt
5q�

2 − 4ql
3q�

4 − 7ql
2qtq�

4

+ 2qt
3q�

4 − qtq�
6�sin d�ql − qt� + �ql

2qt
5 − 4ql

3qt
2q�

2

+ 6ql
2qt

3q�
2 − qt

5q�
2 + 4ql

3q�
4 − 7ql

2qtq�
4 + 2qt

3q�
4

− qtq�
6�sin d�ql + qt�� �B7�

and if qt is real and ql= ipl is purely imaginary, then we have

Fflex
−2 =

1

4plqt
�dpl

3qt
5 + 2dpl

3qt
3q�

2 − dplqt
5q�

2 + 5dpl
3qtq�

4

+ 2dplqt
3q�

4 − dplqtq�
6 + 4dpl

3qtq�
2�qt

2 + q�
2�cosh dpl

+ dplqt�pl
2 − q�

2��qt
2 − q�

2�2cos dqt + �pl
2qt

5 + 6pl
2qt

3q�
2

+ qt
5q�

2 − 7pl
2qtq�

4 − 2qt
3q�

4 + qtq�
6�sinh dpl + 4pl

3q�
2�q�

2

− qt
2�sin dqt + 4pl

3q�
2�q�

2 − qt
2�cosh dplsin dqt + �pl

2qt
5

+ 6qpl
2qt

3q�
2 + qt

5q�
2 − 7pl

2qtq�
4 − 2qt

3q�
4

+ qtq�
6�sinh dpl cos dqt� . �B8�
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