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We report on a method to calculate the band diagram of quantum wells using a 30-band k·p Hamiltonian.
The subbands are calculated over the entire Brillouin zone. Such an approach is useful not only for a valence
band description but also for a conduction band description when the energy minimum is not located at the
center of the Brillouin zone as is the case for Si, SiGe, and Ge. The method also provides information about
confinement in L or X valleys for III-V heterostructures. Such a formalism is useful for both optical calculation
and for transport modeling. As an illustration, the scattering rates for holes confined in a quantum well are
calculated. The accurate density of states provided by the 30-band k·p method gives access to very different
scattering rates as compared with those obtained following an effective mass approach.
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I. INTRODUCTION

The quality of modulation doped tensilely strained Si
quantum wells �QW� and compressively strained Ge quan-
tum wells both grown on relaxed SiGe virtual substrates has
improved in such a way that high-mobility two-dimensional
�2D� electron and hole gases can be realized. Three-
dimensional �3D� full band transport models exist for SiGe
alloys1 but an effective mass method is often used to model
2D transport in SiGe layers even in the valence band2 al-
though hole QW electronic structures are strongly different
from parabolic bands.3 Scattering rates strongly depend on
subband densities of states which are no more constant if a
full band model is considered.

Several methods give access to the subbands in QW. For
example, Tserbak et al.4 use a tight binding model to obtain
the electronic structure of strained Si/Ge superlattices in the
whole Brillouin zone. The eight-band k·p method is often
used within the envelope function formalism to obtain the
confined levels in the valence band or in the � valley of the
conduction band,5 whereas for indirect band gap semicon-
ductors �Si, SiGe, etc.,�, confined levels in the conduction
band are obtained by the effective mass approach. Moreover,
when carrier heating takes place, the knowledge of the sub-
band bottom is not sufficient. A realistic description of the
E�k� relation in subbands is required. Recently, we have de-
veloped a 30-band k·p method which gives access to the
band structure of Si, Ge, and GaAs on the whole Brillouin
zone with a very good accuracy on the effective masses and
on the Luttinger parameters.6 Band diagrams of bulk and
strained SiGe alloys have also been calculated. The 30-band
k·p method also allows us to calculate evanescent states in
the band gap of zinc-blend-type semiconductors.7,8

The aim of this paper is to present an envelope function
formalism based on this 30-band k·p method which allows
us to calculate the subband structure of both electron and
hole quantum wells even for indirect band gap semiconduc-
tors. This paper is organized as follows: Sec. II presents the
30-band k·p formalism associated with the envelope func-
tion formalism. Section III presents the electron subband
structure and the envelope functions in a strained

Si/Si0.5Ge0.5 quantum well. The results obtained with the
30-band k·p method are compared to those obtained follow-
ing an effective mass approximation. In Sec. IV, the hole
subband structure is calculated in a strained Ge/Si0.5Ge0.5
quantum well. The hole density of states calculated with this
method is very different from the density obtained by an
effective mass approach. This difference has strong conse-
quences on scattering rates used for hole transport which are
presented at the end of this part.

II. THE 30-BAND k·p FORMALISM IN SiGe
HETEROSTRUCTURES

A. The 30-band Hamiltonian

To obtain strained Ge and Si band diagrams, the initial
step is the band-structure calculation of bulk semiconductors
using the k·p theory. For this purpose, we use a 30-band k·p
Hamiltonian Hkp taking into account the spin-orbit coupling.
Hkp was shown to be valid up to 5 eV above and 6 eV under
the top of the valence band all over the Brillouin zone for
both direct and indirect band gap semiconductors.6 The basis
functions are the same Bloch functions as the ones used by
Cardona and Pollak9 to describe Si and Ge band structures
without spin-orbit coupling. We have introduced spin-orbit
interaction for several reasons. It cannot be neglected for Ge
in which the spin-orbit splitting is larger than 20% of the
band gap energy. For Si, even if the spin-orbit splitting may
be neglected to draw the band diagram ��so=44 meV��EG

=1.17 eV�, taking it into account gives access to explicit
expressions of the Luttinger parameters.

To build Si1−xGex band diagrams, most of the k=0 energy
levels and the k·p matrix elements are linear combinations
of the ones of Si and Ge. Only the energy level correspond-
ing to the indirect gap has to follow a parabolic dispersion
relation to obtain the experimental band gap variation as re-
ported by People.10 Unlike Si and Ge, Si1−xGex has no inver-
sion center. This lack of inversion center introduces a new
matrix element coupling the two lower conduction bands and
a new spin-orbit coupling between p-type valence and con-
duction bands. These couplings create a splitting at �100�
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point as shown in Fig. 1 for Si0.5Ge0.5 �Ref. 11�. The valence
band parameters A , B , C obtained in our calculation follow
the same variations as those obtained by Schäffler,12 thus
demonstrating the validity of our calculation.

To solve the electronic Schrödinger equation in strained
Si and Ge on Si1−xGex with a biaxial �001� strain, we use the
total Hamiltonian H=Hkp+Hst where Hst is the strain Bir-
Pikus Hamiltonian. The �001�-biaxial strain has two contri-
butions on the band structure, a hydrostatic stress, which
causes a band gap energy shift, and a uniaxial stress which
produces an additional splitting of the degenerate levels by
lowering the lattice symmetry. Hst is connected to the defor-
mation tensor using three hydrostatic and two uniaxial
potentials.13

Strain has strong consequences on the band diagram par-
ticularly in the valence band. It lifts the degeneracy between
heavy holes �HH� and light holes �LH� at the center of the
Brillouin zone. In compressively strained Ge, LH are low-
ered as compared to HH whereas in tensilely strained Si, HH
are lowered as compared to LH. In the conduction band,
strain splits the four equivalent in-plane valleys �4 and the
two valleys along the growth direction �2. All the L valleys
remain equivalent.

B. The envelope function algorithm

1. Envelope function calculation

We consider a square QW which constitutes a type I het-
erostructure as shown in Fig. 2. The growth direction will be
taken as the z axis. In the A and B layers of the heterostruc-

ture, the wave functions � can be developed on the same
Bloch function basis ul,k0

�r� �Ref. 5�

�B�r� = �B��,z� = �
l

exp�ik����l
�B��z�ul,k0

�r� �1�

in the barrier layer and

�A�r� = �A��,z� = �
l

exp�ik����l
�A��z�ul,k0

�r� �2�

in the well layer, where �l
�A,B��z� is the envelope function. It

is supposed to be continuous between the barrier and the
well, at z=a+A and z=A−a. The quantum well problem was
tackled in the 30�30 k·p model in Ref. 14 with a different
approximation on the Bloch functions. In Ref. 14 the authors
do not take �ul,k0

B �ul,k0

A �=�l,m but use a unitary transformation
which allows one to know one set of functions �ul,k0

B in B�
from the first one �ul,k0

A in A�.
These wave functions still obey the Schrödinger equation

but can no longer be factorized by exp�ikr�, as is usually
done using the “bulk” k·p method which consists of project-
ing the wave function � on the Bloch functions ul�r� at k
=0. Consequently, the kz wave vector is replaced by −i�� /�z�
in the 30-band k·p Hamiltonian. The envelope function ��z�
verifies the following equation:

Hl,m��z� = 	
V�z� +
�2

2m0
�k�

2 −
d2

dz2�
�ul�um� +
�k�

m0
�ul�p��um�

−
i�

m0
�ul�pz�um�

d

dz
���z� = 	��z� , �3�

where Hl,m is the 30-band k·p Hamiltonian element on line l
and column m and p�= �px , py�V�z� corresponds to the energy
shifts added on diagonal terms due to the heterostructure
between the A and B layers. More precisely, Eq. �3� de-
scribes the upper part �above the diagonal� of the matrix we
have used to calculate the eigenenergies. For the lower part
�below the diagonal� we have taken the Hermitic conjugate,
as quoted in Ref. 15. From a numerical viewpoint, once the
upper part is calculated, it is enough to take the complex
conjugate in the lower part to get the whole matrix.

To solve this equation, the envelope function ��z� is cal-
culated on the interval �0, 2A� with a
A, so as to obtain
��0�=��2A�=0. It is projected on a test function basis � j�z�

��z� = �
j

aj� j�z� with � j�0� = � j�2A� = 0.

The aim of the calculation is to obtain the aj coefficients,
eigenvector components of the Hamiltonian developed on a
test function basis � j�z�. The eigenvalues give the energy
levels. To evaluate the envelope function, each element Hl,m
of the 30-band k·p Hamiltonian is written as an auxiliary
square matrix containing N2 elements, where N is the � j�z�
function basis dimension. A 30�N square matrix has to be
diagonalized to obtain the envelope function.

2. Test functions

Choosing test functions depends on the k-space location
where the subbands are calculated. In the � valley, for holes

FIG. 1. Band-structure of bulk Si0.5Ge0.5 calculated with the
30-band k·p method.

FIG. 2. Band edge profile of a type I heterostructure. EG is the
band gap of the barrier and EG-Vc-Vv is the band gap of the well.
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or electrons in direct gap semiconductors, the usual functions
are the following:

��z� = �
j

aj� j�z� = �
j

aj
 1
�A

sin� j�z

2A
�
 . �4�

Around �, this basis gives access to the subbands with N

50 as shown in Ref. 3, but it does not allow us to obtain
the subband elsewhere in the Brillouin zone, for instance in
an L or a � valley. Indeed, in silicon, to access a �2 valley
centered at kez , N has to verify

N�

2A
� kez = 0.85

2�

a0
, i.e., N � 0.85

4A

a0
.

where a0 is the lattice parameter. Considering a 5-nm-wide
QW, with A=30 nm, these test functions give N�180. It
explains why the following test functions are chosen to ob-
tain the subbands in a valley centered at ke= �kex ,key ,kez�:

�n�z� =
exp�ikezz�

�A
sin�n�z

2A
� . �5�

With these test functions, the Hamiltonian term on line j
+N� �l−1� and column g+N� �m−1� is written

�� j�Hl,m��g� = �
0

2A 
 exp�− ikezz�
�A

sin� j�z

2A
�


�Hl,m
 exp�ikezz�
�A

sin�g�z

2A
�
dz . �6�

The subbands of the QW are obtained by diagonalizing this
30N�30N Hamiltonian. To perform this calculation with a
good accuracy �less than 1 meV uncertainty�, N=40 is a
typical value allowing a good compromise between CPU
time and precision. The test function of Eq. �5� allows one to
calculate the subband dispersion relation everywhere in the
Brillouin zone at a fixed kez point. This point often corre-
sponds to a valley point where carriers can be confined, for
example, at a � point in Si or an L point in Ge. The follow-
ing sections present two different examples concerning elec-
trons in the � valley of tensilely strained silicon on
Si0.5Ge0.5, and holes in the � valley of compressively
strained germanium on Si0.5Ge0.5. The same method is used
for both electrons and holes. The only difference is the value
of kez for electrons, kez=0.85�2� /a0� whereas for holes kez

=0.

III. STRAINED Si ON Si0.5Ge0.5 ELECTRONS IN
QUANTUM WELLS

The electron subbands are calculated within the 30-band
method and are compared to those obtained within the effec-

tive mass approximation in a square 5-nm-thick QW. In sili-
con, strain lowers the � valleys in the growth direction �2 as
compared to those in the layer plane �4. Electrons in �4
valley are not confined as shown in Fig. 3. Strained silicon
on Si0.5Ge0.5 creates a type II heterojunction since the holes
are not confined in the silicon layer.

We first recall the effective mass approach. Both well and
barrier materials have a � valley. The corresponding effec-
tive masses calculated from the band diagrams obtained
within the 30-band k·p method are recalled in Table I. The
BenDaniel-Duke Hamiltonian we have to solve is the
following:16

�pz
1

2m�z�
pz + V�z����z� = E��z� . �7�

The energy reference has been taken at the bottom of the �2
valley. m�z� is the longitudinal effective mass in strained Si
in the well and in Si0.5Ge0.5 in the barrier. The envelope
function is sinusoidal in the well and decreases exponentially
in the barrier. As recalled by Bastard and Brum,5 the energy
levels verify E=�2k2 /2mA=VP−�2K2 /2mB where k is the
wave vector in the well and K the decreasing coefficient in
the barrier. k verifies

ka tan ka =�mA

mB
� VP

��2/2mAa2�
− �ka�2 or

− ka cotan ka =�mA

mB
� VP

��2/2mAa2�
− �ka�2.

�8�

To obtain electron subbands in a 5-nm-thick square Ge QW
via the 30-band k·p method, the basis of test functions is the
following:

TABLE I. Effective masses and confinement potential in the
strained Si QW on Si0.5Ge0.5.

�2 valley

Confinement potential 308.3 meV

Longitudinal effective mass in the barrier mB 0.947

Longitudinal effective mass in the well mA 0.925

TABLE II. Subband energy levels in the strained Si QW on
Si0.5Ge0.5, calculated with the k ·p method and with an effective
mass approach.

Subband Effective mass 30-band k ·p

E1�meV� 12.23 13.10

E2�meV� 48.70 49.19

E3�meV� 108.4 108.2

E4�meV� 189.2 187.8FIG. 3. Conduction band edge profile of strained Si on
Si0.5Ge0.5.
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�n�z� =
exp�ikezz�

�A
sin�n�z

2A
� with kez = 0.85

2�

a0
. �9�

Table II shows a comparison between confined levels ob-
tained within the k·p method and the effective mass ap-
proach. The small discrepancy �less than 1 meV� between the
energy levels calculated by the two methods shows the reli-
ability of the 30-band k·p method associated with the enve-
lope function formalism even at the � point or anywhere in
the Brillouin zone.

The advantage of the k·p method is to obtain not only the
subbands minima but also all the dispersion relations in the
layer plane �kx ,ky� as shown in Fig. 4. Figure 5 gives the
envelope functions associated with each subband. Figure 6
represents equi-energy lines at 150 meV above the minimum
of the strained silicon conduction band. Equi-energy lines are
almost circles in the Si layer plane; they stem from slices of
ellipsoidal equi-energy surfaces of bulk silicon in transverse
direction. As opposed to the case of the valence band, the

electron subbands are parallel and have nearly the same al-
lure as the �2 valley in strained silicon. Indeed, the strong
coupling between light and heavy hole bands deeply modi-
fies the allure of the hole subbands whereas the electron sub-
bands only stem from one band. Table III gives the effective
mass as extracted from each subband, compared with the
transverse effective mass of strained silicon in the �2 valley.
Even if the curvature of the subbands seems to be constant in
Fig. 4, the corresponding effective mass increases with the
energy level of the subband. The 30-band k·p model shows
a variation of 4% of the effective mass which was, of course,
not accounted for by the effective mass approach.

IV. STRAINED Ge ON Si0.5Ge0.5 HOLE QUANTUM WELLS

A. Band diagram and envelope functions

To obtain hole subbands in a 5-nm-thick square Ge QW,
the basis of test functions is the following:

�n�z� =
1

�A
sin�n�z

2A
� . �10�

In the valence band, the barrier height is 350 meV between
the top of the valence band in bulk Si0.5Ge0.5 and strained
Ge. This heterojunction is type I but the conduction band
barrier is almost zero �10 meV�. Figure 7 shows the sub-
bands obtained with 40 test functions along �100� and �110�
directions and Fig. 8 shows the corresponding envelope
functions at k=0. This band diagram is strongly different

TABLE III. Strained Si QW on Si0.5Ge0.5. Effective masses ob-
tained for each electron subband. The transverse effective mass in
�2 valley for strained Si is 0.1812m0.

Subband Effective mass

E1�m0� 0.1834

E2�m0� 0.1841

E3�m0� 0.1852

E4�m0� 0.1893

FIG. 4. Strained Si 5-nm-thick QW on Si0.5Ge0.5: dispersion of
the electron subbands in �100� and �110� directions of the k space
calculated via the k·p 30-band method. The k=0 point corresponds
to the minimum of a �2 valley. From bottom to top, the subbands
correspond to the E1, E2, E3, and E4 subbands.

FIG. 5. Strained Si 5-nm-thick QW on Si0.5Ge0.5: envelope
functions representation of the electron confined states obtained at
the � valley minimum. The corresponding levels are from bottom
to top E1, E2, E3, and E4.

FIG. 6. Strained Si 5-nm-thick QW on Si0.5Ge0.5: equi-energy
lines at 150 meV above the minimum of the conduction band. The
corresponding levels are from center to edge E3, E2, and E1. The E4

energy level is larger than 150 meV.
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from the one obtained for the conduction band �Fig. 4� be-
cause it stems from the two HH and LH bands which are
strongly coupled. Anticrossing points appear, for example, in
the �100� direction between HH1 and LH1 subbands. Even
around the � point, the effective mass approximation is
meaningless. For example, the curvature of the LH1 subband
is negative at k=0. The envelope functions associated with
these subbands at the � point are sinusoidal in the well and
exponentially decreasing in the barrier. To confirm the reli-
ability of this 30-band k·p method in the valence band, no
comparison with the effective mass calculation is possible
because the valence band is strongly anisotropic, even near
the � point. That is why the results have been compared to
those obtained with a 14-band method in the case of a 5-nm-
thick Si0.5Ge0.5 QW on Si.3 This 14-band k·p method has
shown its efficiency to describe the electronic structure of
direct band gap semiconductors along almost 30% of the
Brillouin zone.17 If the same Luttinger parameters are taken
into account, both the 14-band and 30-band methods give the
same subband diagrams in this SiGe hole QW. The shape of
this band diagram has strong consequences on the 2D density
of states in the well, as shown in Sec. IV B.

B. Calculation of 2D density of states

In a three-dimensional semiconductor, for each band �,
the density of states at energy E is defined as18

g��E� =� dk

4�3��E − E��k�� = �
S��E�

dS

4�3

1

��k�E���
,

�11�

where S��E� is the equi-energy surface in the whole Brillouin
zone. In a two-dimensional layer, for each subband n, the
density of states depends on the wave vector in the plane of
the layer k�. Its definition, deduced from the three-
dimensional case, is the following:

gn�E� =� dk�

2�2��E − En�k��� = �
Ln�E�

dl

2�2

1

��k�
�En��

,

�12�

where Ln�E� is the equi-energy line in the Brillouin zone.
Figure 9 shows the shape of equi-energy lines at 250 meV in
the Ge QW. From a numerical point of view, one needs to
approximate these equi-energy lines to calculate densities of
states. The Brillouin zone is divided in squares at the center
of which the energy of each subband is calculated and tabu-
lated. An algorithm derived from the one introduced by Gilat
and Raubenheimer19 is used to define an approximate equi-
energy line at the desired energy within each square.

Figure 10 shows the 2D density of states in the germa-
nium QW studied above. This density of states is constant for
each subband in the effective mass approximation whereas a
full band calculation gives a very different result. The maxi-
mum obtained for the LH1 subband is an artifact due to the
numerical calculation of gradient around the point where the
curvature sign changes. Except for this artifact, the density of
states is far from being constant in each subband. This has
strong consequences on scattering rates useful for transport
calculation which are presented in Sec IV C.

FIG. 7. Strained Ge 5-nm-thick QW on Si0.5Ge0.5: dispersion of
the hole subbands in �100� and �110� directions of the k space. From
top to bottom, the subbands correspond to the HH1, LH1, HH2, and
LH2 subbands.

FIG. 8. Strained Ge 5-nm-thick QW on Si0.5Ge0.5: envelope
functions representation of the hole confined states. The corre-
sponding levels are from top to bottom HH1, LH1, HH2, LH2.

FIG. 9. Strained Ge on Si0.5Ge0.5 5-nm-thick QW: equi-energy
lines at 250 meV in the valence band. The corresponding levels are
from center to edge HH2, LH1, and HH1. The LH2 energy level is
larger than 250 meV.
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C. Calculation of scattering rates for hole transport properties
in Ge QW

To study hole transport in the undoped Ge channel of a
heterojunction field effect transistor, the Boltzmann transport
equation gives access to the distribution function f�k� ,r , t�
with k�=kxex+kyey in each subband taking into account elec-
tric field and phonon interactions. Scattering rates used to
solve the Boltzmann transport equation are proportional to
the density of states available for the final particle. For ex-
ample, let us consider acoustic phonon interaction. The
acoustic interaction probability is written as20

Pac�k�,k��� =
2�Eac

2 kBT

��s2 ��	� − 	� � �m
2 �z��n

2�z�dz , �13�

where 	, k� and 	� , k�� are, respectively, initial and final state
energies and wave vectors, s is the crystal sound velocity, �
is the crystal density, Eac is the acoustic potential in
eV/m, �m,n�z� are envelope functions in initial and final sub-
bands, kB is the Boltzmann constant, � the reduced Planck
constant, and � is the Dirac function. The acoustic scattering
rate is written as

�ac =
1

4�2�
k

Pac�k�,k���d
2k� = A�

L�	�

dl

��k�
�	�� � �m

2 �z��n
2�z�dz

�14�

with A=kBTEac
2 /2���s2 and 	�=	.

The two-dimensional density of states appears in this scat-
tering rate, multiplied by the envelope function overlap inte-
gral. A similar expression is obtained for optical phonon
scattering rates, except for the fact that the phonon energy is
not taken equal to zero. The optical interaction probability is
written as21

Pop�k�,k��� =
� � Eop

2

���op
�Nop +

1

2
�

1

2
���	� − 	 ± � �op�

�� �m
2 �z��n

2�z�dz , �15�

where ��op is the phonon energy, Eop is the deformation
potential and

Nop =
1

exp���op

kBT
� − 1

is the optical phonon density. The upper sign corresponds to
phonon absorption and the lower sign to phonon emission.
The optical scattering rate is the following:

�op =
1

4�2�
k�

Pop�k�,k���d
2k�

= A�
L�	��

dl

��k
��
�	��� � �m

2 �z��n
2�z�dz �16�

with A= ��Eop
2 /4����op��Nop+ 1

2 �
1
2

� and 	�=	± ��op.

FIG. 10. Strained Ge on Si0.5Ge0.5 5-nm-thick QW: two-
dimensional hole density of states in k space.

FIG. 11. Optical and acoustic phonon scattering rates for holes
initially in the HH1 subband taken into account to solve the 2D
Boltzmann transport equation in the effective mass approximation.
For each scattering rate, the first stair corresponds to the HH1 intra-
subband interaction, the second stair is the sum of the HH1 intra-
subband interaction plus the HH1-LH1, intersubband interaction,
and the third stair corresponds to HH1 intrasubband interaction plus
HH1-LH1 and HH1-HH2 intersubband interactions. LH1 and HH2

energy levels are, respectively, 170 and 177 meV, explaining that
the two last stairs are near to each other.

FIG. 12. Optical and acoustic phonon scattering rates for holes
initially in the HH1 subband taken into account to solve the 2D
Boltzmann transport equation, calculated using the real subband
dispersion relation. These interaction rates no longer look like
stairs: the corresponding density of states is not constant for each
subband if the real dispersion relation is taken into account.

RICHARD, ANIEL, AND FISHMAN PHYSICAL REVIEW B 72, 245316 �2005�

245316-6



In the effective mass approach, the density of states is
constant for each subband so the scattering rates have a stair-
case shape22 whereas taking into account the density of states
which stems from the real subband structure gives varying
scattering rates. Figure 11 shows the optical and acoustic
phonon scattering rates for holes in the first subband �HH1�
calculated in the effective mass approach and Fig. 12 shows
the same rates calculated with the real density of states. This
difference between scattering rates may have strong conse-
quences on hole mobility in the Ge QW.

V. CONCLUSION

We have presented how the 30-band k ·p method associ-
ated with an envelope function formalism allows us not only
to calculate the subbands in the Brillouin zone center but
everywhere in the Brillouin zone. The 30-band k ·p method
gives us access to bulk and strained SiGe alloys band dia-
grams all over the Brillouin zone, whatever the Ge content.
Associated with the k ·p method, the envelope function for-
malism uses test functions which are usually sinusoids to

obtain subbands in direct gap semiconductors.3 In this paper,
the same formalism, with slightly different test functions, is
used to obtain hole and electron subbands in an indirect gap
semiconductor. We have explained the choice of these new
test functions and shown the efficiency of this method by
calculating the subband diagram and the envelope functions
in a strained Si on Si0.5Ge0.5 electron QW. The energy levels
in the � point are almost the same as those obtained using an
effective mass approximation, but this method also gives ac-
cess to the real shape of the subbands, unlike the effective
mass approach. Hole subbands are calculated in a strained
Ge on Si0.5Ge0.5 QW, with the same method. The hole sub-
band structure allows us to calculate the two-dimensional
real density of states and gives access to two-dimensional
“full band” scattering rates needed for accurate transport
simulation.
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