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We propose a complete set of periodic circuit networks which can realize electromagnetic wave propagation
in different two-dimensional �2D� isotropic and anisotropic metamaterials �AMMs�. We synthesize the periodic
circuits with unit cells of series capacitor or inductor in orthogonal directions, together with either capacitor or
inductor shunted to ground. The dispersion relations of the periodic circuits are derived by applying Bloch
boundary conditions to the unit cell, which show either elliptic or hyperbolic dispersion surface in phase space.
The effective constitutive parameters are obtained by choosing different types and values of the impedance
elements in the unit cell. The validity of the circuit models is proved by showing examples that the anisotropic
L-C circuits could exhibit the wave propagation characteristics of two 2D AMMs with different cutoff prop-
erties, called never-cutoff or anti-cutoff medium. We construct interfaces between isotropic normal medium and
AMMs with properly designed L-C circuits and analyze the electromagnetic wave propagation using micro-
wave circuit simulations. We demonstrate extraordinary electromagnetic wave reflection and refraction phe-
nomena including negative refraction, total reflection with reversion of the critical angle and anomalous
Brewster effect that have good agreements with the theoretical analysis. Furthermore, we show that the L-C
circuit models of AMMs could lead to different approach of actual implementation of 2D AMMs through
capacitance loaded transmission line metamaterials. The simulation on actual microstrip line structure demon-
strates similar wave propagation phenomena of AMMs, and the losses in the structure only affect the magni-
tude of the propagating energy.
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I. INTRODUCTION

Artificial electromagnetic metamaterials have signifi-
cantly broadened the range of electromagnetic wave propa-
gation phenomena available. In recent years, both theoretical
and experimental works on isotropic metamaterials with si-
multaneously negative permittivity and permeability have in-
dicated extraordinary phenomena of negative refraction and
super lens with subwavelength focusing of electromagnetic
wave.1–13 Such artificial metamaterial, named as left-handed
material �LHM� or double negative material �DNG�, could
be realized through two-dimensional �2D� isotropic struc-
tures either with periodic array of split-ring resonators �SRR�
and conducting wires3–6 or with periodic inductor-capacitor
�L-C� loaded transmission lines �TL� circuit.7–13 These struc-
tures have been successfully used to experimentally demon-
strate backward-wave radiation, negative refraction and sub-
wavelength focusing in the isotropic metamaterials at
microwave frequencies.12–15

Anisotropic metamaterials �AMMs� for which some ele-
ments of the permittivity and permeability tensors have
negative value have also been studied theoretically, which
demonstrate anomalous electromagnetic wave refraction and
reflection that occurs at the interface between normal me-
dium and the anisotropic medium. Negative refraction could
be realized in such media under some different combinations
of its medium parameters.16–18 The anisotropic media has
been identified into four classes based on their electromag-
netic wave propagation properties, which are called cutoff,
always-cutoff, never-cutoff and anti-cutoff media.17 More re-

cently, experiment and simulation have confirmed the nega-
tive refraction in such AMM. S-polarized electromagnetic
waves from a nearby source redirect to a partial focus inside
a planar structure of AMM composed of split ring resonators,
designed to provide a permeability equal to −1 along the
longitudinal axis.19

However, since resonant structures such as SRRs are
lossy and narrow-banded, they are often difficult to imple-
ment from a practical point of view. The TL circuit approach
of metamaterials leads to non-resonant structures with lower
loss and wider bandwidth. In this paper, we propose a com-
plete set of periodic L-C circuit that could be used to realize
the electromagnetic wave propagation in 2D AMMs. We syn-
thesize the periodic circuits with unit cell of series capacitor
and inductor in orthogonal directions, together with either
capacitor or inductor shunted to ground. The dispersion rela-
tion of the anisotropic circuits derived by applying Bloch
boundary conditions to the unit cell shows hyperbolic disper-
sion surface in phase space, therefore the anisotropic L-C
circuits could exhibit the propagation characteristics of either
2D never-cutoff or anti-cutoff medium over certain operation
frequency bandwidth. We have verified the L-C circuit mod-
els by constructing interfaces of normal media and AMMs
with properly designed isotropic and anisotropic L-C circuits
of finite size and analyzing the electromagnetic wave propa-
gation through the interface using microwave circuit simula-
tions tool of Agilent’s Advanced Design System �ADS�. We
have demonstrated anomalous electromagnetic wave reflec-
tion and refraction phenomena that have good agreement
with the theoretical analysis. Finally, we show that the L-C
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circuit models of AMMs could lead to different approach of
actual implementation of 2D AMMs. The simulation on ex-
ample of capacitance loaded microstrip line structure dem-
onstrates the wave propagation phenomenon of AMM.

II. ELECTROMAGNETIC WAVE PROPAGATION IN
HOMOGENEOUS ANISOTROPIC METAMATERIALS

Consider a linear homogenous material characterized by
relative permittivity and permeability tensors with only non-
zero diagonal elements, having the following forms,

�r = ��xr 0 0

0 �yr 0

0 0 �zr
�, �r = ��xr 0 0

0 �yr 0

0 0 �zr
� . �1�

We assume a plane wave with the electric field polarized
along the y axis having the following specific form similar to
the discussion in Ref. 17

E = eye
i�kxx+kzz−�t�, �2�

where the ey is the unit vector along y axis, and kx, kz are the
x and z components of the wave vector, respectively. The
plane wave solutions specified by Eq. �2� satisfy the disper-
sion relation

kz
2

�yr�xr��

c
�2 +

kx
2

�yr�zr��

c
�2 = 1. �3�

In the absence of losses, the property of the plane wave
solution in the anisotropic media is distinguished by the sign
of kz

2, which can be either a propagating wave or an evanes-
cent wave. Considering both the positive and the negative
value of �y, �x, and �z, Smith et al. have identified four
classes of media based on their cutoff properties, which are
called cutoff, always-cutoff, never-cutoff and anti-cutoff
media.17 Anomalous reflection and refraction phenomena in-
cluding negative refraction have been revealed at the inter-
face between vacuum and never-cutoff or anti-cutoff media,
which has a dispersion relation of hyperbolic isofrequency
surface. These phenomena are different from those occur at
the interface between vacuum and the isotropic left-handed
metamaterial. More recently, experiment and simulation have
confirmed the negative refraction in such AMM composed of
split ring resonators, designed to provide a permeability
equal to −1 along the longitudinal axis.19 In the following
sections we propose another approach to realize the never-
cutoff or anti-cutoff media by anisotropic L-C circuit net-
works.

III. ELECTROMAGNETIC WAVE PROPAGATION IN
PERIODIC L-C NETWORKS

For conventional homogenous materials �sometimes
named as right-handed materials, or RHMs�, the dielectric
properties like permittivity and permeability can be modeled
by using distributed periodic L-C networks. The per-unit-
length capacitance C and inductance L in the L-C networks

represent a positive equivalent permittivity and permeability,
respectively. Recently, isotropic LHM has been successfully
realized through the dual L-C configuration, in which the
positions of C and L are simply interchanged, resulting
equivalent material parameters of simultaneously negative
values.7–10 This periodic dual L-C network realized by L-C
loaded TL circuit has been used to demonstrate negative re-
fraction and focusing in LHM experimentally.12,13

To model the AMMs, we propose a set of periodic L-C
circuit that could be used to realize the electromagnetic wave
propagation in 2D AMMs. The electric and magnetic field
components propagating in the AMMs could be appropri-
ately mapped to the voltages and currents in the correspond-
ing L-C networks.

Consider a general case of the 2D anisotropic L-C peri-
odic network with the unit cell schematically shown in Fig.
1. For simplicity, we neglect losses in the network and all the
impedance elements �Zx, Zz, and Zg� could be either capaci-
tance or inductance. Such periodic network could be ana-
lyzed by applying Kirchhoff’s voltage and current laws to
the unit cell in conjunction with the Bloch-Floquet periodic
boundary conditions,7 and yields the following set of linear
equations:

Vx =
1

2
ZxIx + ZgIg,

Vz =
1

2
ZzIz + ZgIg,

ZgIg =
1

2
ZxIxe

−jkxd + Vxe
−jkxd,

ZgIg =
1

2
ZzIze

−jkzd + Vze
−jkzd,

Ix + Iz = Ixe
−jkxd + Ize

−jkzd + Ig, �4�

where d is the period of the unit cell, and kx, kz are the wave
number in the x and z direction, respectively. Substituting the
first two and the last equations into the third and fourth equa-
tions, yields the following simplified linear equations for Ix
and Iz

FIG. 1. The unit cell of a 2D anisotropic L-C circuit
structure.
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�Zg�1 − e−jkxd�2 − Zxe
−jkxd Zg�1 − e−jkzd��1 − e−jkxd�

Zg�1 − e−jkxd��1 − e−jkzd� Zg�1 − e−jkzd�2 − Zze
−jkzd

��Ix

Iz
�

= 0. �5�

For nontrivial solutions, the determinant of the coefficient
matrix of �5� must vanish, which yields the following disper-
sion equation for the periodic network:

ZgZz cos kxd + ZgZx cos kzd =
1

2
ZxZz + ZgZz + ZgZx. �6�

If the period of the unit cell is much less than the wave
length, therefore, the per-unit-cell phase delays are small
�kxd�1, kzd�1, the continuous medium approximation�.
Under these two conditions, the dispersion equation �6� sim-
plifies to

�kxd�2

−
Zx

Zg

+
�kzd�2

−
Zz

Zg

= 1. �7�

This dispersion equation is similar to Eq. �3�, therefore the
voltage and current propagation in the anisotropic periodic
L-C network is equivalent to the electromagnetic wave
propagation in homogenous 2D AMMs. The equivalent per-
mittivity �ye, permeability �xe, and �ze of the L-C network
can be obtained by mapping between the two dispersion
equations �7� and �3� as

�ye�xe = − � 1

�d
�2 Zz

Zg
, �ye�ze = − � 1

�d
�2 Zx

Zg
, �8�

where �ye=�yr�0, �xe=�xr�0, and �ze=�zr�0. We further as-
sume

�ye = − j� 1

�d
� 1

Zg
, �xe = − j� 1

�d
�Zz, �ze = − j� 1

�d
�Zx.

�9�

When the unit cell is composed with series inductance Lr /2
in both x and z direction and shunting capacitance Cgr to
ground, the L-C network becomes the ideal case of a 2D
transmission line network, which represents conventional
isotropic RHM with equivalent permittivity �eRHM and per-

meability �eRHM determined by shunted capacitance and se-
ries inductance per unit length, respectively. This can be di-
rectly derive from �9� to be

�eRHM =
Cgr

d
, �eRHM =

Lr

d
. �10�

In the dual case, if the unit cell is composed with series
capacitance 2Cl in both x and z direction and shunting induc-
tance Lgl to ground, the L-C network becomes the ideal case
of a 2D left-handed transmission line network, which can
analogize isotropic LHM. The equivalent negative permittiv-
ity �eLHM and negative permeability �eLHM are determined by
Lgl and Cl, and derive from �9� to be

�eLHM = −
1

�2Lgld
, �eLHM = −

1

�2Cld
. �11�

Equations �10� and �11� are in consistent with the distributed
L-C network equivalence of the normal dielectric media and
LHM,7,8 which reveals that the general equivalence of the
constitutive parameters by Eq. �9� is reasonable.

In general case, the impedance elements Zx, Zz, and Zg can
be either capacitance or inductance, therefore, eight different
types of the L-C networks can be constructed, as summa-
rized in Table I. By choosing either capacitance or induc-
tance as the impedance elements in the unit cell, we are able
to construct different anisotropic L-C networks that can be
used to realize all the four classes of media with different
cutoff properties. For anisotropic unit cells with series ca-
pacitance in one direction and inductance in the other or-
thogonal direction, the L-C network can be used to realize
AMMs with equivalent permeability having opposite sign in
the two orthogonal directions. From Eq. �7� the dispersion
relations of the anisotropic L-C networks become hyperbolic
in the isofrequency plane, corresponding to either a never-
cutoff or an anti-cutoff medium.

If the unit cell is composed with capacitance in both the
series branches and shunting branch, the circuit becomes a
capacitance network, which cannot support propagating
wave and represent electromagnetic medium with positive
permittivity and negative permeability, The dual case is con-
verted to a inductance network, which also cannot support

TABLE I. Eight types of L-C networks that represent different anisotropic metamaterials.

L-C circuit unit cell Corresponding homogenous media characteristics

Zx Zz Zg Constitutive parameters Media type

inductive inductive capacitive �y�x�0, �y�z�0 cutoff

capacitive capacitive inductive

capacitive capacitive capacitive �y�x�0, �y�z�0 always-cutoff

inductive inductive inductive

capacitive inductive capacitive �y�x�0, �y�z�0 never-cutoff

inductive capacitive inductive

inductive capacitive capacitive �y�x�0, �y�z�0 anti-cutoff

capacitive inductive inductive
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propagating wave and represent electromagnetic medium
with negative permittivity and positive permeability.20

The periodic L-C networks form a complete set of equiva-
lent circuits which can realize electromagnetic media includ-
ing isotropic or anisotropic RHM, isotropic or anisotropic
LHM, and different AMMs. We can use the proposed equiva-
lent circuits to study and realize both isotropic and aniso-
tropic media, as well as interfaces of different metamaterials.
This periodic circuit approach of both isotropic and aniso-
tropic media is broadband with lower loss compared with
other metamaterial approaches utilizing resonant unit cell el-
ements. The effective constitutive parameters are obtained by
choosing different types and values of the impedance ele-
ments which are arbitrary and easy to realize.

IV. ANALYSIS AND SIMULATION RESULTS

Isotropic L-C networks and its transmission line implan-
tations have been used to study and realize electromagnetic
wave propagation in isotropic RHM and LHM.7–13 In this
section, to verify the L-C network models of AMMs, we
focus on using L-C networks to study electromagnetic wave
propagation in the never-cutoff or anti-cutoff media.

A. never-cutoff medium

In Sec. III, we show that two types of anisotropic L-C
network represent never-cutoff media. For example, it can be
composed by L-C circuit with unit cell depicted in the upper
right corner of Fig. 2. The network is serially connected by
capacitor 2Cx in x direction and inductor Lz /2 in z direction,
and shunted by capacitor Cg to ground. Under this assign-
ment, Zx=1/ j�Cx, Zz= j�Lz, and Zg=1/ j�Cg, and the dis-
persion relation �6� is reduced to

cos kxd −
�C

2

�2 cos kzd = � Cg

2Cx
+ 1� −

�C
2

�2 , �12�

where �C
2=1/CxLz. When kxd�1, kzd�1, it is simplified to

− Cx
�kxd�2

Cg
+ Cx��C

2

�2 � �kzd�2

Cg
= 1, �13�

which corresponds to hyperbolic curves in the isofrequency
plane with the principle axis along the z axis. To study the
electromagnetic wave propagation through the interface be-
tween isotropic RHM and the never-cutoff media, L-C net-
work realization of the isotropic RHM is used with unit cell
depicted in the upper left corner of Fig. 2. It is composed of
serially connected inductors Lr in both x and z directions and
shunting capacitor Cgr. The dispersion relation is

cos kxd + cos kzd = 2 −
1

2
�2LrCgr. �14�

When kxd�1, kzd�1, it is simplified to

�kxd�2 + �kzd�2 = �2LrCgr, �15�

which corresponds to circular curve in the isofrequency
plane representing isotropic RHM. Figure 2 shows the dis-
persion relations for the two types of L-C networks in the
isofrequency plane at 3.5 GHz with Cx=0.5 pF, Lz=Lr
=6 nH, and Cg=Cgr=0.5 pF. Although the continuous me-
dium approximation is not fully satisfied, the L-C network
representing isotropic RHM or never-cutoff media has a dis-
persion curve very close to a circular curve or a hyperbolic
curve, respectively.

Assuming a plane wave with electric field polarized in the
y direction is incident on an interface between an isotropic
RHM and a never-cutoff medium parallel to x-y plane. The
two media are realized by L-C networks with circuit unit
cells described in Fig. 2. The incident and refracted wave
vector in the two media is depicted in Fig. 2 as ki and kt
respectively, with the transverse component of the wave vec-
tor, kx, is conserved across the interface according to the
boundary condition. The direction of energy propagation
within the AMM can be found by calculating the group ve-
locity, vg=�k��k�,17 which is not necessarily parallel to the
wave vector and must lie normal to the isofrequency contour
of the dispersion curves as shown in Fig. 2. Causality is
considered to determine the correct direction of vg, which
requires that the energy should propagate away from the in-
terface in the never-cutoff medium. Therefore, the wave vec-
tor, or the phase velocity, undergoes positive refraction,
while the energy propagation or the group velocity under-
goes negative refraction.

To realize wave propagation through interface between an
isotropic RHM and a never-cutoff medium, we construct a
2D L-C network composed with two periodic circuits with
unit cells representing isotropic RHM and never-cutoff me-
dium as schematically shown in Fig. 3. A linear interface
between the two media is formed along the x direction and
the network is extended in x and z directions with finite
numbers of unit cells and resistively terminated to ground at
the edges. A RF voltage source is placed in the upper left
corner as an incident wave. The voltage distribution at each
circuit node is explored using Agilent’s Advanced Design
System �ADS� microwave circuit simulator, which represents
the electric field propagation in the media. Due to the weak

FIG. 2. Dispersion relations of the L-C circuits at 3.5 GHz rep-
resenting isotropic RHM �gray line� and never-cutoff medium
�black line� with unit cell shown in the upper left and right of the
figure, respectively. The incident wave vector ki, refracted wave
vector kt, and group velocity vector vg are shown in the dispersion
plot and in the refraction diagram.
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specular reflection from the edges, the node voltage spread-
ing from the point source is mainly concentrated along the
direction with 45° to the z direction, which results oblique
incident wave to the interface with maximum power distrib-
uted at incident angle of 45°.

Figure 4 shows the magnitude and the phase distribution
of the node voltages in the circuit at 3.5 GHz. The circuit has
25 unit cells along x direction and 50 unit cells along the z
direction with the interface located between the 25th and
26th columns. Negative refraction of energy flow or the
group velocity is observed in the magnitude distribution 	Fig.
4�a�
, while positive refraction of wave vector or phase ve-

locity is observed in the phase distribution 	Fig. 4�b�
. The
refracted wave has a maximum power distribution mainly
along the direction with a refraction angle of about −45°.

The angle relation between the refracted wave vector kt
and the incident wave vector ki is dominated by the disper-
sion equations �12� and �14� of the two media and the con-
servation of transverse component of the wave vector kx
across the interface. The direction of energy flow or the
group velocity is obtained by vg=�k��k� in the never-cutoff
medium. Therefore, we have

�t
P = tan−1ktxd

ktzd
, �16�

�t
G = tan−1�− � �

�C
�2sin ktxd

sin ktzd
� , �17�

where �t
P, or �t

G is the refraction angle of phase or group
velocity, respectively, and ktx, or ktz is the x or z component
of the wave vector in the never-cutoff medium. Figure 5�a�
shows the refraction angle of phase and group velocity cal-
culated through Eqs. �16� and �17� at different operating fre-
quencies for an incident angle of 45°. ADS simulations of the
finite-sized circuit in Fig. 3 are also carried out at different

FIG. 3. Schematic of the L-C circuit network that represents
interface of an isotropic RHM and a never-cutoff medium.

FIG. 4. �Color online� �a� Voltage magnitude �in dB� and �b�
phase �in radian� distributions in the L-C circuit that represents a
point source at the upper left corner illuminating the interface
�dashed line� between an isotropic RHM and a never-cutoff medium
at 3.5 GHz.

FIG. 5. �a� The theoretical calculations �lines� from Eqs. �16�
and �17� and the ADS simulation results �circles� of the refraction
angles of phase �gray� and energy flow �black� at different frequen-
cies when a 45° incident wave propagates through the interface
between isotropic RHM and never-cutoff medium. �b� Refraction
angle of energy flow as a function of the incident angle at different
frequencies.
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frequencies and the refraction angles �t
P, and �t

G are obtained
from the phase and magnitude distribution of the node volt-
ages and depicted in Fig. 5�a�, which agree with the theoret-
ical analysis from the infinite periodic circuit. Due to the
dispersion, the 45° incident wave refracted at the interface
with a negative angle of energy flow increasing from zero to
90°, together with a positive angle of wave vector decreasing
from 35° to 18°, when the frequency increased from zero to
4.2 GHz. Further increasing the frequency, the 45° incident
wave will be totally reflected. This can be demonstrated
clearly in the relation between energy refraction angle and
the incident angle in Fig. 5�b�. At low frequency oblique
incident wave is negatively refracted into the never-cutoff
medium, but when the frequency exceeds a critical value of
about 3.727 GHz, total reflection occurs for wave with inci-
dent angle exceeding the critical angle �i

C. Figure 6�a� shows
the critical incident angle �i

C of total reflection which de-
creases with increasing the operating frequency. Figure 6�b�
is the ADS simulation result for the circuit of Fig. 3 at
5.5 GHz. As the critical angle is about 10° at 5.5 GHz, the
incident wave from the corner fed source with power distrib-
uted around 45° incident direction is almost totally reflected.
Only a fraction of the incident wave with incident angle less
than 10° refracts into the never-cutoff medium near the upper
edge of the interface. Further increasing the frequency to the
upper limit of 5.8 GHz, all y-polarized incident waves will
be totally reflected.

B. Anti-cutoff medium

Now we consider the anisotropic L-C network that could
realize the anti-cutoff medium. As shown in Sec. III, the
anti-cutoff medium can be realized by two types of L-C cir-
cuits, for example, by L-C circuit with unit cell depicted in
the upper right corner of Fig. 7. In the unit cells, Zx= j�Lx,
Zz=1/ j�Cz, and Zg=1/ j�Cg, and the dispersion relation �6�
is reduced to

−
�C

2

�2 cos kxd + cos kzd = � Cg

2Cz
+ 1� −

�C
2

�2 , �18�

where �C
2 =1/CzLx. When kxd�1, kzd�1, it is simplified to

Cz��C
2

�2 � �kxd�2

Cg
− Cz

�kzd�2

Cg
= 1, �19�

which corresponds to hyperbolic curves in the isofrequency
plane with the principle axis along the x axis.

Consider the interface between isotropic RHM and anti-
cutoff medium composed with two periodic circuits with unit
cells depicted in the upper left and right corner of Fig. 7,
respectively. The dispersion relation for the two L-C net-
works in the isofrequency plane is shown in Fig. 7 at
3.5 GHz with Cz=1.5 pF, Lx=3 nH, Cg=0.25 pF, Lr=6 nH,
and Cgr=0.5 pF. The L-C network representing anti-cutoff
medium has a dispersion curve close to a hyperbolic one.
When electromagnetic wave propagating from the isotropic
RHM to the anti-cutoff medium, by matching the transverse
component of the wave vector kx across the interface accord-
ing to the boundary condition, we find that the wave vector
undergoes a negative refraction, while the energy flow or the
group velocity undergoes positive refraction. The z compo-
nents of the wave vectors are antiparallel in the two media
indicating a backward wave characteristic along z direction
in the anti-cutoff medium. This has been depicted in Fig. 7.

The refraction angles for the wave vector kt and the en-

FIG. 6. �Color online� �a� Critical angles at different frequencies
for waves propagating from isotropic RHM to never-cutoff medium
represented by L-C circuits. �b� Voltage magnitude �in dB� distribu-
tion at 5.5 GHz in the L-C circuit that represents total reflection for
a 45° incident wave at the interface �dashed line� between an iso-
tropic RHM and a never-cutoff medium.

FIG. 7. Dispersion relations of the L-C circuits at 3.5 GHz rep-
resenting isotropic RHM �gray line� and anti-cutoff medium �black
line� with unit cells shown in the upper left and right of the figure,
respectively. The incident wave vector ki, refracted wave vector kt

and group velocity vector vg are shown in the dispersion plot and in
the refraction diagram. The critical angle �i

c beyond which refrac-
tion occurs is also indicated in the figure.
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ergy flow or group velocity vg in the anti-cutoff medium
have been calculated from the dispersion equation �18� and
shown in Fig. 8�a� at different frequencies. Total reflection
occurs for normal incident wave or wave with small incident
angles. As the incident angle increases, there exists a critical
value for the incident angle �i

c determined by the dispersion
relation �see Fig. 7�, above which the wave begins to refract
into the anti-cutoff medium. Such inversion of the critical
angle is distinct from what happens at the interface of con-
ventional dielectric media that the total reflection only occurs
for wave with incident angle larger than a critical angle.
Such anomalous phenomenon is caused by the dispersion
relation in the anti-cutoff medium which leads to a decreas-
ing function of the incident angle for both the energy and the
phase refraction angles. When increasing the frequency the
phase refracts at a larger negative angle, while the energy
refracts at a smaller positive angle.

When a plane wave impinging on the interface of an iso-
tropic RHM and an anti-cutoff medium, the Fresnel formula
for the reflectance 	 can be derived by applying the conser-
vation of parallel components of E and H at the interface,
which is

	 =

cos �i −��y�1

�1�x
−

�1
2

�x�z
sin2 �i

cos �i +��y�1

�1�x
−

�1
2

�x�z
sin2 �i

, �20�

where �i is the incident angle and �1, �1 are the permittivity
and permeability of the isotropic RHM, respectively.21 The
effective constitutive parameters of the anti-cutoff L-C cir-
cuit network can be calculated by impedances of the circuit
elements through Eq. �9�. At small incident angle �i, the
value in the square root of Eq. �20� is negative, yielding a
reflectance of �	�=1. The critical angle �i

c is determined
when the square root of Eq. �20� is zero, which yields �i

C

=sin−1��y�z /�1�1. For anti-cutoff L-C network shown in
Fig. 7, �i

C=sin−1�CgLx /CgrLr=30°, according with the re-
sults in Fig. 8�a�. The electromagnetic power transmittance
can be calculated by

TS =
St

Si
= 1 − �	�2, �21�

and shown in Fig. 8�b� at different frequencies, where St and
Si are the values of the incident and the transmitted Poynting
vector, respectively. When the wave impinging at an angle
exceeding the critical angle �i

c, it begin to refract and the
transmittance increases rapidly to 1, where total transmission
takes place, and then decreases leading to strong reflection
again. The total transmission obtained here is different from
the Brewster effect at the interface of conventional isotropic
media which describes the zero reflectivity of a P-polarized
wave �H parallel to y axis� at an incidence angle satisfying
�i+�t=
 /2.21 This anomalous Brewster effect in the anti-
cutoff medium is a consequence of the anisotropy in a dis-
persive media, which makes it transparent to an oblique in-
cident wave at a particular angle and dark to other incident
wave.18

To verify the anomalous reflection and transmission phe-
nomenon at the interface of an isotropic RHM and an anti-
cutoff medium realized by L-C circuit networks, we con-
struct a 2D L-C network similar to Fig. 3 using the unit cells
depicted in Fig. 7 representing isotropic RHM and anti-cutoff
medium. The interface is located between the 15th and the
16th columns and a RF voltage source is applied in the cen-
ter of the isotropic RHM at the node of the 8th column with
the 25th row �black point in Fig. 9�. The point source irradi-
ates electromagnetic wave to the interface with incident
angle ranges from zero to 74° at the two ends of the inter-
face. Figure 9�a� shows the ADS circuit simulation results of
the node voltage distribution at 3.5 GHz, which represents
the electric field propagation through the interface of an iso-
tropic RHM and an anti-cutoff medium. As expected, wave
impinging at a small angle including normal incident is to-
tally reflected, and the refracted power in the anti-cutoff me-
dium is concentrated along direction with an angle around
50°, which corroborate the theoretical prediction that the
Brewster angle at 3.5 GHz is about 52° as shown in Fig.
8�b�.

When changing the parameters of the circuit for the anti-
cutoff medium so that sin �i

C= ��y�z /�1�1�1/2�1, the disper-

FIG. 8. �a� Refraction angles of phase �black� and energy flow
�gray� for different incident angles, and �b� power transmittance for
different energy refraction angles at 1.5 GHz �solid line�, 2.5 GHz
�dotted line�, and 3.5 GHz �dashed line�, respectively, for a plane
wave propagation through the interface of an isotropic RHM and an
anti-cutoff medium resembled by L-C networks shown in Fig. 7.

ELECTROMAGNETIC WAVE PROPAGATION IN… PHYSICAL REVIEW B 72, 245107 �2005�

245107-7



sion curves of the isotropic RHM and the anti-cutoff medium
cannot cross with each other and the phase matching condi-
tion cannot be satisfied on the hyperbola, indicating that any
incident wave is totally reflected at the interface. This is
illustrated in Fig. 9�b� by ADS simulation on the circuit with
changed unit cell parameters of the anti-cutoff medium. All
the waves irradiated from the point source are totally re-
flected at the interface, while only evanescent fields propa-
gate in the anti-cutoff medium that decay exponentially away
from the interface.

C. Implementation of AMM by transmission line network

From the above sections, we have verified the validity of
L-C network circuit models for different kind of AMMs
through both the periodic circuit analysis of the infinite 2D
array with unit cell described in Table I, and the microwave
circuit simulations of the wave propagation in circuit net-
work of finite size. The L-C circuit models of AMMs not

only give more physical insight into the anomalous wave
propagation in such AMMs, but also could lead to new ap-
proach of actual implementation of different kind of AMMs.
In the following we will show example that actual realization
of one of the AMMs, the never-cutoff media, could be pos-
sible based on the L-C circuit models.

The TL versions of isotropic RHM and LHM have been
investigated by Eleftheriades et al.7 and Caloz et al.9 based
on the L-C circuit model of RHM and LHM. From the elec-
tromagnetic theory, lossless TL can be modeled as periodic
network of series per-unit-length inductance and shunt per-
unit-length capacitance, therefore an isotropic RHM could be
realized by 2D periodic TL grid and an isotropic LHM could
be realized by 2D periodic TL grid loaded with series capaci-
tance and shunt inductance. Based on the L-C circuit models
of the AMMs described in Table I, it is straight forwards that
2D periodic TL grid loaded with series capacitance along one
of the orthogonal directions could be used to realize the
never-cutoff media or the anti-cutoff media.

To actually implement the AMMs through the TL based
approach, we used microstrip line grid structure to synthesize
2D isotropic RHM and the never-cutoff medium. The micros-
trip is designed with a characteristic impedance of 70 � with
copper strip on a grounded microwave substrate of thickness
of 1.5 mm, dielectric constant �r=4.0 and loss tangent of 2
�10−3, which could be easily fabricated by printed circuit-
board technique. Similar to the circuit in Fig. 3, we construct
an interface between isotropic RHM and never-cutoff me-
dium. The isotropic RHM is composed of 25�25 unit cells
of the microstrip line grid as shown in the left of Fig. 10�a�,
while the never-cutoff medium is composed of 25�25 unit
cells of the microstrip line grid loaded by series chip capaci-

FIG. 9. �Color online� Voltage magnitude �in dB� distribution at
3.5 GHz in the L-C circuit that represents a point source �depicted
by the black point� illuminating the interface �dashed line� between
an isotropic RHM and an anti-cutoff medium. �a� Transmission at
particular oblique angle, �b� total reflection as the circuit parameters
change to Cz=0.5 pF, Lx=6.6 nH, and Cg=0.55 pF.

FIG. 10. �Color online� �a� Schematic of the unit cells of TL
based metamaterials. Left is for the microstrip line grid to realize
isotropic RHM, and the right is for the microstrip line grid loaded
with series chip capacitances in one orthogonal direction to realize
the never-cutoff medium. �b� Voltage magnitude �in dB� distribution
in the 2D TL metamaterial that represents a point source at the
upper left corner illuminating the interface �dashed line� between an
isotropic RHM and a never-cutoff medium at 3.5 GHz.
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tance along the direction parallel to the interface as shown in
the right of Fig. 10�a�. In the design, we use 1 pF chip ca-
pacitance from the AVX Company �AQ 11�. The microstrip
circuit is designed to have similar equivalent constitutive pa-
rameters to that of the circuit in Fig. 3 and each unit cell has
a dimension of about 5�5 mm2. The detailed designing of
the AMMs through TL metamaterial will be reported sepa-
rately.

To study the negative refraction at the interface, we place
a RF voltage source in the upper left corner as an incident
wave. The voltage distribution of the microstrip circuit is
simulated by ADS simulator. In the simulation we have in-
cluded both the microstrip line loss �metallic loss and the
dielectric loss� and the loss associated with the chip capaci-
tance. Figure 10�b� shows the simulated results at 3.5 GHz,
which demonstrated the negative refraction of energy flow at
the interface between isotropic RHM and never-cutoff me-
dium. Comparing with Fig. 4�a�, the voltage distribution
show similar refraction angle of the energy flow but about
10 dB less of the magnitude of the maximum voltage due to
the inclusion of the losses in the simulation. Therefore, the
losses in the TL metamaterials affect only the magnitude of
the propagating energy, not the refraction phenomenon.

V. CONCLUSIONS

In conclusion, we have proposed a complete set of peri-
odic L-C circuit networks which can realize electromagnetic
wave propagation in 2D media including both isotropic and
anisotropic metamaterials. The 2D periodic circuit is con-
structed with unit cell of series capacitance or inductance in
orthogonal directions, together with either capacitance or in-
ductance shunted to ground. The dispersion relations of the
periodic circuits could be either elliptic or hyperbolic in
phase space depending on the types of the impedance ele-

ments in the unit cells. We have particularly shown that an-
isotropic L-C circuits could exhibit the wave propagation
characteristics of either never-cutoff or anti-cutoff medium.
We have constructed interfaces of isotropic RHM and AMMs
with properly designed isotropic and anisotropic L-C circuits
and analyzed the electromagnetic wave propagation using
ADS microwave circuit simulations. We have demonstrated
anomalous electromagnetic wave reflection and refraction
phenomena at the interfaces that have good agreements with
the theoretical analysis. Furthermore, we show that the L-C
circuit models of AMMs could lead to different approach of
actual implementation of 2D AMMs through TL based
metamaterials. We have given example of designing never-
cutoff medium by periodic microstrip line grid loaded with
series chip capacitance along one orthogonal direction. The
simulation on the actual structure reveals that similar wave
propagation phenomenon could be obtained, and the losses
in the TL metamaterial only affect the magnitude of the
propagating energy. The circuit representation of both isotro-
pic and anisotropic media is broadband with low loss, and
easy to realize with arbitrary effective constitutive param-
eters. We believe the proposed L-C circuit network models
provide not only alternative method to study the anomalous
wave propagation in the AMMs, but also TL implementa-
tions of interesting planar RF/microwave devices that could
utilize the extraordinary phenomena of both the isotropic and
anisotropic metamaterials.

ACKNOWLEDGMENTS

This work is supported by the National Basic Research
Program of China �under project 2004CB719800�, the Spe-
cialized Research Fund for the Doctoral Program of Higher
Education �No. 20030284024�, and partially supported by
the National Nature Science Foundation �No. 40401046�.

*Electronic address: yjfeng@nju.edu.cn
1 J. B. Pendry, A. J. Holden, D. J. Robbins, and W. J. Stewart,

IEEE Trans. Microwave Theory Tech. 47, 2075 �1999�.
2 J. B. Pendry, Phys. Rev. Lett. 85, 3966 �2000�.
3 D. R. Smith, W. J. Padilla, D. C. Vier, S. C. Nemat-Nasser, and S.

Schultz, Phys. Rev. Lett. 84, 4184 �2000�.
4 R. A. Shelby, D. R. Smith, S. C. Nemat-Nasser, and S. Schultz,

Appl. Phys. Lett. 78, 489 �2001�.
5 A. A. Houck, J. B. Brock, and I. L. Chuang, Phys. Rev. Lett. 90,

137401 �2003�.
6 C. G. Parazzoli, R. B. Greegor, K. Li, B. E. C. Koltenbah, and M.

Tanielian, Phys. Rev. Lett. 90, 107401 �2003�.
7 G. V. Eleftheriades, A. K. Iyer, and P. C. Kremer, IEEE Trans.

Microwave Theory Tech. 50, 2702 �2002�.
8 A. K. Iyer and G. V. Eleftheriades, in IEEE MTT-S Int. Micro-

wave Symp. Dig. �IEEE Inc., Seattle, WA, 2002�, Vol. 2, p. 1067.
9 C. Caloz, H. Okabe, T. Iwai, and T. Itoh, in Proceeding of USNC/

URSI National Radio Science Meeting �USNC/URSI, San
Antonio, TX, 2002�, p. 39.

10 A. Grbic and G. V. Eleftheriades, Appl. Phys. Lett. 82, 1815
�2003�.

11 A. Grbic and G. V. Eleftheriades, IEEE Trans. Antennas Propag.
51, 2604 �2003�.

12 A. Grbic and G. V. Eleftheriades, Phys. Rev. Lett. 92, 117403
�2004�.

13 C. Caloz and T. Itoh, IEEE Trans. Antennas Propag. 52, 1159
�2004�.

14 R. Shelby, D. R. Smith, and S. Schultz, Science 292, 77 �2001�.
15 A. N. Lagarkov and V. N. Kissel, Phys. Rev. Lett. 92, 077401

�2004�.
16 V. Lindell, S. A. Tretyakov, K. I. Nikoskinen, and S. Ilvonen,

Microwave Opt. Technol. Lett. 31, 129 �2001�.
17 D. R. Smith and D. Schurig, Phys. Rev. Lett. 90, 077405 �2003�.
18 Lei Zhou, C. T. Chan and P. Sheng, Phys. Rev. B 68, 115424

�2003�.
19 D. R. Smith, D. Schurig, J. J. Mock, P. Kolinko, and P. Rye, Appl.

Phys. Lett. 84, 2244 �2004�.
20 A. Alù and N. Engheta, IEEE Trans. Antennas Propag. 51, 2558

�2003�.
21 J. A. Kong, Electromagnetic Wave Theory �EMW, Cambridge,

MA, 2000�.

ELECTROMAGNETIC WAVE PROPAGATION IN… PHYSICAL REVIEW B 72, 245107 �2005�

245107-9


