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A shape transition between surface nanostructures which, as a function of island size, are associated with
minima in formation energy per atom is modeled using a Fokker-Planck equation. We find that metastable
states, associated with positive gradients in island chemical potential, can dominate the dynamics of the
transition. The resulting bimodal island size distribution function is metastable to Ostwald ripening which has
important implications for the self-organization of quantum dots.
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The self-assembly and self-organization of nanostructures
on surfaces can be utilized to produce quantum dot arrays for
device applications.1,2 This can be readily achieved, for ex-
ample, by depositing thin films using deposition techniques
such as molecular beam epitaxy.3–5 The resulting islands, or
dots, can be overgrown by appropriate layers to form the
basis for devices such as semiconductor lasers. However,
size uniformity is critical for many applications which has
led to significant efforts to understand the key factors gov-
erning the coarsening of quantum dot arrays.

Surface nanostructures that possess a minimum in forma-
tion energy per atom �MEA� as a function of island size
�MEA systems� are particularly attractive candidates for de-
vice applications because they are associated with a thermo-
dynamically favored size. By simply annealing such struc-
tures, one might anticipate the creation of arrays with good
size uniformity. Although it is not possible to identify MEA
systems a priori, theoretical studies have shown that coher-
ently strained two-dimensional �2D� islands,6–8 three-
dimensional �3D� islands with surface stress discontinuities
at their edges9,10 or 3D islands with strain renormalized sur-
face energy9,11 are potential candidates for MEA systems.

A feature of particular interest in the case of 3D nano-
structures is the possibility that surface islands can undergo
shape transitions.12–23 This can result in a multimodal island
size distribution function during the self-organization of
quantum dot systems that can deleteriously influence device
performance. Understanding the dynamics of shape transi-
tions is therefore of critical importance to control island size
distributions and obtain good size uniformity.

Theoretical descriptions of quantum dot systems undergo-
ing shape transitions can be broadly classified as being ther-
modynamic or kinetic in nature. Kinetic models have empha-
sized the discontinuity in island chemical potential as islands
attain a critical transition size.12 Upon transformation to a
new shape, the lower chemical potential islands grow rap-
idly, resulting in a bimodal size distribution. In contrast, ther-
modynamic models associate peaks in the island size distri-
bution function with minima in formation energy per atom
for different island shapes.13,15,17 However, as discussed by
Rudd et al.,15 the dynamics of the transition between “stable”

states in thermodynamic models and the consequences for
self-organization are relatively unexplored.

In this Rapid Communication, we therefore develop a the-
oretical description of shape transition dynamics in MEA
systems. Surprisingly, metastable states, associated with
positive gradients in chemical potential, are found to domi-
nate the dynamics of the transition. These states are distinct
from energy per atom minima and have important implica-
tions for self-organization of MEA systems and the applica-
tion of thermodynamic models to interpret experimental
data.13,15,17

To model a shape transition between nanostructures ex-
hibiting MEA behavior we consider the specific case of 3D
semiconductor islands with strain-renormalized surface en-
ergy which are assumed to exhibit MEA properties.9,11 The
dimensionless formation energy Es�N� of a faceted quantum
dot as a function of the number of atoms N it contains is
given by9,11

Es�N� = − �sN + �sN
2/3 − 2N1/3 ln �e1/2N1/3� . �1�

The first term is the island relaxation energy, the second
term incorporates the change in renormalized surface energy
due to island formation, and the third term combines the
positive short range energy of the island edges with the nega-
tive surface stress induced elastic relaxation energy at the
edges, �Eelastic

edges . The parameter �s is the ratio of the volume
relaxation energy to ��Eelastic

edges � and �s is the ratio of the renor-
malized surface energy to ��Eelastic

edges �. The subscript s=1, 2 of
the parameters �s ,�s, refers to two different nanostructure
shapes. We assume that the island array is sufficiently dilute
so that the elastic interaction between islands can be ne-
glected.

Quantitative values of the parameters �s ,�s are presently
unknown. For the purpose of this simulation we assume the
arbitrary but physically reasonable values of �1=4.2, �1
=−0.8, �2=5.2 and �2=0.0. In Fig. 1�a� we plot the island
formation energy per atom �s�N�=Es�N� /N as a function of
island size for two shapes 1 and 2. Each shape is associated
with a minimum in �s�N� at �1�N1

E� and �2�N2
E�. For small

island sizes, shape 1 is energetically favorable. However,
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shape 2 is energetically preferred for large island sizes and
shape 1 will transform into shape 2 at NT where �1�NT�
=�2�NT�. Here we have specifically considered the interest-
ing case where shapes 1 and 2 have minima in �s�N�. How-
ever, other parametrizations are also possible that, for ex-
ample, include transitions between shapes with, and without,
minima in �s�N�.

In standard thermodynamic models, one might anticipate
peaks in the island size distribution associated with the two
energy per atom minima present in Fig. 1�a�. However, the
dynamical evolution of an island array towards the equilib-
rium distribution depends on the island chemical potential
�s�N�=dEs�N� /dN given by

�s�N� = − �s +
2

3
�sN

−1/3 −
2

3
N−2/3 ln �e3/2N1/3� . �2�

Figure 1�b� displays the chemical potentials of island shapes
1 and 2 with minima at N1

C and N2
C, respectively. We note that

the chemical potential minima occur at island sizes that are
appreciably smaller than the sizes corresponding to the
minima in �s�N�. This is a general feature for 3D islands with

energetics of the form given by Eq. �1� for a wide range of
�s ,�s parameter space11 and has important implications for
the self-organization of MEA systems.

To model the shape transition of the 3D strained island
array we use the Fokker-Planck equation which is derived as
an approximation of the kinetic Becker-Döring model for the
aggregation of particles.24 This equation has been used to
study time-dependent nucleation theory25 and the evolution
of nanostructure arrays.26 It can be viewed as an extension of
standard coarsening theory27–32 with the important addition
of a thermal broadening term which is significant at high
temperatures and/or when the island size distribution width
is narrow. If f�t ,N� is the island size distribution function
such that f�t ,N�dN specifies the number of islands per unit
area containing atoms between N and N+dN at time t, then
the appropriate dimensionless Fokker-Planck equation gov-
erning the time evolution of the islands is

� f�t,N�
�t

= −
�

�N
J�t,N� . �3�

The island flux through islands of size N is given by

J�t,N� = ��N�� �̄ − ��N�
�

f�t,N� −
�

�N
f�t,N�� , �4�

where �=kBT is a scaled effective temperature. A standard
case is considered where mass transfer is limited by attach-
ment �detachment� processes to �from� the island perimeter12

and �=N1/3 for appropriate scaling of the units of time. The
first term in Eq. �4� is conventionally referred to as the drift
contribution and the second term as the diffusion contribu-
tion. The drift velocity is defined as

u�t,N� = ��N�� �̄ − ��N�
�

� . �5�

The mean-field chemical potential �̄ is determined from the
constraint that the island flux J�t ,N� integrated over all is-
lands is equal to the deposition flux 	.

To illustrate the salient features of a shape transition
within a MEA system we simulate a growth and anneal ex-
periment at the scaled effective temperature �=1. The initial
distribution at t=0 is located within the range N1

C
N
NT as
shown in Fig. 2 and consists entirely of shape 1 islands. This
could be taken to mimic the distribution resulting from
nucleation, for example. The evolution of f�t ,N� is obtained
by solving Eq. �3� numerically and the mean-field chemical
potential �̄ evaluated after each time increment.

The initial distribution is subjected to a deposition flux
	=500 �in scaled units� which moves the mean island size
to a larger value. A transition from shape 1 to shape 2 occurs
as the main distribution of shape 1 islands reaches NT. At t
=1680, a second peak consisting entirely of shape 2 islands
begins to form at N�1.3N1

E resulting from a small but sig-
nificant flux of islands across the intervening size space. Dur-
ing the transition from shape 1 to shape 2, shape 2 islands are
associated with an abrupt decrease in chemical potential due
to the discontinuous transition between chemical potential
curves in Fig. 1�b� at N=NT. These islands then grow rapidly
as �2�N�
�̄ resulting in a bifurcation of the island size dis-

FIG. 1. �a� Energy per atom �s�N� and �b� chemical potential
�s�N� plotted as a function of N /N1

E for island shapes 1 �solid line�
and 2 �dashed line�. Minima in �s�N� occur at N1

E ,N2
E for shapes 1

and 2, respectively. Shape 1 will transform into shape 2 at NT.
Chemical potentials of islands 1 and 2 have minima at N1

C and N2
C,

respectively.
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tribution and a second peak centred on N=1.3N1
E. It is im-

portant to note that the distribution at t=1680 has not signifi-
cantly broadened from the initial distribution at t=0, which
is unexpected from standard coarsening theory.27–32 This can
be attributed to the positive chemical potential gradient in
this regime. To explain the absence of broadening we con-
sider a drift-dominated regime and zero deposition flux. The
mean-field chemical potential �̄ is a weighted mean of the
island chemical potentials over the island size distribution.
With a positive chemical potential gradient, small islands
with �1�N�
�̄ grow while large islands with �1�N���̄
shrink 	see Eq. �5�
. Therefore, the drift term causes the dis-
tribution to narrow about the mean island size. This can be
regarded as “inverse Ostwald ripening.” Eventually, this is
opposed by the diffusion term until the two terms become
approximately equal in magnitude but opposite in sign. This
results in a long-lived transient or metastable state.33 If
growth is “close to equilibrium” such that �̄ is only slightly
increased by the deposition flux, then the metastable state
will dominate the island size distribution at a particular cov-
erage and the state will simply drift to higher island volumes
with minimal broadening of the profile as illustrated in
Fig. 2.

The metastable nature of these as-grown island distribu-
tions is emphasized during postgrowth annealing. Upon turn-
ing off the deposition flux at t=2000, the peaks of the bimo-
dal island size distribution function associated with shapes 1
and 2 evolve towards metastable states at t=2400, as illus-
trated in Fig. 2. At t=104, these states are extremely slowly
evolving and our simulations indicate that the bimodal dis-
tribution is stable against ripening on experimentally relevant
time scales. This metastable bimodal distribution is the direct
result of a dynamic cancellation of the drift and diffusion
terms in Eq. �4�. It is attained before, and is distinct from, the
equilibrium distribution associated with the energy minima
in Fig. 1�a�. The two metastable states are approximately
Gaussian shapes centered on N1

M and N2
M. This is expected if

we note that, to a good approximation, we may approximate

the variation of �s�N� over the width of each distribution as
straight lines of positive gradient.33,34 If the mean-field
chemical potential �̄M =�s�Ns

M� then the chemical potential
at size N can be written as �s�N�= �N−Ns

M�d�s /dN
+�s�Ns

M�. Inserting this linear form into Eq. �4� and looking
for steady-state solutions where J�t ,N�=0 yields,

fs
M�N� = As

M exp �−
d�s

dN

�N − Ns
M�2

2�
� , �6�

where As
M is a constant. This Gaussian distribution function,

centered on Ns
M, can also be viewed as the equilibrium

Gibbs-Boltzmann distribution associated with a linear
chemical potential variation. Given that the shape transition
is associated with two curves of positive chemical potential
gradient, the condition for metastablity, in the linear potential
approximation, is given by �1�N1

M�=�2�N2
M�= �̄M, which is

schematically represented by the construction in Fig. 3. The
standard deviation of the Gaussian distribution approximat-
ing each metastable state is given from Eq. �6� by �s
= 	� / �d�s /dN�
1  2.33,34 Consequently, �2��1, in agreement
with Fig. 2, since 	d�1 /dN
N1

M � 	d�2 /dN
N2
M 	Fig. 1�b�
.

In summary, we have presented a theory based on the
Fokker-Planck equation that incorporates island shape tran-
sitions in MEA systems. Long-lived transient states, which
are distinct from the energy per atom minima in MEA sys-
tems, can dominate the dynamics of the transition. The sys-
tem stagnates into a bimodal distribution which is metastable
to Ostwald ripening. This unusual kinetics has important im-
plications for the self-organization of MEA systems. It is
important to appreciate the full ramifications of thermody-
namic models and, in particular, the existence of metastable
states when applying them to interpret the evolution of
quantum dot systems in which shape transitions are
observed.13,15,17
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FIG. 2. Island size distribution function f�N /N1
E� evolving with

time t �scaled units�. Shape 1 transforms into shape 2 at NT.

FIG. 3. Construction linking the mean-field chemical potential
�̄M with the chemical potentials of the two shapes, �1�N1

M� and
�2�N2

M�. In the linear approximation, the chemical potential varia-
tion of the two shapes is approximated by straight lines of different
slope.
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