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The thermomechanical behavior of single-walled carbon nanotubes �SWCNTs� is governed by the compe-
tition between quasistatic thermal expansion and dynamic thermal vibration, while the vibration effect is more
prominent and induces apparent contraction in both radial and axial directions. We perform extensive
molecular-dynamics simulations to explore the mechanisms of thermal expansion and apparent contraction of
SWCNTs. The contributions of various vibration modes to apparent thermal contraction are analyzed explicitly
at different temperatures. Parallel continuum analyses are also used to validate the vibration characteristics.
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I. INTRODUCTION

Single-walled carbon nanotubes �SWCNTs� have great
potentials in nanomechanical and electronic devices: the
SWCNT-based composites are light-weight structural mate-
rials with extraordinary stiffness and strength,1 and SWCNTs
may also be employed in nanoelectronic components as the
next generation of semiconductors and nanowires.2 The ther-
momechanical properties of nanodevices are of important
since the operations of such devices typically require a sig-
nificant amount of heat to be dissipated in a small region.
Upon heating, the residual stress induced by thermal-
expansion mismatch between the SWCNT, matrix, and sub-
strate strongly affects the electrical and mechanical proper-
ties of the components, thus it is critical to the system
reliability. Perhaps the most fundamental thermomechanical
property of SWCNTs is the coefficient of thermal expansion
�CTE�, and it must be fully understood before characteriza-
tion of the residual stress in each component caused by CTE
mismatch.

By using x-ray diffraction on a SWCNT cluster, negative
and positive axial CTEs have been found at low and high
temperatures, respectively.3,4 Experiments on the CTE of a
single SWCNT are difficult and such data are still lacking.
Numerical analyses based on molecular-dynamics �MD�
simulation therefore provide useful insights into the thermo-
mechanical behaviors of SWCNTs. With increase of tem-
perature, if the SWCNT remains quasistatic, the bond length
elongation induced by internal energy would lead to thermal
expansion in both axial and radial directions.5 On the other
hand, increase of structural and vibrational entropy with
heating causes dynamic thermal vibration in the system with
characteristic frequencies, which leads to apparent thermal
contraction if one measures the axial distance between the
two ends of SWCNTs.6 The effect of lateral vibration on the
apparent thermal axial contraction is sketched in Fig. 1. Ul-
timately, the morphology of SWCNTs at any finite tempera-
ture is a superposition of both quasistatic and dynamic com-
ponents. It is of fundamental value to understand the
competition between thermal expansion and vibration �con-
traction� behaviors, as well as the contributions of various
vibration modes in radial, axial, and lateral directions. In
addition, to overcome the length and time scale limits of MD

simulation, simple continuum-based models with effective
properties which closely duplicate the atomistic simulation
are needed.

In this paper, we perform extensive numerical studies on
both thermal-expansion and vibration characteristics of
SWCNTs. Various vibration modes are decoupled, and the
mechanisms of apparent thermal contraction are explored by
investigating the contributions of each mode. A simple con-
tinuum beam model is used to predict the vibration frequen-
cies, and parallel simulation based on the finite element
method �FEM� is compared with MD analyses.

II. NUMERICAL APPROACH

Atomic interactions in the SWCNT system are modeled
by using the CVFF �consistent valence force field�,7 where
the bond-bond stretching energy is expressed by the anhar-
monic Morse potential. With CVFF, both vibration amplitude
and equilibrium distance between atoms increase with heat-
ing, thus making it possible to simulate thermal expansion.
Since periodic boundary conditions may introduce spurious
phonon modes and constrain certain modes of vibration, in
this study, an open-ended �5,5� SWCNT is employed in MD
simulation. At temperature 0 K, the SWCNT is initially
straight with undeformed total length L0=24.4 nm between
its open ends. In order to remove the dangling-bond effect,

FIG. 1. �Color online� The apparent thermal axial contraction of
SWCNTs is caused in part by the lateral vibration modes through
bending coupling, and in part by random lattice thermal vibration
�Fig. 2�b��. The SWCNT configuration at 800 K is computed from
MD analysis, whereas the shapes of lateral vibration modes are
obtained from continuum analyses �Eq. �1��.
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20 terminating layers of carbon atoms on each end are ig-
nored when evaluating the undeformed and deformed lengths
in the axial direction, which gives an undeformed axial
length of the segment, S0=19.77 nm. The radius of unde-
formed circular cross section is R0=0.338 nm.

The temperature field is varied from T=100–800 K with
an increment of 100 K. At each desired T, 100 000 MD
equilibration steps �with a fixed time step 1 fs� is carried out
until the system has reached a constant temperature. The
SWCNT morphology is recorded in the next 500 ps and av-
eraged over this period. The following variables are used to
describe the deformed shape, from which thermal expansion
and contraction behaviors may be derived: �i� the apparent
axial length of the segment along the direction of unde-
formed axis S�T�, which may also be measured from experi-
ments; �ii� the effective radius R�T�, which is the average
distance of each atom from the center of mass of that layer,
then averaged over all layers; �iii� the circumferential length
��T�, which is the summation of distances between neigh-
boring atoms in a layer, then averaged over the entire
SWCNT. The variation ratios of S, R, and � are the effective
axial strain ��S�, effective radial strain ��R�, and circumfer-

ential strain ����, respectively. In all cases, rigid body mo-
tions have been subtracted off from the motion of the nano-
tube.

The quasistatic thermal-expansion behavior arises from
stretching of C1 �circumferential� and C2 �axial� bonds. The
average increment ratios of C1 and C2 bonds are given in
Fig. 2�a�. The circumferential length of the nanotube ��T� is
essentially independent of vibration modes. From Fig. 2�a�,
�� increases almost linearly with heating, which is identical
to the quasistatic component of effective radius �R

q . �� is
about 60% of the stretching strain of C1 or C2 bonds, due to
the effect of bond angle variation. On the other hand, the
quasistatic expansion of SWCNT in the axial direction can
be calculated as the length of deformed center axis, which is
the summation of distances between geometric centers of
adjacent layers. The quasistatic axial strain �S

q is positive
thanks to C2 bond elongation. Similar to the circumferential
strain, the quasistatic axial strain is smaller than the incre-
ment ratio of C-C bonds due to both in-plane and out-of-
plane bond angle adjustment. When compared with the over-
all effective axial strain �S �negative at T=100–800 K� in
Fig. 2�b�, it can be seen that the effects of dynamic thermal

FIG. 2. �Color online� Quasistatic thermal ex-
pansion vs dynamic contraction by vibration
modes: �a� Bond length elongation and thermal
expansion and contraction behaviors in radial di-
rection. �b� Thermal expansion and contraction
behaviors in axial direction.
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vibrations have overcome the quasistatic bond elongation,
which leads to apparent thermal axial contraction �cf. Fig. 1�
and negative axial CTE. The most important dynamic con-
tributions come from beamlike lateral vibration and random
thermal lattice vibration, analyzed below.

The lateral vibration modes and frequencies may be ex-
plored from the lateral displacement �vibration amplitude�
histories of the geometric center of atomic layers. A typical
example is given in Fig. 3�a� for the center layer at 800 K.
From fast Fourier transform �FFT� analysis �Fig. 3�b��, fre-
quencies 0.037, 0.104, 0.208, and 0.328 THz can be
identified—they correspond to the four lowest lateral natural
vibration frequencies of the SWCNT. The overall lateral vi-
bration behavior may be approximated as the superposition
of these lowest lateral natural vibration modes �Fig. 1� with
varying amplitude �Fig. 3�a��. From extensive MD analyses,
it is found that the lateral vibration frequencies are robust for
all layers and remain essentially unchanged at all tempera-

tures. With varying T, there is no new vibration mode or
frequency activated; instead, only the overall vibration am-
plitude increases.

Lateral vibration causes SWCNTs to bend at finite tem-
perature, which is responsible for part of the apparent con-
traction in SWCNTs. The time history of the variation of
apparent axial length S�T�−S0 is given in Fig. 4�a� at T
=800 K: it is apparent that the oscillation of S�T� is a super-
position of a low-frequency vibration mode plus several
high-frequency vibration modes. Indeed, from FFT analysis
in Fig. 4�b�, the low frequency 0.074 THz and high frequen-
cies 0.55, 1.10, and 1.65 THz can be found. The low fre-
quency, 0.074 THz, is exactly twice the frequency of the first
mode of lateral natural vibration �0.037 THz, Fig. 3�b��. It is
straightforward to show that when the lateral bending vibra-
tion is projected into the axial direction, its frequency is
doubled. On the other hand, the high frequencies of S�T�
�Fig. 4�b�� do not appear in the frequency spectrum of lateral
vibration �Fig. 3�b��, thus they are due to axial vibration.

FIG. 3. �Color online� �a� Time history of amplitude, �b� FFT of
lateral vibration of the geometric center of middle section at 800 K.
The lateral frequencies are robust for other sections and
temperatures.

FIG. 4. �a� Time history of amplitude. �b� FFT of oscillation of
apparent axial length at 800 K. The low frequency comes from
lateral vibration and high frequencies belong to axial vibration.
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When averaged over a long period, S�T�−S0 is negative, in-
dicating apparent thermal contraction which is consistent
with Fig. 2�b�.

The frequencies can be explained via continuum analysis.
As a complementary approach to MD, the SWCNTs may be
conveniently modeled as continuous cylindrical shells8 with
a fixed wall thickness t and a fixed Young’s modulus E—the
only variable used to distinguish different chiralities is the
radius of the undeformed shell R0. By computing the strain
energies of tension, bending, and torsion for nine SWCNTs
with different chirality, comparisons between MD and con-
tinuum studies lead to a set of parameters, E�6.85 TPa and
t�0.08 nm, that are within 5% error for all deformation
modes and for all SWCNTs.9 The Young’s modulus does not
vary significantly with temperature5 and it is assumed to be a
constant from 0 to 800 K in this study. Since the aspect ratio
L0 /R0 is very large, the SWCNT may be regarded as a beam
with the same section and elastic property,9 where analytical
results for the modes and natural frequencies of vibration are
readily available. Denote the deformed shape of the beam as
W�z� �with z the axial coordinate�, for a beam with free ends
and undeformed length L0, the profiles of the several lowest
lateral vibration modes are10

Wn�z� = Dn��cosh � + cos �� + �cos � − cosh ���sinh �

+ sin ��/�sinh � − sin ��� , �1�

where Dn is the vibration amplitude of the nth mode
�n=1,2,3,…�, �=knz, and �=knL0. kn is the nth eigenvalue
given by k1L0=4.730, k2L0=7.853, k3L0=10.996, and k4L0
=14.14. The three lowest natural vibration modes are
sketched in Fig. 1. The characteristic frequencies of the sev-
eral lowest modes of lateral vibration are

fn = �EI/��A��knL0�2/�2�L0
2� , �2�

where A=2�R0t is the beam cross-section area, I
=�R0t�4R0

2+ t2� /4 is the moment of inertia, and � is the den-
sity. Assuming the mass of SWCNT is distributed uniformly
along the beam ��=9517 kg/m3�, the four lowest lateral vi-
bration frequencies of �5,5� SWCNTs are 0.038, 0.107,
0.210, and 0.348, respectively—these values are very close
to that obtained from MD analyses �Fig. 3�b��, which have
also validated the beam model along with its continuum pa-
rameters �E�6.85 TPa and t�0.08 nm�.11

The axial vibration of the beam is harmonic, which causes
the ends of beam to vibrate around their equilibrium posi-
tions and has no net contribution to the apparent length �or
contraction�. The natural frequencies of the several lowest
axial vibration modes are

�n = �n/2L0��E/� �n = 1,2,3,…� . �3�

For �5,5� SWCNTs, �1=0.55 THz and �1=1.12 THz, which
are in excellent agreement with MD findings �Fig. 4�b��.

The contribution of lateral bending vibration on apparent
thermal contraction may also be estimated from the beam
model. For each mode n, the lateral vibration amplitude Dn
in Eq. �1� may be obtained from MD analyses �e.g., Fig.
3�a��. Therefore if the axial length of the beam were to re-
main a constant L0 during vibration, the apparent contraction

ratio caused by the bending effect can be estimated by add-
ing up the contributions from several lowest lateral vibration
modes; the result is plotted in Fig. 2�b�. The lateral bending
effect is responsible for about half of the reduction of appar-
ent axial length. It should be noted that the apparent axial
contraction also depends on the length and radius of the
nanotube, where the longer and thinner tube exhibits more
flexible beamlike behavior and thus contracts more in the
axial direction. Since the energy of each phonon �vibrational
mode� scales with kT �where k is the Boltzmann’s constant�,
the average lateral vibration amplitude scales with Dn
�kTL3 / �EI�.12,11 Hence the axial contraction caused
by the lowest lateral vibration mode is estimated to be
�D1

2 /L�kTL2 / �EI��kTL2 / �ER0
3t� when t�R0. This scal-

ing relationship clearly shows that more axial contraction is
favorable for longer and thinner SWCNTs. Since the chiral-
ity is only exhibited through the radius of the tube in the
continuum model, one would expect to observe more axial
contraction caused by lateral bending in SWCNTs with
smaller diameter, e.g., �4,4� or �3,3�. When added together,
the lateral vibration modes, which are low-frequency, long-
wavelength mechanical phonons, contribute to about one-
half of the total apparent contraction in the axial direction.

The other half of apparent thermal contraction is due to
the random thermal lattice vibration �or high-frequency,
short-wavelength thermal phonons�. At finite T carbon atoms
vibrate randomly around their equilibrium positions with a
frequency of about 30 THz, which is much higher and also
independent of the system vibration modes. The lattice vi-
bration causes the geometric center of each atomic layer to
differ slightly from its ideal position, leading to a rough cen-
ter axis. To illustrate, the morphology of the center axis at
800 K and 20 ps is shown in the inset in Fig. 2�b� �not drawn
to scale�. The zigzag features in the deformed shape help to
further reduce the apparent axial length of the SWCNT.

Dynamic lateral vibration also causes apparent radial con-
traction through bending coupling. Such effect is shown in
Fig. 2�a� as the difference between the quasistatic component
of effective radius �R

q and overall effective radius �R. The
FFT of time history of radial oscillation R−R0 of the center
layer at 800 K is given in Fig. 5, where two main frequencies
can be identified: a lower frequency about 0.037 THz �Fig.
5�a�� which is identical to the lowest lateral natural vibration
mode �Fig. 2�b��; and a higher frequency about 13.5 THz
�Fig. 5�b��, which is very close to the radial breathing mode
�RBM� of SWCNTs.5

The lowest lateral vibration mode causes SWCNTs to
bend into a shape which approximates one-half period of a
sinusoidal wave. Consequently, the cross section of the nano-
tube changes from circular to slightly elliptical and the ef-
fective radius R is reduced, leading to an apparent contrac-
tion in the radial direction. An example is shown in the inset
of Fig. 5�a� at T=800 K at a particular time instant �with the
largest possible difference with respect to the unperturbed
circular configuration at 0 K; such difference has been mag-
nified 100 times�.

The RBM is generally considered to be harmonic5 and has
essentially no contribution to the effective radial strain.
Kwon et al.6 have also reported a pinch mode and a twist
mode for the thermal vibration of SWCNTs, which are not
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observed in the present study. The pinch mode becomes sig-
nificant only in thin shells, which requires the SWCNT to be
short and with a large radius9—both not applicable to the
long, beamlike SWCNT adopted in this paper. The effect of
aspect ratio and section ratio on thermal vibration properties
is beyond the scope of current paper; such work is in
progress and will be published elsewhere. The twist mode is
active only in nanotube bundles6 and does not exist in this
study.

In order to overcome the limits of length and time scales
in MD analyses, the continuum approach is sometimes desir-
able. As discussed earlier, the beam model has been success-
fully employed to predict the lateral and axial vibration fre-
quencies of SWCNTs. Moreover, we have performed FEM
simulations on the vibration behaviors of SWCNTs, where
several lowest vibration modes may be activated simulta-
neously. In FEM simulation, the SWCNT is modeled as a
continuous shell with the aforementioned geometry and elas-
tic property. To launch vibration, initial velocities are im-
posed on the nodes such that the steady-state vibration am-
plitudes are roughly equal to that obtained in MD in all
directions. Comparison between the lateral and axial vibra-
tion characteristics obtained from MD and FEM analyses �at

800 K� are given in Figs. 6�a� and 6�b�, respectively. From
FFT analyses, the lateral frequencies 0.037, 0.106, 0.209,
and 0.339 THz, and axial frequencies 0.55, 1.12, and 1.67
THz are found from FEM—all in excellent agreement with
MD �Fig. 3�b� and 4�b��. Furthermore, the lateral and axial
vibration modes may be readily decoupled in FEM analyses
by setting certain initial velocity components to zero. The
FEM studies have verified that the axial oscillation has no
net contribution to the apparent thermal axial contraction.

III. CONCLUSION

In summary, a systematic and relatively complete MD in-
vestigation is carried out to analyze both thermal expansion
and apparent contraction behaviors, and to obtain explicit

FIG. 5. �Color online� FFT results show �a� low frequency, �b�
high frequency of radial vibration at 800 K. The low frequency
comes from lateral vibration �which changes cross section to ellip-
tical� and high frequencies belong to axial vibration.

FIG. 6. �Color online� The time history of the geometric center
of the middle layer of SWCNTs: comparison between MD and
FEM simulations at 800 K. �a� lateral vibration; �b� axial vibration.
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information on various vibration modes as well as their
quantitative contributions to the apparent contractions in
axial and radial directions. The quasistatic thermal expansion
and dynamic thermal vibration are decoupled quantitatively
via extensive MD analyses, as well as the relevant thermal
vibration modes in both axial and radial directions. We have
also carried out continuum studies to verify the thermal vi-
bration frequencies and show that continuum simulation ef-
fectively reproduces the dynamic behaviors of SWCNTs. It
is found that the quasistatic thermal expansion of SWCNTs
is initiated by C-C bond elongation, whereas the dynamic
thermal vibration has reduced both the effective radius and
apparent axial length. At any finite temperature, the apparent
CTEs in axial and radial directions are negative, and they
may be readily derived from Fig. 2.

The radial contraction is primarily caused by the lowest
lateral vibration mode via bending coupling, which changes
the tube cross section into slightly elliptical shape. On the
other hand, the reduction of apparent axial length is caused
in part by the bending effect of lateral vibration modes �Fig.
1�, and in part by the random thermal lattice vibration. The
axial vibration modes have no net effect on the apparent
axial length. All lateral and axial vibration frequencies ob-
tained from MD simulation agree very well with beam
theory and FEM simulation. Thus the continuum analyses
may be used to study the vibration frequencies of SWCNTs

and to simulate thermal vibration behaviors. Although speci-
fied for SWCNTs with both ends free, the general MD and
continuum approaches may be readily extended to SWCNTs
with other boundary conditions and such work is in progress.

Ultimately, the thermomechanical behavior of SWCNTs is
exhibited through the competition between quasistatic ther-
mal expansion and dynamic thermal vibration; the latter is
more prominent and causes apparent thermal contraction in
both radial and axial directions, at least for temperatures be-
low 800 K. Although the studies in this paper are based on
�5,5� SWCNTs, the success of continuum modeling makes it
possible to extend the main findings in this paper to long
SWCNTs with any radius. In particular, the effects of
SWCNT length and radius are also estimated via continuum
analysis. The studies in this paper may provide useful infor-
mation to the thermomechanical integrity of CNTs, and be-
come important in practical applications involving finite tem-
perature.
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