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A theoretical study of a planar electronic waveguide with a uniformly curved section in the perpendicular
homogeneous magnetic field B is presented within the envelope function approximation. Utilizing analytical
solutions in each part of the waveguide, exact expressions are derived for the scattering and reflection matrices
and for the transcendental equation defining bound-state energies. It is shown that in the magnetic field a
propagation threshold in the continuously curved channel is always smaller than its counterpart for the straight
arm which means that bound states in the uniform magnetic field always exist. Their energies do not depend on
the direction of the field, and at high magnetic intensities they approach the lowest Landau level. For the
transport in the fundamental mode an interaction of a quasibound level split off from the higher-lying threshold
as a result of the bend, with its degenerate continuum counterpart, causes a dip in the transmission. In the
magnetic field, contrary to the field-free case, conductance in the minimum Gmin, generally, ceases to be zero.
It is shown that growing magnetic fields cause Gmin to saturate to 2e2 /h which means that a quasibound level
formed as a result of the bend is completely dissolved by the increasing B; however, this transformation is very
different for the different bend angles and radii. In particular, quasibound states of the fundamental propagation
mode survive stronger fields for the smaller bend angles which is explained by the larger total magnetic flux
through the curved section where these levels are formed. Since a magnetic length lB= �� /eB�1/2 is inversely
proportional to the square root of B, states for the waveguide with a smaller radius also survive stronger fields,
and their asymptotic approach to the dissolution possesses nonmonotonic Gmin dependence on the magnetic
field with minimum conductance again reaching zero for some special values of B. Vortex structure of the
currents flowing in the waveguide near the resonance is strongly affected by the field. In particular, small
magnetic intensities change zero-field vortices in the straight arms into the magnetic antivortices which cor-
respond to the interacting with each other surface currents flowing along opposite walls of the channel.
Increasing the magnetic field suppresses the formation of the vortices pushing currents to the outer �inner�
walls in the straight �bent� section. For fields larger than the saturation magnetic intensity, the only conse-
quence of the bend is a strong surface current near the convex wall of the bend, and the electronic flow along
the junctions between straight and curved parts.
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I. INTRODUCTION

The discovery of the quantum Hall effect1 stimulated in-
tensive theoretical and experimental research on magnetic
field influence on low dimensional nanostructures �see Refs.
2–6, and references therein�. In particular, the resistances of
a quantum channel with a finite barrier inside were calcu-
lated in the limit of very strong magnetic fields.7 Oscillations
which are periodic in the field, in the low-temperature mag-
netoresistance of a point contact in the two-dimensional elec-
tron gas were observed experimentally and explained theo-
retically as a tunneling between edge states across the point
contact.8 Conductivity of the many-terminal junctions of
quantum wires was theoretically investigated,9–11 and a rich
structure of the Hall resistance deviating considerably from
the wide-wire result was shown. Computational study of sev-
eral different kinds of four-terminal junctions showed that
the Hall and bend resistances are extremely sensitive to the
geometry of the junction and that the classical and quantum
mechanical results are qualitatively similar but quantitatively
very different.12 Spectroscopy of the energy levels and asso-
ciated currents of infinitely deep13,14 and finite15 quantum

wells in crossed magnetic and electric fields was calculated,
and a crucial role of the energy spectrum anticrossings in the
jumps of the equilibrium Hall currents was described. Theo-
retical analysis revealed that the magnetic field applied to the
straight quantum wire with symmetrically embedded quan-
tum dots leads to the Fano resonances16 on the conductance
Fermi energy dependence.17–21 It was predicted that asym-
metric Fano resonances occur also in the electronic conduc-
tance across a shallow quantum well in a high tilted mag-
netic field.22

Standard Hall bar geometry consists of the intersections
of planar circuits of narrow wires5,11,23,24 and, in fact, pre-
sents a quantum waveguide with a set of the bends. There-
fore, a correct description of the bent quantum wire in the
magnetic fields is a significant theoretical and experimental
problem. Even though the wave dynamics in the bent wave-
guide has been a subject of intensive research for more than
a century in acoustics25 and electrodynamics and optics,26–29

only relatively recently has it been proved theoretically that a
field-free bent quantum waveguide with Dirichlet boundary
conditions supports localized modes with energies below the
fundamental threshold of the straight waveguide.30–33 Extra
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space in the bend presents a shelter where the electrons can
dwell with momentum smaller than the cutoff momentum of
the lowest subband. Theoretical predictions of the existence
of such bound states were confirmed experimentally.34 Bend-
ing of the waveguide leads also to steep dips on the conduc-
tance versus Fermi energy dependence.35–39 These narrow
antiresonances lying closely below each propagation thresh-
old are explained by the interference of the discrete level
split off by the bend from the higher subband, and continuum
states of the lower mode. Recent surveys of the research on
the field-free bent quantum waveguides may be found in
reviews.40,41 Miscellaneous aspects of different configura-
tions of bent guiding structures have been under the scruti-
nized attention of the researchers from different branches of
physics, and this interest is not fading.42–81

Effects of applied magnetic fields on the properties of the
bent waveguides were considered by a number of groups.
Influence of the uniform magnetic field on a two-probe con-
ductance of a curved quantum wire was theoretically ana-
lyzed in Refs. 82–84. Calculations proved that the hollow
bent and twisted quantum tubes of constant cross sections
threaded by an Aharonov-Bohm flux85 also support bound
states.86,87 General gauge suitable for the investigation of the
two-dimensional bent quantum wires in a perpendicular
magnetic field was discussed.88 Transmission properties of L,
T, and X structures subjected to the superposition of the uni-
form magnetic field and high frequency radiation were
calculated,89 and the resonant anomalies of the Hall resis-
tance were found in a weak magnetic field. Electronic trans-
port in the infinitely thin curved quantum wire subjected to
the Aharonov-Bohm-like magnetic field perpendicular to the
waveguide plane, was considered.90 Theoretical analysis of
the bound states of L- and T-shaped quantum wires in inho-
mogeneous magnetic fields revealed that the bound-state en-
ergy depends quadratically �linearly� on the magnetic field in
the weak �strong� fields.91 Transmission properties of the
same structure were also calculated.92 Electron localization
in the bent waveguide with parabolic transverse confinement
in perpendicular uniform magnetic fields was analyzed by
means of the perturbation theory with respect to the bending
angle.93 Application of the Hardy-type inequality for the
magnetic Dirichlet form in the waveguide proved that
bounded differentiable fields with compact support or an
Aharonov-Bohm field can wipe out bound states of the
curved quantum channel.94 Experimentally, quenching of the
quantum Hall effect was observed in a one-dimensional con-
ductor in small magnetic fields.23 Miscellaneously shaped
cross geometries of high-mobility GaAs-AlxGa1−xAs hetero-
structures were fabricated, and their measured magnetotrans-
port properties were explained by the simple semiclassical
picture describing the geometrical scattering of the electrons
entering the cross section.95 Applicability of such an expla-
nation was theoretically confirmed by the exact quantum me-
chanical consideration.96 Magnetoluminescence experiments
with V-shaped �Ref. 97� and T-shaped �Ref. 98� quantum
wires were corroborated by the direct solution of the corre-
sponding Schrödinger equation. Quantum magnetotransport
experiments in periodic V-grooved GaAs/AlGaxAs1−x het-
erostructures were reported recently.99 External magnetic
field applied parallel to one of the arms of L-shaped strained

n-InGaxAs1−x channels was used to investigate experimen-
tally polarization and rotation of electron spins, and it was
proved that current-induced spin polarization can be
achieved by means of the electric field only.100

In the present paper, we return to the theoretical study of
the planar quantum waveguide with uniformly curved sec-
tions in the perpendicular homogeneous magnetic fields.
Within effective-mass approximation and noninteracting
electron picture exact analytical solutions are presented in
each region and matched at the boundaries between them.
Comparative analysis between this and other known ap-
proaches is provided. In particular, knowledge of the analyti-
cal solutions allows one to derive limiting cases of vanishing
and strong magnetic fields. Another advantage of this method
lies in the fact that, by matching wave functions at the junc-
tions between curved sections and straight arms, one can
either derive formal exact expressions for the scattering and
reflection matrices or arrive at the transcendental equation
with its solutions defining energies of the bound states of the
system. Armed with this knowledge, we provide a compre-
hensive analysis of both the bound levels as well as scatter-
ing states in the wide range of the bend parameters and the
fields. For example, an equation is derived for the correct
determination of the propagation thresholds in the continu-
ously curved wire. It is shown that bound states of the con-
sidered structure always exist, approaching for high mag-
netic intensities the lowest Landau level. The direction of the
field does not influence their properties. Their peculiar fea-
ture is the fact that after some field strength that is dependent
on bend parameters, the localized level wave function is de-
scribed by the states with negative angular wave vectors
only. For the propagation in the fundamental mode it is
shown that a minimum of the conductance at the resonance
generally ceases to be zero in nonzero fields. For quite strong
magnetic intensities dependent on the bend parameters, the
resonance is completely washed out. Quasibound states for
the waveguide with smaller bend angles survive stronger
fields since a total magnetic flux through such bends is
smaller. Also, there is a drastic difference between the con-
ductance behavior for large and small radii with quasibound
levels for the former case disappearing at smaller fields.
Properties of the conductance in the magnetic field are ex-
plained by considering currents flowing in the waveguide.
Similarities and differences between current vortices near the
resonance for zero and nonzero fields are discussed. It is
shown that the increasing field pushes currents in the straight
�bent� arm closer to the outer �inner� surface and suppresses
the formation of the vortices leading for small magnetic in-
tensities to the antivortices in the straight arms, and when the
resonance completely disappears, there is a perfect laminar
flow both in the straight arms as well as in the curved sec-
tion.

The paper is organized as follows. In Sec. II our model is
presented and a necessary formulation of our method is
given. Several advantages of this approach are also dis-
cussed. Section III is devoted to the presentation and detailed
physical interpretation of the calculated results. A summary
of the results is provided in Sec. IV. In the Appendix we
write the explicit form of the scattering and reflection matri-
ces and the transcendental equation for bound state energies.
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II. MODEL AND FORMULATION

The structure we consider is shown schematically in Fig.
1. The quantum waveguide of width d with hard-wall bound-
aries is subjected to a homogeneous magnetic field B applied
in the z direction. The waveguide contains a uniformly
curved section with the inner radius �0 and angle �0. Since,
in general, for nonzero magnetic field there is a difference
between up- and down-turn bends,83 both these situations are
shown in the figure and are discussed later in the text. We
assume noninteracting electron picture within effective-mass
approximation.101 Electron spin splitting is neglected. Then,
in the time-independent single-particle Schrödinger equation
describing the electron wave function ��r�

� 1

2m* �− i� � + eA�2 + V�r����r� = E��r� , �1�

where e is an absolute value of the electronic charge, m* is
an effective electron mass, c�1, the electrostatic potential
V�r� is zero inside the waveguide and infinity otherwise. In

addition, a magnetic field enters Eq. �1� via the vector poten-
tial A, B=��A.

It is convenient at this point to introduce dimensionless
variables; namely, we will measure all distances in units of
the waveguide width d; all energies, in units of ground-state
energy �2�2 / �2m*d2� of the infinite quantum well of width
d; all momenta, in units of 1 /d; magnetic fields, in units of
� / �ed2�; time, in units of 2m*d2 / ��2��; conductance, in units
of 2e2 /h; magnetic flux, in units of h /e; and two-
dimensional current density, in units of e� / �m*d3�.

In the straight waveguide to the left of the bend, Eq. �1�
may be solved in the separable form in the Cartesian
coordinate system �x ,y� shown in Fig. 1 and with the Landau
gauge for the vector potential A= �−yB ,0�:

��x,y� = exp�ipx�	p�y� , �2�

where function 	p�y� satisfies the equation

� d2

dy2 + ��2E − �By − p�2�		p�y� = 0 �3�

with the boundary conditions 	p�± 1
2

�=0.
Since a direct numerical integration of Eq. �3� was per-

formed in Refs. 11 and 84, we adopt here another method of
its solution; namely, we have found it more convenient to
present a solution in the analytical form:

	pn
�y� = 
pn
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2
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B
,− i�2B�1/2�1

2
−
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B
	�
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−
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	�
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�2
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,− i�2B�1/2�y −

pn

B
	�� . �4�

Function U�a ,�� in Eq. �4� is a Weber parabolic cylinder
function,102,103 and the unknown coefficient 
pn

is deter-
mined from the normalization condition which we choose in
the form11,84

�
−12

12

�pn + pn� − 2By�	pn
�y�	pn�

�y�dy = �nn�, �5�

where �nn� is a Kronnecker symbol.
Allowed values of the coefficients pn are to be found from

the boundary conditions. A form of the solution, Eq. �4�,
automatically zeroes the wave function on one of the walls.
Applying the same requirement to the second side of the
strip, one arrives at the transcendental equation for the deter-
mination of the allowed values of p:

FIG. 1. Up- �a� and down-turn �b� curved quantum waveguide in
uniform magnetic field B pointing in the positive z direction. Wave-
guide width is d, bend angle and inner radius are �0 and �0, respec-
tively. Origin of the polar coordinate system �� ,�� coincides with
the center of the bend. For the case �a� polar axis is a vertical
junction of the straight and curved parts, while for the case �b� it is
the junction with the right straight channel. Curved arrows show
direction in which the azimuthal angle � grows. Local Cartesian
coordinate systems �x ,y� and �x1 ,y1� for the straight arms are also
shown. Their origins coincide with the middle of the corresponding
junction with the bent part.
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	� = 0. �6�

Note that the left-hand side of Eq. �6� is considered as a
function of momentum pn for fixed values of energy E and
magnetic field B. From the properties of the Weber
functions102 it directly follows that Eq. �6� has a countably
infinite set of solutions pn, n=1,2 , . . ., with only a finite
number of real and infinitely many purely imaginary pn. The
real values of pn are naturally associated with the propagat-
ing waves, while purely imaginary values of the momentum
correspond to the attenuated or evanescent modes. For some
values of E and B, Eq. �6� can also have complex solutions
that correspond to the oscillatory damped states. It was
pointed out earlier that such states exist11,84 and their depen-
dence on the magnetic field was calculated;11,84,104 below we
give their detailed analysis as functions of the Fermi energy
for the wide range of the induction B. Note also that this
equation is invariant under the transformation p→−p, and
Eq. �3� remains the same after the simultaneous change
p→−p, y→−y. Some other properties of the functions
	pn

�y� and coefficients pn are given in Ref. 11.
Another advantage of the analytical solution in the form

of Eq. �4� is the fact that Eq. �6� can be used for finding band
edge energies as functions of the magnetic field. Namely, at
the band edge p=0, and Eq. �6� transforms to

U2��2

2

E

B
,i�B

2
	1/2� − U2��2

2

E

B
,− i�B

2
	1/2� = 0. �7�

This equation implicitly defines band edge energies as a
function of B. Equation �7� allows us to analytically derive
limiting cases of weak and strong magnetic fields. In particu-
lar, by using properties of the Weber functions,102 one can
show that for the vanishing fields the band edge energies
tend to E=n2, as would be expected. Along the same lines it
can be derived that for large B these energies approach as-
ymptotically from above the equidistant Landau spectrum105

E = �2n − 1�B/�2, �8�

a result known from earlier numerical investigation.11

Figure 2 shows momenta pn calculated from Eq. �6� as
functions of energy E for several values of the magnetic field
B. It is seen that from the lowest subband threshold the mag-
nitude of p for the fundamental propagating mode monotoni-
cally increases with energy. For small and moderate mag-
netic fields absolute values of the imaginary momenta
decrease with energy growing, as it is seen from Fig. 2�a�.
This means higher spatial extent of the corresponding local-
ized state. At the first excited threshold lowest 
p
 turns to
zero, and the second propagating channel with real momen-
tum emerges, as expected. We note that for the ranges of the
magnetic fields from Fig. 2�a� the localized levels do not
interact with each other. However, the situation changes with
further increase of B. One of the initial stages of the interac-
tion of the bound states is shown in Fig. 2�b�; namely, lowest

p
 does not decrease, as it was the case for the weaker fields,
but gets bigger, approaching the nearest higher momentum.
For the field from Fig. 2�b� this interaction is still too small.

FIG. 2. Momenta p of the
straight channel in the magnetic
field as a function of the Fermi en-
ergy E for several values of B: �a�
B=10, �b� B=20, �c� B=25, and
�d� B=35. Dashed lines are for the
real part of the momentum, and
the solid ones—for the imaginary
constituents. Numbers near the
propagating states denote the cor-
responding subbands, while
primed numbers are used for the
evanescent or oscillatory damped
levels. Dotted vertical lines show
first excited subband thresholds
for the corresponding magnetic
field B. Since, for the high fields,
the interval near the fundamental
threshold where two levels with
lowest imaginary Im�p� are split
off, is too small, it is not resolved
in �d�. Abscissas have different
scale for each of the figures.
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But on the increase of B two lowest imaginary momenta
rapidly are drawn closer, and at B�21.631 these levels touch
each other. Their interaction at higher fields leads to the
range of energies where their Im�p� are equal, as it is seen in
Figs. 2�c� and 2�d�. At the same time, at the energy when the
imaginary parts coalesce, real constituents of the momentum
cease to be zero, acquiring for each of the states an equal
magnitude with the opposite signs. The positive real part of
the momentum p is shown in the figure. With energy
growing, its magnitude grows also, reaches maximum, starts
to decrease, and when it approaches zero again, imaginary
parts split off. Thus, we have again two true localized levels.
Physically, equal magnitude of the real part of the complex
value of the momentum means that the exponentially modu-
lated wave propagates in both directions of the straight
waveguide with the same frequency and fading. Energy in-
tervals where exponentially damped waves exist, get broader
with the magnetic field growing. In fact, as Fig. 2�d� shows,
for large enough intensities B such levels occupy almost the
whole fundamental subband splitting only in the very neigh-
borhoods of the subband thresholds. It is also seen that the
same interaction takes place for the excited subbands too.
Another feature Fig. 2�d� shows is the interaction of the
bound states with higher magnitudes of Im�p�. Levels 3� and
4�, which did not interact at lower magnetic fields, strongly
anticross and almost touch each other at B=35. At higher
fields their interaction is identical to that described above.

For our problem a total solution to the left of the bend is

��x,y� = �
n=1




�Cn	pn
�y�exp�ipnx�

+ Dn	−pn
�y�exp�− ipnx��, x � 0. �9�

The first sum in Eq. �9� describes the waves incident on the
bend, with a second term being a set of reflected �for the real
pn� or localized near the curve �for the purely imaginary pn�
modes. Complex amplitudes Cn and Dn define the relative
contribution of the nth subband into the total current.

Solution after the bend reads

��x1,y1� = �
n=1




Fn	pn
�y1�exp�ipnx1�, x1 � 0. �10�

Again, terms in Eq. �10� with real pn describe the waves
propagating away from the curved scatterer, while the terms
with purely imaginary momenta are the states trapped by the
bend. This equation was derived in the rectangular coordi-
nate system �x1 ,y1� with the vector potential of the following
form: A= �−By1 ,0�. Similar to the field-free situation,39,62 for
a particular case of Cn being a Kronecker symbol, Cn=�nm,
m=1,2 , . . .; due to the conservation law the following rela-
tion holds for the energies E such that E�Em

TH, with Em
TH

being mth solution of Eq. �7�:

�
n=1



pn

pm
�
Dn
2 + 
Fn
2���E − En

TH� = 1. �11�

��x� in Eq. �11� is a step function, and terms pn / pm
Fn
2 and
pn / pm
Dn
2 are, respectively, current transmission and reflec-

tion probabilities between subbands m and n.
In the curved section, for the up-turn bend, in the polar

system of coordinates �� ,�� with its origin at the center of
the bend and the polar axis coinciding with the vertical junc-
tion between the straight and curved parts, the symmetric
gauge for the vector potential

A = �0, 1
2B�� , �12�

radial and angular variables are separated:

���,�� = �
n=1




QnR�n
���exp�i�n�� , �13�

and the radial wave function satisfies the equation

� d2

d�2R�n
��� +

1

�

d

d�
R�n

��� + �2ER�n
���	

− ��n

�
+

1

2
B�	2

R�n
��� = 0 �14�

with boundary conditions: R�n
��0�=R�n

��0+1�=0. Numerical
solutions of Eq. �14� were developed in Refs. 82–84 and
106. Instead, here we represent it in the following analytical
form:

R�n
��� = 
�n

exp�−
1
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2
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2
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2
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2
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1
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− U�1

2
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2

E
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1

2
B�0

2	
�M�1

2
+ �n −

�2

2

E

B
,�n + 1,

1

2
B�2	� . �15�

Here, M�a ,b ,x� and U�a ,b ,x� are Kummer confluent hyper-
geometric functions,103,107 and 
�n

is determined from the
normalization condition of the form82–84

�
�0

�0+1 ��n + �n�

�
+ B�	R�n

���R�n�
���d� = �nn�. �16�

In order to distinguish the Weber function U�a ,x� from the
confluent hypergeometric function U�a ,b ,x�, we write each
of them with all their variables.

Contrary to the systems with circular symmetry,96,108–116

in our case the coefficients �n are not real integers. More-
over, as it was mentioned in Refs. 82–84, they, in addition to
the real values, take complex ones as well. We will discuss
this situation in detail. Another difference lies in the fact that
for our configuration one needs to get rid of the solution in
Eq. �14� of the absolute value 
�n
, replacing it by �n itself.
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The boundary condition ���0 ,��=0 is automatically
satisfied by Eq. �15�. Imposing the second condition
���0+1 ,��=0, one gets the transcendental equation for de-
termining the allowed values of �n:

M�1

2
+ �n −

�2

2

E

B
,�n + 1,

1

2
B�0

2	
�U�1

2
+ �n −

�2

2

E

B
,�n + 1,

1

2
B��0 + 1�2	

− U�1

2
+ �n −

�2

2

E

B
,�n + 1,

1

2
B�0

2	
�M�1

2
+ �n −

�2

2

E

B
,�n + 1,

1

2
B��0 + 1�2	 = 0. �17�

It determines the values of � for the fixed energies E, fields
B, and radius �0.

Putting in Eq. �17� the value of �n equal to zero, one can
determine the energies of vanishing angular wave vector in
the continuously curved waveguide in the uniform magnetic
field B:

M�1

2
−

�2

2

E

B
,1,

1

2
B�0

2	U�1

2
−

�2

2

E

B
,1,

1

2
B��0 + 1�2	

− U�1

2
−

�2

2
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B
,1,

1

2
B�0

2	M�1

2
−

�2

2

E

B
,1,

1

2
B��0 + 1�2	

= 0. �18�

Equations �17� and �18� deserve some attention. First, we
note that the first of them always has solutions for �n

= ��2 /2��E /B�−n+ 1
2 , and the second one—for the Landau

levels, Eq. �8�, and the confluent hypergeometric functions in
these two equations degenerate into the Laguerre
polynomials.103,107 Such solutions, which are independent of
�0 solutions correspond to the usual cyclotron motion with-
out any confining potential. Even though they are mathemati-
cally correct, they are spurious from physical points of view
and should be neglected for our situation, since for them
radial wave functions, Eq. �15�, identically turn to zero. Sec-
ond, it directly follows from the properties of the confluent
hypergeometric functions103,107 that Eqs. �17� and �18� for
the vanishing magnetic fields transform into the correspond-
ing equations for the zero-field bend39:

Y�n
��E1/2�0�J�n

��E1/2��0 + 1��

− J�n
��E1/2�0�Y�n

��E1/2��0 + 1�� = 0, �19�

Y0�x�0�J0�x��0 + 1�� − J0�x�0�Y0�x��0 + 1�� = 0, �20�

J�, Y� are �th order Bessel functions of the first and second
kind, respectively.103 Radial wave function, Eq. �15�, in this
case is, apart from the normalization constant �that is not
important anyway, since normalization in the bend can be
done through the coefficients Qn in Eq. �13��, the radial dis-
tribution in the curve without the magnetic field39:

R�n
��� = Y�n

��E1/2�0�J�n
��E1/2�� − J�n

��E1/2�0�Y�n
��E1/2�� .

�21�

An analysis shows that a complete set of solutions to Eq.
�17� consists of zero or several real radial wave vectors and a
countably infinite number of complex �n. Utilizing again the
properties of the confluent hypergeometric functions,103,107 it
is readily shown that if the complex �n is a solution to Eq.
�17�, then its complex conjugate �n

* also satisfies the eigen-
value equation, and, accordingly, their wave functions have
the same real part and equal but opposite values of the imagi-
nary component. In fact, this conclusion is immediately seen
from Eq. �14�. Since, contrary to the dropped above solu-
tions, these �n depend on �0, semiclassically they correspond
to the edge currents,24,117–119 or “skipping orbits,” flowing
along the curved surfaces and playing an important role in
the explanation of the quantum Hall effect.2,3,5 Sign of the
real part of �n shows angular direction in which the electron
moves after time averaging. In the limit of zero magnetic
fields the coefficients �n transform into the set of the wave
vectors with a finite number of real and infinitely many
purely imaginary values with each of them having its coun-
terpart with the opposite sign.39,82,83,106

Figure 3 shows angular wave vectors for �0=0.01 and B
=5 as a function of the energy E. Here, complex states are
conveniently numbered by the increasing magnitude of the
imaginary parts of �n. On increase of the energy, absolute
values of the imaginary parts decrease and at some points
turn to zero. We see that solutions of two equations—Eq.
�18� that can be written in the following explicit form:
�n�E�=0, and of the equation

� �E

� Im��n�
�

�2E/��Im��n��2�0
= 0, �22�

which were identical for the field-free case, are not equiva-
lent in the presence of magnetic fields. For example, for the
first complex state from Fig. 3, Eq. �22� is satisfied at E
=0.8819. At this point, two complex wave vectors turn into
two negative ones and, accordingly, we have two surface
states with nonzero �n while in the absence of the field these
wave vectors are zero. One of the wave vectors decreases,
and the other one rapidly grows and reaches zero at the en-
ergy being a solution of Eq. �18�, in particular, in the case of
Fig. 3 this takes place at energy E=0.9425, and at higher
energies corresponding to levels that transform into the sur-
face state carrying current in the opposite direction. The
wave number of this surface level grows on further increase
of energy. Described procedure of transformation of the com-
plex states into two levels with negative �n and their subse-
quent evolution is the same for the states with higher mag-
nitudes of Im��n�. For example, a second pair of the complex
levels transforms into two surface states with negative �n at
E=3.7616. In a sense, such processes in the curved section
are a reminiscense of the analogous coalescences and split-
tings taking place in the straight arms, as it was considered
above. Discussed here asymmetry of the dispersion relation
of �n is due to the fact that the charged particle motion is
fixed by the magnetic field, and thus, clockwise and counter-
clockwise angular directions are not equivalent as they are
for B=0. The higher the field, the larger the asymmetry and,
accordingly, the larger the difference between the solutions
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of Eqs. �18� and �22�. We will exemplify this situation in the
next section.

Thus, we have found analytical solutions in each part of
the waveguide: Eqs. �9� and �10� describe particle dynamics
in the straight arms, and Eq. �13� is the wave function in the
bend. Transport properties of the structure in the ballistic
regime are completely determined by the scattering matrix
S�E�, which relates amplitudes of the incoming and transmit-
ted waves in each subband. In our notation, it is

F = SC , �23�

where amplitudes Cn and Fn from Eqs. �9� and �10� form
infinite column vectors C and F, respectively. Matrix S�E� is
a function of the Fermi energy E. It also depends on the
parameters �0, �0, and B. Knowledge of S�E� allows one to
calculate the two-probe conductance120:

G�E� = �
nn�

pn�

pn
Snn�

* Snn�, �24�

where the scattering matrix element Snn� defines the prob-
ability of the electron scattering from channel n to n�. The
sum in Eq. �24� runs over all open channels. To find the
scattering matrix, one needs to match solutions in the differ-
ent regions at the junctions between them. However, before
doing this, it is necessary to bring the solutions to the form
where they are expressed in the same gauge. Recall
that solution Eq. �9� was derived in the Landau gauge A
= �−yB ,0�, the wave function in the second straight arm, Eq.
�10�, is valid for the Landau gauge A= �−y1B ,0�, and the
solution in the bend, Eq. �13�, holds true for the symmetric
gauge Eq. �12�, where vector potentials for the straight arms
are written in the corresponding Cartesian coordinates. Basic

principles of quantum mechanics121 require that the change
of the vector potential A→A+�f should be accompanied by
the corresponding transformation of the wave function:
��r�→��r�exp�−ief /��, with f�r� being an arbitrary func-
tion of space. Applying this rule to our situation and choos-
ing as a global gauge the symmetric one, we find that the
solution in the left straight arm takes the form

�S�x,y� = exp�− i
2Bx�y + �0 + 1

2���
n=1




�Cn	pn
�y�exp�ipnx�

+ Dn	−pn
�y�exp�− ipnx�� , �25�

where the subscript S shows that we consider solutions in the
symmetric gauge. Since a symmetric gauge Eq. �12� does not
depend on the azimuthal angle �, additional phase factors in
the second straight arm are similar to the one from Eq. �25�:

�S�x1,y1� = exp�− i
2Bx1�y1 + �0 + 1

2��

��
n=1




Fn	pn
�y1�exp�ipnx1� . �26�

Matching the wave functions at the boundaries, we use,
for the up-turn bend �Fig. 1�a��, relations between different
systems of coordinates �x ,y�, �� ,��, and �x1 ,y1�:

�x = 0,y� ⇔ �− y + �0 + 1
2 ,� = 0� , �27a�

�x1 = 0,y1� ⇔ �− y1 + �0 + 1
2 ,� = �0� , �27b�

FIG. 3. �Color online� Propa-
gation constants �n of the continu-
ously curved waveguide as a func-
tion of the energy E for �0=0.01
and B=5. States with positive
�negative� �n are plotted by the
dash-dotted �solid� lines and de-
noted by the corresponding super-
script near the level numbers. Real
parts of the states with complex
propagation constants are also
shown by the solid lines and de-
noted by the superscript �c�.
Imaginary parts of the complex �n

are plotted by the dotted curves.
Dashed line denotes zero value of
the angular constant.
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� �

�x
�

x=0
⇔

1

− y + �0 +
1

2

� �

��
�

�=0
, �27c�

� �

�x1
�

x1=0
⇔

1

− y1 + �0 +
1

2

� �

��
�

�=�0

. �27d�

Then, as a result of matching, we have

�
n=1




�Cn	pn
�y� + Dn	−pn

�y�� = �
n=1




QnR�n
�− y + �0 + 1

2� ,

�28a�

�
n=1




�Cn�pn − 1
2B�y + �0 + 1

2��	pn
�y�

+ Dn�− pn − 1
2B�y + �0 + 1

2��	−pn
�y��

=
1

− y + �0 + 1
2
�
n=1




�nQnR�n�− y + �0 + 1
2� , �28b�

�
n=1




QnR�n
�− y1 + �0 + 1

2�exp�i�n�0� = �
n=1




Fn	pn
�y1� ,

�28c�

�
n=1



�n

− y1 + �0 + 1
2

QnR�n
�− y1 + �0 + 1

2�exp�i�n�0�

= �
n=1




Fn	pn
�y1��pn − 1

2B�y1 + �0 + 1
2�� . �28d�

System of Eqs. �28� allows one to express coefficients Fn
through Cn, i.e., according to Eq. �23�, to define the scatter-
ing matrix S�E�. Its explicit form is given in the Appendix.
We also write there the expression for the reflection matrix
R�E� linking amplitudes of incoming and reflected waves in
different subbands,

D = RC . �29�

So far, we have considered the up-turn bend and the mag-
netic field B directed in the positive z direction �Fig. 1�a��.
From the symmetry properties it directly follows that revers-
ing the direction of the magnetic field is equivalent to the
down-turn bend and the previous orientation of the field.82,83

This situation is shown in Fig. 1�b�. Similar nonequivalence
of the up- and down-turn bends occurs for the curved wave-
guide with the transversely asymmetric embedded quantum
dot in zero field.62 Due to the fixed direction of the particle
motion in the uniform magnetic field, now we need to choose
the polar axis coinciding with the other junction between the
curved and straight sections and the azimuthal angle � grow-
ing again in the counterclockwise direction, as shown by the
curved arrow in Fig. 1�b�. Accordingly, Eqs. �27� will also be
changed:

�x1 = 0,y1� ⇔ �y1 + �0 + 1
2 ,� = 0� , �30a�

�x = 0,y� ⇔ �y + �0 + 1
2 ,� = �0� , �30b�

� �

�x1
�

x1=0
⇔ −

1

y1 + �0 + 1
2

� �

��
�

�=0
, �30c�

� �

�x
�

x=0
⇔ −

1

y + �0 + 1
2

� �

��
�

�=�0

. �30d�

In all other aspects, the procedure of deriving the scattering S
and reflection R matrices remains the same as described
above.

When one considers the bound state lying below the fun-
damental propagation threshold of the straight arm, it is nec-
essary to put all coefficients Cn in Eq. �9� equal to zero, Cn
�0. The procedure of matching is completely similar to the
one used for the scattering case, and leads then to the infinite
linear algebraic system. Requirement of the vanishing of its
determinant defines energies of the bound levels. Corre-
sponding equations for both turns are provided in the Appen-
dix. An infinite set of eigenvectors corresponding to the
eigenenergies defines coefficients Dn, Fn, and Qn. In other
words, one can fully construct bound-state wave functions in
the magnetic field.

III. RESULTS AND DISCUSSION

In this section we provide results of the calculations of the
bound levels and scattering states according to the theory
developed in Sec. II. For finding the conductance G we con-
fine our consideration to the fundamental propagation mode
only, E1

TH�E�E2
TH, thus eliminating a possibility of obscur-

ing the most characteristic features of discussed phenomena
by the wave interference from different subbands. From the
multichannel reciprocity theorem122 and mirror-plane sym-
metry of the system,83 it follows that in this case there is no
difference between up- and down-turn bends. Moreover, as
our calculations show, bound-state energies do not depend on
the direction of the magnetic field either. This is consistent
with previous studies of similar systems.91 Thus, in the fol-
lowing, we will talk about the magnitude of the magnetic
field B only, without reference to the up- or down-turn con-
figuration.

A. Bound state

We start from the discussion of the bound state. Figure 4
shows its energy as a function of the magnetic field for sev-
eral values of �0 and �0. For comparison, lowest solutions of
Eqs. �18� and �22� are also shown. The bound-state energy
monotonically increases with B. At high fields it approaches
from below the fundamental propagation threshold of the
straight arm which, in turn, lies in this regime very close to
the lowest Landau level B /�2. For smaller radii and larger
angles this asymptotic transformation takes place at stronger
fields. This is due to the fact that sharper bends present a
larger perturbation to the electron motion and, accordingly,
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higher B are needed to come to purely magnetic quantiza-
tion. Recently, it was proved theoretically that differentiable
bounded magnetic fields with compact support can wipe out
localized states of the bent waveguide.94 In other words, a
nonuniform field vanishing at infinity creates such repulsive
effective potential that it is able to neutralize the attractive-
ness of the bend “seen” by the electron. However, this is not
the case for the uniform fields where bound states always
exist. For small magnetic fields its properties are determined
by the electrostatic potential of the bent waveguide, and at
high B one has mainly magnetic quantization. Such a transi-
tion from electric to magnetic quantization is a general fea-
ture of all quantum systems in uniform magnetic fields.11,13,14

In particular, it was shown in Ref. 11 that a true bound state
of a four-terminal junction at high B also approaches node-
less Landau level. Thus, one can deduce that the bound state
of any bent channel exists at arbitrary homogeneous mag-
netic fields. However, general proof of this statement for an
arbitrary bent waveguide, with arms asymptotically straight
at infinity, is missing in any literature known to us.

Dash-dotted lines in Fig. 4 vividly show the difference
between the solutions of Eqs. �18� and �22�. As we discussed
in the previous section, for B=0 they are identical. However,
first one of them grows faster with magnetic field with its
steepness determined by the bend radius, and at some value
of B passes the fundamental threshold of the straight wave-
guide. Whenever it crosses bound-state energy, it means that
for the higher fields the localized level is described by the
negative angular wave vectors only. This is a subtle peculiar-
ity of the magnetic field case compared to the situation with
B=0 when both � are equal in magnitude and have opposite
signs. In its turn, solutions of Eq. �22� for nonzero fields play
the role of the propagation thresholds in the continuously

curved wire since they are always lower than cutoff energies
for the straight arms. For the field-free case it is a necessary
condition of the existence of bound states.35,63 As we can see,
the same requirement holds true if we associate the solutions
of Eq. �22� with the propagation thresholds of the curved
wire. Then, as Fig. 4 shows, bound-state energies lie in the
range between cutoff energies of the straight and bent parts,
as in the case for the field-free situation. This range shrinks
with magnetic field growing. As a result, angular wave vec-
tors of localized levels are always real but, contrary to the
zero-field case, both of them may be negative, which reflects
the fact that the clockwise and counterclockwise directions
of the electron motion in uniform magnetic field are not
equivalent.

Bound-state wave functions of the right angle bend with
�0=0.001 are shown in Fig. 5 for different values of the
magnetic field B. Increasing the magnetic field suppresses
the transverse distribution of the wave function in the
straight arms and simultaneously squeezes it closer to the
bent region. For the very strong fields, the wave function is
localized mainly in the bend, where it tries to build up its
shape corresponding to the lowest Landau level. For all
fields the wave function remains symmetric with respect to
the line �=�0 /2.

B. Transport in the fundamental mode

1. Conductance

Next, we turn to the scattering configuration. For the
field-free case an introduction of the bend leads to the situ-
ation when immediately after the lower threshold, the con-
ductance from zero rapidly grows with energy and very soon
approaches values close to unity.35,39,46 Evolution of the con-

FIG. 4. �Color online� Bound
state energies as a function of ap-
plied magnetic field B for bend ra-
dius �a� �0=1, �b� �0=0.1, �c� �0

=0.01, and �d� �0=0.001 and
angle �0=90° �solid line� and �0

=180° �dashed line�. Fundamental
propagation threshold for the
straight arm is shown by the dot-
ted curve. Dash-dotted line 1 is
the lowest solution of Eq. �18�
while the dash-dotted curve 2 de-
picts the least solution of Eq. �22�.
Note different axes scales for each
of the figures.
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ductance near the subband’s lower threshold in magnetic
fields was discussed in Ref. 84 and will not be addressed
here. For the field-free case, another remarkable feature of
the conductance-energy dependence of the curved waveguide
is a steep antiresonance slightly below the upper boundary of
each propagating mode of the straight wire. Interference of
the discrete level split off by the bend from the higher lying
subband, with the continuum states of the lower mode causes
the conductance to drop abruptly, and for the fundamental
propagation subband, to vanish at some energy Emin, which is
determined by the parameters of the bend.35,39 Thus, at this
point we have a complete interference blockade of the elec-
tron transport. The resonance is characterized by the energy
Emin where zero minimum of the conductance is achieved,
and by its half width �, which defines the lifetime � of the
quasibound state,

� =
1

�
. �31�

Without the field, at fixed �0 the value of � is an oscillating
function of �0, and at some bend angles it turns to zero,
which corresponds to the formation of the true bound state in

the continuum which, according to Eq. �31�, has an infinite
lifetime.39

Applying the field modifies drastically transport proper-
ties of the wire. Figure 6 shows conductance Fermi energy
dependence at several magnetic fields for the bend with �0
=0.001 and �0=180°. It is seen that the magnetic field leads
to the right shift of the energy Emin at which the minimum is
achieved. As shown in Fig. 6, conductance in the minimum
Gmin, generally, ceases to be zero for nonvanishing magnetic
fields. For example, for �0=0.001 and �0=180°, initially it
monotonically grows with B. At B=3.66 value Gmin reaches
its maximum equal to unity, Gmin=1, which means that the
resonance is completely dissolved. Further growth of the in-
tensity B causes Gmin to decrease, and at B=5.34 the mini-
mum of the conductance reaches zero again after which it
resumes its growth. Thus, we see that, in addition to the
parameters Emin and �, which completely describe the corre-
sponding resonance for B=0, in the magnetic field one needs
to introduce the resonance minimum value Gmin. Moreover, a
definition of the half width � itself should be generalized to
cover the case of nonzero Gmin; namely, now it is the differ-
ence between the energies at which the value of the conduc-
tance G= �1+Gmin� /2 is achieved. For the magnetic fields

FIG. 5. �Color online� Wave function ��x ,y� �normalized to its maximum� of the bound state for �0=0.001 and the right angle for �a�
B=0, �b� B=10, �c� B=20, and �d� B=35.
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B=4.5 and B=5.34 corresponding half widths � are shown
by the arrows in Fig. 6.

Figures 7 and 8 show, respectively, Gmin and � as func-
tions of the magnetic field for several �0 and �0. Emin mono-
tonically increases with B and at high fields approaches the
first excited Landau level 3B /�2. Since this behavior is very
similar to the one discussed in Fig. 4, it is not shown here. It

is seen that for the large enough bend radii, say, �0=0.5 in
Figs. 7 and 8, the minimum of the conductance grows quite
rapidly with B for the bend angle �0=180°, and at moderate
fields of B=2.5 it reaches a value of unity at which it stays
with magnetic intensity growing. This means that the quasi-
bound level formed as a result of the bend is completely
dissolved. As Figs. 7 and 8 show, for the smaller angles this

FIG. 6. �Color online� Con-
ductance G as a function of the
Fermi energy E for the bend with
�0=0.001 and �0=180° for sev-
eral values of the magnetic field
B. Numbers near the curves de-
note corresponding intensity B.
Arrows show half widths � for B
=4.5 and B=5.34.

FIG. 7. �Color online� Con-
ductance Gmin corresponding to
the minimum on G-E curve as a
function of the field B for the bend
angle �a� �0=90° and �b� �0

=180° and several values of the
bend radius �0 where the dash-
dotted line corresponds to �0=0.5,
the solid line is for �0=0.1, the
dashed line is for �0=0.01, and
the dotted line is for �0=0.001.
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happens at larger magnetic fields; for example, for the right
angle Gmin reaches unity at about B=8.8. Dissolution of the
quasibound level is manifested in Fig. 8 where half widths �
have rapid peaks at the magnetic fields corresponding to Gmin
approaching unity. Growing half widths mean, according to
Eq. �31�, a drastic reduction of the lifetime of the corre-
sponding quasibound level. The � curve for �0=0.5 and �0
=180° is terminated at B=2.571 since for the higher fields
the conductance on the G-E dependence after passing the
very shallow minimum Gmin cannot reach again with energy
growing the value of �1+Gmin� /2 staying almost flat instead.
In other words, we cannot talk anymore about quasibound
levels since these levels have been completely wiped out by
the magnetic field. As Fig. 8 shows, the magnitude of B
where this happens, and corresponding to it, the critical value
of �, depend on the bend parameters �0 and �0. We note that
for the large radii the magnetic length lB=B−1/2 at which this
complete dissolution takes place, is almost proportional to
the bend angle �0. For example, at �0=0.5 this critical length
is equal to 0.34 for �0=90°, and to 0.63 for �0=180°. We
remark that the minimum conductance for �0=45° �not
shown here� reaches its maximum of unity at approximately
the same field when Gmin for the right angle saturates. How-
ever, for the smaller angle, after passing this extremum, the
conductance Gmin decreases with a further increase of B,
reaches minimum, grows again, and merges with the unity at
the magnetic field with the length lB being about one-half of
the above-mentioned value for �0=90°. In other words, qua-
sibound states of the bent channel with smaller angles are
more resilient with respect to the magnetic field. This unex-
pected result seems to contradict the fact that larger bend
angles bind electron stronger. In particular, it is known that
for the field-free case energies, Emin monotonically decrease
with �0 �see Fig. 3 in Ref. 39�. Also, as we mentioned above,

bound states in the magnetic field for the smaller angles are
stronger perturbed by the field; in particular, they approach
Landau levels at smaller B. To explain this seeming discrep-
ancy, we mention that for the large enough radius a straight-
ening transformation is applicable; namely, one can substi-
tute a curved section by the straight one-dimensional
quantum well of depth V�0

=1/�2���0+ 1
2

��2 and width L
= ��0+1/2��0, where angle �0 is measured in radians.36

Thus, at B=0 for the smaller angles the wave function of the
bound level below the fundamental cutoff energy is less lo-
calized in the curved section and it penetrates stronger into
the straight arms. Accordingly, applied magnetic field influ-
ences such states more strongly, since for small B its vector
potential becomes noticeable at large distances only. On the
contrary, quasibound states in the first propagating mode are
formed as a result of the interference mainly in the curved
section. As a result, smaller magnetic fields with larger lB
influence this interference for the waveguides with larger �0
only when the well width is also larger. Quasibound states
for small bend angles remain intact since for them small
magnetic fields perturb motion mainly in the straight elbows.
In other terms, we can say that a total magnetic flux �
through the bend

� = B��0 + 1
2��0 �32�

is proportional to the bend angle �0 and, accordingly, quasi-
bound states are perturbed more strongly by the field for
larger �0. Deviations from this linear dependence for smaller
angles are due to the fact that for higher B electron behavior
deviates more strongly from the purely one-dimensional pic-
ture valid at zero fields. In particular, for large magnetic
fields the current flow is not symmetric with respect to the

FIG. 8. �Color online� Half
width � as a function of magnetic
field B for �0=0.1 and �0=180°
�solid line�, �0=0.1 and �0=90°
�dashed line�, �0=0.5 and �0

=180° �dash-dotted line�, and �0

=0.5 and �0=90° �dotted line�.
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middle plane of the channel. For small �0 we will discuss this
phenomenon below.

The situation becomes even more complicated for the
small radii. As Fig. 7 shows, for �0�0.1 minimum conduc-
tance oscillates as a function of the magnetic field when �0
� lB. Minimal value of Gmin, in each minimum, increases
with B while each maximum, Gmin=1 is accompanied by the
divergence of the half width, as was discussed above and is
shown in Fig. 8. The number of these maxima is larger for
the larger bend angle. For the very small bend radii in this
range of the fields further decrease of �0 does not alter sig-
nificantly Gmin dependence; for example, for B�30 there is
no considerable difference between the curves for �0=0.01
and 0.001 in Fig. 7. Qualitatively, this is in accordance with
the straightening transformation described above where for
the very small �0 its variation almost has no effect on the
quantum well characteristics. We note that in this range of
the fields the half width �, even far away from its diver-
gences, is a nonmonotonic function of the intensity B. Its
particular behavior is determined by the bend parameters �0
and �0 with a general tendency of decreasing � for quite
strong fields. It is also worth noting that widths of the reso-
nances on the �-B dependence diminish with the magnetic
field growing.

For the still higher magnetic fields when lB��0, rapid
oscillations of Gmin between zero and unity develop as a
function of B. For example, for �0=0.1 and �0=180° mini-
mum of the conductance reaches zero at B=32.6 �lB

=0.175� and B=34.3 �lB=0.171�. Maxima of Gmin, as before,
are equal to unity. After passing these zero minima, conduc-
tance Gmin has several other minima on the B axis where,
however, it is larger than zero and increases with B. With
further growth of the field, Gmin merges with unity with the
corresponding divergence of � as described above for �0
=0.5. This means that the quasibound level is completely
dissolved. Other essential features of this transformation in-
clude the fact that zero minima for the smaller bend radius �0
are achieved at higher fields; for example, for �0=0.01 and
�0=180°, they are located at B=34.7 �lB=0.170� and B
=37.4 �lB=0.164�, and for �0=0.001 they lie beyond the
range of B�40. Also, similar to the larger bend radius case
discussed above, these minima for the smaller bend angle
occur at the higher fields, as comparison of panels �a� and �b�
shows in Fig. 7.

2. Current density

Conductance is determined by the currents flowing in the
waveguide. Thus, in order to explain conductance phenom-
ena described above, we found it instructive to study currents
flowing in the waveguide. Current density in the magnetic
field is given as121

j = − Im��*�r� � ��r�� − A�*�r���r� . �33�

It is known that for the straight channel with impurity in
the perpendicular homogeneous magnetic field two-
dimensional current density j forms vortices at the energies
near the resonances on G-E curves.17,123,124 In turn, for the
field-free bent waveguide the vortices develop near Emin

also.37,45,50,55,62,63,79 Contrary to the vortices in the superfluid
and superconductor125,126 or the semiconductor in the regime
of fractional quantum Hall effect2,3 which are formed as a
result of interparticle interaction, the vortices we consider
here are a product of the geometry-related wave interference
only, and their characteristic feature is the abrupt change of
the direction of their rotation when energy passes through
Emin.

37,55,62,63

For the bent waveguide in the magnetic field B we start
our discussion from the case of small and moderate magnetic
fields. Figure 9 shows current density evolution with the
Fermi energy changing for the down-turn curved waveguide
with �0=0.001 and �0=180° at magnetic field B=1 �see the
corresponding curve in Fig. 6�. Far away from the resonance,
the current flow is perfectly laminar both in the straight parts
as well as in the curved section. When the energy comes
closer to Emin, vortices start to develop in the bend. One of
the initial phases of the formation of the vortices is shown in
Fig. 9�a� where the transverse component of j, which was
zero for the smaller energies, is clearly observable inside and
near the bend. Far away in the straight arms the current still
has a longitudinal component only. A small increase in the
energy leads to the formation of the vortices in the bend �Fig.
9�b��. The current magnitude in the vortex is a few orders of
magnitude larger than for the flow far away from the bend.
Contrary to the field-free case �see, e.g., Fig. 10 in Ref. 63�,
vortices develop in the bend only. In the straight arms instead
of the circular vortices we see surface currents24,117–119 flow-
ing along the wire boundaries as well as junctions with the
bend. Instead of the vortices, these interacting with each
other currents form, depending on the energy, more or less
developed antivortices. Another difference is the unequal
strength of the vortices. For example, vortices near the junc-
tions are resolved much better than their counterpart in the
middle of the bend while for B=0 all of them have the same
magnitude.63 A further slight increase of the energy leads to
the clockwise motion of the vortices as a whole. This is
clearly seen in Fig. 9�c�, where the center of the lower vortex
reached the junction, and only its right half is observable
with the left part being dissolved in the straight arm where a
new antivortex is formed. After passing Emin this vortex is
completely dissolved, and near the upper junction the new
vortex starts to develop �Fig. 9�d��. As the energy grows, the
upper vortex is completely formed with its magnitude equal
to the strength of the new lower vortex, as shown in Fig.
9�e�. However, both of them are smaller than the strength of
the central vortex. In other words, compared to the situation
with E�Emin �Fig. 9�b��, central and junction vortices have
exchanged their magnitudes. Another difference of parts �b�
and �e� in Fig. 9 is the opposite angular direction of currents
for each vortex. Thus, similar to the field-free case,37,55,63

vortices have different rotation directions on the opposite
sides of Emin; however, transformation from one direction to
the other is different for B=0 and B�0. As we move further
from the resonance, the vortices dissolve with junction vor-
tices disappearing faster than the central counterpart �Fig.
9�f��. Comparative analysis of parts �f� and �a� provides the
same results as the previous discussion for panels �e� and �b�.

So, we have found that for small and moderate B current
density evolution acquires new features absent at zero field.
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The picture is changed even more with magnetic intensity
growing. Namely, currents in the straight arms far away from
the resonance are pushed stronger and stronger to the outer
waveguide boundaries. This is known as the edge-state re-
gime on which the theory of the integer quantum Hall effect
is based.2,3,5 In its turn, azimuthal currents in the bend for the
larger B concentrate near the inner surface. This situation is
shown in the panel �a� of Fig. 10 which shows current den-
sities for �0=0.01 and �0=180° and magnetic field B=34.7
corresponding to the zero minimum of Gmin in Fig. 7�b�. In
the straight �bent� part, currents near the outer �inner� walls
are a few orders of magnitude higher than that close to the
inner �outer� boundaries. It means that there is a transverse
charge flow along the junctions between straight arms and

the curved section. Since this current is conspicuous near the
very neighborhood of the junctions only, it is not resolved on
the grid of Fig. 10. The half width in the considered case is
very small, �=0.000 001; accordingly, very slight changes in
the energy have a large impact on the conductivity G and
currents flowing in the waveguide. For example, a transition
from the energy of the panel �a� to the one of the part �b� is
accompanied by the transformation of the laminar flow in the
bend into the single vortex rotating in the clockwise direc-
tion. In both cases, however, the conductance is equal to
unity. Contrary to the case of small fields, no multiple vorti-
ces are formed in the bend. In the straight arms, the current
basically still retains a laminar flow and is concentrated near
the outer plates. As one comes closer to the minimum, the

FIG. 9. Spatial distribution of the current densities j at magnetic field B=1 for �0=0.001, �0=180° and several values of the energy E:
�a� E=3.8 �conductance G=0.9884�, �b� E=3.87 �G=0.7993�, �c� E=3.885 �G=0.1803�, �d� E=3.892 �G=0.2983�, �e� E=3.905 �G
=0.8122�, �f� E=3.94 �G=0.9753�. Since the bend radius is very small, the distance between two parallel inner walls is not seen in the figure.
Larger arrows denote higher currents. For each of the figures the currents are normalized with respect to their largest value.
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vortex loses its circular shape acquiring instead the form of
the bent part with the largest currents flowing in the counter-
clockwise direction near the inner edge and in clockwise
direction in the middle of the curved section. Figure 10�c�
shows such current distributions when the exact minimum is
achieved, Gmin=0. These currents are a few orders of mag-
nitude larger than the flow far away from the bend. They also
are much larger than the currents shown in the other panels
of Fig. 10. The interference between the counterclockwise
and clockwise flows determines the total transmission of the
waveguide. In this range of the fields tiny changes in B vary
current distribution near the inner curved surface which, in
turn, drastically changes the conductance, as seen in Fig. 7.
The direction of the vortex rotation does not change after
passing the minimum, as was the case for B=0 �Refs. 37, 55,
and 63� or for small fields discussed above. When one moves
to the right from the minimum Emin, the bent-shaped vortex
is sprayed into the irregular structure, typical form of which
is shown in Fig. 10�d�. One sees here a number of vortices
with their strength, however, being six orders of magnitude
smaller than the one from the panel �c�. In the straight arms

the current restores the laminar flow in the edge-state regime.
Thus, comparing Figs. 9 and 10, one sees that increasing

magnetic field suppresses the formation of the vortices near
the resonance: five vortices at B=0 change to the three ones
at B=1, and are substituted by one rotation only at B�35. At
even higher fields, currents are pushed stronger and stronger
to the outer �inner� surface in the straight �bent� part of the
waveguide. On the one hand, this explains why zero minima
of Gmin for the larger bend radius take place at smaller B
when magnetic length lB is also larger. On the other hand, the
fields sufficiently far to the right of these minima forbid for-
mation of any vortices at all as they press the electron stron-
ger and stronger to the convex surface; as a result, one has
perfect laminar flows both in the straight and bent parts for
all energy values. Absence of the vortices in this case means
that the conductance remains equal to unity for all energies;
in other words, the quasibound state is completely dissolved
by the increasing magnetic field; traversing the electron for
such large intensities B does not “see” anymore bend as an
obstacle for its motion. The only consequence of the bend in
this case is transverse currents flowing along junctions be-
tween straight and bent parts of the quantum wire, and azi-
muthal currents near the inner curved surface.

FIG. 10. Spatial distribution of the current densities j at magnetic field B=34.7 for �0=0.01, �0=180° and energies: �a� E=10.575, �b�
E=10.5805, �c� E=10.5810474, and �d� E=10.5815. For panel �c� conductance G is zero while for all other figures it is practically
indistinguishable from unity.
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IV. CONCLUDING REMARKS

We have considered theoretically properties of the curved
quantum wire in homogeneous perpendicular magnetic
fields. It was shown that bound states below the fundamental
propagation threshold of such a system always exist, ap-
proaching for high fields, the lowest Landau level. Depend-
ing on the magnetic intensity and bend parameters, they can
be described by the wave function with the same sign of the
angular wave vectors that reflects the nonequivalence of the
clockwise and counterclockwise directions in the magnetic
field. For the scattering case, dips in the conductance appear-
ing as a result of the bend dissolve for high magnetic fields,
which means that the quasibound state in the propagation
mode has been eliminated. For smaller bend angles and radii
these quasibound levels survive stronger fields. The magnetic
field also strongly affects the current vortices near the con-
ductance minimum; for example, at small B zero-field
vortices in the straight arms transform into the magnetic an-
tivortices.

As we already mentioned, for the field-free case at some
critical bend parameters the half width � turns to zero39

which, according to Eq. �31�, leads to the existence of the
bound state in the continuum with an infinite lifetime. For
quantum systems, the existence of such very special solu-
tions of the Schrödinger equation was predicted theoretically
soon after the formulation of the wave mechanics.127 They
received a lot of theoretical attention,17,30,39,62,63,128–134 and
were detected experimentally in semiconductor
superlattices.135,136 At B=0, for the curved waveguide the
bound states in the continuum have �=0 and Gmin=1. The
applied small magnetic field B leads to the growth of the half
width and decrease of the minimum conductance. In other
words, the magnetic field turns the true bound state in the
continuum into the quasibound state with finite lifetime. A
similar situation takes place for the straight channel with
attractive impurity.17 In both cases, the magnetic field mixes
transverse and longitudinal motions in the wire, thus cou-
pling true localized state with the continuum, and, accord-
ingly, turning it into the quasibound level with finite lifetime.
Thus, for the true bound state in the continuum at zero field
the difference with the situation considered before in the text
is the fact that a curve in Fig. 7 starts from Gmin=1 at B=0
instead of Gmin=0 for the quasibound state. In the same way,
in Fig. 8, the half width � grows from zero. In all other
aspects, this level behavior in the magnetic fields is the same
as discussed above.

For the bend radius �0�0.1 rapid oscillations of Gmin take
place at magnetic fields B�30. Of course, in this regime
applicability of the effective mass approximation101 should
be additionally justified. Moreover, for such high fields ef-
fects of electron-electron correlations become crucial in de-
fining system properties. However, results presented here
should serve as a basis for more advanced treatment where
Coulomb scattering is explicitly taken into account. In par-
ticular, it would be of both theoretical as well as experimen-
tal importance to investigate interaction between geometry-
induced vortices studied here, and rotations emerging in the

fractional quantum Hall effect as a result of electron-electron
scattering.2,3

Finally, we point out that recently a curved channel with
different boundary conditions was considered theoretically
for the field-free case.61,63,137,138 Physically, this situation
corresponds, for example, to the superconductor sandwiched
between dielectric and nonsuperconducting metals,125,126 to
the electromagnetic wave propagation between the Earth and
ionosphere139,140 or to the continental shelf waves.138 It was
shown that if the Dirichlet boundary condition is applied to
the inner �outer� surface, and the Neumann one—to the other
strip, then waveguide properties mimic the ones with the
Dirichlet �Neumann� requirements on both confining walls.
In wake of the research carried out in the present paper, it is
of interest to calculate the curved waveguide with different
boundary conditions in uniform magnetic fields. These re-
sults will be published elsewhere.
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APPENDIX

Scattering S�E� and reflection R�E� matrices of the bent
waveguide in uniform magnetic field are given as

S = ± P1��I � P2
TP2�−1P1

T, �A1a�

R = ± P2�I � P2
TP2�−1P1

T, �A1b�

where I is the infinite identity matrix, superscript T denotes a
transposed matrix, and infinite matrices Pi, i=1,2, and �
have the following elements:

�P1�nn� = �
−1/2

1/2 �pn ±
�n�

�y + �0 + 1
2

+ 1
2B�− 3y ± �0 ± 1

2�	
�	pn

�y�R�n�
��y + �0 + 1

2�dy �A2a�

�P2�nn� = �
−1/2

1/2 �− pn ±
�n�

�y + �0 + 1
2

+ 1
2B�− 3y ± �0 ± 1

2�		−pn
�y�R�n�

��y + �0 + 1
2�dy

�A2b�

�nn� = exp�±i�n�0��nn�. �A2c�

In the above equations, upper �lower� signs correspond to
up�down�-turn bend. Bound-state energies are determined
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from the following two equations for up- and down-turn
bends, respectively:

det�I − P2
TP2 + �I − P1

TP1��� = 0, �A3a�

det�I + P1
TP1 + �I + P2

TP2��−1� = 0. �A3b�

Similar to the field-free case,39 in the literature141–143 there
are no explicit expressions for the integrals in the matrices
Pi, i=1,2. Therefore, we performed their direct numerical
quadrature.
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