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The origin of spurious solutions in the eight-band envelope function model is examined and it is shown that
spurious solutions arise from the additional spurious degeneracies caused by the unphysical bowing of the
conduction bands calculated within the eight-band k ·p model. We propose two approaches to eliminate these
spurious solutions. Using the first approach, the wave vector cutoff method, we demonstrate the origin and
elimination of spurious solutions in a transparent way without modifying the original Hamiltonian. Through the
second approach, we introduce some freedom in modifying the Hamiltonian. The comparison between the
results from the various modified Hamiltonians suggests that the wave vector cutoff method can give accurate
enough description to the final results.
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The envelope function approximation has been widely
used in the calculation of electronic states in semiconductor
nanostructures. In the eight-band model for narrow-gap
semiconductor structures, the coupling between the conduc-
tion and the valence bands is considered exactly, while the
effect of remote bands is taken into account through second-
order perturbation theory.1,2 This perturbative nature of the
eight-band model leads to the problem of spurious solu-
tions.3–14 Spurious evanescent solutions3 are shown to be of
no physical significance4,5 and are harmless in the calcula-
tion. Spurious oscillatory states,6,7 however, are troublesome
because they mix and interact with real states, making it
difficult to identify and remove them in numerical calcula-
tions. To get rid of these spurious solutions, various propos-
als have been given, including the modification of band
parameters7,8 and introducing additional terms into the
Hamiltonian.9

In this paper, the problem of spurious oscillatory solutions
is examined and it is found that they come from the addi-
tional spurious degeneracies caused by the unphysical bow-
ing of the conduction bands for the constituent materials cal-
culated from the eight-band model. We propose two
approaches to exclude such spurious degeneracies and, con-
sequently, to eliminate these spurious solutions: �i� The wave
vector cutoff method, i.e., restricting the wave vector of the
envelope function in the monotonic region of the bulk energy
bands. �ii� Modifying the original Hamiltonian to produce
monotonic bulk bands. Using the first approach, the spurious
solutions can be identified and removed without modifying
the original Hamiltonian. A simple finite plane-wave expan-
sion method is used and the origin and elimination of spuri-
ous solutions are demonstrated in a transparent way. For the
second approach, we extend the existing proposals8,9 to in-
troduce some freedom in modifying the original Hamil-
tonian. The resulting different modified Hamiltonians are
compared and we find that the difference between the results
is within several meV. It suggests that the wave vector cutoff
method, which does not modify the original Hamiltonian,
gives accurate enough description to the final results.

Considering the electronic states of a �001�
�In0.53Ga0.47As�10�InP�10 superlattice, the band parameters
can be found in Ref. 15. The bulk band structures of InGaAs

obtained from the k ·p model and the more accurate empiri-
cal pseudopotential method16 are plotted in Fig. 1. It can be
seen that both methods give nonmonotonic conduction
bands. However, the conduction band from the k ·p model
bows unphysically across the forbidden gap into the valence
band at large wave vector �kz��kc, introducing additional
spurious degeneracies for a given energy �e.g., the states at
k2 and k3 are degenerate in energy, but k3 is a spurious de-
generacy point�. It is these spurious degeneracies that causes
the appearance of spurious oscillatory solutions �these fast
oscillating spurious solutions can be recognized by plotting
their envelope functions�.

To demonstrate the origin and elimination of spurious so-
lutions in a transparent way, we use the finite plane-wave
expansion method.10 We notice that Winkler and Rössler
�Ref. 10� briefly mentioned that a wave vector cutoff �k�
�2� /a �a is the lattice constant� can be used to avoid spu-
rious solutions. However, the applicability of this approach
and the detailed choice of the maximum cutoff wave vector
k0 to ensure the successful elimination of spurious solutions

FIG. 1. Band structures of bulk InGaAs as a function of kz for
k� =0. Solid and dashed lines are from the eight-band k·p model
and the empirical pseudopotential method, respectively.
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have not been demonstrated yet. In Fig. 2, we plot the sub-
bands at k� =0 calculated with different cutoff numbers N.
Here N=k0L / �2��, where L is the period of the superlattice.
It can be seen that no spurious solutions appear for N=4 or 5.
For N=8 and 10, spurious solutions appear at energies above
0.8 and 0.4 eV, respectively, while for N=20, spurious solu-
tions begin to enter the forbidden gap and the valence bands
�indicated by the arrows in Fig. 2�d��. This interesting behav-
ior can be understood from Fig. 1. Taking the conduction
subbands for example, for a given energy E�0, the more
accurate band structure �the dashed lines in Fig. 1� yields two
propagating bulk solutions ±k1 in the InGaAs layer, while the
k ·p band structure leads to four propagating bulk solutions
±k2 �k2�k1� and ±k3. The additional spurious degenerate
states ±k3 on the spurious region of the conduction band
��kz��kc� lead to fast oscillating spurious superlattice states.
When the cutoff wave vector k0 lies in the monotonic region
of the conduction band k0�kc �i.e., N�5, as done in Fig.
2�a��, the fast oscillating spurious solutions are automatically
excluded. For N=8 �N=10�, spurious solutions appear at en-
ergies higher than 0.8 �0.4� eV, because only the high energy
part E�0.8 eV �E�0.4 eV� of the spurious region is in-
cluded within k0�=2N� /L�. For N=20, the spurious region in
the forbidden gap and in the valence bands is included, lead-
ing to the appearance of spurious solutions in these energy
regions �see Fig. 2�d��. Comparison between the results ob-
tained with N=5 and those obtained following Ref. 8 shows
that the differences for the lowest three conduction and va-
lence subbands are smaller than 1.5 meV.

As a result, the first approach to remove spurious solu-
tions is to choose a cutoff wave vector k0 in the monotoni-
cally increasing region of the conduction band �k0�kc, cf.
Fig. 1�. Actually, as one of the advantages of the envelope
function approximation, accurate results can be obtained by
using a small number of plane waves.17,18 From Fig. 1, we
see that the error of the eight-band model increases with
increasing energy. Especially for energies above �1.2 eV,
wave vector components around the X6 point of the more
accurate band structure �obtained from the empirical pseudo-
potential method� should enter the envelope functions. This

behavior cannot be reproduced by the eight-band model.
The second approach to eliminate spurious oscillatory so-

lutions is to modify the Hamiltonian to produce monotonic
bulk bands. Different approaches have been proposed along
this line.7–9 In Ref. 9, Kolokolov et al. introduced additional
k2 terms into the Hamiltonian and argued that introducing
higher order terms k3 ,k4 , . . . can reduce the error of the re-
sults. However, this has not been demonstrated due to the
appearance of higher order derivatives in the numerical cal-
culation. Using the finite plane-wave expansion, however,
we are able to introduce arbitrary functions of the wave vec-
tor into the Hamiltonian without any complications. Then we
gain some freedom to restore the monotonic bulk bands and,
consequently, to compare the difference between the various
approaches.

First, we introduce higher order terms of the wave vector
k into the diagonal elements of the Hamiltonian to restore the
monotonic behavior. For simplicity, we use the custom units
defined by e=�=m0=B0=1 �B0=10 T� in the rest of this
paper. Three types of functions �i� f1�k�=0.015�kz

3�, �ii�
f2�k�=0.0004kz

4, and �iii� f3�k�=���kz�−k0�Ac�InGaAs��k0
2

−kz
2� �k0=10� /L� are introduced into the conduction band

elements H11 and H22, respectively. The modified bulk band
structures and the resulting superlattice subbands are shown
in Fig. 3, where we also show the results obtained by �iv�
following the proposal in Ref. 8 for comparison. It can be
seen that although higher order terms k3 ,k4 , . . . help to pro-
duce monotonic conduction bands for bulk InGaAs, they also
lead to nonmonotonic light-hole bands for bulk InP. From
Figs. 3�c� and 3�d�, we see that the different modifications
produce very close superlattice subbands, due to the close
behaviors of the modified bulk bands at small wave vectors.
The results from �i�–�iii� differ very small from �iv� for the
lowest three subbands. For the conduction subbands, the dif-
ference is smaller than 3 meV �2 meV� for �i� ��ii� and �iii��.
For the valence subbands, the difference is less than 0.2 meV

FIG. 2. Calculated subband structure �dashed lines� using differ-
ent cutoff numbers N= �a� 4, �b� 8, �c� 10, and �d� 20. In all panels,
the solid lines correspond to those calculated with N=5.

FIG. 3. Band structures of bulk �a� InGaAs and �b� InP as func-
tions of kz at k� =0. Thin solid �thin dashed� lines are for the original
eight-band k·p model �empirical pseudopotential method�. �c� and
�d� show the resulting superlattice subbands at k� =0. In all panels,
the solid, dashed, short dashed, and dotted lines are for the modified
k·p models �i�–�iv�, respectively. The cutoff number is N=10 for
�ii� and N=15 for the others.
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for the first and third lowest subbands �which are of heavy-
hole character�, while it is less than 1 meV for the second
lowest subbands �which is of light-hole character�. The dif-
ference between the heavy-hole bands is significantly
smaller, due to the vanishing electron-heavy hole coupling at
k� =0. The energy difference increases for higher excited
states �E�1 eV� due to the increasing difference between
the modified bulk band structures �see Fig. 3�a� and Fig.
3�b��. Note, however, that the envelope function approxima-
tion itself is invalid at such high energies �cf. Fig. 1�.

Next, we explore the possibility to introduce higher order
terms of k into the off-diagonal elements of the Hamiltonian.
We choose to enhance the electron-light hole coupling by
modifying the Kane parameter P in the terms H14
=	2/3Pkz and H25= i	2/3Pkz: �i� P→P+2.1ikz, �ii� P→P
+0.05ikz

2, �iii� P→P+���kz�−k0�2.8i��kz�−k0�, and �iv� P
→P+���kz�−k0�5.5i��kz�−k0�2 /kz, where k0=8� /L �cf. Fig.
1�. From Figs. 4�a� and 4�b�, we see that the modified con-
duction bands of InGaAs are monotonic for �i�–�iv�. How-
ever, introducing higher order terms k3 , k4 �e.g., method �ii��
could lead to nonmonotonic light-hole bands for bulk InP
�see the dashed lines in Fig. 4�b��. The difference between
the results from the different modified Hamiltonians is very
small for low-lying subbands, and it increases with increas-
ing energy. Specifically, those obtained from �i� �see the solid
lines� are the highest, while those from �iii� and �iv� are the
lowest, due to the same behavior of the modified bulk bands
�see Fig. 4�a��. However, as discussed previously, the enve-
lope function approximation becomes invalid in this regime.
We have compared the above results with those from Ref. 8.
The difference for the lowest three conduction subbands is
smaller than 2 meV. For the lowest light-hole �heavy-hole�
subbands, the difference is less than 1.6 meV �0.002 meV�.
Again, we notice that the difference between heavy-hole
bands is significantly smaller, because of the vanishing
electron-heavy hole coupling strength at k� =0.

From the above comparisons, we see that the typical dif-

ference among the results from the various modified Hamil-
tonians is several meV. Taking into account the difference
�	1.5 meV� between the results from the wave vector cutoff
method and those from Ref. 8, we see that the wave vector
cutoff method could give an accurate enough description of
the final results.

Now we turn to the envelope functions produced by the
above various methods as shown in Fig. 5. First, we see that
the lowest two subbands of the original Hamiltonian are
strongly mixed with spurious solutions, while those obtained
from the wave vector cutoff method �Fig. 5�b�� and other
modified Hamiltonians show correct behaviors. Second, Fig.
5�b� shows that the envelope functions obtained from the
wave vector cutoff method and those from Ref. 8 differ ap-
preciably only near the interfaces. This is related to the com-
ment in Ref. 8 that, discarding the large wave vector compo-
nents, may contradict the usual interface conditions for the
envelope functions. Actually, the envelope functions ob-
tained from the wave vector cutoff method do not show rapid
variation across the interfaces, since it does not have large
wave vector components. In our opinion, these large wave
vector components are caused by the steplike boundary con-
ditions at the interfaces, which are, in fact, approximations to
the true continuous boundary condition at the interfaces.2

Further, the envelope function Hamiltonian is invalid at large
wave vectors �e.g., outside the first Brillouin zone�. As a
result, reproducing such discontinuity by including the large
wave vector components would not necessarily increase the
accuracy of the final results. In principle, the cutoff wave
vector for any envelope function Hamiltonian should not fall

FIG. 4. Band structures of bulk �a� InGaAs and �b� InP as func-
tions of kz at k� =0. The thin solid �thin dashed� lines are for the
original k·p model �empirical pseudopotential method�. �c� and �d�
show the resulting superlattice subbands at k� =0. In all panels, the
solid, dashed, short-dashed, and dotted lines are for the modified
models �i�–�iv�, respectively. The cutoff number is taken as N=15.

FIG. 5. Envelope functions of the lowest three conduction sub-
bands at k� =0. �a� and �b� show the solutions to the original Hamil-
tonian obtained with N=15 and N=5, respectively. �c� shows the
results obtained by introducing additional terms into the diagonal
elements of the Hamiltonian, �i� �solid lines�, �ii� �dashed lines�, and
�iii� �short-dashed lines�, as described in the text. �d� shows the
results obtained by introducing additional terms into the off-
diagonal elements of the Hamiltonian, �i� �solid lines�, �ii� �dashed
lines�, �iii� �short-dashed lines�, and �iv� �dotted lines�, as described
in the text. The results from Ref. 8 are also shown in panel �b�
�dashed lines�, �c� �dotted lines�, and �d� �dash-dotted lines� for
comparison. The cutoff number is taken as N=15 for �c� and �d�.
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outside the first Brillouin zone, where the envelope function
Hamiltonian has become invalid. Third, we can see from
Figs. 5�c� and 5�d� that the various modified Hamiltonians
yield very similar, nonspurious envelope functions. Finally, it
is worth noting that the accuracy of the various methods
�relative to the true solutions� depends on the specific true
band structures of the various materials. Better reproducing
the small wave vector behavior of the original k ·p bulk band
structure would not necessarily lead to more accurate results.
For example, in Fig. 2�a�, the deviation of the original k ·p
band structure from the true band structure is the most seri-
ous compared with other modified ones. Reproducing the
original band structure exactly may decrease �not increase�
the accuracy of the final results.

At this point, it would be beneficial to discuss the choice
of the different approaches to avoid spurious solutions. The
proposal in Ref. 8 does not need to modify the structure of
the original Hamiltonian, while other modifications are based
on mathematical tricks which do not arise from the k ·p
theory. However, modifying the Kane parameter P as sug-
gested in Ref. 8 would inevitably modify the effective mass
of the spin-orbit split-off band. Therefore, it is better to use
the wave vector cutoff method or the method of introducing
additional terms when we are concerned with the states de-
rived from the spin-orbit split-off bands. For other cases, it is
better to use the approach in Ref. 8 or the wave vector cutoff

method, since they do not need to modify the structure of the
original Hamiltonian.

In summary, we have investigated the origin of spurious
oscillatory solutions in the eight-band envelope function
model. We found that it arises from the additional spurious
degeneracies caused by the unphysical bowing of the bulk
conduction bands. Two categories of approaches to eliminate
spurious solutions have been proposed. One is the wave vec-
tor cutoff method, which does not require to modify the
original Hamiltonian. Based on a finite plane-wave expan-
sion method, we have demonstrated the origin and elimina-
tion of spurious oscillatory solutions in a transparent way.
The other is to modify the Hamiltonian to produce mono-
tonic bulk bands. The existing proposals are extended such
that we gain some freedom in modifying the Hamiltonian.
The energies and envelope functions obtained from the vari-
ous approaches have been compared, yielding energy differ-
ences of the order of several meV. It suggests that the wave
vector cutoff method can give an accurate enough descrip-
tion to the final results.
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