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We present an alternative approach based on a diagrammatic technique to the recently proposed variational
coupled-cluster method. We apply this method to quantum antiferromagnetic bipartite lattices. In our analysis,
infinite resummations of diagrams can be done in a straightforward manner. One such resummation reproduces
spin-wave theory (SWT). Approximations beyond SWT can also be easily made. Interestingly, one such
approximation produces a convergent, precise number for the order parameter of the one-dimensional isotropic
model, in contrast to the well-known divergence of SWT; it also produces improved results for the two-
dimensional square-lattice system. We also discuss relations and a possible combination of our approach with

other established many-body theories.
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I. INTRODUCTION

A microscopic quantum many-body theory is mainly to
study correlations between the constituent particles of a
quantum system. The method of correlated basis functions'
(CBFs) and the coupled-cluster method>* (CCM) are two
typical many-body theories which deal directly with wave
functions. The CBF method has proved to be one of very few
many-body theories capable of dealing with strongly corre-
lated boson systems in the liquid phase such as the helium-4
quantum liquid."' The CCM is popular in calculating correla-
tion energies of such systems as atoms, molecules, electron
gases, and others in quantum chemistry.> However, in the
CCM, the ket and bra ground states are not Hermitian to one
another® and calculations in the CCM are mostly algebraic,
very different from those in the CBF method, which relies on
determination of distribution functions in real space.

In our earlier papers,’ by an application to bipartite quan-
tum antiferromagnetic lattice systems, we have extended the
CCM to a variational formalism where, in contrast to the
traditional CCM, the bra and ket ground states are Hermitian
conjugate to one another. Our approach in Ref. 7 is mainly
algebraic so an easy comparison with the traditional CCM
can be made. In the present paper, we present an alternative
scheme based on diagrams. This diagrammatic approach is
similar to that in the CBF method. Therefore, a bridge be-
tween the CCM and CBF method is built. We organize this
paper as follows. In Sec. II, we present a general approach of
our method, using the antiferromagnetic lattice model as an
example. Section III contains mainly technical parts of our
approach. A parallel is made between our approach and that
of CBFs. Approximations by resummations and the corre-
sponding results are presented in Sec. IV. Some detailed
comparison with the spin-wave theory®® (SWT) is made
there. We discuss a possible combination with the CBF
method in Sec. V.

II. THE VARIATIONAL COUPLED-CLUSTER METHOD

We take the spin-1/2 antiferromagnetic XXZ model on a
bipartite lattice as our example. The Hamiltonian is given by
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where A >0 is the anisotropy constant, the index / runs over
all lattice sites, n runs over all z nearest-neighbor sites, and
s* are the usual spin raising (+) and lowering (—) operators.
As A — o, the Hamiltonian becomes the classical Ising mode
with exact ground state given by the Néel state, a state with
two alternating spin-up and -down sublattices. As in our ear-
lier work, we take the Néel state as our model state from
which we construct quantum many-body correlations of the
ground states. As before, we shall exclusively use the index i
for the spin-up sublattice and the index j for the spin-down
sublattice. The many-spin correlations in the ground state of
Eq. (1) can then be included by considering the excited states
with respect to the uncorrelated Néel state. These excited
states are constructed by applying the so-called configuration
creation operators C] to the Néel model state with the nomi-
nal index [ labeling these operators. In our spin model, the
operators C; are given by any combination of the spin-flip
operators to the Néel state s; and s}r; the index I in this case
corresponds to the collection of the lattice indices (i’s and
j’s). As discussed in detail in our earlier paper,” we use the
Coester representation for both the ket and bra ground states
and write

Wy=eS|d), S=>FCl; (F]=(dlS, §=D FC,
I 1

()

where the model state |®) is given by the Néel state as men-
tioned earlier, and

NI2 - -t +
E il E 2 Sil‘”sinsjl.nsjn
FCr = fil,...,jl,... (25)" 3)
I n=l gy o s

for the ket state with s as spin quantum number and the
corresponding Hermitian conjugate of Eq. (3) for the bra

state, using the notation F ’=f"1’~-’1‘15-~ for the bra-state coef-

ficients. The coefficients {F,,F,} are then determined by the
usual variational equations as
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We define the so-called bare distribution functions as
g=(Cp. &=(C)), )

where we have exchanged the definition of g; with that of g;
as compared with those in Ref. 7 for purely notational rea-
sons. The Hamiltonian expectation (H) is shown, in general,
to be a function containing up to linear terms in g; and g; and
a finite-order polynomial in F; (or in F,) in Eq. (21) of Ref.
7:

(H)="H(g.&nF) =H(§hglvfl)~ (6)

Two systematic schemes have been developed for calculating
the distribution functions of Egs. (5): one is algebraic and the
other is diagrammatic. In the algebraic approach, by taking
advantage of the properties of the operators, it is straightfor-
ward to derive the following self-consistent sets of equations
for the distribution functions:

g1=G@rF)), &= G(gJ,FJ), (7)

where G is a function containing up to linear terms in g; (or

g,) and a finite-order polynomial in F, (or F,). We want to
point out that Egs. (2) and (4)—(7) are the main general equa-
tions of the variational CCM.

III. DIAGRAMMATIC REPRESENTATION OF
GENERATING FUNCTIONAL

In this section, we calculate the bare distribution functions
g; and g; of Eq. (5) by employing a diagrammatic scheme.
As a demonstration, we consider a simple truncation ap-

proximation in which the correlation operators S and S of
Egs. (2) retain only the two-spin-flip operators as (the so-
called SUB2 approximation as defined in Ref. 10),

. .-
. s;sT 0~ ~ ~ 878
Szzfijciijzzfij 7y Szzfijcij=2fij -
ij ij S ij ij S
(®)

In this approximation, the expectation value of Eq. (1) is
given by

L1 _
(H;)= A<555}> + 5(85;’ +8ij)s )
where (sfs;) is calculated as
<S§Sj =-s5"+ S(E pirj+ > pij’) - (E Pijritj+ pij)‘
i’ jr i’j’

(10)

p;; is the usual full one-body distribution function defined as

PHYSICAL REVIEW B 72, 224438 (2005)

(5759) -

Pij Efijgij =fij 2

and p;; +;r is the full two-body distribution function defined
as

- + — +
B (s; sjsl.,sj,>
Piji'j! Efijfi’j’gij,i'j' =fijfi’j’ (2s)2 . (12)

The order parameter is given by

(sHy=s-p, (13)

where p=2,p;;, taking advantage of translational invariance.
We define a generating functional W in the usual fashion
as

W = In(V| W), (14)

so that the bare and full distribution functions can be simply
expressed as functional derivatives of W. For example, the
one-body and two-body bare functions are given by

SW W

> &n=(CiCY=———+g1&, (15)
o KL

where, for simplicity, we have employed the notation 1
=(i},j1) so that f;=f; ; , etc.; and the structure function Sy,
has the usual relation as in the CBF method as

g=(Ch=

o

of, = P01+ P12 — PiP2s (16)

Sp=/
where P1=pjj,» etC.
We now write W in terms of a linked-cluster expansion:

W = (sum of all linked cluster contributions). (17)

The main task of this section is to find a diagrammatic
scheme to categorize this expansion. We first expand the ket-
state operator in the simplified notation e5=1+S+(1/2!)S?
+-o=14£,Cl+(1/2)f,£>,CCL+- -+, where in the last equa-
tion, the summation over all indices is understood. The nor-
malization integral

~ ~ . 1 - - e
(P|W)=1+f.f(CC+ a2 11 CorCyiCiCh

o (18)

can be evaluated straightforwardly for the first few terms. In
the above series, the primed indices are used for bra-state
expansion. We notice that each term of Eq. (18) contains an
equal number of creation and destruction operators (other-
wise, the expectation is zero).

The first-order expectation is easily calculated as
(C1,Ci>=[l/(2s)2](<13|s]71,s;rl,s;ls;:@):él,ilé}l,jl. Hence we
have, writing out the summation explicitly,

(first order) = 2, f,f). (19)
1

The calculation of the second-order expectation
(CyCy ,CICE) is more complicated. We first consider the case
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FIG. 1. Three basic elements for construction of diagrams,
where simplified index notations 1=(i;,;,), etc., are used.

of 1#2 (ie., i;#i, and j, #j,). There are four nonzero
terms,
( iy 12712+511712512r11)( J17J1 12/]2+511/]25]2;]1)
( iy 12/12 llrlz 12/1 )( J11J1 12/12 5]]/125]2/]])

The cases when i;=i, and/or j;=j, can be easily accounted
for by introducing a factor involving the usual ¢ functions as

1
( _5’1’2)<1_Z§j1jz> =1+A4p,

with the definition

Ap=-—+ (

G Gt B+ (20)

(25)2 5i1i25]112'
This is because (s;)*=(s7)*=0 for s=1/2, a manifestation of
the Pauli exclusion prmmple The second-order contribution
is hence derived as

(2|)2f2’f1 fle( iy 12112+ 511112612,1 )( 11 ]2/]2+ 5]1/J25]2/JI)

1 ~ ~ -~ -

X(1+4Ap)= 5[(f1f1)(fzfz) +fifati i J(L+A),
where the second term inside the square brackets clearly rep-
resents the so-called exchange contributions. We wish to
point out that we do not need a separate set of § functions of
Eq. (20) for the bra-state operators C,,. This is due to the fact
that each of the bra-state operators always needs to match
one of the ket-state operators in order to give a nonzero
contribution in the expansion of Eq. (18). We also notice that
the expression of Eq. (20) is in fact also correct for spin
quantum number s> 1/2 because, for a general s,

(@(s7)2(s7)? D) = (1—i)

2(2 )? 2s

etc. For higher-order terms in the expansion of Eq. (18), the
extension of the Pauli exclusion principle can be simply writ-
ten as a product of two-body factors as

[T (1+4,,). 1)

n>m

We notice that the above product in general is not exact any
more but an approximation for s>1/2, as the three-body
effects [e.g., from (si_l)3 when i;=i,=i3] have been ignored.

In order to extend to higher-order calculations including
the exchange contributions, we need a systematic graph rep-
resentation. For this purpose, as shown in Fig. 1, we use a
solid dot to represent the ket-state coefficient f; with 1
=(iyj;) as defined earlier; a (directed) exchange line drawn

from i; to j, to represent the bra-state coefficient ]7,»1 X and a
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FIG. 2. First- and second-order contributions in the expansion of
Eq. (18).

Pauli (dashed) line drawing between any two dots to repre-
sent the & function A}, of Eq. (20). With these graphic nota-
tions, a linked contribution is represented by a connected
diagram. After detailed calculations up to fifth order, we have
established the following simple and complete rules for con-
struction of these diagrams in the normalization integral of
Eq. (18): (1) The kth-order contribution consists of all pos-
sible diagrams involving k dots; (2) in each diagram the
number of dots is equal to the number of exchange lines; (3)
A dot is always connected by exchange lines (leaving and
coming) and hence exchange lines always form loops; (4)
between any pair of dots one can draw at most one Pauli
line; (5) the contribution of each diagram is divided by its
symmetry factor; and (6) summations over all indices are
involved.

We first consider the case without any Pauli line, A,,,=0
(This is equivalent to turning spin operators to boson opera-
tors as will be shown later.) For example, the first-order con-
tribution of Eq. (19) is simply a dot with an exchange line
leaving and coming as shown as diagram « in Fig. 2, where
the direction of the exchange line is clockwise as in most
other diagrams (we therefore do not show the arrows of ex-
change lines explicitly). The second-order contribution with
A,=0 is given by the two diagrams b and ¢ in Fig. 2,
namely, (1/2!)(b+c). The third-order contribution is calcu-
lated as (1/3!)(a+3b+2c) and is shown in Fig. 3, where the
factor 3 for diagram b is due to the three equivalent diagrams
by rotation, and the factor 2 for diagram ¢ comes from the
two equivalent diagram with opposite directions, one clock-
wise the other counterclockwise (this is referred to as parity
symmetry). In similar fashion one can write down the fourth-
order contribution as shown in Fig. 4 for the corresponding
diagrams as

1
(fourth order) = Z(a +6b+8c+3d+6e), (22)

where the coefficient numbers are the symmetry factors of
the corresponding diagrams. For example, the factor 6 for

e
56 SO

FIG. 3. Diagrams of third-order contributions in the expansion
of Eq. (18).
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FIG. 4.
contributions.

Similar the fourth-order

diagram e is due to the fact that there are three equivalent
diagrams each with parity symmetry factor of 2. The fifth-
order contributions include seven independent diagrams, as
shown in Fig. 5, namely,

1
(fifth order) = =(a+ 10b +20c + 154 + 30¢ + 20/ + 24g).

(23)

We notice that, in all these results, the last term represents a
ring diagram with k dots in the kth-order contribution. We
use R, to represent this ring diagram with the symmetry fac-
tor (k—1)!/k!=1/k. For example, the fourth-order ring con-
tribution is, writing out the summations explicitly,

1 ~ ~ ~ ~
:Z 2 flfi]j2f2fi2j3f3fi3j4f4fi4jl- (24)
1,2,3,4

Furthermore, the other terms in these k-order contributions
are simply a product of smaller ring contributions. This prop-
erty can be extended to higher order. (For this purpose one
needs to apply the symmetric group S, to count the number
of diagrams. See, for example, Ref. 11.) We are now in po-
sition to write all contributions without any Pauli line in
terms of these ring diagrams. The normalization integral of
Eq. (18) is then written as

I 1
W, =3 s ——( R (R
k=0 v Vy!

=eXp(R1+R2+R3+ "'),

where the prime in =’ implies the restriction 1v;+2v,+---

FIG. 5. Similar to Fig. 3 but for the fifth-order contributions.
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FIG. 6. Diagrams of up to third-order contributions to the gen-
erating functional W of Eq. (26) except ring diagrams R;,R,,R3.
The corresponding symmetry factors are, in the same order as the
list of diagrams, (1/2,1/2,1,1,1/2,1,1/2,1,1/3!,1/2,1/3).

+kv,=k. The corresponding generating functional W’ with-
out any Pauli line is simply

[’

W= W, 0= Ry (25)
k=1

To include Pauli lines (i.e., A, # 0), we use the notation
L, to represents the contribution of all linked k-clusters and
write

W=In(W| W) =L, +Ly+Ly+ - (26)

Using the simple rules discussed earlier, without much diffi-
culty, we can list all k-cluster contributions of L, in terms of
a ring diagram R; plus all possible ways of drawing Pauli
lines between any pair of k dots of rings, including those
pairs of dots between rings and those pairs of dots inside
rings. In Fig. 6 we list all contributions up to third order
except Ry, R,, and R;.

IV. DIAGRAM RESUMMATIONS, SPIN-WAVE THEORY,
AND BEYOND

We first consider all diagrams without any Pauli line,
namely, all the ring diagram contributions R, with k
=1,2,..., and show that the spin-wave theory is thus repro-
duced. As can be seen from Eq. (20), these ring diagrams
represent the first-order approximation in the large-s limit. In
fact, in th1s 11m1t ggerators s; and s behave like bosons as
sT—\2sa), s7—\2sb; .5 The correspondlng wave function
by Eq. (8) becomes the spin-wave function

@) — [¥,,)= exp(E fial b}) @) =11 exp(f,a;pl,)®),
ij q
27)
where the Néel state |®) should be considered as the vacuum

state for the two sets of bosons a:f and b’ and where, in the
last equation, we have made Fourier transformations using

the translational symmetry as
\/7 E el T

=\ ES e
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FIG. 7. The ring expansion of the one-body bare distribution
function g; of Eq. (31).

2 )
fij — ]TIE e_lq'(rl_ri)fq
q

with summation over q restricted to the magnetic zone. The
normalization integral of Eq. (27) can be easily calculated as
the wave function is uncoupled in g space. Using the expan-
sion exp(f,a, ab’ D=2afgay a'b’ ,"/n! and the simple algebra
(Dlay(a,)" |(I)> n' we have the following well-known result
(see, for example, Chapter 2 of Ref. 12):

(‘I’sw|q’sw> = H —
g 1- quq

The corresponding generating functional is hence given by

(28)

WSW = 1n<q}sw|qfsw> == E 111(1 _quq)
q

=2 (ﬁ,fq + %(Z,f,,)z o ) (29)
q

which is precisely the result of Eq. (25) after Fourier trans-
formation, namely,

W =W,,. (30)

Distribution functions without any Pauli line can be easily
calculated using the functional derivatives of Egs. (15) and
(16) with diagrammatic representation. For example, the
one-body bare distribution function g;=46W'/Jf; is simply
represented by Fig. 7, where the action of the partial deriva-
tive is equivalent to unfolding the ring. Writing out the sum-
mations explicitly, we have the expansion of Fig. 7 as

2=/ +§ﬁljJZEZjl +223ﬁ1jJ27i2j3f37i3j1 +oe
(31)

and a similar expansion for g|. A close inspection of the g
and g| expansions yields the self-consistency equations

g{:fl"'zfiljzgéfizjl’ gi=f1+2fi|j2§£fi2jl’ (32)
> 2

agreeing exactly with Eq. (31) of Ref. 7 in this SWT approxi-
mation. The two-body functions in this approximation can
also be easily obtained in this fashion as given in Ref. 7. The
spontaneous magnetization of Eq. (13) is given by (sj)=s
—p', with p’ given by

_ /7 (%_0
p'= Epl, Eq:l_qu 22;4 o)
(33)

where we have used the reproduced SWT results of Ref. 7,
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FIG. 8. First few contributions to the full one-body distribution
function p; of Eq. (35), where open dots indicate no summations
over its indices while solid dots indicate such summations as
before.

~ 1 .
Fomfy= SO AR 1), y=t S e, (34)
Y. 2 n

q

where z is the coordination number and n is the nearest-
neighbor index of the bipartite lattice. For a one-dimensional
(ID) model at the isotropic point A=1, the integral of Eq.
(33) diverges, in contrast to the well-known exact result of
p=1/2 for s=1/2 by the Bethe ansatz (see Ref. 10 for ref-
erences).

To go beyond the SWT, we need to include Pauli lines.
Using a similar resummation technique as discussed above,
we express the expansion of the bare one-body distribution
function g; in terms of diagrams as shown in Fig. 8, similar
to the expansion in Chap. 9 of Ref. 12 and in Ref. 13, after
multiplying f; on both sides of the equation,

p1=/1& fl o —(Flg 8), (35)

where we have done all resummations of ring diagrams as in
Eq. (31) and hence all exchange lines in the diagrams of Fig.
8 are now functions g,.’j, not the original exchange line func-

tions fu As a start, we consider the simplest approximation
which contains only the first two diagrams of Fig. 8 (the first
one being SWT) as

p1 = pi+ PIE Appps. (36)
2

After summing over the index j, with p=2X J\Pijj» We have,
using Eq. (20) for A,,,

2
p'= 5.0+ s )22 (p}y)?. (37)

For s=1/2 and isotropic point A=1, we obtain p~0.127 for
the square lattice and 0.067 for the cubic lattice. They are
smaller than p’=0.197 and 0.078 of the SWT, respectively.
This is not surprising because SWT is known to have over-
estimated the quantum fluctuations. The best numerical val-
ues for the square lattice are around p=0.16, including re-
sults from extrapolation of high-order localized CCM
calculations.'* For the 1D isotropic model, however, p of Eq.
(37) diverges as p’ diverges as mentioned earlier.

We next consider an approximation involving higher-
order Pauli lines by including all higher-order diagrams simi-
lar to that of Eq. (36), as shown in Fig. 9. This infinite series
can again be resummed in a closed form as a self-consistency
equation, equivalent to replacing p; in Eq. (36) by p, itself as

224438-5
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FIG. 9. Super-ring diagram expansion, similar to the ring dia-
gram expansion of Fig. 7 but now involving Pauli lines and with
resummations of ring diagrams already carried out in all exchange
lines. See text for more details.

P1=P1+P{E Apps. (38)
2

The resummation in Eq. (38) is similar to the resummation of
rings in Egs. (31) and (32); we therefore refer to it as the
super-ring resummation. The numerical results for p thus ob-
tained at the isotropic point for high dimensions improve
slightly, as p=0.145 for the square lattice and 0.068 for the
cubic lattice. The square-lattice result compares well to the
best results of about 0.16 by other high-order, computation-
intensive calculations mentioned earlier (see Ref. 14 and ref-
erences therein).
For the 1D model, Eq. (38) can be easily expressed as

oo

B pr
-————, B=2> — 39
P 1 +2B12s % 1 - pl/(29) (39)

where p/=f,g, is the one-body distribution function in real
space and Eq. (33) is simply p’=2X.f,g, in this equivalent
expression with

1 a
f,.=—f dgq cos2r+1)f,, r=0,1,2,..., (40)
m™Jo

and similarly for g,. The Fourier functions f, and g, are
given by Egs. (33) and (34). At the isotropic Heisenberg
point A=1 and for s=1/2, Eq. (39) produces a convergent,
precise number p=1/2 due to the divergence of p’ and B.
This is interesting indeed as the divergence of SWT has
troubled theorists for many years. For A> 1, numerical re-
sults can be easily calculated using these equations. We wish
to point out that SWT also produces unphysical results with
the negative order parameter of Eq. (13) for A <1.05 while
our results for the order parameter are all positive, right
down to A=1 where our result for the order parameter is
precisely zero as mentioned. But the essential singularity of
the exact results in the region close to A=1 (see Ref. 10) is
not reproduced. This is not surprising as our wave functions
retain only two-spin-flip approximations as given by Eqgs.
(8). Our 1D result for A> 1.1 is not much different from that
of SWT. It is worth mentioning that the traditional CCM
SUB2 approximation'> also produced a convergent result for
the 1D model but at A=0.37, not the isotropic point A=1.

For A< 1, the Hamiltonian of Eq. (1) describes different
states with qualitatively different properties. It is beyond the
scope of our present paper as different model state(s) from
the Néel state as used here would be more suitable. We also
leave calculations including other higher-order terms and re-
summations in the two-body function p;, and structure func-
tion S}, of Eq. (16) for consideration elsewhere.
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V. DISCUSSION

In this paper, we present a diagrammatic scheme for the
calculations of distribution functions of the variational CCM,
as an alternative to the algebraic scheme published in our
earlier papers.” The results of SWT are reproduced by an
approximation which resums all ring diagrams without any
Pauli line. Approximations beyond the SWT can also easily
be made by including diagrams with Pauli lines. One such
approximation, which includes all super-ring diagrams by a
resummation of infinite Pauli lines in addition to resumma-
tions of all ring diagrams, produces a convergent, precise
number for the order parameter of the 1D isotropic model, in
contrast to the divergence of SWT. This cure of SWT diver-
gence is also interesting to 2D models (including square and
triangle lattices) as naive higher-order calculations within the
framework of SWT are also likely to produce divergent re-
sults, despite the fact that the first-order results are reason-
able. We believe that similar resummations of super-ring dia-
grams as Fig. 9 and Eq. (38) may provide a solution for such
divergence problems. We leave more detailed calculations
for consideration elsewhere.

It is also possible to include in the ground state higher-
order many-body correlations such as four-spin-flip opera-
tors, in additional to the two-spin-flip operators of Egs. (8).
Furthermore, as demonstrated here by the diagrammatic ap-
proach, a direct link between our variational CCM and the
powerful CBF method has now been established, as both rely
on determination of distribution functions through functional
derivatives of a generating functional. In particular, as given
by Eq. (13), the particle density p in CBF is equivalent to the
order parameter of our spin models as (s;)=s—p. Its dia-
grammatic expansions in the two theories are similar (see
Chap. 9 of Ref. 12 and Ref. 13 for more CBF details). For
2D and 3D lattice models, the values of density p are small
compared with s. Such spin systems can therefore be de-
scribed as dilute gases (dilute gases of quasiparticle magnons
of spin waves). For the isotropic 1D model, the density p is
saturated, corresponding to the order parameter equal to
zero, a critical value. Our approximation including a resum-
mation of super-ring diagrams is capable of reproducing pre-
cisely this saturation number. It is also interesting to know
that our diagrammatic analysis of the variational CCM is for
the translational invariance lattice system while a similar
analysis in the CBF method is for inhomogeneous
systems.!>13

For more accurate results in general, we need to include
correlations between those quasiparticles in our ground state,
and the CBF method is well known to be one of the most
effective theories for dealing with such particle correlations
(even when they are very strong as in a helium-4 quantum
liquid') by systematic calculations of the important two-body
distribution functions. We therefore propose a unified trial
wave function |W ) as, including a generalized Jastrow cor-
relation operator S involving the quasiparticle density op-
erator s%,

W)=y, 0= fz,sf.s;, (41)
ij

where {f?j} are the additional variational parameters and | V')
is our variational CCM state of Eq. (2). The diagrammatic
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scheme as discussed in this paper is useful for calculating the
expansion of the generating functional of Eq. (41). We have
made progress in such calculations and wish to report results
soon. We also believe such a unified many-body theory may
prove to be capable of dealing with strongly correlated fer-
mion systems in general.
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